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ON CERTAIN POINTS IN THE THEORY OF ALGEBRAIC 
DIFFERENTIAL EQUATIONS.* 


By J. F. Rrrr. 


The topics considered in this paper are: 


I. Forms in several unknowns. 
II. Pairs of forms. 
III. Essential manifolds composed of one solution. 
IV. An approximation theorem. 
V. Essential irreducible manifolds in the manifold of a form. 
` VI. Equations in two unknowns, of the first order. 


The results, under each topic, are described at the head of the section 
dealing with that topic. 


I, Forms in Several Unknowns, 


l. Let us consider an algebraically irreducible form A in the unknowns 
Ys" " *>Yn- The general solution of A has n —1 arbitrary unknowns.’ It is 
natural to inquire as to the possibilities for the number of arbitrary unknowns 
in the other essential irreducible mapifolds in the manifold of A. This inquiry 
is answered by the following theorem: 


- Given a non-zero form? A in Y," +, Yn, every essential irreducible 
manifold in the manifold of A has n— 1 arbitrary unknowns. 


In other words, every essential irreducible manifold in the di o of a. 


is the general solution of a form in Yı, °°, Yn 
e 


2. It will evidently suffice to prove that every solution 


(1) Vi = mw a 


of A is contained in an invedueibte manifold, held by A, which This n— i1 
arbitrary unknowns. We wish to show that we may festrict our examination 


to the case of y =0,i—1,---+,n. Let the y; in & given solution (1) be 
et ee Sn - 


* Received July 27, 1937. q u 


* A set of arbitrary unknowns of a system of forms will®be callef a set of arbitrary 
unknowns for the manifold of the system. o s 
* Algebraic irreducibility is not necessary. m . 
1, 
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adjoined to the underlying field. Under the substitution y; = z; + Ji - 
A goes over into a form A’ in 2,,* * -,%. To prove that z; =0,+=1;-**,m, 
belongs to an irreducible manifold with n— 1 arbitrary unknowns, held by: 
A’, will be to show that (1) is embedded as described abóve.. Accordingly we 
assume in what follows that A has the solution y; == 0, ¿=1,** -,n, and 
we limit ourselves to the study of that solution. = 


3. Let B represent the sum of the terms of lowest degree in A con- 


_ sidered as a polynomial in the y: Changing the notation if necessary, we 


assume that B effectively involves one or more y. 
Let v2,‘ + ',% be functions of x with a common Aa of adi 

which, when substituted respectively for yz," *-*,Yn in B, reduce B to. a form - 

C in y, which involyes- one or more yı; éffectively. 
Representing by c an arbitrary constant, we put, in A, 


(2) Yi = VC, - f (i= 2; -,m) 

Then A goes over into an expression D in a, ¢, Yı- l S 
We shall prove the existence of a formal power series 

(3) et bom he ch aot 


described as in § 11 of our paper, On the singular solutions of algebras 
differential equations,* which causes D to vanish identically in z and e when 
substituted for y, in D. e. : 


4. For ¢;, we take any’ function which annuls C above when substituted 
for y, in C. If D vanishes for y, = ¢1¢, dıc can be used for (3). In what 
follows, we assume that such vanishing does not occur. - 


5. In D, we put y, = dic + u, where u, is a new unknown. Then D 
goes over into an expression HH” in z,c,u.. Designating by m the order of 
D in y,, we arrange H’ as a polynomial in tt1o,* * * uam. We write 


Im 


(4) . on  H=a(e) + 30% (u - game, 


Here a Ho}, and the v(e) are iak in e with coefficients ‘which are 
functions of æ. The tetms in > are those which are not free of tio,’ * * , tim 
and we understand thit no b’; is zero. We know that a’(c), which Ben 


™ D(6,0), is not zego. As to i, it ranges from unity to some positive integer. 


If necessary, with a Shrinking of the domain of, meromorphicity for the field. 
4 Annals of Mathematics vol. X (1936), p. 552. Denoted below by 8.8. 
e ` 


w’ 
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Let o” be the least exponent of c in a’ and o”; the least exponent of c in 
b’;(¢). Let 4 i 


F ra 
5). $ CTE Mire en, 
(5) = pe Qos Fo F ami 


where 7 has the range which it has in 3. 

We shall prove that ps > 1. 

Let 7 be the degree of B of $3. Let us consider D as a polynomial in c 
and the y;;. Then each term of D has a degree not less than r. There are 
terms of degree r, and their sum is obtained by making the substitution (2) 
in B. Because C(¢,) = 0, the sum just mentioned vanishes for y, = dic. 
Thus, as a’(c) = D(¢ic), we have o” >r. i 

‘Under the substitution y, = ¢,¢ + th, a term of D of degree s in c and 
the yı; produces a set of terms of degree s in c and the u1. In particular, 
the terms of Wegree r in D will contribute to H’ power products in c and the 
tay effectively involving the t; and of degree r. This means that, for certain 
i, we have, in (4), 


d'i + toi +=". 
For such i, we have, since o” > 1, 

d — d: > diy rt Omi 
This, by (5), shows that ps > 1. 


6. We now take over $8 12-15 of 8.8, substituting y, for u, and the 
expression “solution of D of type (3)” for the expression “solution of H 
of type (15).” Using the argument of $16 of £. 5., we have the series (3) 
sought for D. 


7. ‘Let us suppose now that the solution y; = 0, i = 1, + ',n, of Agis 
not contained in a manifold with n — 1 arbitrary unknowns. In a decomposition 
of A into closed essential irreducible systems, let 3,,* © +, 3: be those systems 
which admit the solution y; = 0, i = 1,: : :,n. Let A; be a non-zero form 
in X, ¢==1,---,¢, involving only y2,---,yn. Let E =A,A2: "Ar 

We choose v as in $ 3 which*do not annul the sum of the terms of lowest 
degree in E. Then É does not: vanish identically in s and ¢ for y; = vic, 


i==2,-+-+,n. Thus, in the decomposition of A, thege is some essential irre- 
ducible system distinct from 3,,* * -, 3: whose forms all vanish for y: = vic, 
t==2,- ‚nm and for y, as in (3).5 Such a system must admit the solution 


yı = 0, i = 1,: : *,n. This completes the proof of the theorem stated in $ 1. 
l A 


. 
'Cf. S.S., $17. Note that A vanishes for thé indicated substitutions. ẹ 
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II. Pairs of Forms. 


8. We prove the following theorem. Let A and B be non-zero forms in 
Yrs? * +5 Yn. Let B hold A. ` Let A, be the sum of the terms of lowest degree 
in A considered as a polynomial in the yi; and let By be the corresponding 
sum for B. Then B, holds Ay. 

A similar result holds for the terms of highest degree. 


9. Remark. The simplest case is that in which B is a linear combina- 
tion of A and of the derivatives of A. One might expect that B, would then 
be a linear combination of A, and of its derivatives. We shall show by means 
of an example that this need not be so. i 

Let 


A=y ty; B = 2y4 yr 9 29 — By" 


be forms in the unknown y. Then A,=yı?, Bı, =B. Ii B, were a linear 
combination of A, and its derivatives, y*y, would be such a linear combina- 
tion. If the weight of y; is defined as j, y*y2 and y, have weight 2 and the 
derivatives of y,” have weight in excess of 2. Thus, y*y» would have to be 
simply a multiple of y,?. This proves our statement. From the expression 


_ of B in terms of A, one might now conjecture that some power of B, is a linear 


combination of A, and of the first derivative of A,. In that case, some power 
of y*yz would be such a linear combination. This is impossible, since yy, is 


* not divisible by yı Actually, the cube of B, is linear in A, and its first two 


derivatives. 


10. We enter into our proof. If A, is free of the unknowns, B, cer- 
tatnly holds .4,. In what follows, we assume that the terms of A, are of 


positive degree. Then A vanishes for y: = 0, t = 1,: + :,n. 
We shall prove the permissibility of assuming that A, contains a term 
involving only the y,;. Let 22,- * *,2%n and We, **, Wn be new unknowns. 


Let yi, for ¿+ > 1, be replaced in A, by zı + ws. Then A, goes over into -a 
form C in gı, the z; and w; C contains tefms free of the 215; * the sum D of 
such terms in C is found by substituting %; for y; in A, forı>1. Let te 
be an integer which exceeds the order of D in y. On putting w: == Yıt, in D, 


ne convert D into a non-zero form D, in yi, Wa," * `, Wn. We now replace 


w, in D, by Yır,, where æ, exceeds the order of D, in yı. Continuing, we find 
a substitution ® . 
(6) 7 Yi = zi F ity (i = 2, È 9); 


«e 


e 
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which converts A, into a form # in y, and the z;, E possessing terms free of 
the zi, The terms of Æ will have the same degree as those of A. 

The substitution (6) may be applied to A and B and will give a situation 
in which E takes the place of Ai. This proves the legitimacy of the assump- 
tion described above, and, in what follows, A, will be understood to have terms 
involving only the y,;. 


11. We now refer to $3: Let 
(7) Y = $15. Yi = Us, (i= 2,- - 1), 


be any solution of A,. By $3, there is a series (3) such that A vanishes 
identically in x and e when y; is replaced by vc for ¿> 1 and y, is replaced 
by.(3). Some power of B is a linear combination of A and its derivatives. 
Thus, B must vanish for the above replacements. This means that (7) is a 
solution of BY, so that our theorem is proved. 


12. The case of the terms of highest degree, mentioned in § 8, is per- 
haps most conveniently handled as follows. Let A, and B, represent the sums 
of the terms of highest degree in A and B respectively. Using unknowns 
U; 21° * *,2%n, We put, in A and B, 


(8) w= Se, (i=1,: ++, 2.) 
We have then 
‚A=(/u", e A, =C,/u" 
B= D/u", B, = D,/u" Fe 


with m a positive integer and C, C,, D, D, forms in u and the z;. C, and D, 
will be the sums of the terms of least degree in C and D réspectively. Because 
B holds A, wD certainly holds C, By what precedes, wD, holds C,. Because 
every solution of A, yields solutions of C, with u 20, B, holds A.. s 


III. Essential Manifolds Composed of One Solution. 


13. We use the unknowns 4 Yi)" °°; Yn. We consider a system 3 com- 
poren of n forms , 
(9) * yo Pi, o (G=, 8), 


e 
where, for each 4, p; is a positive integer and F; a form which either is identi- 
cally zerọ or else is I of terms each of which is of total degree greater, 
than pi in the yj, j=1,:--,n;k 20. E 
We shall prove that the sulen of 2 given W yi =, i= 1, > -,2, 


is an essential irreducible manifold in the manifold of 3. . 
s “ 


«oe 


6 ö J. E, RITT. 


14. We assume the statement to be false. Then the mentioned solution 

is contained in an irreducible manifold which is held by 3 but which, for 

“some #, is not held by y; Fixing our ideas, let us suppose that y, does not 

hold this manifold. Then there is a value a of at which the coefficients in 

~ the F; are analytic such that, for every positive integer m and for every 
€ > 0, 3 has a solution, analytic at a, of the type 


(10) Y = È by (x — a)i, (i=1,- i *,n), 
with j eG 
(Qty. [bul<s (1: 03 j=0,:->,m), 


and with bio 340. 

We represent by s and c respectively two positive numbers which will be 
fixed later. Considering a definite solntion (10), which corresponds to given 
M, e, We put : . o 
g— a 

Fa 


v 





(12) z = 


Then the y; in (10) become analytic functions of z for z small. Again, 
we let , 
(13) i wi(z) = cy (s), (1=1,: > -,n), 


with z and'z related as in (12). 
Each equation y! + F: == 0 goes over into an equation 


(14) wP 4 y cura B =0 
= i j=1 : 
where the B are power products in the ws and their derivatives with respect 
to z, the » positive integers and the v non-negative integers. Each a; is the 
coefficient in F; of the power product which produces B; and we regard the 
aj, for any c, as functions of z. It is unnecessary to express the dependence 
on i of 3 in (14). i i 
If s is large, then, for every i, the js — yj in (14) will all be positive. 
We fix s at a value large enough for this to be realized. Of course, s is inde- . 
pendent of m, e and the solution (10). a 
We hate, by (10), ty 


(15) wX2) = Y bye, (i=1,>-,8). 
x . . jo 


= — We shall now fix e Let v be the greatest integer less than s. We choose 
c in such a way that the greatest of the quantities 
e j 


ee]? (i=1, -:,n3 =0,* + -,0), 


«. 


a 
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equals unity. This is possible because bio 0. Then, if m =v and if eis 
small, c will be small. 

When 1/m and e decrease toward zero, the coefficient of 24 in (15) for a 
fixed j exceeding v, and for’ any fixed i, tends toward zero. For, if j >v 
then j= s. 

It follows that, by decreasing 1/m and e, we can select a sequence of 
solutions (10) which yields, for every i, a sequence of w; which tends toward 
a polynomial which is either identically zero or else of degree v at most. The 
selection. can be made in such a way that, for some i, the w; converge to a 
polynomial distinct from zero. Fixing our ideas, we assume that the sequence 
of w, tends toward a polynomial y(z) distinct from zero. 

We now consider (14) for i= 1. When c is small and the w; are close 
to their polynomial limits, the expansion of 3 in (14) in powers of z will 
begin with a large number of smal] coefficients. This contradicts the fact that 
yPı 0, so that our result is established. 


IV. An Approximation Theorem. 


15. In A. D. E. $74, we established a result equivalent to the following: 

Let 3 be a non-trivial closed irreducible system in y1,° ++, Yn. Let F be 
any form which does not hold 3. Let &,° + *,£n be any solution of 3, ana- 
lytic in some area $. There exists a set of points, dense in Y, such that, given 
any point a of the set, any positive integer m and any e > 0, & has a solution 
ést * *, Én analytic at a, which dogs not annul F at a, such that, for every i, 
each of the first m + 1 coefficients in the Taylor expansion of £; — & at a is 
of modulus less than e. 

We are going to derive here the following stronger conclusion from the 
hypothesis in the above theorem. There exists a set of points, residual” in B, 
such that, given any point a of the set, any two positwe integers r and m and 
any e>0, 3 has a solution &,: ` >, En, analytic at a, which does not annul 
F at a, such that, for every i, the r-th roots of &— & are enalytic at a and 
have Taylor expansions at a in which the first m + 1 coefficients are all less 
than e in modulus. l 


16. Remarks. The residualeset of points a is not offered as one of the 
attractions of the above result. What is noteworthy is,the use of the »-th roots, 
Residual sets occur in the proof, and nothing is lost ig using such a set in the 


statement of the theorem. We note at this point that, in the approximation,, 
nn nn 2 e 

3 A. D.E. will stand for our Colloquium Lectures. é 

7 The complement in $ of the sum of a countable number of seli each of which is 


nowhere dense on $. 
> 
s 
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theorem of A. D. E., the dense set of points a may be replaced immediately by 
a residual set. In short, for the m and e on page 102 of A. D. E., one may 
use any point a of the area Y”. Thus, the points a which may not be used for 
given m, e are nowhere dense in W; the points a for which some impossible pair 
m, e can be found form a set of the first category. 

The strunger approximation theorem, which, as will be seen in § 26, is 
not without utility, is a first result in a program to perfect the approximation 
theorem of A. D. E. It would be natural to conjecture that £,,- - +, én can be 
embedded analytically in-a-one-parameter family of solutions which do not 
annul F. That this is not so can be seen from $ 90 of $. S., where the singular 
solution y = 0 of 


(16) y — y +y =0 
is discussed. That singular solution belongs to the general solution of (16). 
If (16) were satisfied, for every small h, by . 


y = p(x, ho) 


with ¢ analytic for x in some area and %h small, and with ¢ vanishing iden- 
tically in œ for h=0 but not vanishing identically in + and h, the first 
member of (16) would have a convergent y-solution. However, the only 
y-solution which exists is divergent for every y s£ 0. 

Having disposed of the above conjecture, one might ask whether 
f° ++, cannot always be approximated uniformly in some area by solu- 
tions which do not annul F. Such a ‘result would certainly not imply 


* immediately the one which will be established here. For instance, as h 


approaches zero, y = h? + ha approaches zero uniformly in any bounded area, 
but the coefficient of x in the expansion of y at v = 0 does not tend toward 


zero with h. 
o 


17. We shall show that it will suffice to consider the case in which the £; 
are identically zero. We adjoin the n functions £; to the underlying field, 
limiting the domain of v if necessary. 3 becomes equivalent, for the enlarged 
field, to one or more essential irreducible systems. One of these systems, call 
it 3, will admit a sequence of solutions which do not annul F and which 
approach &,° °°, in the manner described in A.D. E., $74 Then 
€, * *, En is a solution ‘of Y and F does not hold 3’. Under the substitution 


e . . + . 
yi == 24 +é, Y goes over into an irreducible system $” in the 2;; F goes 
owl > O v 


over into a form & in the 2;. Then z; =0,1=1,: : :,n will be a solution 
of 3” and @ wilb not held 3”. This is enough for the justification of our 
statement. . . 


a 
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18. Let P be a form in y1,- * *, Ym, given by 
(17) P=y?(14A)+2B 


where p is a positive integer, A a form vanishing for y: —0,1—1,---,%, 
and B a form which, when written as a polynomial in y, and its derivatives, 
has no term-of degree less than p + 1. 

It is easy to prove, subjecting x and y, to a Painlevé transformation, that 
the solution y; = 0, +=1,: + +, n, of P is not contained in any irreducible 
manifold which is held by P but not by yı. 


19. In accordance with $ 17, we assume that 5; = 0, i=1,:--,n. 

Let y; be any one of the n unknowns. In the first stage of our proof we 
shall show that, given any positive integer 1, there exists a dense set of values 
of x such that, given any a of the set and any m and e, & has a solution 
E, * >, En which does not annul F at a, the r-th roots of é; being analytic at 
a and the first m + 1 coefficients in the expansions at a of 


És, A Ésa, E, Een En 


all having moduli less than e. 


If y; holds 3, our result is seen directly to hold. In what follows we 
assume that y; does not hold 3. 


20. Let y1,° ` +, Yq be a set of arbitrary unknowns for 3 (if such a set 
exists). Whether or not y; is among these arbitrary unknowns is of no 
importance. Let 


(18) Aga,’ > “An 


be a basic set for 3, introducing Yq+,: * *>Yn. Let Sı represent the separant 
of A; in (18). 

No generality is lost in assuming that F of $15 is divisible by y; and 
by each S;. In what follows, we assume such divisibility. . 

Let the 7 of $19 be given and let an m then be selected. We make the 
non-restrictive assumption that, for every i, m exceeds the order of F in ys. 
We consider the forms in (18) and also the first m derivatives of each of them. 
We secure thus a set of (m + 1)(n—q) forms which we shall flow regard 
as simple forms in the yix. The set of simple formg thus obtained will be 
denoted by $ and the unknowns in $ will be takengas those Yi: for which 
k Sr, + m where t; is the highest of the orders in y; of the forms in (18). 

Let I be the set of simple forms in the unknowfis just described which 
vanish for all solutions of Y which annul no S;. It®is easify proved that II 
is a prime system. (Cf. A. D. E., 8 73.) s 2 


i 
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Because 3 has the solution yi = 0, U has a solution with every yix.zero. 
Also H is not held by F. 
Let p== mr. Introducing a new unknown v, we put, in IL, yjo = v. 
Then H goes over into a system A in v and the yz distinct from Yjo. Let F > 
` with yjo replaced by v” be represented by C. Then C does not hold A. 


Let yj1,° + <, ye be those unknowns in A which arise from derivatives 
(proper) of y; We put, in A, 
(19) Yi = vB, (i=—1,---,t). 


Then A becomes a system Q in the ya with i j, in v and the w; Let D 
' be the form into which C is converted by (19). Then D does not hold Q. 


21. Ina decomposition of Q into essential prime systems, let Q;, + + +, Q l 
be those systems which are not held by D. We are going to show that there 
is some 9, each of whose forms vanishes when the unknowns are all replaced 
by 0. > 
Let this be false. Then there exists a form K, with no term free of the 
unknowns, such that 1-+ K holds every Q;. Let g be the degree of K con- 
sidered as a polynomial in the w;. We replace each w: in 1 + K by y;s/v?” 
and multiply the resulting expression through by 9», We obtain a form 
R given by 

R= ye + M 


where M is a form of the following ii A Every term of M which 
involves no yj, is of the form $ - : 
. E gy P-L) Y, 


with « a function of x and L a power product of positive degree. Every term 
in M involving some yjx effectively is of the type 


(90) aviyit. > > y aL 
with L a powereproduct free of the y; and with 
d= g(p—1) — (d +: ° + d) (p—1). 


Thus l l 

(21) e: d+ p(d +: > + de> g(p—1). 
In other words, 

(22) , Fewer +@) +H 


e= where G, free of the yj, vanishes when the unknowns are all replaced by 0 
and where the terms of H, all of which involve the yj, are of the type (20) 
_ with (21) holding. Fubthermore; CR holds A.S - 
Ss Se . ; 


8 Notë that C is divisible by v. e 


rg 
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Let o be a primitive p-th root of unity. We replace v in & successively 
by ow, i= 1,: ++, p. We obtain a set of forms A,,* > *, Ap whose product T 
is a form with coefficients in $. T will involve » with exponents which are 
all multiples of p. Also, CT holds A and T has an expression 


(23) | wod + P) +Q 


where P (whose exponents of v are all multiples of p) vanishes when the 
unknowns are replaced by 0 and where Q has terms of the type (20) with d 
divisible by p and with 


(24) d+ p(d +: +d) > g(p—1)p. 


` ‘In T, we replace v? by yjo and consider the resulting form U as a differen- 
tial polynomial. Then U is of the form 
Š . 


yer (140) +W 


where’ V vanishes for y¿=0, ¿=1,* + -,n and where the degree of each 
term of W in y; and its derivatives exceeds g(p— 1). 

Now FU holds 3. Then U holds 3. According to $18, the solution 
yı = 0, i= 1,- +--+, of U cannot be approximated by solutions of U with 
9; 70. This contradicts the fact that U holds 3. We have thus proved the 
statement made at the head of the present section. 


22. Fixing our ideas, let us suppose that every form in Q, vanishes when 
the unknowns are all replaced by 0. 

. - Considering Q, and D, we refer to $ 68 of S.S. Corresponding to each 
unknown in Q,, we find a function ¢(2,), analytic for x in some area and 
for h small, with ¿(x, 0) equal to 0 for every æ. The substitution of all of. 
the (a, h) for their corresponding unknowns produces 0 for each form of Ù, 
but not for D. . 

Passing from ©, to A, we have a ¿(x,h) for every unknown in A, with 
each ¢ identically zero in x for h=0, and with each form in A, but not C. 
reducing to zero for every © and h when the unknowns are replaced by the &. 
Let the expansion in powers of h ef the $ for v begin with a term*in A4 with 
d>0.° Then the expansion of the $ for any yj, will, if it is not identically 
zero, begin with a power of h whose exponent exceeds (p — 1)d. 

We now consider II. For the unknowns in II we have a set of $ which... 
annul the forms in II but not F. The lowest exponeht of % in the $ for yjo 
att Fr a an e o 


e Because D is divisible by v, the ¢ for v is not identically zero.® 
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will be pd while the lowest exponent for any yj, with & > 0 will exceed 
(p—1)d. 
In what follows, the ¢ used will be those for II. 


23. We shall use an area A, in the plane of œ which satisfies the follow- 
ing: conditions: 

(a) The coefficients in F and in the A; in (18) are analytic in W.. 

(b) The ¢ are analytic for s in A, and h small. 

(c) The coefficient of Ard in the ¢ for yjo vanishes nowhere in MW. 

-(d) The coefficient of the lowest power of h in the result obtained by 
substituting the $ into F vanishes nowhere in W. 


24, Let a be any value of x in A,. We put «a in the ¢, whereupon 
the $ go over into functions y of h, analytic for h small and vanishing for 
h =0. . 

Every A; in (18) vanishes when 2 is replaced by a and the other letters 
by their corresponding y. A similar statement holds for the first m derivatives 
of the A;. Let us consider A on the (m + 1)-st derivative of Ay. in (18). 
In A, we replace x by a and every yi, which occurs in II by its y. For 
every ¿E 9, Yıramıı With 1, as in $20, may appear in Ay. With such 
letters, whether or not they figure effectively in AV, we associate functions 
y(h) which are identically zero and, where one of the letters figures effectively 
in Am” we replace it in that form by 0. After these substitutions, A pete 
ie a linear expression in . 


è (25) . Yari, rytm 


with coefficients which are functions of h. The coefficient of the letter (25) 
will be Sq. with substitutions as above. Because F is divisible by Sqn and 
because (d) of § 23 holds, that coefficient is not zero.y When the expression 
obtained from AD is equated to zero, the letter (25) is determined as a 
function of h sich is analytic, or has a pole, for h=0. We treat A 
similarly, substituting for the letter (25) the function of h just found. We 
proceed similarly with the (m + 1)-st derivatives of the other A;. When this 
step is concluded we treat in a similar way the higher derivatives of the Ai. 
The nêt result of the total operation és as follows. We obtain a.set of 
functions y of h, one y «or every yi. The y are analytic, or have a pole, for 
hh=0; in particular the y for k S m are all analytic, and equal to zero, for 
eet = 0. For iq, and for k > m, the. y are zero. The y for yjo has a least 
exponent of h equal to ?d, while, for a yj with 0 <k= m, and with a y not 
identically zero, the leas? exponent exceeds (fp —1)d. There is a 8 > 0 such 
that the y are all analytic Tor | h | < 8, except, perhaps, for h = 0. 
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For h small and distinct from zero, the ı%. become numbers which are 
derivatives in a normal solution of (18); the solution being analytic for «=a 
` and not annulling F at a. In such a solution, the y; with ¿<q will be 
polynomials. ae 

We examine y; in these solutions. There is furnished for it, by what 
precedes, an expansion 


Et Er, 


where the lowest exponent of A in yo is pd, while that in y with b S m 
exceeds (p — 1)d. 

For h small, and not zero, the r-th roots of y; are analytic at a. 

We write the series (26) in the form 


(27) Í vo(h) [1 e (h) (e—a) +++]. 


Then, for k = m, the expansion about h = 0 of Bẹ is either zero or has a least 
exponent which exceeds — d. 

Since p = mr, the least exponent of h in yo is mrd. Then the r-th roots 
of Yo are analytic.at the origin. Let y(h) be such an r-th root. The least 
exponent of h in y is md. 

One of the r-th roots of the bracket in (27) has an expansion 


148 (A) (2—a) +: >: 


in which & with k < m begins with a term in h of exponent greater than — kd. 

Thus, in an 7-th root of y, as given by (26), the coefficient of (a —a)* 
with k S m will begin with a positive power of h. This is enough to prove 
the result stated in $ 19.7° 


25. We conclude the proof of the result stated in $15. Consider anyer. 
Under the substitution y, =,", 3 goes over into a system A and F into a 
form Pri in 0, Yo," * *,Yn. From what goes before, it follows that some essen- 
tial irreducible system 3, in the decomposition of A contains the solution 


vı = 0; ys =0, 1 > 1, and is not held by F,. We give 3, with respect to ys. 


the treatment accorded to 3 with Pespect to yı. Continuing, we reaqh a system 
=, and a form F, in unknowns 0;,* * *,Un, such that Fa does not hold 3, 
and that v; = 0, i=1,- - -,n, is a solution of Sn. This solution of 2, can, 
be approximated at the points a of a residual set by solutions which do not 


annul F, at a and which have expansions at a with asemanye small coefficients 


e 
"For m as given, any @ in 9, will serve for every, s. Thus there is a dense set 
of points a, in fact a residual set, which serve for all m, e. 
. 


Li 
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as one pleases. For the particular r used, the transformation y: == »;" gives 
the solutions É,,*  *,& of $15. Furthermore, the residual sets which corre- 
spond to the values 1, 2, 3, + - - , of r have a residual set in common. The 
result of $ 15 is thus completely proved. 


26. As an application, we consider a form 
G = yP ya A 


where the p; are non-negative integers whose. sum is positive and where A is 
a form of the following description: . 

(a) Each term of A has a degree in the yi, which exceeds p, ++ * *-+ pn. 

(b) Given any term L of A, and any y;, L is either divisible by yj” 
or else of degree higher than p; in the yyx. 

We shall prove that the solution y;=;0,i—1,---,n” of G is not con- 
lained in any irreducible manifold which is held by G bait not by Y Yıya“ $ Yn 
f This result appears not to be obtainable readily through the Painlevé 
transformation. l 
' Using a positive integer r which will be fixed in a moment, we replace 
each y; in G by vs”. If ris large enough, A will go over into a form in which 


each term is divisible by vr" + -v,™". Let r be thus taken. Then @ goes 
over into a form H which is the product of v?" + - on™" by a form K of 
the type 

14+ 8B 
where B vanishes for v; = 0, i==1,---,”. 


If our result were not true, it would follow from $15 that K has solu- 
tions which, for suitable points a, have expansions which begin with as many 
arbitrarily small coefficients as one may desire. Q.E.D. 


V. Essential Irreducible Manifolds in the Manifold of a Form. 


e. 
27. With a view towards later applications, we shall extend here the 
results of $. S., Part I, to forms in several unknowns. 


28. Following 8. S., gg 1-3, one secunes the following 1 result, 


Let F and A be two forms in y,,* * `, Yn, both of class n and algebraically 


irreducible. Let the ofders of F and A in yn be m and l < m respectively. 
Let A; represent the /*th derivative of A and £ the separant of A. Then 
` there exist a nonnegative integer t and a positive integer r such that S'F has 


a representation y 5 


, 
(28) : STABALA: Atos 


we 
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with non-negative p; and isj, where no two of the r sets iij, * >, im-3 are 


identical; the O; being forms which are of orders not eaceeding 1 in yn and 


which are not divisible by A. 
For any admissible £, (28) is unique. In what follows, the smallest ¢ 
will be used. 


29. Let F hold the general solution of A. Then, for the general solution 
of A to be an essential irreducible manifold in the manifold of F, it is neces- 
sary and sufficient that (28) possess a term of the type C;A™, which term, if 
(28) is considered as a polynomial in A, Ay,‘ + +, Am_1, is of lower degree than 
every other term of (28). 


The sufficiency proof proceeds as in § 6 of 8.8. 

For the necessity proof, we assume that, among the terms of lowest degree 
in (28), there is a term which invelves derivatives of A. We prove that the 
general solution of A is not essential. 

According to Part I of the present paper, the manifold of F consists of 
the general solutions of certain forms Bı, +, Ba. If there are B; whose 
orders in y» do not exceed 1, let T denote the product of such B;. Otherwise, 
let T =1. Let T be arranged as a polynomial in the y,; and let U be any 
coefficient in T. Then U, being a form in y,,* * *,Yn-1, does not hold the 
general solution of A. ` 

Considering (28) as a polynomial in A and the A;, we take its terms of 
lowest degree and select from them, those terms which have a highest degree 
in Am-ı. From the terms just taken, we select those for which the degree in 
Am-ı-ı is highest. We continue through A;. Our process isolates a single 
term of (28), with a definite C;. This C; will be used in what follows. 

We put E==UC;S. Let.j1,--+,9. be any solution in the general 
solution of A which does not annul Z. We put, in (28), 


(29) Yi = Yi, t= 1,55 :,n—1; Yn = Un + Us 


with uy a new unknown. By S.S., $10, (28) goes over into a form in uo 

which vanishes for 4 = 0 and which has, among its terms of lowest degree 

in the %os, terms of order higher than 7 in wp. A 
According to §§ 11-16 of 8. 5 F has a formal solution 


(30) Yi = Git L N; Yn = Fn + oie: 


where ¢, is any solution of a differential equation of order higher than 1. 
We follow $ 17 of 8.8. Let X, i= 1,: - -,d, beethe closed system whose 
manifold is the general solution of B; above. Then every solittion (30) is a 


«o 
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formal solution of some %;. We say that there is a solution (30) which is a 
solution of some 3; whose B; has an order higher than 1 in y». Let this be 
false. Then every solution (80) annuls T above. Under the substitution 
(29), T goes over into a form V (uo) which is annulled by every series 
ıc +++ +. Because the $; with i < n do not annul U, F is not identically, 
zero. The order of V in u, does not exceed 1, The proof is now completed as 
in 8, S., $17. 


VI. Equations in Two Unknowns, of the First Order. 
GENERALITIES. 


30. We deal with an algebraically irreducible form F in the unknowns 
wand v. F has an order in u and an order in v. We shall assume that the 
maximum of these two orders is unity. 

The manifold of F consists of the general solutions of forms 


(31) y F,B,,* úl +, Ba. 


The B; are determined by the methods of A. D. F., Chapter V, with the help 
of Part V of the present paper. 

Clearing the ground for further operations, we shall show that, if there 
are B; in (31), they are of order zero in u and in v. Let us consider B,. 
Because F holds the general solution of B,, the remainder of F with respect 
to B,, say for the order u, v of the unknowns, is zero, Thus, the order of B, 
in v cannot exceed unity. If that order avere unity, F would be divisible by 
B,. Thus, the B; are simple forms. i 


31. The problem to which this Part VI is devoted is that of determining 
the solutions which any B;, call it B, has in common with the general solution 
of F. 5 
y Fixing our ideas, we assume that B is not free of v. Following § 28, 
we write .. 


StR = aB? + 0,BaB' + - - + OBP B'e 


with S and B’ the separant and derivative respectively of B. The orders of 
the C in æ and in u do not exceed 0 and Į” respectively and no C is divisible 
by B. For every 1, p S pi + qi 

The sufficiency proof of the result in $ 29 brings out the fact that every 
solution which B has in comnion with the general solution of F is a solution 
_ of Co. Let us suppose that B and Ce have common solutions. Using the 
order u, v of theunknowns, let basic sets be obtained for a set of closed irre- 
ducible system® whose manifolds make up the manifold of the system Co, B. 
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We shall prove that each basic set consists of two forms. The resultant of Cr 
and B with respect to v is a non-zero form in u alone, of order at most unity 
in u. Hence, given any closed irreducible system 3 held by Co and B, a basic 
set of 3 starts with a form U in u, of order at most unity. Because B involves 
v, B is not divisible by U. Hence the remainder of B with respect to U is not 
zero, Thus, the basic set of % has a second form, of order zero in v, which 
introduces v. 

Let then 
(32) U,V 


be a basic set for 3, one of the closed irreducible systems considered above. 
U is of order at most unity in wand V is of order zero in v. 
It will be proved in $ 68 that, if U is of order unity, the manifold of X 
is contained in the general solution of F. 
As to the*case in which U is of order zero, a theorem of E. Gourin” 
` shows that if 3 has a solution in common with the general solution of F, the 
manifold of 3 is contained in that general solution. It thus becomes a question 
of deciding whether a given solution, u = n, v=£ of 3 is contained in the 
general solution. As in £.£., $ 88, this case can be reduced to the case of 
=y=0, 
We shall therefore undertake the investigation of the following problem. 
Let F vanish for u =v =0. It is required to determine whether u = v — 0 
is contained in the general solution of F. 
The case of interest, of course, is that in which one or more B; in (31) 
vanish for u = v = 0. 
Through § 67, in which a summary of results is a we shall be oceu- 
pied with the problem just stated. Thus, through $67, F will vanish for 
u =v =l. 


ELEMENTS. ° 
32. We consider a relation of the type . 
(33) v= pu: - + eure + - .. 


The p are positive rational numbers with a common denominatgr, which 
increase with their subscripts. The*4 are functions of æ, all analytic in some 
area.!? It is understood that the second member. of (83) may be identically 
zero. If we differentiate (33) formally, we secure a rélation 


11 Bulletin of the American Mathematical Society, vol. 39 (1983), p. 593. 
12 In the definition of y-solution in £.8., only a common point ‘ot analyticity was 
demanded of the coefficients. The reason for using an ardı here will appear in § 55. 


2 . 


«e 
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i dv , ðv 
(34) tn 


The series for 04/0u may contain a finite number of negative powers of u. 
The substitution of the above expressions for v and v, into F produces a 
polynomial in u, whose coefficients are series in u which may contain a finite 
number of negative powers. If this polynomial in u, vanishes identically, we 
shall call the second member of (33) an element of F. 
For instance, if F =v, + v — u, — u, F has u as an element. Examples 
of elements can be given, with constant ¢, which diverge for every u =< 0. 


MULTIPLICITIES. 
33. Let an element of F be given by (33). If 


oF mP a 


(35) dv? a) Aye 





all vanish identically in ©, u, u, when v is taken as in (33), while PF /ĝv? 
does not, the element will be said to be of multiplicity p. 

If F has an element, v or v, must figure in F. We shall prove that an 
element of F has a multiplicity if and only if F, considered as a polynomial 
in v, is of positive degree. 

If F is of zero degree in v, every 01F/0v* vanishes identically. This proves 
the necessity of the condition. Let the condition be satisfied and let 


Fea +00 +" x -F av" 


with n= 1. Suppose that the n forms iF /ðv?, i = 1, ` -,n, all vanish for 
(33). We have 


s =~ =n! an, 
v 


. 

so that æn vanishes for (33). Again, 

pie 

Gan (ao bajo 

e 

so that a, must vanish for (33). Continuing, we find every a; to vanish 
for (33). Because F is algebraically irreducible, %,- + *,4. are relatively 
prime as polynomials in u, %,, vı Hence, some linear combination of them, 
with suitable foams for coefficients, is a non-zero form free of vı, that is, a 
non-zero form ix u.. Such a form cannot vanish for (33). This proves the 
sufficiency. œ . 
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STRONG Sums. 


34. We consider the effect of making, in F, the substitution 


(36) V = prt + ... + byw 


where the & numbers p are positive and rational, and increase with their sub- 
scripts. It is understood that the second member of (36) may be identically 
zero. 

Under this substitution, F goes over into a finite sum 


(37) 34,4%, 


with each a; a function of x, each a; a rational number (possibly negative), 
and each ß; a non-negative integer. 

If (37) is not identically zero, and if, among those of its terms for which 
2; + Bs is a minimum, there are terms with £; > 0, we shall call the second 
member of (36) a strong sum for F. 


Example 1. "—w+v*!+ u? has u asa strong sum. In fact, 
u +, with p any sufficiently large rational number, will be a strong sum. 


Example 2. u -+ uv, has no strong sum. 


From any strong sum of a form F, new strong sums can be derived, as in 
Example 1, by the addition of terms. 

The part played by elements and strong sums will be as follows. Suppose 
that the manifold of the form u is not contained in the general solution of F. 
It will turn out that for u == v = 0 to be in the general solution, it is neces- 
sary and sufficient that F have either a strong sum, or else an element which 
causes no B; in (31) to vanish when substituted for v. 


INDICES. Ñ 
35. F is to be as in $ 30 and is to admit u = v = 0 as a solution. We 
denote by A the region in which the coefficients in F are meromorphic. 
Suppose first that F has no strong sum. We shall call a positive integer 
n the index of F if there exists a set of points €, contained in YA ayd having 
no limit point in A, such that, given any simply connected region A, in A 
which contains no point of €, F has a finite set of distinct elements which 
satisfy the following conditions : z 


(a) The coefficients in the elements are analytic throughout W. 
(b) The elements have multiplicities and the sum of the multiplicities 
for the elements of the set is n. . 5 
e 


20 l © J. F. RITT. 


SA 
(c) Every element of F with coefficients analytic in some area contained 
in A, coincides with some element of the set. 


It is easy to see that there can be no more than one n as above. 
If F has no strong sum and no elements, the index of F will be defined 


` aS zero: 


If F has a strong sum, the index of F will be defined as oo. is 
Our work will show that if F has no strong sum, but has elements, a posi- 
- tive n exists as above. Thus an index will be known to exist for every F 
which satisfies our assumptions. The index will play a röle analogous to that 
of the y-sólution number in $. 8. f 


; ; PoLYGONS. 
36. We write F in the form 


(38) , i ame Pirin 
with the a ‘enabling of a distinct irom 0. 

We put Ai = yi + ĝi, wi =% + Bi, and, in a plane referred: to rectan- 
gular axes, plot the points (Ai, pi). We secure thus r or fewer points, each 
point associated with one or more terms of F. 

We consider those of the plotted points which have a least abscissa—say . 
the abscissa £,—and choose from them that point which has a least ordinate— 
say the ordinate e. For all points (Ai; Hi) with A; > £,, if such exist, we 
form the ratio l : 

a o, — pi 
en La — As > 
which is the slope of the straight segment joining (£1, 01) to (Asmi). Let 
us supposé that there are segments whose slopes (39) are negative. Taking 
those segment? whose slope is a minimum, we choose the longest of them. 
Let its right extremity be denoted by (£2, 02). 
It may be that there are points with A; > £2 for which 





us y, 


(40) Ea 


If so, we take those Boints which minimize the first member of (40) and 
choose from them that point (és, os) whose abscissa is the greatest. 

We continue this construction as long as it is possible to secure segments 
of negative slgpe. The” polygon formed by the ee obtained will be called 
the polygon of F. 


fl 


à 
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If there are no points with A; > & or if there are no such points for 
which (39) is negative, the polygon of F is defined as the point (£&,, 01). 

When we speak of the points (Ai, ui) lying on a side of a polygon, the 
extremities of the side will be included. 

Consider a point (As, wi), plotted for #, which lies on the polygon of F. 
If there is a term associated with (Ai, i) which involves either u, or vı, we 
shall call (Ai, ui) a b-point. Tf no such term exists, that is, if (As, 14) is 
associated with only a single term of F and that term is free of u, and 1, 
we shall call (Ai, 4) an a-point. 


INVESTIGATION OF THE INDEX. 


37. We denote the polygon of F by P. Let (&,0:) be the point of 
greatest abscissa on P, that is, the rightmost point on P. If F is written as 
in (38), oı will be the least of the quantities æ; + ß;, and &: will be the least 
value of y; + 8; in those terms of (38) for which a; + 8i = ct. 

We are going to work toward the result that F has an index and the index 
of F is either & or œ. 


38. We begin by showing that if P has a b-point, F has strong sums. 
We take first the case in which P has at least one side. Let Z be some 
side of P on which a b-point lies. Let — p be the slope of l. We make, in 
(38), the substitution 


: (41) Pr v= wu 


with w an indeterminate which admits of differentiation with respect to v. 
We have 
(42) By = WUP + pura. 


Under (41), a term of (38) associated with a point (As, 44) will yield .a 
set of terms, all of degree p; + pà; in u and uw. If (Ai, wi) is on 1, this degree 
will be the intercept of 1 on the axis of ordinates. Points nêt on 1 produce 
terms of degree greater than this intercept. 

Let A be the sum of those terms of F which correspond to points on I. 


Under (41). A goes over into a sum 
s 


o 

(43) f Jauti ti 

with the a; polynomials in w and w,. Clearly, if (43) involves u, effectively 
we can fix w as a function $ of æ so as to make pu’ a strongeum for F. 


We shall examine now the case in which (43) is gree ofu. In this case 
(43) reduces to an expression Bu? with q the intercept of J and 8 a polynomial 


UN | 
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in w and w,. Now w, must appear effectively in B, for (43) goes over into A 
by the substitution w == vw”, 
Let C be an irreducible factor of B which involves w, and let 


(44) B= 0D. 


Let $ be a function of « which, substituted for w, annuls C but not 0C/0w,. 
In (44) we put 
w=oth, w = hı tk 


with ¢, the derivative of & and h and & indeterminates. The members of 
(44) become identical polynomials in h and k. The terms of lowest degree 
produced by C are of the first degree and there is a term Bk with 8&0. It 
follows that B produces a polynomial H in which the terms of lowest degree 
involve k effectively. . 

Taking any positive rational number $, we put 


h = u, e = futu 


Then H goes over into a finite sum of type ( 37) in which the terms of lowest 
degree involve wz. 
All in all, if we make in A, above, the substitution l 


(45) v = ue + ur, 


with $ as just fixed and 8 rational and positive, A goes over into a sum of the 
type (37) in which the terms of lowest-degree involve w . 

Suppose now that 8 is very small. Then the terms yielded by A under 
(45) will all have degrees close to the intercept of 1 and will thus have lower 
degrees than the other terms produced by F under (45).. Thus, the second 
member of (45) is a strong sum for F. 

In the casg in which ? consists of a single point, which is a Hein, we 
start with p as any positive rational number and the above argument goes 
through. 


39, From this point until the end of gar, we assume that ® has no 
b-point. Two preliminary questions will be treated in this section, 

We shall show that 0 is not a strong sum for P. Let this be false. Then 
F must have terms free of v and v, and, in the sum of such terms, u, must 
figure among the termg of lowest degree. This implies that P has a b-point, 
so that our statement is proved. ` 

Suppose that & of $ 36 exceeds 0. Then v = 0 is an element of F. We 


A 


POINTS IN THE THEORY OF ALGEBRAIC DIFFERENTIAL EQUATIONS. 23 


say that v = 0 which, according to $ 33, has a multiplicity, has the multi! 
plicity ¢,. It is only necessary to observe, for this, that F has terms free of vı 
and that the minimum of the degrees in v of such terms is £,. 


40. Let P consist of a single point (&,0:). We say first that F has no 
strong sum. We know that 0 is not a strong sum. Let the substitution (36) 
with ¢;5£0 be made in F. The term of Fin ues will produce a set of terms 
of which one, a term in uc, will have a least degree. The familiar intercept 
argument shows that this term in u alone will have a lower degree than any 
other term in the sum (37) which F yields. 

What just precedes shows also that F can have no element distinct from 0. 

The discussion of § 39 and of the present section proves the theorem of 
§ 37 for the case in which P consists of a single point, in particular, for the 
case of é: = 0. 


41. Assuming now that P has sides, we undertake to determine the 
possibilities for p, and q, in a strong sum, or in an element distinct from 0. 

We shall prove that p, is the negative of the slope of some side of P. 
Let this be false. Let the vertices of P, arranged according to increasing 
abscissas, be 


(46) | (ua), (En 04). 


If there are sides of P of slopes greater than — pı, let (£;,0;) be the first 
point from the left in (46) which iS the extremity of such a side. Otherwise 
let j = t We consider a line through (¢;, oj) of slope —pı. Then all points 
plotted for F other than (£;,0;) lie above this line. It follows, as in $40, 
that a substitution v = ¢,w-+--- in F produces a non-zero term, free of 
ui, which is of lower degree than any other term produced. This proves our 
statement. f 


42. Let 1 be a side of P and let — p, be the slope of 1. “We make in P : 
the substitutions (41), (42), with p =p1. The terms of F associated with 
points on 1 produce, collectively, an expression L,(w)u” where L, is a poly- 
nomial in w, and r the intercept of J on the axis of ordinates. The degree of 
L, is the abscissa of the right exttemity of 1. The remaining terms of F 
produce, collectively, an expression M, which, arrangéd as a sum of power 
products of u and u, will have all its terms of degree greater than rin u and u, 

Clearly, if ¢,u is to be the first term of an element or gf a strong sum, 
we must have A . 

a) | CAE e 7 
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43. Let q, be any solution of (47) distinct from zero. We make, in F, 
the substitution 
(48) v = du +. 


Then F goes over into an expression F” in v’ and u. F” will be a polynomial 
in v’ and Y,, with coefficients which are sums of power products of u and u. 
The exponents of u, in the coefficients will be non-negative integers; those of 
u will be rational numbers and some of them may be negative. 

We write F in the form (38). Now, however, the «; may be fractional, 
and even negative. We form a polygon for F’ in the manner explained in 
"$36. We denote this polygon by P’. We are going to study P’. 

A term in F in 
(49) uru Pun’ 


associated with the point (y + 8, a + B), contributes to F” terms coming from 
(50) uu + pre) (07, + $ ue + pipu)’ 


with q”, the derivative of ¢,. Let us consider any term coming from (50). 
If its degree in v’ and v’; is y + 8—a with OSaSy+ 8, its degree in u 
and u, will be a + B + pa. Such a term will be associated with the point 


(51) (y +8— a, a +8 + pia). 


One of the points (51) will be (y +8, a+ 8). The others lie on a line 
sloping upward from that point, with slope — pa. . 

Now, let represent the point which is the right extremity of 1. What . 
precedes makes it geometrically obvious that h and all plotted points on P 
to the right of h are points plotted for F’ and, indeed, the lowest plotted 
points of their respective abscissas. Thus, h is a vertex -of P’ and P and 
P’ coincide from h onward to the right, that is, they have the same plotted 
points, which age a-points for both of them. 

We shall now examine P” to the left of h. Let $, be a solution of (47) 
of multiplicity p. We shall call p the multiplicity of fs. Under the substitu- 
tion (48), the terms of F associated with points on 1 will produce collectively 
the exprefion '* % A 
(52) L (d+ wv’) ur. 


The term of highest degree in v’ in (52) will be the term of K’ associated 
with h. The other terms of F” coming from (52) will yield points which lie 


a > 
1° The number of such sojutions is the length of the horizontal projection of 1. 
14 Put w = $, + wm. 
e 
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on ¿or on l produced to the left. The lowest power of v’ which figures effec- 
tively in (52) is the p-th power. This means that F” has a term in w7?Py’? 
which is the only term in F’ associated with the point (9,7 —pıp) and that 
every other point, plotted for F’, of abscissa p, has an ordinate greater than 
r—pip. Furthermore, all points of abscissa less than p which may be plotted 
for W lie in.the interior of the upper half-plane determined by I. i 

It follows that if p is less than the abscissa of h, P” has a side of slope 
— pı which joins (p, t — pip) to h, and that this side has only a-points. 

Whether or not p is less than the abscissa of h, if there are points plotted 
for +” of abscissa less than p, P” has sides of slope less than — p, and 
(p,r—— pip) is the rightmost extremity of the rightmost such side. Any 
b-points which P” may have lie on sides of slope less than — pı. 


44. If P’ has a b-point, lying on a side of slope — p: < — py, an appli- 
cation of the method of § 38 shows that F has a strong sum of one of the two 
forms 


piu + bau, piu + dows + Pst, 


45. We assume now that P” has no b-points. Let q be the abscissa of 
the leftmost vertex of P”. 

For F” to be annulled by v = 0, that is, for ¢,u to be an element of F, 
it is necessary and sufficient that q exceed 0. 

Suppose that g>0. Then 0F'/0v'3 vanishes for ¿<q but not for 


j=q. This shows that ¢,u* is an glement of F of multiplicity q. 


If q = 0, we show as in $ 39 that $,u is not a strong sum for F. 


46. Suppose now that F has an element with at least two terms or a 
strong sum with at least two terms, the first term, in either case, being p u” 
above. The arguments of $$ 41, 42 show that — ps is the negative of the 
slope of a side of P” and that pə is a root of a certain equation 


(58) I($) =0 ‘ 


in which the number of solutions distinct from zero, which is the length of 
the horizontal projection of a side of P’, does not exceed p of $ 43. 


47. Let us assume, then, thate®’ has sides of slope less than *- p,. Let 

— pz be the slope of some such side. We form the corresponding equation 

(53) and choose any solution & of (53) which is distinct from 0. We put 
in W 

v = pur + u”, e. 


. We form, as above, a 


PP: 


whereupon F” goes over into an expression F” in e 
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polygon P” for F”. If p, is the multiplicity * of ġa, P” will have an a-point— 

call it h—of abscissa p, and, if P” has sides of slope less than — pa, h will be 

the rightmost extremity of the rightmost such side. If there are no such sides, 

. his the leftmost point on P”. Such b-points as P” may have will lie on sides 
of slope less than — pz. i i 


48. We conclude the proof of the result stated in § 37. 

I£ P has a b-point, the index of F is oo. 

Suppose that P has no b-point. Let r, stand for £, in $41. By § 39, 
F will have r, (possibly 0) zero elements. There will perhaps be certain 
possibilities for terms q,u* of other elements or of strong sums. The sum of 
7, and of the multiplicities of the $, is £: of $ 37. 

For each $,u" we find an F”. If some F” yields a b-point, the index of F 
is œ. If no b-points are met, we proceed with each F” as in $$ 45,47. We 
find that F has a certain number r = r of zero elements and “elements piu” 
and also, perhaps, a certain number of possibilities iu” + pzu” for the 
beginnings of strong sums or of other elements. The sum of 7, and of the 
multiplicities of the ¿2 is ĉr. : 

At the third step, we form an F” for each ou? We continue in this 
manner. There are two ways in which our process, having been carried through 
le steps, may terminate at the (k + 1)-th step. Firstly, we may meet an F® 
with a b-point. In that case, the index of F is co. Secondly, it may be that 
no F® has a polygon with a side of slope less than, the negative of the px 
associated with that F®. In that case, #.will have no strong sum and will 
have precisely &: elements of the types 0 or 


owt Ho, Sk, 


in harmony with § 37. 

Let us assume that the process ‘does not terminate in a finite number of 
steps. Then Fehas no strong sum and, from some step on, no new finite ele- 
ments appear. That is, if % is large, we will, in the first k steps, have isolated 
a fixed number r of finite elements and there may be in addition a finite number 
of possibilities. 


(54) e puts + BER + peure 


for the beginnings of elements with an infinite number of terms. The sum of 
r and of the multiplicities of the dx, for every large k, is &ı. After the finite 
elements have baen isolated, the number of distinct expressions (54) cannot 
decrease as k increases. e Thus, after a certain step, there will be a fixed number 


es EA . 
15 Defined as for Py: 
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of distinct expressions (54) and, when an F% is determined for any of these 
expressions, we get a dx, with the same multiplicity as u. An F® with k 
large does not vanish for v% — 0 and its polygon has just one side of slope 
less than — px. 

This means that we are forming a certain number of infinite series which 
may be elements of F. Let 


(55) wr feb peu + 


be any one of these infinite series. Let p be the common multiplicity of the 
bw in (55) with l large. We shall prove that (55) is an element of F of 
multiplicity p. 

First, we shall show that the px in (55) have a common denominator. 
Let, for some large k, 


be the equation, similar to (53), which determines fi Then the degree of 
Lyin $ is p and qx is a root of (56) of multiplicity p. Thus 


Cs In($) = alf ox)? 


with a a function of x. This means that the side of P“@ of slope — pa has 
on it points, plotted for F®V, of each of the abscissas 0, 1,: + *,p. If ho is 
that one of these points whose abscissa is 0 and if h, is the point of abscissa 1, 
px Will be the difference of the ordinates of ho and hı. These ordinates are - 
linear combinations of ps, * pes and unity, with integral coefficients. 
Hence py is such a linear combination. Thus we can use, for the denominator 
of pr, the common denominator of pi," * +, pr- 

We prove now that (55) is an element of F of multiplicity p. Let s be 
the ordinate of the point on P® > of abscissa p. As seen above, s is independent 
of k for k large. * 

For any large k, let polygons be formed in the usual manner for the p 
expressions FEY /9y%i, j = 0, : -,p. The discussion of (57) shows that 
the leftmost point of such a polygon will be on the axis of ordinates and will 
have for ordinate ° 


(58) i st (p — 7) prs 


For j == p, (58) equals s for every large k, but, fof j < p, (58) becomes 
infinite with X. For any j, (58) is the lowest of the degrees in u, u, of the 
terms in the expression obtained by replacing v® in PF% dvi by 0. The 
same expression is obtained on replacing v in 01P/quí by the aqui of the first 
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lc terms in the second member of (55). This shows that (55) is an element 
of F of multiplicity p. 
We have thus established the result stated in $ 37.1% 


MULTIPLICITIES AND VANISHING DERIVATIVES, 


49. Suppose that (31) contains certain Bi, say 
(59) Bi,‘ k >, Ba 


which involve v effectively and which vanish for u==w=0. Let B be any 
of the B; in (59). 
Referring to Part V, we write 


(60) Sep = CB? + OBB’ +: - ne C,Bor B'e, 


with S and B’ respectively the separant and derivative of B. The C are forms 
of order zero in v. Furthermore, 


Pp>0; ptg >p, (i=1, r) 


Let a given relation (33) imply B = 0. Then the second member of 
(33) is an element of F. One proves as in 8. S., $55, that (33) gives an 
element of FP of multiplicity p. - Furthermore, (33) implies 


¿nap 
dwtd a 
for l>0, hb +h Sp. . 


FINAL CRITERIA. 


50. We develop now a test for determining whether F has either a strong 
sum, or an element which annuls no B; in (59) when substituted for v. 

Let each B; in (59) be written as a polynomial in v and let va: be the 
lowest power of v in B; whose coefficient is not divisible by u. The equation 
B; = 0 has q: solutions of the type (33). Let p; be the value of p in (60) 
for B = B;. Let 
(61) m = pq tt paga. 


We compare m with &. > 


Suppose that & > m. Then F has either a strong sum, or an element 
which annuls no B; in, (59). 

Suppose that & < m. Then £: cannot be the index of F, so that F has a 
strong sum. e 


16 The matter of the arcas in $35 is handled as in S. 8., $ 54. 
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‘Suppose that £;== m. We shall show, in what follows, how to determine 
whether the index of F is & or co. If the index is &:, F has no strong sum 
and every element annuls some Bi. ; 


51. We consider the q, +- * --+ qu solutions of type (33) of the rela- 
tions B; = 0, i= 1,- -,d. Let k be a positive integer such that no two of 
these solutions coincide through their first k terms. 

We examine the process of §§ 38-48 for finding elements and strong sums 
of F. 

Let g be any positive integer not greater than k. If the process terminates 
at the g-th step, it must be either that we have encountered a PP with 
b-points or that no PY) has a side of slope less than the corresponding 
—- pg-ı The manner of termination would indicate whether the index is 
or £3. z 

Let us suppose that the process does not terminate at the i-th step or at 
an earlier step. We shall prove that the index is &.. 

The non-termination means that we have met certain P-Y which have 
no b-points and have sides of slopes less than the associated — pr... There 
will have been isolated a certain number 1% of elements which are either zero 
or possess at most k— 1 terms. The sum of 7 and of the multiplicities of 
the dx which the F%-D yield is gr. 

Thus, 7, < €: =m. Then the B; must have solutions (33) with at least 
le terms and the px of the k-th terms must be negatives of slopes of sides of the 
p a-d, 

Let 
(62) amt sb p, 


consisting of at least % terms, annul some B;, say B, Let (62) have multi- 
plicity p for F. Then px in (62) is the negative of the slope of a side of the 


polygon for some #%-) which, for the substitution š 


gern u br up" + ye 
yields an F@ which is annulled by ` 
(63) penu Be 


One proves now, following $, £., 38 61, 62, that,eif the polygon of FW 
has sides of slope less than — pr, p is the abscissa of the right extremity of 
the rightmost such side. If there are no such sides, p is the least abscissa of 
the points plotted for F™. One sees also, as in 8,8., § 63, that (63) is zero 
if and only if p is the least abscissa of the points plotted for FW, ` 

o 
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We suppose that (63) is not zero, so that the polygon P® of F has at 
least one side of slope less than — pg. We shall prove that P% has a single 
such side, namely, a side which has slope — ppn (as in (63)) and has its left 
end on the axis of ordinates. It will be seen also that this side has no b-points. 

Let 1 be the rightmost side of P® whose slope is less than — pz. As in 
S. 8., $ 64, it is seen that the slope of J is not less than — prn. 

Suppose now that 1 has a b-point and let the rightmost such b-point be 
denoted by hy. The abscissa of h, is less than p. 

Suppose first that one of the terms associated with h, involves u; let 
_ it be a term in 
(64) | yh) ly, Gla 
with 1, >0. Let ; 

out fr Di 3) 


-K= 

By § 49, K is annulled by (63). We form a ers for K. A point for FW 

` yields, for K, a point J, + l units to the left, or no point, according as the 

point for F® does or does not have a term associated with it which is divisible 
by (64). As in S.S., $ 64, we see that (63) does not annul K. , 

Suppose now that the terms of # associated with h, are all free of v,®. 
Then u, appears in those terms. Denoting by q the abscissa of h,, we let 


gap 
de" 


Then a point plotted for F@® yields, for X, a point q units to the left, or no 
point, according as the point for F is or is not associated with a term divisible 
by v% In particular, k, yields a point kz on the axis of ordinates and the ' 
right end of | yields a point which, when joined to hz, produces a leftmost 
side, call it l, for the polygon of K. The slope of 1, is that of Z and hence is 
not less than —w px,ı When (63) is substituted into K, there will result, from 
the point he, terms involving u, whose degree in u and u, is the ordinate of hz. 
The only other terms of K which can conceivably produce terms of this degree 
are those associated with the points on I, other than hz. Such points are 
«-points add cannot yield terms which invelve uw, Thus, (63) does not annul 
K, so that ! has no b-point. 

The discussion is eontinued as in £. S., $ 64. 

An argument like that in S. 8., § 65, shows that the index of F is to 
Our discussion bis taken care of a set of F® for which the sum of the multi- 
plicities of the &x is at least £: — rg. This shows that all F® are accounted for. 

. . 
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" SUFFICIENT CONDITIONS. 


52. We denote the general solution of F by Mi. 

Let F have an element, given by (33). We calculate the successive deriva- 
tives of v in (33) formally, expressing each derivative as a polynomial in the 
derivatives of u with series in u as coefficients. 

Suppose that every form which holds Mi vanishes identically in 
2%, U, 41, * * *, When 0,t,,* : + are replaced in the form by their expressions 
found from (33). We shall say, in that case, that the element given by (33) 
is in M or belongs to Mt. 

We say that if F has an element which belongs to Mt, the solution 
u=w=0 isin M. In short, if a form G possesses a term free of the ws, Ds, 
the substitution of v as in (33) into @ cannot produce zero. 

Let us prove that if there are B, as in (59), no element in M can annul 
any Bi. Let B be any such By. Referring to § 31, we denote by R the 
resultant of B and O, with respect to v. Then R, which is a non-zero form 
in u, vanishes for all solutions of B which are contained mM. If Gu, +, Ga 
is a finite set of forms whose manifold is M, some power of R is a linear com- 
bination of B, G,,* - +, Ga and their derivatives. Any element in M which 
annuls B would thus annul R. As R does not involve v, R cannot vanish for 
such an element. , 

We prove now that an clement of F which annuls no B; in (59) is in W. 
Referring to (31), we let 

T=B,B,: + : By. 


If Q is any form which holds M, QT holds F. It follows that every element 
of F which does not annul T annuls Q. Now a B; in (31) which is annulled 
by an element must involve v and must vanish for u==w=0. Thus an ele- 
ment which annuls no B; in (59) does not annul T and hence is in W. 

Thus, for u = v = 0 to be in Mi, it is sufficient for F to: have an element 
which belongs to Mi. If F has elements and if there are no B, as in (59), 
every element of F isin M. Tf there are B; in (59), an element of F is in Mt 
if and only if it annuls no By. =, 

53. We shall prove now that if F has a strong sum, u = v = 6 is in M. 
Let F have a strong sum given by (36). We arrange the sum (37) as a poly- 
nomial in u, and then equate it to zero. We secure an ®quation 


(65) Ao + Ay + r.’ + Agut = () e 


where the A are sums of terms of the form bu’, with b a functien of v, and p 
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rational. ' Regarding (65) as an algebraic equation for us, we use the Newton 
polygon method to form for it solutions of the type 


(66) H Uy = yu” + your? + LEX 


with the y and o as usual. Because u, figures in the terms of lowest degree 
in (87), there will be at least one solution (66), (possibly identically zero), 
with o, 21. We consider such a solution (66) and denote by p the common 
denominator of its e. Considering (66) as a differential equation, we put 
u= w”. Then (66) goes over into a differential equation 


(6) w, = f(x, w) 


with f analytic for x in some area and w small. Furthermore, f(x, 0) is zero 
for every z. Equation (67) admits a one-parameter family of solutions 


w = y(z, c) 


where y is analytic for x in some area and for c small, and where y, without * 
vanishing identically in æ and c, vanishes identically in x for c=0. Repre- 
senting the p-th power of y by £, we see that (37) vanishes for u=¿ if ¢ is 
small and distinct from 0. For x in a suitable area, we obtain, on replacing 
u by € in (36), a one-parameter family of analytic functions v which tend 
uniformly towards zero as c approaches zero. We have thus a one-parameter 
family of solutions of F which approach uniformly, as c decreases, the solution 
u=w=0. For c small these solutions cannot annul any B in (31).: This is 
because the second member of (35) is not an element of F. Hence for c small, 
we get solutions in MW. This proves that u = v = 0 is in M. 


à STATEMENT OF NECESSARY CONDITIONS. 
54. In the sections which follow, we shall prove that if u = v — 0 is in 


Mi, at least one of the following conditions is satisfied : 


(a) "The manifold of the form u belongs to M. 
(b) F has an element which belongs to Mt. 
(c) F has.a strong sum. 


That; the satisfaction of any one of these conditions insures the presence > 
of u—v—=0 in M is already known to us. 
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A NORMALIZATION. 


55. It may be necessary later to interchange the letters u and v in F. 
We represent F by F(u,v). When u and v are interchanged we secure a form 
which we shall denote by F(v, u). 

We are going to prove that if one of the three conditions of § 54 is satis- 
fied by F(u, v), then some one of those conditions is satisfied by F (v, u). 

If (a) is satisfied, F (v, u) has the element 0, which belongs to its general 
solution. 

Let (b) be satisfied. If the element described is zero, the general solution 
of F(v,u) contains the manifold of u=0. If not, the inversion of (33) 
produces an element of F(v,w) in-the general solution of F(v,u). The fact 
that the coefficients in (33) have a common area of analyticity permits the 
inversion to be made. 

We prove how that if F(u,v) has a strong sum, F(v, u) has a strong’ 
sum. Let F(u, v) have a strong sum given by (36). We know from earlier 
work that if the second member of (36) is zero, then v =u’ with p suff- 
ciently large and rational is a strong sum for F(u,v). We assume in what 
follows that the second member of (36) is not zero. 

For v as in (36) and for u, as in (66), F (u, v) vanishes identically in 
wand x. Equation (36) defines u as a power series in v, 


(68) u = pvm + YavYa + en 


with y, > 0. We replace u in (66) by the series in (68). We replace u, in 
(66) by its expression found from (68) by differentiation. This gives a rela- 
tion between v, and v which reduces to a form 


(69) v = bv p fv ++ > > 


with 3,1. Then F(u,v) vanishes identically in v and z for,u as in (68) 
. and v, as in (69). On the other hand, because the second member of (36) 
is not an element, F(u, v) does not vanish identically in z, v, v, for u as in 
(68). When the substitution (68) is made in F(u,v), F(u,v) goes over 
into a polynomial Es . 


(70) Ao + Aw + aos + Awe 


with the A series in v. Because (70) vanishes when vs is taken as in (69), 
the Newton polygon for (70) must have a side of slope not greater than — 1. 
If, instead of substituting into F (u, v) the entire series in (68), we substitute 
a sufficiently long segment of the series, we securesan expression similar to 


3 e 
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(70) with the same Newton polygon which (70) ‘has; this is because the new 
expression differs from (70) by terms of high degree in v. 

This means that if we take a sufficiently long segment of the series in 
(68) and replace v in the segment by u, we obtain a strong sum for. F(v, u). 


‘56. Continuing with F described as in § 30, we make the assumption 
that u=w=0 belongs to M. Suppose that there exists a form, holding Mt, 
of the type 

uP + A 


where A either is identically zero or else has each of its terms of degree higher 
‘than pin the ui, vi. By Part III, there cannot exist a form holding M which 
is of the type : f l 

w+ B 


where B either is identically zero or else has each of its terms of degree higher 
than q in the wi, v4. 


57. - Let F be as in $ 30 with u =v =0 in M. 

Suppose that F does not involve u. Then v = 0 is in the general solution 
of F considered as a form in v alone. Thus, zero is an element of F in M and 
(b) of 5 54 is satisfied. If F does not involve v, (a) is satisfied. 


58. , On the basis of §§ 55-57, we assume that F, described at the start 
as in $30, has u = v = 0 in its general solution M, that F involves both u 
and v effectively * and that no form u? + A as in $ 56 holds Di. It will be 
proved, in what follows, that one of (b) and (c) of § 54 is satisfied. 


Naar Proor. 


59. We denote by S the separant of F for the order v,w of the 
unknowns.** *Let p be any positive integer. We consider the forms 


(71) ' F, Fa: + +, Fp 


where Fy is the i-th derivative of F. , ; 
We now regard the F in (71) as simple forms. The unknowns u; in the 

F will be uot: >, Un, where p’ is por p +1 according as the order of F in 

wis 0 ori. The unknowns 0; are vo, * >, Up" with p” either p or p + 1. 


e ` 
11 The assumption that F involves v is made principally for definiteness of pro- 
cedure in $ 59, 
=8 Note that PP involves®u. 


“. 
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The totality of simple forms which vanish for all solutions of (71) with _ 
S540 is a prime system A. A has the solution u: = 0, 1=0,-:-,93 
v; = 0, i= 0, °°, p”. 

In A, we replace each u; with ¿> 0 by ozi, with 2; a new unknown. 
We replace 0, i = 0,: : +, pP” by uows. Then A goes over into a system 'E in 
to, the z and w. As A has solutions with us 40, E also has such solutions. 
The totality Q of forms in uo, the z and w which vanish for all solutions of 3 
with u 540 is a prime system. 

We shall prove that Q has solutions with u, = 0. Let this be false. Let 
G,,* * +, Gg be a finite subset of forms of Q with the same manifold as Q, Then 


to Gu’ * +, Ga 
has no solutions, so that there exists a relation 
1 = Kotio + EG, + Y + Kola 


Then 1 — Kouo is a form in Q. We prove as in 8. S., 8 69, that A has a form 
M of the type us + A with each term of A of degree higher than g in the 
ui, vi. M as a differential polynomial holds WM. This contradicts $ 58. Thus 
Q has solutions with us = 0. 


60. According to S. S., $ 68, there exists a set of functions ¿(x, h), one 
for each unknown in Q, analytic for x in some area and for h small, the & for 
Uo reducing to 0 for h = 0, which annul the forms in Q but not wos. 

Passing from Q to A, we have an analogous set of $(z,h) for the 
unknowns in A. Let r be the lowest power of h in the expansion of the $ 
which corresponds to uo. Then the expansion of any other ¢ which is not zero. 
has a least power of h no less than 7. 


61. Let & be some finite system of differential polynomials in u and v, 
containing F, whose manifold is W. 
We select a value a of x such that: 


e 
I. The coefficients in ® are analytic at a. > 


II. Every p(z, h) for A, as in $ 60, is analytic for 2 = a and for h small. 
III. The coefficient of h in the ¢ corresponding to & does not vanish at a. 
IV. $ does not vanish identically in h when its unknowns are replaced 
by their ¢ and x is put equal to a. z 


62. When = is replaced by a in the ¢, the $ go*over into functions of h 


o. 


«e 
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which are analytic for h small. We denote the functions of h associated with 
the u; by the generic symbol « and those associated with the v; by 8. The a 
for uy has a zero of order r for h=0. Every other « which is not identically 
zero, and every 8 which is not identically zero, has a zero of order at least r 
for h=0. For =a, the F in (71) vanish identically in h when the 
unknowns are replaced by. their a, 8. 

Let ‘F; denote for ¿> p, as. above for iS p, the i-th derivative of F. 
In Fu, we replace s- by a, the unknowns other than tpai and vp". by their 
a and ß, and %yr. by 0. Equating Fp,, to zero after these substitutions, we 
secure a linear equation for up... Because of IV of $ 61, tpa is determined ` 
as a function of h which is either analytic, or else has a pole, for h=0, We 
treat Frys similarly, making the substitutions described above and, furthermore, 
replacing vp". by 0 and up by the function of h found above. We find, for 
Ups, A function of h which is either analytic, or has a pole, for k = 0. 

The process just described determines a one-parameter family of ae 


in M, 
(72) v= Bo(h) +HAlh)a—a) ++ Bee — a" 








(13) ua) +> ED ar + 


The £, and the % with k S p’, have zeros of orders at least r for h = 0. 
The a, with k > p’ may Ze have poles for h = 0. - 


63. Let o 
(24) : w—=a(h) +: >> + a)”. 


5 
Let q be the highest of the orders of the derivatives of u and v which 
appear in ® of $ 61. We assume that p of $ 59 is taken greater than q. 
When the second members of (72) and (74) are substituted for v and u 
respectively in any form @ of ©, G goes over into a series 


(75) | i y= È dala) 
e. ker, 


with the y analytic for v =a. We prove as in 8. 8.,$ 71, that every y which 
is not identically zerd'has a zero at a of order at least p— q. f 

Representing w in (74) by u, we find, as in” S. S., $ 72, that u satisies, 
for h small, a differential equation 


è 
i 


(76) 2 Uy = poll + patte +... + path fers , 
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with » which are functions of v, analytic for v =a. With this same meaning 
for u, we find for v as given by (72) an expansion 


(77) V = yo truth mut Lee 
with v which are analytic for x = 4. 


64. Following S. S., $ 73, we find from (76) and (77), by differentia- 
tion, expansions in powers of ur for u; with 1S q and v; with 1 q where 
g is as in § 63. These expansions contain no power of u lower than the first: 
power. . 

Let these expansions be substituted into any form G in $. Then G 
becomes an expression 


- (18) Lote + Gur pes, 


As in 8. S., $ 73, we prove that every £ which is not identically zero has a zero 
at a of order at least p— gq. . 

As in S. S., $ 74, it is possible to find a value a of x which can be used 
for a sequence of values of p increasing to oo. 


65. Referring to the necessity conditions of § 54, we assume that F, 
described as in §58, has no strong sum. We find in §§ 65,66 an element 
which belongs to M. 

We take over the discussion of expansions in $$ 76-81 of 9. 8., speaking 
here of u-expansions. 

Choosing a sequence of values of p which increase towards œ, we form, 
for each p, a pair of series of the types shown in (76) and (77). Without 
loss of generality, we assume that these sequences of u and v, and also the 
sequence of v, which they give by differentiation, have strong characteristics. 

When v and u, are replaced in F by the corresponding series in (76) and 
and (77), we secure from F, according to $ 64, a sequence of w-expansions 
converging to zero. We are going to extract from the sequence of v a sub- 
sequence which converges to an element of F. Later it will be shown that 
this element is in M. ° a 

Suppose first that the v converge to zero. We shall prove that zero is an 
element of F. Let this be false. Then F has terms free of v and vı. Because 
F has no strong sum, P has no b-points. Thus, among the terms free of v 
and vı, there is a term of the type au? which is of lower degree than any of 
the other terms. When v and u, are replaced in F by their u-expansions, every 


term of F which involves v or v, produces a sequence of u-empansions con- 


“. 
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verging to zero. The terms free of v and v,, other than au%, produce sequences 
of characteristics exceeding g. This shows that zero is an element of F. 

Now, suppose that the sequence of v has a finite characteristic pı. Of 
course, p,==1. We prove, as in S. S., § 84, that P has sides and that — p: 
is the slope of a side. Continuing as in S. S., we find a subsequence of values 
of p, and a first term «p,u” of an element of F, such that, for the p of the 
subsequence, the expansions v—-¢,w form a sequence of characteristic 
exceeding pi. 

Let F go over into an expression F” in v” and u under the substitution 
(48). Then the substitution of v and u, as in (77) and (76), into F pro- 
duces the same u-expansions as the substitution of v =v— du" and u 
into F”, Using the fact that the polygon, of F’ has no b-points, we prove 
that, if the v converge to zero, pu^ is an element of F. If the sequence of v’ 
has a finite characteristic pz > pı, we continue as in S. S., § 85. Proceeding 
in this manner, we find a sequence of © as in (77) which converges to an 
element of F. 


66. We shall prove that the element just obtained—call it vo—belongs 
to M. 

Let vo not belong to W, and let it annul some form—call it B—of (59). 
We shall produce the contradiction that # has a strong sum. 

We consider the form Cy of (60) which is secured for B. The solutions 
of B which belong to M annul Co Let 3,,* * *,X%s be a decomposition of 
the system B, Cy into closed essential irreducible systems. According to $ 31, 
each 2; has a basic set 
(79) Ui, Vi 


introducing u and v in succession, with U; algebraically irreducible and of 
order at most unity in u, and with V; of order zero in v. 

Let us consider those 3; of which u=w=0 is a solution.® We say 
that, for at least one of them, U; is of order unity. Let this be false. Ifa U; 
is of order zero and vanishes for « = 0, that U;, being algebraically irredueible, 
must be u multiplied by a function of x. Bach 3; of which u = v = 0 is not 
a solution contains a form 1-+.A4 where A vanishes for u=w=0. We 
conclude that the system B, Co is held by a form M given by 


(80) l M=u(1+H) 


19 Because EA annuls B, W= v = 0 annuls B. 


me 
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where H vanishes for u=-v—0. Thus M holds the system obtained by 
adjoining B to ®, so that some M? is a linear combination of B, the forms of 
® and their derivatives. . 

We now consider the sequence of u-expansions which converges to vo. 
We substitute successively these expansions for v, and the associated expansions 
for u, into the linear expression just found for M9. Any form of %, and any 
derivative of such a form, will yield a sequence of expansions which converges 
to zero. Also, for a sequence of expansions converging to vo, and for the 
related u,, B and its derivatives yield sequences which converge to zero. Thus 
MY yields a sequence converging to zero. This is impossible because w” is a 
term of lowest degree for 19.20 ` 

Let then 3, admit u == v —0 as a solution and let U, be of order unity. 
We consider the equation 
(81) . U,=0 


as an algebraic equation for us. For x in a suitable area A,, and for u small, 
the solutions of (81) can be expressed as series of ascending fractional powers 
of u with coefficients analytic in A,. For x in Y, and for u small but not zero, 
these series give finite values for u, which, for given values of x and u, are the 
only numerical solutions of (81) for u,. None of these series annuls the 
initial of V, identically in v and u. When any one of the series is substituted 
for w in V,, the equation V, = 0 determines v as any one of a finite number 
of series of ascending fractional powers of u with coefficients which will be 
analytic in Y, if A, is shrunk appropriately. 

We obtain thus a certain number of related pairs of series for u, and v. 
For æ in A, and for u small but not zero, such a pair of series gives finite 
values of u, and v, and the pairs of values of u, and v from all of the series 
will be the only numerical solutions of U, = 0, Vi =0, for given x and u. 

Because u does not hold 3,, the solution u = v = 0 of 3, is approximable 
by solutions @, 0 with i540. There are points b in A, for which we can get 
ü and v which, with any finite number of their derivatives, are as small as one 
pleases at b, while 4(b) 0. There must be some one related pair of series 
for u, and v which, for some sequénce of ù approximating more apd more 
closely to u == 0, give U, and y when u is replaced by &. According to A. D. E., 
$ 89, the lowest exponent of u in the series for u, is at least unity. Because 
ü(b) and v(b) can be made arbitrarily small, the series for Y must contain 
only positive exponents of u. Thus there is a pair of series ¢ 


2 It is unnecessary to use strong characteristics herg In S.S., $81, the char- 


acteristic of (159) is not less than a + $, even if a and f are not strong. 
e. 
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(82) ti = Got + autr ins, 
(83) v = But +: a 


which annul U, and V;. The remainder of Co with respect to the ascending 
set U,, V, is zero. Because the initial of V, does not vanish for (82), Co is. 
annulled by (82), (83). Similarly, B is annulled by (83). 

We now examine (60). ` 

Let the series in (82) and (83) be denoted by ú, and dv. Let Cy be 
expanded in powers of u, — dí, and v— v, with u-expansions for coefficients. 
The expression for Cy will contain no term free of w— fü, and v—v. 
Because Cy does not vanish identically in 2, u,w, for v==%, the expression 
contains a term free of v-—%. Let 


(84) Co = yı (w — U) fe e lay u) he: 


where the y are u-expansions and the g increasing positive integers. The 
terms which follow y¿(u, — #)% in (84) involve v — 0. 

In (60), keeping Co in its original form as a polynomial in v, ui, u, we 
make the substitutions 
(88) v=0+w 
v= a + a Uy + Wr 


with w an indeterminate and w, its derivative. Then each term in the second 
member of (60) goes over into a polynomial in w and w;. The coefficients 
in these polynomials are polynomials in u, whose coefficients are series of 
rational powers of u. B? will give a polynomial in w in which the least 
exponent:of w is p. The power products BPıB’«: will produce polynomials in 
wand w, with terms all of degree at least p + 1. 

Let the coefficient of w” in the polynomial yielded by B? be a u-expansion 
in which the lowest exponent of u is h. If we replace w by u’, with p a positive 
integer greater than h, we see that the replacement of v by v+u* in B? 
produces a u-expansion in which the leas} exponent of u is h + pp. 

In (84), let the sum : 


(86) : a (Se - -+ y(u — ih)” 


be written as am infinite sum X of power products in u, and u. Because (86) 
equals u, — %, multiplied by a sum analogous to 3, and because the terms in 
fi, are all of flegree at ledst unity, the terms of lowest degree in 3 must involve 


.+ 
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u. Let k be the degree of the terms of lowest degree in 3. Let p above exceed 
k as well as h. Then the substitution v = v + w into CoB? produces a set 
of terms in which the terms of lowest degree are of degree k -+ h + pp and 
involve uy. 

Now the substitution (85) with w == u’, practiced on any term after the 
first in the second member of (60), yields terms in u and u, of degree at least 
(p + 1)p. Let p >h+k. Then the terms of lowest degree coming from 
the second member of (60) will involve u. 

Because S in (60) is free of u,, vı, it must be that the substitution (85) 
with w = u? reduces F to a sum of power products in u and u, in which the 
terms of lowest degree involve u,. If, then, v’ is a sufficiently long segment 
of y, the replacement of v in F by v + uw will produce a sum (37) in which 
u, figures in the terms of lowest degree. Thus v’ + w is a strong sum for F. 

Thus vo is an element of F in WM. The necessity of the fulfillment of at 
least one of the conditions of § 54 is established. 


SUMMARY OF Test. 


67. Let us summarize the method for testing whether u=v==0 is 
contained in M, the general solution of F. We recall that F is algebraically 
irreducible, that the maximum of the orders of F in u and v is unity and that 
u = v = 0 is a solution of F. l 

One first secures the decomposition (31). T£ there are no B; as in (81) 
or no such B; which are annulled by u =v = 0, then u =v =0 is in M. 
In what follows, we assume that B; exist, in (31), which vanish for u == y = 0. 

One tests now as in Part V to see whether the manifold of the form u is 
contained in Mi. An affimative answer means that u == v =Q is in M. In 
what follows, we assume that M does not contain the manifold of u. 

We compare & of $ 87 with m of $ 50, extending the definition of m so : 
as to have m — 0 if there are no B4 asin (59). If £¿ 4m, u =v = 0 isin M. 
TË Et = m, u = v = 0 is or is not in M according as the index of F is wm or &; 
the index is determined as in $ 51.7 


Onz-PARÑAMETER FAMILIES. . 


68. In $ 31 it was stated that, if U in (32) is of order unity, the mani- 
fold of 3 is contained in M. We show now how this i proved. 
Let u = ¢, v = y be any solution of 3. 


2 Tf f, =0, the index is 0. Otherwise the single point of which ® is composed 
would be a b-point. This would imply that } contains éhe manifold ef u. 
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Following § 66, we prove that U, V, B, Co are each annulled by a pair of 
- series 
(87) Us = $, + %(u— ¢) + %(u— Vr +- a) 

v= y + 8(u— p) +. ne 


with $, the derivative of $. We then use (60) to show that the substitution 
(88) v= + (u— $) | 


with 7 the series for v in (87) and p a sufficiently large integer, reduces F to 
a sum of power products in u—@ and u:—¢ with u, — $, present in the 
products of lowest degree. The argument of § 53 is then used to show that 
the solution u = ¢, v = y of F can be approximated by solutions in M. Thus 
u=¢,v=y is in W. 
EXAMPLES. è 
69. Example 1. Let 


A = u(uv + um — 24,0) — (v — u)’. 


Let F be the form, algebraically irreducible in the field of all rational functions 
of x, defined by 


uF = vA? — (+) 


pao 


Then P has no b-point, ét = 4, m= 5. M contains u = v = 0. 


Example 2. Let 
A = UV, + UU, — 24,v. 
Let 


P= A? +T (044 m). 


Here P has mw b-points and «= m = 3. Carrying out the substitution 
v= u +v, we find that P” has a b-point, so that u = v = 0 is in Mi. 


Example 3. Let A =v? — u? and let A, be the derivative of A. Let 
e 
F = A? — A. 
Then ® has no b-pointeand és = m = 2. By § 51 we see that the index is 2, 
so that u == v = 0 is not in M. 
e. 


Example 4. The similarity of the preceding examples to examples of 
S.8. might lead one to asi whether the problem of the present paper cannot 
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be reduced to that of S. S. by replacing v by a form of the first order in u, 
for instance, by u, Let F =u- v. Then P has a b-point so that 
u=w=0is n M. If we substitute for v a form of the first order in u which 
vanishes for u —= 0, F' becomes a form in u for which u = 0 is an essential 
manifold. 


Example 5. Let 
F = v? (v, — u) + v(v—u). 


The manifold of F decomposes into Jt and the manifold of v. P has no 
b-point, £; = 2, m = 1. We observe that zero and u are elements. By § 41, 
if F had a strong sum, the first term of the strong sum would be u. If we 
put, in F, 

v= Ut pur + > + + pru 


with ¢25 0, pz > 1, the term v(v— u) in F produces a sum of powers of u 
in which the least exponent is p- 1. The first term of F produces power 
products in u and u, of degree no less than pa + 2. There is consequently no 
strong sum, and the index is 2. 

One might ask whether, in the case in which F has a finite index and 
there are elements in M, the elements in M have to be algebraic with respect 
to u. At least in the case in which F has constant coefficients, the answer is 
affirmative. The general question should be interesting to examine. 


Example 6. Let F = v, + (u + v)v. The manifold of F consists of 
M and the manifold of v. The two irreducible manifolds have in common the 
one-parameter family u = c, v =Q. 
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"THE ANALYSIS OF THE DIRECT PRODUCT OF IRREDUCIBLE 
REPRESENTATIONS OF THE SYMMETRIC GROUPS.* 


l By F. D. MURNAGHAN. 


Let T and I” denote irreducible representations of the symmetric groups 
on m and n letters, respectively, with characteristics ¢ and ¢’. Their direct 
product T: I” is a representation, in general reducible, of the symmetric group 
on m + n letters with characteristic gp”. We have given in a previous paper 
(1) the analysis of F - T” into its irreducible components for all representations 
F, I” for which m +n= 9. In the present paper we present a refinement 
of the method used in (1) which makes the computations very much easier 
and add the table giving the analyses of the products T-I” for which 
m + n= 10. The simple characteristics ¢ of the symmetric group have been 
termed Schur-Functions (= S-Functions) and the problem under considera- 
tion has been treated recently under the title “ Multiplication of S-Functions ” 
by Littlewood and Richardson (2) who have proposed a scheme involving the 
construction of various tableaux (based on the partitions of n with which the 
irreducible representations of the symmetric group on n letters are associated). 
They have, however, been unable to present a proof, in the general case, of the 
theorem on which their proposed scheme rests; and, unfortunately, the example 
they give to illustrate the operation of their method (namely, the direct product 
ot the irreducible representation T == D(4, 3,1), of dimension 70, of the sym- 
metric group on 8 letters by the irreducible representation I’ = D(2?,1), 
of dimension 5, of the symmetric group on 5 letters) has the result incorrectly 
printed. The tableaux they give furnish the correct result and so the error 
in the final result must be ascribed to the printer or to an oversight in reading 
off the representations associated with the various tableaux (of which there 
are 34). That this error was not immediately detected will not appear sur- 
prising when we remark that the direct product being analysed is a representa- 
tion of dimension 450, 450 of the symmetric group on 13 letters. The method 
we give in the present paper makes it easy to read off the analysis of this 
representation in less than five minutes. “We furnish rules, with illustrative 
examples, which make the analysis of T : I” simple if m + n = 16. These rules 
depend for their constzuction on the tables, given in our paper (1) for n= 9, 
which furnish the analysis of the reducible representations A(A) of the sym- 
metric group om n letters; and on tables, reciprocal to’ these, which express 


* Received October 6, 1987. 
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each simple characteristic of the symmetric group on n.letters as a linear 
combination of the characters of the reducible representations A(A) of this 
group. These tables were originally furnished by Kostka ((3), (4), (5)) in 
connection with his fundamental researches on symmetric functions; his 
method for constructing them is, however, quite unnecessarily complicated and 
it is not surprising that the usefulness of his tables for the present problem ` 
has hitherto escaped attention. As his tables may not be easily accessible to 
those working in nuclear physics (for whom, principally, this paper is written) 
we give the necessary “ reciprocal tables” for n= 9. The calculation of these 
tables is very simple, involving not more than a few hours work; in fact the 
simplest construction of the tables of our previous paper, which furnished the 
analysis of A(A), appears to be the following. First construct the tables of 
the present paper; each table is a triangular matrix with diagonal elements 
unity and, hexce, having its determinant unity. The tables furnishing the 
analysis of A(A) are obtained by taking the reciprocals of these triangular 
matrices; a procedure involving merely a recurrent transposition of terms 


` from one side of a system of linear equations to the other. 


Since each simple characteristic $ of the symmetric group on n letters is _ 
the character of a rational, homogeneous, irreducible representation, of degree 
n, of the full linear group (= group of all non-singular linear homogeneous 
transformations in p variables) (6) the results of the present paper furnish 
the analysis of the Kronecker product of any two such rational, homogeneous, 
irreducible representations of the full linear group. 

It is pleasant to conclude this introduction by remarking that our interest 
in the problem has been greatly stimulated by the queries of our friends Pro- 
fessors J. A. Wheeler and E. Wigner whose fundamental researches in nuclear 
physics require the analysis of T: I” given here. 


1. Notations and outline of the general method." Let 
(e) = (er, 62, * - -,n), a Ze =:* ‘= en =70 


be any partition of n and let $a (s) be the simple characteristic of the 
symmetric group on n letters which is associated with the partition (e); 
similarly let x ° 

(v) = (vo va" * +, Ym) My yg Em) 


be a partition of m and let ın) (s) be the correspondimg simple characteristic 
of the symmetric group on m letters. Then the product ġie (S) (8) is a 


* We shall assume the reader familiar with the methods and notations of our 
previous paper (1) and shall refer, where convenient, t@ this paper By merely giving 


the page number. A 
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linear combination of the simple characteristics a, (s) of the symmetric group 
on n + m letters. We have given (p. 480) the following rule for determining 
the coefficients of this linear combination. Regarding (s) = (81,S2,* + -) as 
the power sums of n + m variables 


(2) = (21, 23, ° . * , nm) : sj =z +: en a ee (j = 1, 2,- i -) 


nim? 


(8) is a linear combination $ cer) Tem (z) of the symmetric functions 
@) 


Teom (2) = X2," > - 2,7 of degree n in the n + m variables (z) (the summa- 
tion in the expression for ¿(e (s) being over all partitions (r) of n). Then 
those characteristics ia) (s) of the symmetric group on n + m letters occur 
for which any member of [(«) — (r)] is the partition (v) of m. It is under- 
` stood that [(«) — ()] means the aggregate of partitions of m obtained by 
subtracting (7), in all possible arrangements, from each group of n from the 
n + m letters («); and further that any disordered arrangement in the set 
[(a) — ()] is restored to the normal non-increasing arrangement in the 
manner described in (1) (p. 461). An equivalent statement of this result is 
clearly the following: add n zeros to (v) so that it appears as a partition of m 


A Zeros- 


with n + m elements (v) == (vi, vo," * *,¥m,0,0,:°+,0) and add (r) in all 
possible arrangements to each set of n from the n + m numbers (v). The 
resulting partitions of n + m are rearranged, if disordered, according to the 
rule referred to and those which do not vanish will appear in the product 
$e) (8) ir (s) with the coefficient + Cr, ; the + sign being used if an even, 
and the — sign if an odd, number of inversions are necessary to bring the 
disordered partition of n + m into its natural order. 

It is clear that a slavish adherence to the rule just given would prove 
tedious and it would in fact be indicative of a lack of intelligence. For if 
the expression 2 Cm Te (@) be written as a polynomial in z, the various coeffi- 

m 


cients are symmetric functions in the n + m— 1 variables 2,,° * -,Znym the 
coefficient of 2? being of degree n— p. Each such symmetric function of 
degree n— p may be expressed as a linear combination of the simple char- 
acteristics of the symmetric group on n—p letters; let aandan(s’) be a 
term of this linear combination where tee s’ are the power sums of the 
“n-+m-—-1 variables 2, *,2nem Then amongst the terms of the desired 
product ¿e (s) (s) will occur terms Ganga (s) where (a) is obtained 
from any term p (S°) occurring in the product $(s’)¢a (s’) (where 
(v) = (va * ` * gvm)) by prefixing an element vı + p. We hope the reader 
will not be.confused by the number of words necessary to state the rule which 
is really simpler to apply shan to describe; a few elementary illustrations will 


. make it clear. 


tar 
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The most elementary (indeed trivial) instance of our problem occurs 
when n == 1. Here there is only one partition (r) = (1) and only one simple 
characteristic be ($s) = ġa, (s) = sı = T a, (3) and the original form of state- 
ment of our rule is immediately applicable. We write (v) in the form 
(v1,* © *,vm, 0) and add, in turn, unity to each element obtaining the result 
(p. 480) 


{1} pus * Ym} == (11 + 1," ern 
+ ¡UN . "5 ¥m + 1} + {n,° . um, 1) 
where we use the notation (vw, - *, vm} to denote pom (s). Tf vw > 0, 
Vie = Viso = ' ` == Vm = 0 we omit the terms on the right in which there 
appears a unit preceded by a zero (p. 461) and our result appears in the - 
simpler form 


Do bayo doc + Qe m1) H 0 0 121). 

The next case, namely multiplication by (2), is not quite so trivial and 
enables us to glimpse the advantages of the modification, given above, of the 
original form of statement. We first remark that since po(z) =1 (p. 449) 
[0,0,0,* + -}==1 so that (0,0,0,- + } {vu} {vu u}. Now 
db (s) = pa (2) =T (3) + Ta, (z) and writing this as a polynomial (of 
the second degree) in z, the terms independent of 2, = ¢2(s’) ; the coefficient 
of zı = ¢1(s’) whilst the coefficient of z,° is unity. Hence 


{2} + {vr} = (2) 05,00, + +, 0} = {1,2} + (1 + 1,1} + (1. + 2}. 
From this we deduce 


{2}; {vs ve} = {rs V2; 2} + (nv. v2 + 1, 1} + {rs v2 + a) 
+ {r +4, 2,1} + {v + 1v +1) + (1+ 2, v} 


and so on in general; the final result being that {2}- {vu vz" © v} is 
obtained by writing {vı ve, * *, vj} in the form (fv,,va,* * *,vj, 0) and then 
adding 2 and (1,1) in all possible ways (p. 480). . 


Multiplication by (1?) is even simpler since $ (12, (s) = o2(2) = T as (2). 
Writing this as a polynomial (of the first degree) in 2, the terms dependent 
of zı = ġa» (s’) whilst the coefficient of zı = ¢1(s’). Hence 

{17}. {r} = {y, 1,1} + {1 +1,1} 


and so on, in general, the final result being that {1°} [va va)? + vi) is 
obtained by writing {m,---,vj} in the form {v - :,v5,0,0) and then 
adding (1, 1) in all possible ways (p. 481). . 


We hope that it is clear from the preceding paragraphs that the essential 
steps in the calculation of be, ($) -ġo (s) are the following: ° 
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(1) First express de (s) in the form YcmT'm(z) and write it as a 
polynomial in z,. This step in the ealenlation has already been done 
for us (as far as n==11) in the tables of Kostka referred to in the 
introduction; we shall diseuss it in the following paragraph. 

Next express the coefficients of the various powers of z, as linear 
combinations of the simple characteristics of the appropriate sym- 
metric groups (the coefficient of z,? being expressible in terms of the 
simple characteristics of the symmetric group on n — p letters). This 
step has also been done for us in Kostka’s. tables; we give below 
tables furnishing the necessary coefficients (as far as n = 9). 


(2 


NX 


When these steps have been performed the product de (s) : $», (s) can 
be at once written down if the products ġo (s) : $», (s) are known where 
(v) = (v,* + *,v¡) and (A) is a partition of n, or less than n, letters. Thus 
the desired products are obtainable without difficulty by a recurrence method. 
Before proceeding to a description of the methods by which steps (1) and (2) 
are carried out in general it is probably desirable to illustrate the procedure 
by another simple example. 


Example. (2,1) + {2,1}. 


We shall see below that {2, 1} = Tan (3) +2T 13, (3). The terms free of 
2, in this second degree polynomial = ¢(2,1)(s’) and so the characteristics be- 
ginning with 2 in the desired product are found by prefixing a 2 to the product 
{1} - (2,1) i.e. (3,1) + (2?) + (2,1%). Since {2, 3,1} =0 (1, p. 461) they 
are, accordingly, (2%) + (2?, 12). The coefficient of 2, in our second degree 
polynomial is 32.2 + 232223 = ¢2(s’) + day (s) and so the characteristics 
beginning with 3 in the desired product are found by prefixing a 3 to the 
product (1) - [(2) + {1°}] 1. e. {3} + 2{2,1} + (1%). They are, accordingly, 
{87} + 2{3, 2,1} + {3,1%}. The coefficient of 2,* is dı(s’) and so the char- 
acteristics beginning with 4 in the desired product are found by prefixing a 4 
to the product {1} - {1} i.e. {2} + {1°}. They are, accordingly, (4, 2} + {4, 1°}. 
Hence the desired product is 

{4, 2} + {4, 17} + {87} + 2{8, 2, 1},+ (3, 1%) + {2°} + (27, 1°} 

2. Expression of the simple characteristics ¿e (s) of the symmetric 
group on n letters in terms of the symmetric functions Tir) (2). This often 
treated problem is so Simple that it can be discussed ab initio in a few lines. 
$e) (s) may be presented as a determinant of order n whose diagonal elements 
are pe(5), per(3),: © `, Pelz), the non-diagonal elements being obtained by. 
methodically increasing (gecreasing) by unity the labels attached to the p(z) 
as we move from each column to its neighbor on the right (left). An equiva- 
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lent statement of this fact is the following: let £; be an operator which de- 
creases by unity the value of the label carrying the subscript j (7 = 1, 2,---,2) 
and let e, =a + (n— 1), e3 =a + (n— 2), * +, €n = ena + l, En = ën 
(so that e, > e2 >` <-> D> en Z0). Then 


En feat En? 
i £ nl... Ep? 
do (8) = a ERBE DePe' ` * Pen» 
1 sete 1l 


If, therefore, we denote by Kœ (z) the characteristic p,° * * Pa of the 
reducible representation A(A) of the symmetric group on n letters we see that 
Pre (s) is a linear combination of the various compound characteristics K a, (2) ; 
only those characteristics K a (z) occurring for which (A) increased by the set 
(n—1,n—2,-+-,1,0), arranged in any order, gives the set (e) = (€,, - * , en) 
arranged in any, order. The sign attached to Kœ (3) is plus (minus) if the 
arrangement of the set (n — 1,1 —2,: - -,1,0) which is added to (A) to give 
(e) is even (odd). E.g., let (e) = (3,2,1) so that (e) = (5,3,1); to find 
the K)(%) which occur in the expression for 4(3,2,1)(s) we subtract (2, 1, 0) 
in all possible orders from (5, 3,1) obtaining the six terms (3, 2,1), — (3, 3,0), 
(5, 1,0), — (5,2,—1), (4,8,—1), — (4,1,1). Of these the fourth and 
` fifth vanish since they contain a negative element (each p;(z) for which j < 0 
being zero) and so (3,21) = Kaas — Kay — Kis) + Kan. The same 
rule holds if we wish to find the expression for any symmetric function 
Tola) == Bays - +z, of degree n in terms of the simple characteristics 
$e (8). In fact ġe (s) may be presented as the ratio 


Ale, En) : A(w—1,-- +, 1,0) 


where A(0;,* * *,0n) is the n-rowed determinant of which the elements in 
the j-th row are the v/-th powers of the indeterminates (a,: °°, %n) 
(j—=1,---,”) (p. 459). On multiplying Ta,(z) by the Vandermonde 
determinant A(z) == A(m—1,:--,1,0) we obtain a collection of determi- 
nants A(v,,* + `, vs) and on dividing through by A (n— 1,- - -,1,0) we see 
that Ta, (5) is expressible as a linear combination of the simple characteristics 
$ (s); only those simple characteristics ¢,.(s) occurring for which (e) 
increased by the set (n—1,---,1,0) i.e. (e) is the same as oe of the 
sets (A) + any arrangement of the set (n—1,---,1,0). The sign attached 
to ġa (s) is plus (minus) if the arrangement of the eet (n—1,- + -,1,0) 
which is added to (A) to give (e) is even (odd). Hence the coefficient of 
Kœ (3) in the development of $e, (s) is the same as the coefficient of œi (8) 
` in the development of To (z) (a result apparently first observed by Kostka). 
The second step in our general precede is therefore easy provided we know 
4 
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the expansions of the simple characteristics pe (8) in terms of the compound 
characteristics K œ (5). For partitions (e) containing not more than three 
non-zero elements these expansions are trivial since they involve nothing more 
than the expansion of a determinant of order three or less. If (6) has only 
one non-zero element ¿e (s) appears as a determinant of. one row and 
$ (8) = Ke (2). E. g., dco (8) = Ky (z). For partitions with two non- 
zero elements we have to expand a two-row determinant; E. g., 


P4(2) ps(s) 
Pı(2) pa(s) 
so that u, (8) = K u,n (2) —K 5,1) (2). For three non-zero element parti- 
tions we proceed similarly ; E. g., 


Ps(z) pala) ps(z) 
$a, (8) = Pı(z) pels) p(z) | = ps (z) pè? (z) — p? (z) pi (2) 
l Po(#) Pı(2) p2(%) | — pe(%) pe(2) pr(%) + pels) p:?(2) 
+ pa(5)ps(3) — ps(5) pa(z) 


un (8) = — p(z) p2(3) — ps(s) p (2) 








and so | - 
$. (8). = XK 1,2) (2) 
— Karn (3) — Kszo (3) + Eua (2) + Kees (3) — K (6,2) (2). 


For partitions containing four or more elements it is convenient to expand 
$ (s) in terms of the first column the cofactors of the elements in this 
column being simple characteristics corresponding to three element partitions. 
E. g., suppose we wish ¿52,1? ($): from the expression 


Ps Pe Pr Ps 

Pı Pe Ps Pa 

0 Po Pr Pe 

00 pp 

we read d5,2,1% (8) = Ps 2,14 (8) ae 13 (s) and from the shpposed known 
analyses of %2,12)(s) and ¿(e (s) we find (since psK 2,1, (2) = Kesz (5) 
and so on) 


86,25 (8) =— Kan (2) + Ka (2) + Kegn (5) — Kies (2) 
.. + Ko (3) — K 58,1 (8) — K (5,22 (2) + E (05,2, (3). 


We give below tables furnishing the expressions for the simple characteristics 

$w (s) in terms of the compound characteristics Ka (3) for all values of n 

up to 9 inclusive. The simple characteristics are written down the left-hand 

side of each talfle (the partitions (e) of n being arranged in dictionary order) 

‘and the compound characteristics are written across the top of each table 
+ e 


hs, (8) = 


‘ao 
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(the partitions (A) of n being also arranged in dictionary order). The matrix 
connecting the ¿(e (s) with the K (z) is triangular with diagonal elements 
all unity and, hence, is of determinant unity; the triangular reciprocal 
matrix expresses the compound characteristics K,,,(#) in terms of the simple 
characteristics ġo (s). These reciprocal matrices have been given, for 
2S nS 9, in our paper (1) (pp. 475-477). From Kostka’s theorem stating 
that the coefficient of Ky (z) in the development of ¿(e (s) is the same as 
the coefficient of ¿(e (s) in the development of Ta, (2) we see that the coeff- 
cients of this latter development are found in the column headed by the parti- 
tion (A) in the tables which furnish the expressions for the ġe (s) in terms of 
the Ko (3). As examples of how these tables are read we cite the following: * 


{P} =— K(2) + K(1*); T(2) = {2} — (5) 
{2,1} =—K(3)+K(2,1); —7(2,1) = {2,1} —2(15) 
{2, 1?} =K (43 — K(3, 1) —K(2*) + K (2,1%); 
T (2?) = {2°} — (2,13 + {14} 
{2°} = — K (4,2) + K(4, 17) + K (8?) —2K (38, 2,1) + K(2*) 5 
T (8, 2,1) = {8, 2, 1} —2(3, 1°} — 2{2°} + 4(2, 19) — 6{1°}. 


If we denote by cf) the coefficient of Ko (z) in the development of 
$w (8): 
bce) (8) = Beh Kay (3) 


Q) 
Kostka’s theorem finds its expression in the formula 


To (5) = 2 eo bo (s). 


Expressed in technical terms this says the matrix of the linear transformation. 
from the ġa (s) to the Tx (z) is the transpose of the matrix of the linear 
transformation from the K,,)(#) to the $ (s). Since the reciprocal of the 
transpose of a matrix is the transpose of the reciprocal of the matrix it follows 
that if we write ` 

Ko (4) = 2 d's) pw (8) 
then 


$w (s) -2 aA T (2). è 


In other words the coefficients of the expressions for the simple characteristics 


‘di (8) in terms of the symmetric functions To (z) ar found in the column 


headed by the partition (A) in the tables on pp. 475-477 of gur paper (1). 
As examples of how these tables are read we cite the following: 


. A 
_ ° For convenience we denote ġa (s) by (ey; En la) by KO); Ta, (z) by F(A). 
e A 


52 F. D. MURNAGHAN. 


{2} = T2) T(P); {23,1} =7(2,1) +2T(1) 

(2 =T (2) + T(2, 1’) +27 (15) ; 
(3, 1°} = T (8, 17) + T(2?, 1) + 8T (2,1%) + 67 (1*) 

{37} = T (87) + 7(8,2,1) 4 7(8,1) ` 

Co AR T(R)427(2 1) +37 (8,14) +57 (19) 

We have, accordingly, in the tables of this and the preceding paper the in- 
formation necessary to carry out (as far as n= 9, m'S 9) the steps (1) and 
(2) of our general method. 

3. Tables furnishing the expressions for the simple characteristics 
$w (s) in terms of the compound characteristics K.,,(3) for values of n 
from 2 to 9 inclusive. In the following tables the ¿(e (s) are denoted by (e) 
and appear down the left-hand side of the table whilst the Koy (3) are denoted 
by (A) and appear across the top of the table. For convenience of printing, 
Table 8, n= 9, is turned around: so that the bottom of the page is the left- 
hand,side of the table and the left-hand side of the page the top of the table. 
The numbers to the right of the main diagonal of each table are all zero and 
are not written in 


O (Mo n=} @) D 09 



































l n=2 
QT 3} 1 
kr -1 | 1 gi) —1 | 1 | 
= gs 1 | -2 1 
3B n=4 (4) (31) (2) (2%) (14) 
4 a=5 6) (4D 62 6D D (61) (5) 
A (5) 1 
41 —1 1 
e {32 0 |-ı 1 
Bey 1 |-1 hese, |-1 
2 0 È tep PE 1 
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fish 1 |-2 | -2 3 ae 1 
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4. Rules for the analysis of the direct product with illustrative 
examples, If (e) is the associate partition of n to (e) ¢¢e)(s) is obtained 
from ġe (s) by changing the signs of sz, sy, * - > (p. 453). Hence the analysis 
of dee) (8) di (s) follows from that of $e) (s) (s) by taking the associates 
of all the partitions found in the latter. Thus from 


{2,1} > {17} = (3,2) + (3,15 + (25 1} + {2 1°} 


we read 


{2,1} + {2} = {4, 1} + (3,2) + (3, 17} + (2% 1}. * 


In calculating {e}: {v} it is convenient to take n = m and to have (e) pre- 
ceded by (if not identical with) its associate (e) ; otherwise we calculate first 
{€} {v} and read off from this the desired result. The obvious reason for 
this is that the tables of the preceding paragraph and of (1) pp. 475-477 are 
simpler as we proceed farther out in our ordered set of partitions. As we have 
seen in § 2 the general OS in analysing {e}: {v} may be formalised as 
follows 


A, Precede by », each partition of the, supposed known, analysis of 
[ve,* + *,vm) by {e}. This step is the same for all (e), {v} and we 
need say nothing further about it, 

B. Precede by vı + 1 each partition of the, supposed known, analysis 
of the product of {v,° * *,vm) by a linear combination of simple 
characteristics of the symmetric group on n— 1 letters. This linear 
combination is determined, by the method explained in $2, from the 

. tables of $3 and of (1) pp. 475-477. We shall denote it by the 
symbol B and shall give below tables furnishing B for all partitions 
(e) of n=8 for which (e) follows, if it is not identical with, its 
associate (e). 

C. Precede by vı + 2 each partition of the, supposed knowrf analysis of 
the product of {vo,- * `, vm} by a linear combination of the symmetric 
group on n— 2 letters. We denote this linear combination by © and 
give it for the same partitiong (e) as before. 

D. Same as B save that v, +1 and n— 1 are replaced by n sf 3 and 
n — 3, respectively. 

E. Same as B save that v: es 1 and n— 1 are replaced by v, +4 and 


n — 4, respectively, 


and so on. 
e 


Tables furnishing the linear combinations B, C, D, E 
s 
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Illustrative examples. Since we give below the complete table analysing 
the direct product T: I” for the cases m + = 10 we shall illustrate by ex- 


` _ amples for which m + n > 10. We arrange.the notation so that n= m and 


if (e) precedes its associate partition (e) we first multiply the: associated 
representations and ken take the associates of all terms oceurring in the 
product. 


Example 1. (2,1): {4, 22). 
We read from Table 6 (1, p. 484) 


{27} - (2,1) = (4,8) + (4,2, 1) + (3%, A 2} + (3,2, IE 1 


and prefix a 4 to each of the partitiong of 7 which occur on the right. From 
Table 2 above we read B = {2} + {17} and from Table 5 (1, p. 484) we read 


(22) + [{2) + (H =(4,2) + (8) +2(8, 2,1) + (29) + (2,13); 


we then prefix a 5:to each of the partitions of 6 which occur on the right. 
Again from Table 2 above we read C = (1) and from Table 4 (1, p. 483) 
(23 (1) = {3,2} + (2?, 1); we prefix a 6 to each of the partitions of 5 
which occurs on the right. Hence the desired analysis of the direct product 
Ton Pas, is 


(2,1) - (4,2%) = (6, 3, 2} + (6,22, 1} + (5, 4, 2} + (6, 3%) + 2{5, 3,2, 1} 
+ (5,2) + (5,2, 19} + (6,3) + (42,0) + (490) 
+ 14,3, 2%) + {4, 3, 2, 12} + {4, 22,1). 


As a check against possible errors in copying from the tables the dimensions 
of the representations on both sides should be calculated. Thus (2,1) is the 
‘characteristic of an irreducible representation, of dimension %, of the sym- 
metric group on 8 letters whilst (4, 22) is the characteristic of an irreducible 
representation, of dimension 56, of the symmetric group on 8 letters. Hence, 
(1, p- 448) (2,1) - (4, 2?} is the tharacteristic of a reducible representation, 
of dimension 2: 56 -111—3!81=2*-3-5-7-11 =— 18,480, of the symmetric 
' group on 11 letters. The dimensions of the various irreducible representations 
` of the symmetric group on 11 letters which occur in the ahalysis of (2, 1} - (4, 2°} 
given above may be calculated by means of the formula of Fyobenius (1 (11) 
p. 460) or read off- from the table (7, pp. 201-204). On removing, for con- 
venience, the common factor 11 we obtain the check 
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1,680 — 90 + 100 + 90 + 60 + 420 + 75 
+ 140 + 42 + 120 + 108 + 120 + 210 + 105. 


Example 2. {3,1}: (7,2). 


Here (3,1) precedes its associate (2, 1?) and so we calculate (2, 17} - (22, 1°}. 


Reading the tables as explained in detail in the previous example we have first - 


to calculate (2,1%) - (2,1%). To do this we read off 
(2,13 {1°} = (3, 2°, 17} + {3, 2, 14} + (3,1% + (28, 19} + (28, 1°} + (2,15). 


On prefixing a 2 the terms arising from those partitions of 9 on the right 
which begin with a 3 vanish since {2, 3, 2,17} =0 (1, p. 461) etc. Hence 
the terms in the analysis of (2,1?) - {2,15} which begin with a 2 are 
(21, 13) + (23, 15) + (22,17). To find the terms beginning’ with a 3 we 
read off 


1, 1} + {1°} ] {1°} = (3, 2, 1%) + (3, 10) 
+ (29, 17} + 2{2?, 19 + 2{2, 1°} + (19) 


so that the terms beginning with a 3 are 
(37, 2, 19} + (3%, 1°} + (3, 2°, 17} + 2(3, 2%, 14) + 2(3, 2,1%) + (3,19). 
The terms beginning with a 4 are found from 


(13 + {15} = (23, 19} + (2, 1°} + (17) 
and are . 
(4, 27, 1°} + {4, 2, 1°} + {4, 17}. 


Hence we have 


{2, 17} (2,19 = {4, 27, 19} + (4,2, 1%) + (4, 1) + {8% 2, 1%) + (3%, 15) 
+ (3, 2%, 17} + 2(3, 2%, 19 + 2(3,2,19 + (3,1% 
+ (2,19 + (28,19 + (27, 13 
(a preliminary calculation which would have been unnecessary if we had 


already prepared the table for n -+ m = 11). The terms beginning with a 2 
in the analysis of (2,1?) - (2?, 15} are accordingly 
2 


(2, 4, 2%, 1°} + {2,4 2, 15} + {2, 4 17} + (25,1) + (24, 1°} + (25,17) 
= — (8%, 2, 13) — (8%, 2, 15) — (3%, 17) + (2%, 1°} + (24, 15) + (23,17) 


a 
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(the terms beginning with 3, in the analysis of {2, 1°} - {2, 15} vanishing when 
the 2 is prefixed). To find the terms beginning with 3 we read off, from the 
table below, [{2, 1} + {15}] - (2, 15} obtaining, on prefixing a 3, 


(33,14) + 2{32, 22, 19) + 3{3°, 2, 15} + 2{32, 17) 
+ {3, 24, 12} + 2(3, 2%, 14} + 2{3, 2%, 1°} + (3, 2, 19). 


To find the terms beginning with 4 we read off {17} - (2,1%) and obtain, on 
prefixing a 4, 


{4, 3, 2, 14} + {4, 2%, 1°} + {4, 3, 1°} + {4, 22, 15} + (4, 2,17). 


Collecting our results we find 


{2, 12) - {22, 15} = {4, 3, 2, 14} + (4, 25, 18} + (4, 3,1%) + (4, 2,1} 
-+ {4,2,1°} + (32,1%) + (82,2%, 13) + 2(3%, 2, 1°} 
+ {32,17} + (3,24, 12) + 2{3, 2%, 14} + 2{3, 22, 1°} 
+ {8, 2, 19} + (25,19) + (24, 15) + (2%, 1. 


On taking the associates of the representations occurring in this analysis 
we obtain 


(3, 1) - (7,2) = {10,3} + {10, 2, 1} + (9, 4} + 2{9, 3, 1} + (9,2%) 
+ (9, 2,1%) + (8, 5} + 2(8, 4, 1} + 2{8, 3, 2} + (8, 3, 17} 
+ {8, 27, 1} + (7,5,1) + {7, 4,2} + {7 4, 17} 
+ (7,3% + {7,3,2,1}. 


On dividing out by the common factor 13 we have the check by dimensions : 


4455 = 16 + 33 + 33 + 210 + 72 + 110 + 44 + 396 
+ 528 + 324 + 280 + 220 + 462 + 528 + 275 + 924. 


Example 3. {27,1}: (4, 3,1). . 


This is the example, referred to in the introduction, of which the analysis 
was wrongly printed in (2). We read off 


WON, 12) + (4,3,2) + {4 3, 1°} 


+ 248,22, 1) + (4,2,1%) + (8%,2,1) + (3,2) + (8,23, 12) 
so that the terms in the desired analysis beginning with 4 are = 


(4, 3,2) + {£, 3, 17} + 2(4%, 2%, 1} + (4%, 2, 15} 
+ {4, 3°, 2,1} + {4, 372%) + (4 3, 2, 17). 
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Also we read off 


[{2?} + {2, 17}] + (8, 1} = (5,3) + 2(5,2, 1) + (5, 17} + 2(4, 8, 1} 
+ 2{4, 27} + 3(4,8,1 + {4 14} + {33,2} * 
+ (87, 1) + 2(3, 2%, 1} + (8, 2, 1°} 


and the terms in the desired analysis beginning with 5 are obtained by pre- 
fixing a 5 to the partitions of 8 which appear on the right-hand side. Finally 


12, 1) - (3, 1)= (5, 2} + (5, 17} + {4,3} + 2(4, 2, 1) + {4, 1°} 
+ (37, 1) + (3, 2%) + (3, 2, 17} 


and the terms in the desired analysis beginning with 6 are found by prefixing 
a 6 to the partitions of 7 which, appear on the right-hand side. Collecting 
terms we obtain 


(23, 1} - {4, 3, 1} = (6, 5, 2} + (6, 5, 12} + (6, 4, 3} + 2{6, 4, 2, 1} 
+ {6, 4, 19} + (6, 32,1) + (6, 3, 22) + (6, 3, 2, 12) 
+ (5%, 3) + 2{5%, 2, 1} + (52, 1°} + 2{5, 4, 3, 1} 
+ 2{5, 4,22) + 3(5, 4, 2,12) + (5, 4, 14} + (5, 3°, 2) 
+ (5, 3%, 12) + 2{5, 3, 22, 1) + (5, 3, 2, 1°} + (42,3, 2) 
+ (42, 3, 12) + 2442, 22, 1) + (42, 2,1%) + (4, 32, 2, 1) 
+ (4, 3, 25) + (4, 3, 2%, 13). 


On dividing out by the common factor 13 X 11 we obtain the check by 
dimensions 


3150 = 36 + 40 + 45 + 240 + 72 + 80 + 84 + 144 + 24 + 120 + 35 
+ 210 + 180 + 450 + 63 + 81 + 112 + 300 + 144 + 60 + 81 
+ 180 + 84 + 105 + 60 + 120. 
Example 4. (2%) - (4%). 
For theefirst set of terms we have to evaluate {2*}- {4} and for this we 


calculate its associate : 

{14} - {47} = (52, 17} + (5, 4, 1°} + (42, 14} 

so that e o 
{24} - {4} = (6,2%) + (5,23, 1) + {4, 24}. 


The first set of terme follows by prefixing a 4 and is — (5?, 2%) + (42, 24}. 
The second set of terms requires the evaluation of (2%, 1) - {4}; the associate 
of this, s 

{14} - (4,8) = {5, 4, 1°} + (5, 3, 1°} + (4%, 1°} + (4, 3, 14) 
so that 

(25, 1) - {4} = (6,2%, 1} + (8,2%) + (5,2%, 17} + (4,2, 1). 


un 
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- Hence the second group of terms is 


{57, 2°} + (5%, 2%, 1°} + (5, 4,2%, 1}. 
The third and last set of terms requires the product 
{28} - {4} = {6, 27} + (5, 2%, 1} + (4, 2%) 
and is 
(6*, 27} + (6, 5,2%, 1) + (6, 4, 2%). 
Collecting we have 
(24 - (4%) = (6%, 22) + (6, 5, 27, 1} + (6, 4, 2°} 
+ (5%, 22, 12) + (5, 4, 2%, 1) + (4,29). 
A partial check on the accuracy of the analysis is furnished by the fact that 
the six representations occurring on the right consist of three pairs of asso- 
ciated representations so that the direct product T24)  Iea3 is self-associated, 
as it must be. . On removing the common factor 13-11-7-5-3-2 we obtain 
the check by dimensions 84=5-+21+16+16+21+5. The direct 
product being analysed in this example is a representation, of dimension 
13-11-7?-5-3?-2% — 2,522,520 of the symmetric group on 16 letters, 


5. Table furnishing the analysis of T.I” for n+ m = 10. (For an 
explanation of how this table is read see 1, p. 482). i 
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ON A CLASS OF ARITHMETICAL FOURIER SERIES.* . 


By Putte HARTMAN. 


Let 
1 2 sin 2kra s — [r] — 4 if «> [z] 
1 Soe Se ee 2 
Deines, 
then we have the formal identity 
00 oO 
(2) 3 Cup (ma) oye 1 3 El > ca) sin Zerg. 
f n=l n 7 pa de a/k 


There have been several papers justifying this process for particular sequences 
{cn}; see, for example, Landau! for Cn = n; Chowla? for cn = n9, a < 0; 
Chowla and Walfisz * for cn =1; Hartman and Wintner * for cn == n%, « < 4; 
Davenport ë for m = p(n), for m—A(n), for cn = A(n), and, finally, for 
Cn? = p(n) and all other cn = 0. In most of the above examples, (2) is shown 
to hold almost everywhere, but (2) is valid for all x in the cases treated by 
Landau,’ Chowla,? and the last example of Davenport.* 

A more general problem is treated in this paper. Let f(x) be a function 
of period 1 which can be represented almost everywhere by a convergent 
trigonometrical series, say l 


(3) f(t) = 4a, + Y, (ax cos Zhero + by sin Aka). 
k=1 


Conditions on f(z) and on sequences {cn} will be investigated under which . 
the following identity 


00 oo x $ 
(4) 2crf(ha) = 300 Sex + 3 ( 3 cata) cos 2hra + ( A aba) sin 2era | 
k=1 d/k 


NEL k=1 d/k 


* Received July 28, 1937. 

1 E. Landau, “ Konvergenzbeweis einer Lerghschen Reihe,” Mémoires de la Société 
Royale dés Sciences de Bohéme, Classe des Sciences, (1919), IV. 

3 $. D. Chowla, “Some problems in diophantine approximation (1),” Mathematische 
Zeitschrift, vol. 33 (1931), pp. 544-563. 

28, D. Chowla and®A. Walfisz, “Über eine Riemannsche Identität,” Acta Arith- 
metica, vol. 1 (1935), pp. 87-112. : 

tP. Hartm#i and A. Wintner, “On certain Fourier series involving sums of 
divisors,” to appear in the Acta Arithmetica. s 

5 H. Davenport, “ On some infinite series involving arithmetical functions,” Quarterly 
Journal of Mathematics, vol. 8 (1937), pp. 8-13. ‘ 
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is valid. Landau, Chowla, Walfisz, and Davenport did not seem to recognize 
that the problem was a Fourier series problem and obtained their results with 
the aid of diophantine approximation.’ Fourier series methods are employed 
here; the methods are essentially the same as those used by Wintner.* 


THEOREM 1. Let. f(x) be a Lebesgue integrable function with the 
period 1 and 


(5) Fa) —3 (ax cos Zkz + by sin Bere). 
k=1 

Let a and ß be two real numbers such that 

(6) m = min (4,8) > 3, 

and 

(N. as = O(k-*), bs = O (k2), 

and, finally, 

(8) Cr = O(m8). 

Then 


(i) the partial sums of the series 
~ 
(9) Z cnf (nz) 


lend in the mean (LA) to a function F(a), for every q<1/(1 Da or for 
every q > 0 according as m<1orm= 1; 


(ii) F(x) possesses the Fourier series 
00 
(10) F(t) ~% ( 2 cats cos 2kra + ( 3 cava) sin Llera | ; 
k=1 djk d/k 
(iii) the Fourier series of F(x) converges for almost all x to F (x), 
E a z 
(11) F(z) =3 ( z cota) cos 2kax + ( 3 caba) sin kat | ; 
k=1 a/k d/k 


It follows from the formal identity (4) that it was necessary to suppose 


[es] 
. e . tye . . 
dy == 0, unless 3 Cn is a convergent series. The conditions imposed en f(x) 


nah 


allow several immediate conclusions to be drawn. Suppose, first, that « < 1 


‚and let p be a number such that . 


2>p>1/a ` 


°A. Wintner, “On a trigonometrical series of Riemann,” American Journal of 
Mathematics, vol. 59 (1937), pp. 629-634. 
+ e 
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so that 
oo 
3 (| ax |? + | bi |?) < œ; 
k=1 


then by the Hausdorff " extension of the Fischer-Riesz theorem, f(x) belongs 
to the class I”, p' =p/(p—1) <1/(1—a). By the same arguments, it 
follows that if a = 1, f(x) belongs to £* for all q > 0. Thus, in any case, 
f(x) belongs to L°. Also there exists a positive number 8 such that 


2a—8>1, 
hence 


oo 
2 (ay? + d12) 4? < 0, 
el 
this implies that the Fourier series (5) is convergent almost everywhere to f(x), 
a. 
(12) f(x) =3 (ax cos 2krz + by sin krs). 
kl 
Proof of (+). Suppose first that m < 1, it is to be proved that if 
N 
(13) Fy(a) =: caf (nz), 
n=1 
then there exists a function F'(w) such that 
1 
(14) Í. [F (£) — Py(e)]ede>0 as N> 0 if q<1/(1—m). 
o . 
Now it is clear that Fy(z) is integrable and 


© dEN dEN 
(15) Py(z) —3 ( 3 cata) cos Akmıı +( = cıbın) sin hae | . 
= dik 


ket d/k 


Let M >N, then it follows from the Hausdorff” extension of the Parseval 
relation that i 


(16) S [Fu(2) —Fy(2) Jude 


© |N<dSM a/a co |N<aÉM a/(q-1) g-i 
<= [ 3 2 Coleya 3 cubxsa ] 
bad Oa eT d/k k=1 a/k 














provided that g = 2, as one may suppose. Thus, if q = 2, 
E y supp q 


°F, Hausdorff, “Eine Ausdehnung des Parsevalschen Satzes über Fourierreihen,” 
Mathematische Zeitschrift, vol. 16 (1923), pp. 163-169. 
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Be 


1 
(11) f Fre 
i © a/ (q) © q/(q-1) 9-1 
= 3 (31 exe!) +3 (2) ater) ] : 


k=N \ d/k k=N 


Now from (7) and (8) 


1 a-p(k 
(18) > | Cae sd | (3 aa) = o (220), 
Wk ke ajk k 
where A 
(19) oy(k) ar Be 
ok 

It is known è that if y 2 0, then 
(20) oy(k) = 0 (kr), 

and if y S 0, then 

(21) oy(k) = O(K), 

where e > 0 is arbitrary. Thus from (6), (18), (20) and (21), it follows that 

(22) | Cadzya | = O (dere), 

vk 
and similarly 
(23) 3 | Cadkya | = O (deme) 
d/k « 
Hence if q < 1/(1— m), then q/(q —1) > 1/m, so that the series 
ae © ala» a/(q-1) 
(24) > (3 | Caixa ) + ( 3 | cabre ) ] 
ki LN a/k d/k 


_ is convergent. Thus, from (17), 
1 
(28) f [Fu() — Fr (z) Jude > 0, as M, N> œ 
0 


if q < 1/(1— m). Thus, for the case m < 1, (i) now follows from (25) 
and the completeness of the space Z9. The case where m = 1 follows similarly. 


Proof of (ii). This follows at once from (i), for if aY, bY are the 
k-th Fourier coefficients of Fy(w), then it follows from (14) that 


(26) j lim a,’ =A; and limb” = By 
N00 > N>% = 


exist and are the k-th Fourier coefficients of F(s). Now from (15), 


dEN dEN e 
(27) ; N =3 Calya and bN = 3 Cabyya, 
afk d/k , 


°T. H. Gronwall, “Some asymptotic expressions in the theory of numbers,” Trans- 
actions of the American Mathematical Society, vol. 14 (1978), pp. 113-122. 
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so that (10) follows from (26) and (27). 

Proof of (in). From (10), (22), and (23), it follows that 
(28) An = O(k-™*) and Br — O (krme), 


so that there exists a 8 > 0 such that 
00 

(29) 3 (Av? + BAR < o, 
=1 


for e > 0 and 3 > 0 can be chosen so that 
Im — 2e— 8 > 1. 
That the equality (11) is valid almost everywhere is a consequence of (10) 
and (29). E . i : 
Next, there will be proved * ' 
THEOREM 2. If f(x) satisfies the conditions of Theorem 1 when the 


inequality (6) is replaced by 
(30) m > 3 


and if f(x) is bounded, then the series (9) converges almost everywhere to F(x). 
Procf. Let p be a number satisfying 


(31) 0<p<3, 
then, in virtue of (30), 
(32) p(1—m) < 1. 


Also there exists an e > 0 and a number p satisfying (31) ‚and afortiori (32), 


such that 
(33) p(2m —1—e) >1. 


o This theorem and a similar proof for the ease where f(w) is the function (1) and 
where c, =n-%, a > 5% was also known to Professor Walfisz (unpublished), as I under- 
stood after this paper was completed. Incidentally, a similar theorem was proved by 
F. Jerosch and H. Weyl, “Uber die Konvergenz von Reihen, die nach periodischen 
Funktionen fortschreiten,” Mathematische Annalen, vol. 66 (1909), pp. 67-80. : 

(Cf., also S. Chowla, “On some infinite series involving arithmetical functions ” 
1, II, Proceedingk of the Indian Academy of Sciences, Section A, vol. 5 (1937), pp. 511- 
516. These references were obtained from the Zentralblatt fiir Mathematik, vol. 17 
(1937), p. 5 as the above jowrnal was not available. Added Nov. 18, 1937.) 
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In view of (10) and (15) 
1 ©. d>N 2 d>N 2 : 
f. [F (2) — Fx (2) Pde S 3 [( 3 ~ + (3 abaya) J 
hel afk a/k 

so that from (22) and (23), l a f 
(34) e [FP (2) — Py(2) Pade — O( 3 ee O (Nm), 
It is seen that if p satisfies (33), then 

co 1 > 

3 | (F(x) — For (0) do 
N=1./0 


js a convergent series; thus, it follows from Fatou’s lemma that 


(85) Zr) — Po (e) 

is convergent almost everywhere. Hence for almost all x 

(36) Pi (2) > F(z) as Now if p satisfies (33). 

Now let j be an integer such that 

(37) [NW] S j< [(N + 17], 

then 
putts 

Po) —Fun(2) = fina) —0( 3" wm), 

a 

or 

(38) FP; (a) —FP iy (£) = O(N rm. No) = O(Nrüm-), 

Hence, if j satisfies (37), 

(39) F(x) —Fiy, (3) >0 as N — œ if p satisfies (32). 


Thus (36), (39) and the existence of a p satisfying (32) and 3.423) implies 
the statement of Theorem 2. 

From this theorem, the following result can be inferred: Let f(x) be a 
bounded integrable function of period 1 such that 


a) — a0/2 + 3 (a; cos 2krx + br sin 2krt) 
k=1 y 


and . 
Oy = O(k-2/8)-€) , hy O(k@/2-e), 


then for almost all x y 


N 1 
Sy(237) SA) —N f f(t) dt "0 (N?/s*e), 
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The theorems just proved imply all of the earlier results mentioned at the 
beginning of the paper except those which replaced “ almost all æ” by “all x.” 
To obtain such results, it is clear that the conditions on the sequence (cn) 
must be such as to insure the convergence of the series (9) everywhere, thus 
defining F(x) by an everywhere convergent series instead of using a definition 
which leaves the function undetermined on a zero set, as in Theorem 1 or 2. 
It is also clear that f(x) will have to satisfy more stringent conditions than 
those above. In this connection, one has 


THEOREM 3. Let the series 


co 
(40) 3 Cn 


n=l 


be absolutely convergent. Let f(x) be a bounded integrable function of period 
1 such that 


1 u E è 
a) gna) E S 10040 +) re) >, 
is of bounded variation in any u-interval to the right of u= 0 (when con- 
sidered as a function of u) for all x and such that 
ht 
(42) . g(t, x) >0, u—> 0 


for alla. Let V„(t,x) denote the total variation of g(nu, nz) in the interval 
0<u<t and suppose that 


(43) 310 | Va(t 2) 


is convergent for some L=t(x) >0. The identity 


Lo 


kzl ` 


o © om j u 
(44) 3cxf(na) = $a 2 Cn + 3 (3 cass cos Bkr + ( 3 cabro) sin Rere 
` na e n=1 d/k d/k 


is then valid for all x. 

Proof. This theorem is merely a rewriting of the de la Vallée Poussin 
test for ehe convergence of Fourier series? for the case at hand. In fact, the 
conditions that g(w,x) be.of:bounded variation in some interval 0<u<a 
and that g(u, s) >0 as u—>0 are precisely the conditions required by the 
de la Vallée Poussin. test for. the convergence of the Fourier series of f(s) 
at the point a Thus the conditions of the theorem imply that (3) is valid 
for all x. 

That M aE ERa t 


x 
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(45) F(a) =3 enf (ne) 


~ 300 Ion + 3 ( 3 cats) cos Lera -+ ( 3 cabra) sin kn | 
n=1 afk dk a 
is an immediate consequence of the uniform convergence of the series (9), 
which, in turn, follows from the boundedness of f(x) and the absolute -con- 
vergence of the series (40). 
One obtains from (41) that 


y (nu, ne) -4 f" [Fe t) + f(nz—t) en 


If the integration variable £ is changed to nt, one has 


(46) g (nu, ng) —1 f! [Ano + nt) + f(na — nt) —2f (nx) jdt.’ 
Now put 


(47) G(u,2) == f [F(e +t) + Flat) —2P (2) |dt, 
0 
then it is clear from (46) that 


(48) G(u, x) =: cng (nu, no). 


If t= t(x) > 0 is chosen so that the series (43) is convergent, G(u, x) is of 
bounded variation in the interval 0'< u < t, since the variation of the sum 
of functions does not exceed the sum of the variations of the functions. Also 
since g(u, x) is a bounded function, the series in (48) is uniformly con- 
vergent, thus it follows from 


g(nu, na) > 0, u— 0, 
that : 
H “ & y 
(49) Glu, x) 30,  u=>0. 


Thus the function (x) satisfies the criterion of de la Vallée Poussin at every 
point, hence (44) is valid at everyepoint in virtue of (45). This completes 
the proof. 

Theorem 3 implies the very particular cases treated by Landau, Chowla, 
and Davenport. Let the function f(z) of Theorem 3 be the function (1) 
and let y(u,z) have the corresponding meaning. Let n and s be fixed; 
suppose that « is not of the form j/en, where j is any integer, otherwise 
g(nu, nz) = 0 for all u. Let . 
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k—1 LTL E. 
and put 
(50) a max (22,72), ct ey. 
n a n 
Then `. y i 
y(nz + nt) + y(ne— nt) — W (ne) = 0 
if 0< t< a; 
(51) y(ne + nt) + y(na — nt) — (ng) = (—1)40 
if r/n + as <t<r/m+ m3 (r=0,1,- °°), 


y(n + nt) + y(na — nt) —2y(nz) =0 
if r/nta <t< (r+1)/n+%; 


where pls) is 0 or 1 according as æ < (2k — 1)/2n or > (2k—1)/2n. 
Hence 


g (nu, nx) =0 
if 0< U<% 
(52) g(nu, ne) = (— 1)" [r(% — a) + u—r/n— a] /u 
| if r/n+ a <u<r/n+ a; (r=0,1,* °°). 


g (nu, ne) = (— 14 (r + 1) (a, — 4) /u 
if r/n T 4 <u< (r+ 1)/5 + %5 


It follows from these relations, by straightforward appraisals which can he 
left to the reader, that 


(53) Valte) SClognt, it t> = 


where C is a tonstant independent of n, t and a. Also, it is obvious that (42) 
is satisfied. Thus, if the sequence {cn} is such that 
(54), 5 on Toge | 


nt N 





is convergent, the identity (2) is valid for all z. 
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THE STRUCTURE OF LOCAL CLASS FIELD THEORY.* 


By O. F. G. ScHILLING.Í 


The gist of local class field theory may be sought in the characterization 
of the finite abelian extensions over perfect fields whose valuation groups are 
discrete and archimedian and whose residue class fields are finite Galois fields. 
M. Moriya and the author of the present paper recently investigated the 
generalization of this theory to infinite extensions of p-adic number fields.’ 
We found that the structural theory of finite abelian extensions over such in- 
finite fields is in general determined by the nature of the value group and the 
field of residue classes. The results obtained can be interpreted from á more 
complex viewpoint as a theory of sufficient conditions which admit the develop- 
ment of a local class field theory securing the same theorems as in the finite 
case. Thus one is naturally lead to the following problem which we wish to 
investigate in this paper: Is it possible to prove structural properties of a field 
which is perfect with respect to dl discrete archimedian valuation if some set 
of standard theorems of local class field theory is valid for the given ground 
field? Or, we ask for necessary conditions of theorems in local class field 
theory. l i i u 

We shall see that most of the standard theorems imply that the residue 
field of the given perfect field is algebraically perfect * and that it possesses for 
each integer n exactly one cyclic extension of degree n. One easily observes 
that the set of possible residue class fields thus described is rather extensive, 
thus it is necessary to impose further conditions upon the given ground field 
if one wishes to characterize the p-adic number fields we investigated in the 
paper already mentioned. The simplest assumption we found was to postulate 
the validity of the given set of theorems for all perfect subfields of the given 
field. 

In order to avoid unnecessary repetitions in our later investigations it is 
advisable to recall some known fatts about the algebraic and aritkmetical 


* Received September 28, 1937. 

+ Johnston Scholar at The Johns Hopkins University for 7937-38. 

1M. Moriya and O. F. G. Schilling, “Zur Klassenkörpertheorie über unendlichen 
perfekten Körpern,” Journal of the Fac. of Sci. Hokk. Imp. Univ., ser. I,wol. 5 (Sapporo, 
Japan) 1937. 

2 We shall use “algebraically perfect” as translation pf the German term “ voll- 
kommen.” = 
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theory of perfect fields. Let & be a field which is perfect with respect to a 
discrete archimedian valuation p. The maximal order of all p-adic integers 
in k be denoted by o, and let p= (r) be the prime ideal of o. Then the ring 
o/p oz residue classes is a field k. In case that & is an algebraically perfect 
field the structure of k is uniquely determined by that of k provided that the 
characteristic x(k) is a unit or prime element of k.® There can be established 
a one to one correspondence between the finite algebraic extensions U of k and 
the unramified extensions U of %, the fields U being the residue class fields 
of the fields U. In particular, if U is a normal extension with the Galois 
group T(U,%k) then the Galois group T(U, k) .oí the residue class field is 
equal to T(T,k). í 

The arithmetic theory of normal division algebras D of finite rank m over 
k is very simple because of the validity of Hense?’s criterion of reducibility.* 
All quantities of D which satisfy a minimal equation with highest coefficient 
one and whose coefficients lie in y form a maximal order ©, these elements are 
characterized by the property that their reduced norms are p-adic integers. 
The ring © contains a uniquely ‘determined principal prime ideal ® whose 
powers exhaust the set of all ideals with respect to D. The ring of residue 
classes O/% is a division algebra of finite rank f over the field o/p, f being 
called the residue degree of D with respect-to k.° Since © is a principal ring 
the extension Dp.— pO of the prime ideal p is a positive power ° of the two- 
sided prime ideal P; the integer e is called the ramification degree of D with 
respect to k. Between the two numbers e and f related to D with respect to k 
the following important relation holds 


ef =m. 


Since a prime element II of % generates a ramified subfield &(II) of D 
whose ramification exponent is equal to e we find that e is a divisor of the 
degree n = m”? of D. Hence 


exsn and f=n. 


A normal division algebra D of degree n over k can always be represented 
s e . 
ae ns 

®H. Hasse and F. K. Schmidt, “Die Struktur diskret bewerteter Körper,” Crelle, 
vol. 170 (1933). 

‘H. Hasse, “Uber ®-adische Schiefkörper und ihre Bedeutung für die Arithmetik 
hyperkomplexer Zahlsysteme,” Mathematische Annalen, vol. 104 (1931). 

5M. Deurigg, “ Algebren,” Ergebnisse der Mathematik und ihrer Grenzgebiete, 
Berlin 1935, Chap. VI, §§ 11, 12. 
` "T. Nakayama, “ Divisionalgebren über diskret bewerteten perfekten Körpern,” 
Crelle, vol. 177, 1937. 
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in its class of normal algebras over k as the crossed product (a(o,r), U,T(U,k)) 
belonging to a suitably chosen normal unramified splitting field U of D. For 
an arbitrary but fixed choice of a prime element m of p this crossed product 
decomposes uniquely into a cyclic ramified algebra and an unramified algebra 


(*) D~ (a(o,r), U,T(D, k)) — (on, U,T(U,k)) 
x (a(o 7), U, T(D, k)), 


where a(o,r) = 4°" n(a, rje(o, 7) 5 n(o, 7) belonging to a fixed set of multi- 
plicative representatives of the residue class field U and e(o,r) =1 (mod p). 
Since the exponents e(«, 7) form a set of addends belonging to the Galois group 
T(U,%k) they uniquely determine a cyclic subfield of U. It is readily seen 
that the algebra (*”,T,T(U,%k)) is similar to a ramified division algebra 
possessing the aforementioned cyclic subfield of U as splitting field. The 
second factor in (*) represents an unramified division algebra D’ which, 
corresponds to a division algebra D’ over k; we observe that D’ need not be 
normal over k." 

A simple group theoretical consideration shows that the group of all 
ramified algebras {(4r°%,U,T(U,k))} split by a fixed normal unramified 
field U over & is isomorphic with the factor group T(U,k)/T(U,k)’ of T(U,k) 
with respect to its commutator group. i 

A normal division algebra D possesses always unramified maximally com- 
mutative subfields U provided that the algebra of residue classes O/% has a 
center which is separable over the field k.’ 

We begin our investigations with the proof of some lemmas which will be . 
quite useful later on. 


Lemma 1. If the ground field k and its finite algebraic extensions K 
possess no cyclic unramified extensions then there do not exist proper division 
algebras of. finite rank over k, i.e. k is quasi-algebraically closed? 


Proof. Suppose that D is a proper normal division algebra of rank 
m = n? over k. The algebra D possesses always separable normal splitting 
fields U: e 


DXU~U. 


TE, Witt, “ Schiefkörper über diskret bewerteten Körpern,” Crelle, vol. 176 (1937). 

8 Cf. the paper mentioned under *. In the following investigation we shall assume 
that all division algebras considered possess residue algebras with separable centers 
over k. f l 

° A field is called quasi-algebraically closed if there exist no proper division algebras 
over it, 
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Take such a splitting field and consider a Sylow subgroup Xq belonging to a 
prime divisor g541 of n. Let the subfield of U belonging to it be Ug, 

((Uq:k],q) =1. Since X, is a solvable group we can draw a composition 
` chain 


= Yq) < yD zi LEO L KOD LL A BY me a 


whose factors are cyclic groups of order q. The corresponding chain of fields 
may be given by 


U = O, > Ue» > U, > 
> Ug > Uy» >> Ug” > Ug Pos Us. 


Now consider the algebra D X Uq‘*-”, it. possesses the cyclic unramified field 
U =U,“ as splitting field. Since such a field cannot exist according to our 
assumptions we see that D X U,” must be similar to U,®, Repeating 
this ccnclusion we observe that already 


D x U~ Ug 


This last relation contradicts the choice of q for a well known theorem in the 
algebraic theory of normal algebras asserts that the degree of a splitting field 
of D must be a multiple of n, and we have shown that D—if it would exist— 
possesses U, as splitting field. 


Lamxma 2. If k and all its finite algebraic extensions are never centers 
_ of cyclic proper algebras then k is quasi-algebraically closed. 


Proof. We can apply again the same argument, here the relation 
D X Uq— Uz is a consequence of the supposed non-existence of cyclic algebras 
over Ua 


Lemma" 3. If all possibly existing division algebras D of degree n over k 
and ite finite algebraic extensions K possess isomorphic maximally commuta- 
live subfields and tf — 1 is a universal quadratic norm in case that x(k) 42 
then k is quasi-algebraically closed.*° ° 


Procf. Suppose that there exists a proper normal division algebra D of 
degree n == IIg;”' overde. The algebra D is similar tc a direct product of primary 


division algebras D; whose degrees are equal to g;7'. In order to prove that 
s 


10 An element is said to be a universal quadratic norm if it is the norm of a suitable 
element in any quadratic eXtension of the ground field. 
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our assumptions imply D ~ k it suffices to show that all primary algebras Ð; 
are similar to k. First we consider division algebras whose degrees are rela- 
tively prime to 2. . 

Let D = (a, Z,) be a cyclic division algebra of degree r. Then a” is the 
least power of a which is norm of an element in Z,. Hence k(a”r) is an 
algebraic extension of k of degree r, since a is a factor set the field k(a’/) is a 
splitting field of D. Our assumption yields that Z, and k(a/") are equal if 
taken in one and the same algebraically closed field over k. But now the 
element a is the norm of a quantity in Z, for r was supposed to be relatively 
prime to 2. Consequently D has to be similar to k. Next we apply Lemma 2 
which asserts that there do not exist proper division algebras over k as center 
of these primary algebras. Hence all primary algebras whose degrees are 
relatively prime to 2 are similar to k. 

If the degree of a primary algebra is a power of 2 we have to distinguish 
two different cases: ` ; 
(i) x(k)=2 and (i) x(k) 42. 


Case (i). According to the theory of primary division algebras and their 
subalgebras it is sufficient to prove that there do not exist proper division 
algebras of quaternions over k and its finite algebraic extensions for our 
assumption is to hold over k and its extensions, and the argument using a 
Sylow subgroup belonging to the prime 2 of the Galois group of a normal 
splitting field applies here too. 

‘Suppose now that there exists a proper division algebra of degree 2 over 
k as center. Such an algebra Q has obviously the form 


Q = (a,k(C)) 


where C? — C = 6-40, w =a, u'Cu—C +1 with a,b~A0 in k. Then 
our assumption implies that k(u) =k(C) in one and the same algebraic 
closure of k. Such an equality is impossible for k(w) is an inseparable ex- 
tension of k and k(C) is a separable extension. 


Case (ii). It suffices again to,show that there do not exist proper di- 
vision algebras of quaternions over k and its finite algebraic extensioßs. Let 
Q = (a,k(b"/?)) be such an algebra. Our assumptions imply first of all that 
k(a/?) =k(b/?), i.e. b — ac? with ein k. Hence Q = (a,k(a')). The 
norm of al” is equal to —a. But a itself is also a norm since our special 
assumption, — 1 = Nd with d in k (a'?) , implies a =(— 1) (— a) = N (da), 





Remark. If we omit in the assumptions that — I*be a universal quadratic 
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norm then we see that there exists exactly one division algebra over k, namely 
the algebra (—1,k(— 1"/)). For the existence of a division algebra 
(a, k(a*/?)) implies that a is not the norm of an element in k(a‘/?) hence 
— L iz not a norm and a fortiori not a square. The algebra (— 1, k(a*/?)) 
must be equivalent to (a, k(a*/?)) as the assumption on the isomorphism of the 
maximally commutative subfields implies, consequently 


(a, k(a'/?)) = (—1,k(—1")). 


THEOREM 1. If the field of residue classes k of the perfect field k is 
algebraically perfect the three following statements are equivalent: 
(i) the ramification degree e of each normal division algebra D of degree 
n over k equals n, 
(ii) the algebra of residue classes belonging to each normal division . 
algebra D over k is a commutative field, and 
(iii) the mazimally commutative ununified subfields of each division 
algebra D over k are isomorphic and, in case of x(k) 42, —1 is a universal 
quadratic norm in k. 


Proof. If e= f= n for a division algebra D then 
D ~ (x°, U, P(0,k)) (n(o,7), U,T(U,k)) 
~ (peon, U, 0(0, k)) ~ (x, Zr)”, 


where Z, is a maximally commutative cyclic unramified subfield of D and 
vis relatively prime to n. Moreover, the algebra has exponent n. The maximal 
order © of D contains the maximal order O(Z„) of Zn and 


O/B 2 O(4n)/B = D (Zn)/p. 
Since [D/B: k] =n we have 
y D/P = O(2n)/B, 


i.e. the algebra of-residue classes is a commutative field. 

Conversely, let D be a division algebra over % which satisfies (ii). Since 
k was assumed to be algebraically perfect the algebra D can be represented as 
a generalized crossed product 


D= (a(a, BY) U) 


where U is a’ suitable maximally commutative unramified subfield of D and 
a, B, y are elements of the Galois group belonging to the normal field con- 
taining U. Now (ii) implies 


Na 
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O/B 2 D(U)/B =9(0)/p. 


If the algebra O/® has the degree n’ over its center K and K has the rank n” 
over k the following relation holds between the different ranks 


=[9/B:k] = nn” =n” =n. 


Hence (i) and (ii) are equivalent statements. 

Obviously (i) and (ii) imply that all maximally commutative unramified 
subfields U,, of division algebras D of degree n are isomorphic. Hence k is 
quasi-algebraically closed and —1 is a universal quadratic norm in k, thus 
(iii) holds. Conversely, (iii) implies according to Lemma 3 that k is quasi- 
algebraically closed. But this fact implies e = f =n. Thus (i) and (iii) 
are equivalent. 

Now let & be a perfect field for which any one of the statements of 
Theorem 1 holds. We wish to show by an example that such an assumption 
does not necessarily imply that the well known theorems of the local class 
field theory hold. 

Let k be the field of all roots of unity over the field of all rational numbers. 
Then the field k — k{t} consisting of all formal power series > a; in one 

“OO 
variable ¿ with coefficients a; in k is a perfect field. The ratified extensions 
U of k are fields of formal power series in t whose coefficients are taken from 
a field which is isomorphic with the residue field U of U. Let U be a normal 
unramified field with the Galois group T(U,k) = {o,7,- - +}. Then the group 
G(U) consisting of all normal algebras over & which are split by U is iso- 
morphic with the factor group T(U,k)/T(U,%)’ of the Galois group T(T, k) 
with respect to its commutator group for each algebra in G(U) has the form 


(en, Y, T(U, k)), 


where r denotes a fixed prime element of p. This is true because k is a quasi- 


algebraically closed field.*? Moreover all division algebras D over X are cyclic. 


Now let U be in particular a norma] unramified extension of k whose Galois -. 
group is not solvable, such fields always exist. Namely, we have only to take 
a normal extension U’ over the field of all rational numbers and to form the 
o 

1 For general statements about perfect fields also in later considerations see W. 
Krull, “ Allgemeine Bewertungstheorie,” Orelle, vol. 167 (1931). . 

= H. Hasse, “ Die Struktur der R. Brauerschen Algebrenklassengruppe über einem 
algebraischen Zahlkörper,” Mathematische Annalen, vol. 10% (1933). 

6, 
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join U=U’k. The group of algebras belongirg to such a field U is equal 


` to ons. | 


If u is an abelian extension then G(U) is isomorphic with the Galois 
group F(U,%). In particular, the group G(Z,) belonging to a cyclic un- 
ramified extension Z, consists of a single cycle Z{n) of order n. l 

Consider now the set of all division algebras D of degree and exponent n, 
these algebras can all be represented as cyclic crossed products i 
> W | (m, Zn)’, 
where the exponents y are relatively prime to n. Observe that all algebras 
(a, Za); whose factor sets are units in k, are similar to k. Thus the cyclic 
ramified extension k(+*/*) of degree n over k is the universal splitting field 
of all algebras of degree n u 


G(e(x/*)) D all 6 (Za). 


A simple argument using w-adie approximazions yields that @(k(#"/r) ) 
is an infinite abelian group of type (n,m,- °°). ` 

Furthermore, we see that the factor grouo of norm classes k*/NU* 
belonging to an unramified abelian extension of degree n is a cyclic group of 
order niwhose generator is representable by t. In order to prove this assertion 
one has only to represent U as the join of a ses of mutually distinct cyclic 
subfields and to determine the respective. factor groups in a. composition 
chain of U. 

Combining these results we observe 


(i) the group of classes of algebras possessing degree and exponent n 
is infinite, i l 

(ii) the group of algebras G(U) split by an unramified field is a cycle 
of order n if and only if U is a cyclic field of degree n, 

(ii) the factor group of norm classes associated with an abelian un- 
ramified extension of degree n is a cycle of order n. 


Consequently most of the standard theorems of local class field theory 
do notehold for fields & supposing only* that the residue fields k are quasi- 
algebraically closed. Thus we see that it is necessary to impose further con- 
ditions upon % in order that the old theory can be re-established. 


THEOREM 2. If the residue class field k of the perfect field k is quasi- 


18 Such fields are for ‚example the fields whose group is an alternating group of 
more than 4 variables. 


Nee 
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algebraically closed and if for each unramified normal extension Un of k there 
exists at least one normal division algebra D, of degree n over k which is split 


` by Un then all unramified extensions of k are cyclic. 


Proof. The first assumption implies that the group of algebras split by 
Un is isomorphic with the factor group T(Un, ke) /T (Un, k). The other assump- 
tion Dn X Un — Un implies that G(U„) contains a proper division algebra of 
degree n. Hence G (Un) is a cyclic group of order n. Moreover, the structural 
theory of Dy yields that U, must be a cyclic field. Thus we observe that All 
normal unramified fields Un are cyclic, consequently all unramified fields are 
cyclic and there exists exactly one cyclic unramified extension 2, of degree n 
over k. Or, the residue class field k possesses exactly one cyclic extension Zn 
for each degree 2. 

Now it is very easy to prove that the local class field theory is valid in 
full extent for k if we assume furthermore that Theorem 3 holds also for all 
finite algebraic extensions K of k. According to the theory of C. Chevalley 
we can confine ourselves to show that each field Kna of degree n over k is 
splitting field of the cyclic group of all algebras of degree n for all unramified 
fields are cyclic.# Let D == (r, Znan) be a generator of the group G (Zn). 
Then D X Kn ~ Kn for 


D x Kn — (x, ZnKn/En, T(ZuKn, Kn)) 
~ (ue, ZuKa/En, Ce) om 1, 


where II denotes a prime element of Kna and e, f denote the ramification and 
residue degrees of Kn respectively. Remark that Z, N Kn = Z; is the inertial 
field of Kn» as in the classical theory. 


THEOREM 2’. If each extension K, of degree n over k is splitting field 
of all algebras of degree n then there exists for each integer n exactly one 
cyclic unramified extension Zn of degree n over k. . 


Proof. For each integer n there exists at least one totally ramified field 
Kn, p = P" in Kn. Our assumption yields that Ky is splitting field of a 
division algebra D», hence the ramification degree e of D is equal to g. Con- . 
sequently we can apply Theorem 2 together with Lemma 3 and see that the 


unramified extensions Un of & are all cyclic. 
e 


THEOREM 3. Ail unramified extensions of k are cyclic if the groups of 


1 C. Chevalley, “La theorie du symbole de restes nor: miques,” Crelle, vol. 169 (1932). 
15 Cf. Theorem 0 in the paper of Chevalley. 
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algebras G(Un) which belong to the unramified extensions Un of degree n over 
k are cyclic groups of order n and if this property holds also for the respective 
groups over the finite algebraic extensions of the groundfield k. 


Proof. According to the Galois theory it suffices to show that there exists 
for each degree n exactly one field Un. Suppose then that U,’ and U,” are - 
two distinct unramified normal fields of degree n then the relative degree ñ 
of their join U,’U..” is greater than n. Hence G(Ux Un”) is a cyclic group 
of order ñ containing the two cyclic groups G(Un’) and G(U.,”) both of order 
n. Consequently G(Un’) and G(Un”) coincide. Now let D be an arbitrary 
normal division algebra of degree n lying in G(U,’) = G(U,”). The algebra 
D possesses Un” and U,” as maximally commutative subfields. Our assumption 
implies in particular that there exist cyclic unramified extensions of degree n 
over k, namely otherwise we would arrive at a contradiction to Lemma 1. 
Consequently U,’ and U,” must be equal to a cyclic figld if they are considered 
in the same algebraic closure of k. 

In the preceding theorems we imposed conditions on the finite algebraic 
extensions of k as well as on the normal division algebras over k. We now 
wish to investigate the properties of perfect fields & for which only certain 
postulates concerning the normal division algebras are assumed, the conditions 
imposed upon the field % will be of purely commutetive type. 


- THEOREM 4. If all classes of normal algebras which are representable by 
division algebras of degree n form a group of order n and if for each prime q 
there exists at least one cyclic unramified extension Za of degree q over k then 
the cyclic unramified extensions of degree n are unique. 


Proof. It suffices to prove that there exists at least one cyclic unramified 
extension Zn over k for each degree n. Namely, if Z» is such an unramified 
field then 


(@(Zn) :1] = [*/NZ%,:1] = [() bo)" 1] eB: 1] 
—n[k*/NZ*,: 1), 


and since G (Zn) is contained in the group of all algebras of degree n which is 
supposed tc have the order n, we see that 


> 


G (Zn) ig a cyclic group of order n which coincides 
with the group of all algebras of degree n. 


This statement is true for all cyclic unramified fields of degree n, more- 
over each generating algebra of the group of algebras of degree n is totally 
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ramified and possesses all cyclic unramified fields of degree n as maximally 
commutative subfields. Hence these cyclic fields coincide in one and the same 
algebraic closure of k. 

According to the Galois theory it is sufficient to show that there exist 
unramified cyclic fields Zg whose degrees are powers of a single prime q. 

We distinguish two cases 


(i) g=x(k) and (ii) gx x(k). 


Case i, Since there exists at least one unramified cyclic field Z, there 
exists at least one cyclic extension Z, of degree q over the residue class field k. 
According to the theory of cyclic extensions of degree q” over fields of char- 
acteristic q there consequently must exist such extensions Z,’.° The corre- 
sponding perfect fields Z are unramified and cyclic possessing the fields 
Z,” as residue class fields.* , 


Case ii. Again it is sufficient to consider the cyclic extensions of the 
residue class field k. The field k contains a certain maximal qY-th root of 
unity, where N is either a finite integer—then the qN*'-st roots of unity do not 
lie in k—or N is put equal to © in a formal sense—then k contains all g¥-th 
roots of unity for arbitrarily great N. In the first case the g¥*’-th roots of 
unity determine cyclic-extensions of degree q" for all such cyclotomic fields 
have a cyclic Galois group. In the second case our assumption yields too 
the existence of cyclic fields Z,” for any v. Namely, it implies that the index 
[k*: k*t] is divisible by q. Let a be a representative of k*/k*¢ which is 
not equal to a g-th power, then the radicals a’/@- generate cyclic fields 
Zæ =k(a 1) of degree q. 


Remark, The result of Theorem 4 can also be obtained if we substitute 


tor the first assumption the following 


all classes of normal algebras over % possessing the 
exponent » form a set of n elements. 


First we observe that all these classes form a group for if D, and, D: are 
any two elements in the set, i. e. Di" ~ D,* ~ k, then 


(Di XD)" —D* X D” ~k and (Dit) ~D") ~k. 


10 E. Witt, “ Zyklische Körper und Algebren der Characteristik p vom Grade p",” 
Crelle, vol. 176 (1937). 


27 H. Hasse, “Die Gruppe der p"-primáren Zahlen für ginen Primteiler p von p,” 
Crelle, vol. 176 (1987). 
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Furthermore this group of algebras is cyclic; in order to prove this assertion 
it is sufficient to show that all groups of algebras possessing exponents qê where 
q is a prime are cyclic. But this is obvious since the group having exponent q' 
‘contains the group having exponent q+* and since the factor group has the 
order q according to our assumption. Now we may reason as before, the 
group of algebras of exponent q? contains in particular the ramified division 
algebras (m, Zg‘) belonging to the cyclic unramified fields Zu. 

We wish to observe that the unique existence of the cyclic unramified 
fields Zn for each degree n over k does not imply that these fields are the only 
existing unramified extensions over k. Namely consider the following example. 
Let ko be the field of all roots of unity over the field of all rational numbers; 
let a’ £0 be an arbitrary element of ko then there exists a maximal integer 
N(a) such that a@/N lies in k, but not a Na for y>1. Put 
a == aN, Next adjoin to ko all solutions of all solvable equations whose 
normal fields do not possess the fields k,(a””), n > 1, as subfields. Let the 
resulting enumerable algebraic extension of ky be k,. The field k, is also quasi- 
algebraically closed, moreover k, (a*/*) are cyclic extensions of degree n over ky. 
Adjoin to k, again all solutions of all solvable equations in k, which do not con- 
tain aV*, etc. The field k which we obtain finally is quasi-algebraically closed 
and it does not contain a/”, moreover there do exist non-solvable extensions of 
sufficiently high degrees over k. The perfect field % be now the field of all 
formal power series in one variable ¢ with coefficients in k. Evidentally all 
normal division algebras of degree over k are powers of the algebra 
(t, k(a‘/") {t}/k). Hence they form a cyclic group of classes of algebras having 
order n. The assumptions of Theorem 4 are fulfilled by the field k, but there 
exist other unramified extensions U, over & which are not cyclic. Thus we see 
that the statement of Theorem 4 is the best possible. 

In the following investigations we shall be concerned with the implications 
for the perfect field & if we assume certain properties to hold for the factor 
group of norm classes. 


Lemma 4. If the class group K/N E*n is cyclic of order n for all un- 
ramified cyclic extensions of degree n and tf the same is true for all unramified 
extensions U of k then the field of residue classes k is quasi-algebraically closed. 


Proof. The assumption k*/NZ*, = Z(n) yields that 
k*/NZ*, =1, 
for [k*/NZ*, 21] = [{7}/{r}": 1] [e/NE: 1] 
. = n[k"/Z*,:1]. 
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Moreover, we observe that the field of residue classes k is algebraically 
perfect. For otherwise there would exist proper cyclic and abelian division 
algebras D over k whose degrees are powers of the characteristic x(%).'° 
There would exist at least one cyclic unramified field Z, over k whose field of 
residue classes is equal to a cyclic field Z, which is splitting field of a normal 
division: algebra over k.t? The norm class group k*/NZ*, has then an order 
which is greater than q in contradiction to k*/NZ = Z(q). 

Next let D be an arbitrary normal division algebra over k, we must show 
that D~k. The algebra D possesses at least one normal splitting field U: 
D ~ (a(o,r),U,T(U,%k)). Let q be a prime divisor of the degree m of D 
which is supposed to be greater than 1. 2, be a Sylow subgroup of T(U, k) 
belonging to the prime q, and let U, be the corresponding subfield of U, then 
[U,: k] 50 (mod q). Since 3, is solvable there exist at least one chain of 
fields between U, and U 


k < U= UO <UW<S:.. SU, SU, S + SU, OY SU, =U 


such that U,® are cyclie extensions of degree q over U, HP, i = 1,2,-- +, 8. 
Consider now the algebra D X U,, it will be similar to U, as the argument 
used in the preceding Lemma 2 and the relation k*/NZ*, =1 which is 
supposed to hold also for the finite extensions of k, show. Again D X Ug ~ U, 
leads to a contradiction. Hence k is quasi-algebraically closed, moreover it is 
algebraically perfect for fields k which are not algebraically perfect are centers 
of normal division algebras. 


THEOREM 5. Ifk*/NA*=T(A,k) holds for all unramified abelian ez- 
tensions A of k then there exists for each degree n a uniquely determined cyclic 
field of degree n. 


Proof. Let A be an arbitrary unramified abelian field of degree n over k, 
then : 

[£+*/NA*:1] = [{r}/{r}": 1] [e/NE: 1]. 
Hence 

T(4,k) =Z(n) and «¿NE=k*/NA*=1, 


. 
i. e. all unramified abelian fields are cyclic. It is then obvious that there exists 
for each degree n exactly one cyclic unramified extension 7, of k. 


5 - e 
18 A. A. Albert, “Normal division algebras over a modular field,’ Transactions of 
the American Mathematical Society, vol. 36 (1934); G. Köthe, “ Über Schiefkörper mit 
Unterkörpern zweiter Art über dem Zentrum,” Crelle, vol. 166 (1932). 
1 T. Nakayama, “ Über die Algebren über einem Körper von der Primzahlchar- 
akteristik, IL” Proceedings of the Imperial Academy of Tokyo, vol. 12 (1937). 
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THEOREM 6. If k*/NU*=T(A,k) holds for all normal unramified 
extensions U over k where A denotes the maximal abelian subfield of U then 
there exist only cyclic unramified extensions Zy over k. 


Proof. Let U» be an arbitrary unramified normal extension of k then 


[**/N0%,:1] =[()/(ry":1][/NB:1] =n, 


for 
[**/NUO*,:1] =[**/NA*:1]= n. 
Consequently 
T(4,k) = Z(n), 
hence 


. (Un, k) = Z(n) 


for T(A,k) is a homomorphie map of T(Un, k). 

Again as in Lemma 4 we see that k is algebraically perfect. Moreover, 
the field % is quasi-algebraically closed. Since k is algebraically perfect there 
do not exist normal division algebras of degree x(k)” over k. Let then D be a 
normal division algebra over k whose degree is relatively prime to x(k). 
Such an algebra is cyclic for k possesses only cyclic extensions Zn. The. 
algebra D is the algebra of residue classes of a normal division algebra D 
over k belonging to G(Z,) where Z, is the cyclic unramified extension of k 
corresponding to Zn. Since G (Za) is a cyclic group of order n containing only 
ramified algebras the assumption Ð + k leads to a contradiction. 


Lemma 5. If [k*/NZ*,: 1] = n holds for all cyclic extensions of degree 
n over k then there exist cyclic unramified extensions of degree n with 
respect ta k. 


Proof. We distinguish two cases 
~ (i) (mx(k))=1 and (ii) n= x(k)”. 


It is obviously sufficient to prove the assertion of the lemma for degrees 
n which are powers of a single prime q. 


e 
Case i. Suppose that there do not exist cyclic unramified extensions Zg” 
of degree q”, then there do not exist cyclic extensions Z,” of degree q” over the 
field of residue classes k. Hence the fields k and k respectively must contain 
all g’-th roots, of unity. Moreover, [k*:k*2] = [k*:k*®] —=1. For if 
[k*: k*0] were divisible by q then any representative a of k*/k*2 which is not 
equivalent to 1 mod k*4ewould generate cyclic extensions Ze = k(a’/?”) of 
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degree q” over k. Since [4*/NZ*,:1] =n for all unramified fields Za 
implies that k is algebraically perfect there is a one to one correspondence 
between the cyclic unramified extensions Z” over k and the cyclic extensions 
Zg over k, the field Zy =k(a/?”) must be equal to k. 

Next [k*:k*”] =1 implies that all elements of k are q’-th powers. 
Consequently all units e of k are g’-th powers as a simple p-adic approximation 
yields. 
Now consider the cyclic ramified field Kg = k(x'/0”) = h((er) 0), The 
group of all norms of elements in Kọ contains the group of all units e of k 
tor they are all g’-th powers as we have just observed. Moreover NK*yr con- 
tains the prime element +, namely if g542 then N (r?) =r and if q =2 
then —1 is a square or 2”-th power in & consequently r == —1'—r is a 
norm. Hence VK*,” = k* in contradiction to the assumption of the Lemma. 
Thus we find that k must possess cyclic unramified extensions Z,”, they will 
he found among the cyclotomic extensions if ¢&N (N finite) is the maximal 
root of unity lying in k or they will be radical fields if all g’-th roots of unity 
lie in k. 


Case ji. The assumption yields that there must exist proper division 
algebras D of degree q” over k, namely among possible other algebras the 
generators Dg of the cyclic groups G (Zœ) where 2’. denotes a ramified 
cyclic extension of degree q” over k. The existence of such fields has been 
established in the general theory of cyclic extensions over perfect fields whose 
residue class fields k are algebraically perfect.?° 

Now let Dg” be an arbitrary division algebra of degree q” over k, it 
possesses at least one unramified normal splitting field U for k is algebraically 
perfect: 


Dë ~ (a(o, 7), O, r(U, k))~ me, U, KT, k)) (n(o, T), U, T(D, k)). 


The algebra (n(o,r), U,T(U,%k)) which could be similar to an unrami- 
fied algebra of degree q” (p < v) must be similar to k for its residue algebra 
(n(o,r) mod p, U,T(U,k)) is similar to k, k being an algebraically perfect 
field. Hence $ 5 

De~ (#9, U, DU, k)) ~ (r, Z4)”, 


where Z denotes the unramified cyclic subfield of U whith corresponds to the 


character of T(U,%) induced by the set of addends e(o, 7). 


20 Cf. the two papers mentioned in footnotes 16'and 17. 
22 E, Witt, “ Schiefkórper über diskret bewerteten Kérpérn,” Crelle, vol. 176 (1937). 
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We have p =v for D was supposed to be a normal division algebra of 
degree q”, thus the existence of cyclic unramified fields of degree q” is estab- 
lished. Moreover we observe that all algebras D are cyclic and ramified. 


THEOREM Y.. If [k*/NZ*,:1] =n holds for all cyclic extensions Zu 
over k and similarly for all cyclic extensions over the finite algebraic extensions 
of k then 


(i) all cyclic unramified fields of degree n over k coincide, 
(ii) the field of residue classes k is algebraically perfect, and 
(ii) k*/NA*=T(A,k) holds for all abelian extensions A over k. 


Froof. First we observe that Lemma 5 implies the existence of cyclic 
unramified fields Z, of prime degree q. If gs x(k) then there exist cyclic 
unramified extensions Z,” for arbitrary v. Namely, either cyclotomic subfields 
of k(£,N”)—if tay is the maximal gN-th root of unity lying in k-—represent 
such fields or radical extensions k (a/a) where Z, = k(a*/2) is one of the cyclic 
unramified extensions which must exist according to Lemma 5. If q = x(k) 
then cyclic unramified extensions must exist according to the theory of 
q-algebras if the latter is applied to perfect fields tor which our assumption 
holds. . 

Lemma 5 implies furthermore that k is algebraically perfect. Hence 
there can be established a one to one correspondence between the unramified 
division algebras over & and the division algebras over k. 

In order to prove that all cyclic unramified fields of degree n coincide 
it is sufficient to prove that all cyclic wnramified fields of prime degree q” 
coincide for each g. Let then Z, and 2’, be two cyclic unramified fields of 
degree q over k. Their respective groups of algebras G(Z,) and G(Z'¿) have 
the generators (m, Zq) and (a, Z’,) respectively. Consequently—if ¢s4x(k)— 
the separable field k(#'/2) is a common splitting field of @(Z,) and G (Z'a). 
Now assume that % contains the g-th roots of unity then k(w/%) is a cyclic 
extension of degree q over k. Our assumption implies 


G(Zq) = 64) = G (k (w*!t)) =2(g). 


Sime each proper division algebra Dy in G (l (72) ) is ramified and since 
Za and Z’, are both unramified cyclic splitting fields of Da we get for the 
algebra of residue clagses 


O/B =O(Zq)/B =D(2)/B, or Z= Zi over k, 


hence Z¿ and Z’, are abstractly isomorphic which amounts exactly to our 
- assertion. a 
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If k does not contain the q-th roots of unity then consider the extensions 
of G(Z¿) and G(Z’,) by the cyclotomic field k(£,). Since [k(£,):k] is 
relatively prime to q the general algebraic theory of splitting fields yields that 
the algebras in G (Za) and @(Z’,) to not become similar to k(£¿) if the center 
is extended to k(£,). The field k(r"/2)k(£g) is a cyclic extension of degree q 
over the new ground field k(€q). As in the previous case our assumption yields 
that the extended groups coincide. Hence the fields Zak (fq) and 2’gk (fq) 
which are cyclic of degree q(q — 1) over & coincide, consequently according 
to the Galois theory Za = Z'a. l 

A treatment of the case q = x(k) = x(k) can be found in the literature.** 

Next we show that the field of. residue classes k is quasi-algebraically 
closed. Our assumption implies in particular that k*/NZ*, =Z(n) for all 
cyclic unramified extensions of degree n. Consequently there do not exist 
cyclic algebras over k for such algebras would be residue algebras of unramified 
cyclic algebras over k. Furthermore our general assumption implies the same 
for all finite algebraic extensions over k. Hence we can apply Lemma 2 and 
we see that k is quasi-algebraically closed. 

An immediate consequence according to Theorem 1 and the algebraic 
theory is the fact that all normal division algebras of degree n over k are 
ramified and that they possess cyclic unramified splitting fields Za, moreover 
degree and exponent of all division algebras coincide. Since the fields Z, are 
uniquely determined by their degrees n we see that all algebras which are 
representable by division algebras of degree n form a cyclic group of order n. 

Next we prove that all abelian extensions A, of degree n over k are splitting 
fields of the class group of all algebras of degree n over k. Let Z; be the 
inertial field of a fixed abelian field An, then p = B"/f in A, and += EII"/! 
with a suitable unit E of An. Consider now a generating algebra (+, Zn, on) 
of G(Z,) and form the direct product (m, Zn, on) X An then 

(m, Zn, on) X An (Def, ZunAn/ An, on/t) (E, ZnAn/An; or) 
~ (I, ZnAn/An, 09,1) —1 
for our assumptions imply that A*„/N (ZnAn)* = Z(n/f) and ZuAn is the 
unramified cyclic extension of degree n/f over An. Hence A, is a splitting 
field of the uniquely determined class group of algebras G(Zn). 3 

Now we prove that [k*/NS*:1] = [S:%] for any solvable extension 

S of k. Since £S is solvable it possesses a chain of subfi€lds 


k = AS A S SA SAS: SALSA 8 





*2 See footnote 20; consider the algebras (a, m1) which have the same unramified 
splitting field. 
e 
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such that always A; is a cyclic extension over Az... The cyclicity of G(Zn) 
yields that the norm factor group for any cyclic extension over k is cyclic, 
according to our general assumption the same is true for all finite algebraic 
extensions K over k. Thus [A*;.:NA*;] =[4;: Ais]. Using the transi- 
tive property of the norm and induction by i one readily observes that 
[k*: NS*] = [8:%]. 

Now let An be an Abelian field over k, there always exists a division 
algebra Dn = (a(o, T), An, T(An,k)) in G(Z,) as we have seen before. Hence 
the function f(o) = H a(s, t) determines an isomorphism between. T (An, k) 


and a subgroup of k*/NA*,, consequently 


k*/NA*, =T (An k) 
as asserted.?* 


Remark. Our assumptions do not exclude the existence of non-solvable 
equations in k as the example on page 86 shows. - 

The uniqueness of the cyclic unramified extensions in Theorem 6 was a con- 
sequence: of the postulated isomorphism k*/NA*=T(A,k). This isomorphism 
amounts to the fact that the norm factor group of a cyclic unramified extension 
over another cyclic unramified extension over the ground field & is a cyclic 
group whose order is equal to the respective relative degree. The same result 
as in Theorem 6 can be obtained if we postulate for k 


(1) k*/NZ*, =Z(n) for all cyclic unramified fields, 
(ii) if Za and Zm are two cyclic fields then 


NZ*_, N NZ*m = N(ZaZm)*, or 


(ii) (NZ*,, NZ*m} = N (Zn N Zm) *. 
“ 
Obviously it suffices to prove the uniqueness for cyclic unramified fields Zg” 
and Ze!” whose degrees are powers of one and the same prime q. Assume that 
Ag’ and Zg#” are distinct. Then 


QM < [ZP Ze: k] Sy and gh > [Zp NZ: k] 21. 


e 

22 For a model of the proof see F. K. Schmidt, “Zur Klassenkörpertheorie im 
Kleinen,” Crelle, vol. 162 (1930). 

2 F. Nakayama, “Uber die Beziehungen zwischen den Faktorensystemen und der 
Nor menklassengruppe eines ‚galoiesehen Erweiterungskörpers,” Mathematische Annalen, 
vol. 112 (1935). 
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Since both fields are unramified the group of units ein k is contained in NZ¿* 
as well as in NZq#”* assumptions (ii) and (ii’) together with (i) yield 


N(Zp Ze") =q and N(ZY N Zu) = gm, 


M = max(p,v) and m = min (p, v). But surely [k*/N (Ze ze" )*:1] > q" 
and [%*/N(Z¿ N Zy”)*:1] <q”. Hence Zar must be a subfield of Z¿4 
whereby the uniqueness is established. 


Lemma 6. If for each subgroup H of the multiplicative group k* be- 
longing to the perfect field k there exists a uniquely determined abelian field 
K of finite degree over k such that NK* = H(K) =H and if H, < H. 
implies Ky < K, then 

[k*/H:1] = [K: k]. 


Proof.. Let H be an arbitrary subgroup of k* and let K be the associated 
abelian field over k such that H(K) =H. The Galois group of K with 
respect to k be denoted by. T(K,k) =T. Consider now an arbitrary chain of 
‘subfields between K and k 


ei <E, Ries eo yey LK LK 


such that K; is a cyclic extension K;_, whose degree is a prime, ¿=1,2,*  ',s. 
The associated norm groups N;KY,—=H(K;) =H; form a descending chain 


(eS Ss AA 


as a simple consideration shows. According to our assumption there holds a 

one to one correspondence between the subgroups H; and the subfields K;, Ki 

being the uniquely determined abelian extension of k belonging to H; =N¿K*,, 
Always Hi. > Hi, for if Hi. = H; then also Ki. = K; agcordirg to 

the second part of our assumption. Moreover, the factor groups Hi-ı/ H: are 

cyclic groups of prime order for the existence of a proper subgroup H’ of Hi. 

which is different from H; would imply the existence of a field K’ such that 

Kin <K’<K,. ° 

Hence [k*/H: 1] -Ú [H:-1/H::1] is finite. 


Now let H be a A of &* such that [k*/H: 1]= g? where q is a 
rational prime. We draw a composition series 


k=H,>H,>H.>:+::>Hin>Hi>:- Ho, > Hp =H 
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between &* and H such that the factor groups H;-,/H; are cyclic groups of 
order q. The associated abelian extensions of k be 


‘k= Ko L< Kı < KaL KLK LKE: <: "e < Kp-ı < Kp =K, 


evidentally K; is always a cyclic extension of prime degree q; over Kin, 
t==1,2,: +--+. Next we show that g; = q. Consider the field K, over & then 
k > H, > k*t, since [*: H,] =q we get q, =q. Then induction implies 
q2 ==" + =p =q. Hence obviously 


[k*/H:1] =[X:k). 


Now let H be a subgroup of index n = It gift under k. According to a 
ig i=1 


group theoretical theorem we obtain D=H“n-- -n H where H are 
subgroups of index g;” under %*. The Galois theory combined with the 
assumptions of the Lemma yields that the field K belonging to H is the join 
of the fields K™ belonging to the groups H. Hence [k*/H:1] = [K: k]. 


COROLLARY. For each finite abelian extension K over k holds 
[e*/H(K) :1] = [K: k]. 


Proof. We draw again a composition chain between k and H(K). The 
finiteness of the degree [K:%] implies according to the assumptions of the 
lemma that the index [+*/H(K) :1] is finite. The uniqueness of K as the 
field belonging to H(K) asserts together with Lemma 6 that 


[*/H(K):1] = [K: k]. 


THEOREM 8. Under the same assumptions as in Lemma 6 it follows that 
all abelian wnramified fields Un are cyche. 


Proof. Let Un be an arbitrary abelian unramified field of degree n over k. 
Then H (Un) = ({7}", NE). Since [k*t H(U,)] = n according to the corol- 
lary we must have NE = e. The last equality holds for all abelian unramified 
extensions Un, hence their norm groups coincide and they must be cyclic for 
this conclusion holds in particular for all prime degrees q. 


THEOREM 9. If the abelian field K over k belonging to the group H is 
contained in all extensions L over k whose norm groups H(L) are subgroups 
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of H and if the assumptions. of Lemma 6 hold for le then all unramified finite 
extensions Un of k are cyclic. 


Proof. Let U, be an unramified separable field of degree n over k then 
H(Un) = ((r)", NE). The group NE is a subgroup of e the group of all 
units in k, hence H(Un) C ({r}”, e). Let the cyclic unramified extension he- 
longing to (([)", e) according to Theorem 8 be Z,. Then our assumption 
yields that Z, Œ Un. Consequently Zn = Un for both fields have the same 
degree. 


Remark. A further consequence of the assumptions in Lemma 6 is the 
fact that the field of residue classes k is algebraically perfect. Namely 
Theorem 8 yields that k*/NZ*, = Z(n) holds for all unramified extensions, 
hence there do not exist proper division algebras of degree x(k)” over k as 
previous considerations show. * 

The most important conclusion obtained in the previous theorems was the 
fact that for each integer n there exists a uniquely determined cyclic unrami- 
fied extension Z, of degree n over k. In some theorems we had to assume that 
the field of residue classes be an algebraically perfect field mostly then if we 
made use of the algebraic theory of division algebras D over & in the proofs. 
However, in theorems of this type it suffices in general that the assumptions 
are postulated for all normal division algebras which possess residue division 
algebras whose centers are separable over k. Our aim is to infer from the 
postulates that k is a Galois field. In order to achieve this it is necessary to 
impose further conditions on the perfect field k. Namely, there exist examples 
of perfect fields for which most of the theorems hold although the residue fields 
are not Galois fields. For example the fields of formal power series in two 
variables over an algebraically closed field of characteristic 0 where the residue 
field belonging to only existing isolated subgroup of rank one contained in the 
valuation group of the field is considered as the residue field of the discrete 
archimedian valuation of the field.?5 

The restriction to be imposed on & should not contain a postulate with 
regard to the characteristic of k. Thus we are lead to the following assumption 
ihe postulates in the theorems asserting the uniqueness of the unramified 
cyclic extensions over k shall also be true for all perfect subfields i’ of k whose 
residue class fields k’ are subfields of k. ` 


Tueorem 10. Ifa field k satisfying any one of the assumptions implying 


250, F. G. Schilling, “ Arithmetic in fields of formal power series,” Annals of 
Mathematics, vol. 38 (1937). 
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the uniqueness of the cyclic unramified extensions fulfills the postulate about 
tts perfect subfields then k is a perfect field whose field of residue classes k 
is a Galois field whose G-number possesses no infinite part.2® 


Proof. The field of residue classes k must have the property that all its 
subfields k’ admit exactly one cyclic extension of degree n, hence in particular 
the prime field of characteristic x(k) which lies in k. Thus fields k of char- 
acteristic 0 are ruled’ out for the field of all rational numbers possesses in- 
finitely many cyclic extensions for each degree n. For the same reason it 
follows that k must be algebraic over its prime field if x(k) 40. Namely, 
if k would contain a transcendental quantity ¢ over the prime field then the 
field of all rational functions of ¢ over the prime field had to possess exactly 
one cyclic extension of degree n for each integer n, an implication which 
obviously is false. 

Now it remains to be proved that the infinite part of the G-number 
belonging to k is equal to one. Assume that q is a divisor of Gint(k). Then 
k possesses no cyclic extensions of degree q” over k, consequently the assump- 
tions which lead to the uniqueness of the cyclic unramified extensions over k 
are violated for all degrees which are divisible by g. An extensive investiga- 
tion leading up to the preceding assertion has already been made." Hence 
Gint(k) = 1, 

We see that the residue fields k which result are algebraically perfect. 
Therefore the structure of the perfect fields k is determined by the fields k.”* 
In a certain sense they are the p-adic fields belonging to algebraic number 
fields and fields of functions of one variable whose fields of coefficients are 
Galois fields; these are exactly the fields for which the local class field theory 
has first been developed. We wish to mention that the perfect fields which can 
be characterized by topological properties belong to the class of perfect fields 
we studied here.” Thus we have studied an algebraico-arithmetical counter- 
part of N. Jacobson’s theory. 

It was quite material in our investigations that the value group ®(k) 
belonging to the perfect field was isomorphic with the additive group of all 
rational integers. It implies in particular that the prime ideal p of k can be 
generated by a prime element +. Consequently we could speak of a ramifica- 


20 For the pertaining notations and definitions see the paper mentioned in footnote 1. 
27 See paper mentioned under * and an additional note in the same journal. 

238 H, Hasse and F. K. Schmidt, “ Die Struktur diskret bewerteter Körper,” Crelle, 
170 (1933). 

= N. Jacobson, “Totagly disconnected locally compact rings,” American Journal 
of Mathematics, vol. 58 (1936). 


pan 
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tion degree e belonging to a finite algebraic extension of k or to a normal 
division algebra over k. However, one can find a substitute for this definition 
of ramification, Namely, if e>1 then [O/PB:»/p] =n/e < n in the case 
that B(X) is isomorphic to the additive group of all integers, if B(X) is not 
discrete then we shall say that K is ramified over k if [D/P:0/p] < n = [K: k]. 
One easily observes that this is a workable definition for arithmetical problems. 

More important are the consequences of the non-discreteness of B(k) for 
the algebraic theory of normal division algebras. We made ample use of the 
fact that each division algebra which possesses a residue algebra whose center 
is separable over k can be represented as the product of a ramified and an 
unramified algebra 


D~ (a(o, T), U, T(D, k)) 
~ (nee, U,T(U,k))(n(o,r), U,T(U, k)). 


For general value groups V(%) of rank one such a decomposition is not 
obvious for there do not exist generating prime elements of the prime ideal 
belonging to the valuation B(%). Nevertheless, under restricting conditions 
on the structure of the field k we are able to find a substitute for such decom- 
positions; but it turns out that such decompositions can no more be made 
unique as it was possible in the case of discrete valuations by fixing the prime 
element r. Let us assume that there exists at least one discrete perfect sub- 
field X of k which has the same field of residue classes k as the given field k, 
and that there exists a—necessarily infinite—algebraic extension k” of k’ which 
is everywhere dense in %, that is to say whose derived field with respect to the 
valuation is equal to k. The values assumed by the elements of k” form a 
group of rational numbers ®,(%”) whose structure is determined by the G- 
degree of k” over k’. In order to see that one has to observe that any number 
of k” lies in a finite perfect extension of k’ and that its value isedetermined 
by the relative degree of that extension and that the value does not depend 
upon the particular finite field used for its determination. Analyzing the 
structure of the group ®.(k”) we see that certain elements of it may possess 
arbitrarily high powers of primes as denominators. The set of such rational 
primes shall be called the infinite characteristic of ®.(k”), it is determined 
by the infinite part of the G-degree [k”: k’]; we collect «Jl these primes q in a 
formal product Y q=G. 

ta 


Now it can be shown that each algebra D over k whose algebra of residue 
classes has a separable center over k is equivalent to,the direct product of a 
7 
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suitable algebra D” over %”.with %.2% Thus the study of normal algebras over 
k is reduced to the investigation of the normal algebras over k”: 
Now let D” be an arbitrary division algebra over %”, 


D” ~ (a(o, 1)”, U”, T(U”,%”)), 
U” = k ( A”) where Ar a”, A” o o o == 0 with 47, in k”. 


Consider now an arbitrary finite algebraic extension k. of k’ which con- 
tains the elements a(o,r)” and a. Then U” = k.(A”)k” and 


D” ~ (a(o, 1)”, ks(A”) /ka, T) X k’ ~ De X k”. 


Since k» is a finite algebraic extension of the discrete perfect field %’ there 
exists a prime element rsin ke, hence 


De~ (mn, ke( A”) /ko, T) (n(c, Te ka ( A”) /ku T), 


where the first factor represents a ramified algebra and the second factor stands 
for an unramified algebra. The algebras 


(meo, (47) /k T) X k” and 
(n(e, T)s, ks(A”) /la, T) x k” 


are at most similar to a ramified or an unramified division algebra over hk”, 
respectively, where the ramification is understood to be measured according to 


30 Cf, Note 1. The result essentially used here can be generalized as follows: 
“Tf k” is an everywhere dense subfield of k such that the residue class fields of k” and 
k coincide, every separable extension k(A) of degree n over % is equal to the join of k 
with a suitable separable extension k”(A”i of degree n over k”? A proof of this 
theorem can be obtained by generalizing a proof of M. Moriya in “ Klassenkörpertheorie 
im Kleinen fur die unendlichen algebraischen Zahlkörper ” (Journal of the Fae. of 
Sci. Hokkaid® Imp. Univer., ser. I, vol. 5 (1936), Sapporo, Japan). Using the notations 
loc. cit., p. 13, we observe that one can take instead of k any everywhere dense subfield 
k” cf k. Furthermore, in the general case one has to use for the construction of the 
equation for A” the theory of abstract derivation as developed by H. Hasse in “ Noch 
eine Begründung der Theorie der höheren Differentialquotienten in einem algebraischen 
Funktionenkörper einen Unbestimmten ” (Crelle, vol. 177 (1937). The proof that 
the constructed equation for A” is irreducible in k” resp. k can be reduced to a theorem 
of F. K. Schmidt stating that two polynomials of degree » whose distance is sufficiently 
small in the metric spate of all polynomials of degree n, have the same type of decom- 
position. Cf. F. K. Schmidt, “ Mehrfach perfekte Körper” in Mathematische Annalen, 
vol. 108 (1933). Our theorem is rather helpful for the investigation of the structural 
theory of general perfect fields whose value groups are isomorphie with non-discrete 
subgroups the additive grogıp of all real numbers. 
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the new definition. The resulting decomposition of D” depends essentially 
upon the choice of the subfield k., nevertheless the distinction between the 
ramified and unramified part still persists. 


(men, EA”) Jk T) X E” (m, Za/leo, 0) X Kk”, 


where Z» denotes the cyclic unramified subfield of k.( 4”) belonging to the 
character induced by e(o,r). The cyclic field Z” = Zk” can also be described 
as the subfield of U” which is determined by the abelian character of T singled 
out by the values of the original factor set a(o,7)” within V(%) or ®(k”) for 
the exponents e(o,r) are uniquely determined modulo [U”:k] within ®(k.) 
or B(k”). i f 

If the prime r does not divide G, then we can select the field k» used for 
the construction of a division algebra D” whose degree is a power of r such 
that the relative degrees of all fields between k. and &” are relatively prime 
tor. Hence k” does not split the related algebra De~ ks, of course provided 
that such an algebra exists.** In such a case the algebra D” is represented as 
the direct product of a ramified and an unramified algebra as we observed 
before. 

Now let q be a divisor of G, and let Ds == (a+, Zg, og’) be a division 
algebra over k». Here we can no more assume that the relative degrees of all 
fields between k. and A” are relatively prime to g. Let K be a sufficiently large 
extension of ke such that [K: k«] = q's is divisible by q”. Then 


D. x K~ (sk, ZPEI/K, oq”) a (E, ZeK/K, 0), 


where II denotes a prime element of the field K and where [ZPK&K:K] = g. 
Hence the algebra De X K and a fortiori the algebra D. X k” are equivalent 
to unramified algebras over K and k” respectively. Thus we see that there do 
not exist ramified division algebras D” over k’’ whose degree is a power of a 
prime q dividing the infinite characteristic G. Observe that there may very 
well exist unramified division algebras over le” whose degree is a power of such 
a prime q. 

We next wish to construct an example of a perfect field & whose value 
group V(X) is not discrete and where all normal algebras of degree n form a 
eyclic group of order n. Let k be a finite p-adic number field, then all classes 
of algebras which can be represented by normal division algebras whose degrees 
are divisors of n form a cyclic group of order n for each integer n. Consider 


2 For a more detailed treatment of the perfect fields arising from infinite algebraic 
number fields see t, 


100 > : 0. F. G. SCHILLING. 


the field k’ —=kf{t} of all formal power series in ¢ which possess coefficients 
in the field k. The adjoin to %’ all radicals t1/% where q runs over all rational 
primes and »y=1,2,---. The resulting enumerable infinite extension k” 
possesses an infinite characteristic G which is divisible by all rational primes. 
According to what we have seen before all division algebras of degree n are 
unramified and consequently they are determined by the division algebras D 
over k, since k is algebraically perfect there can be established a one to one 
correspondence between the algebras over k” and k. Thus we see that all 
classes of algebras over k”” which can be represented by division algebras whose 
degrees are divisors of n for a cyclic group of order n. The same is true for 
the classes of normal algebras over the derived field k belonging to k”. One 
readily observes that the local class field theory in the form of the isomorphism 
thecrem stating the isomorphism of the Galois group of an abelian extension 
- A over k with the respective norm class group in k does not hold. Thus we 
observe that the discreteness of the value group ®(k) is essential for the 
validity of all theorems known in the usual local class field theory. 

As a matter of fact one readily can construct examples of fields & which 
are perfect with respect to a non-discrete valuation of rank one—or of fields 
which are everywhere dense in such fields—such that certain algebras are 
ramified and others are unramified according to the respective degrees. One 
has to consider suitable infinite perfect fields k for which the local class field 
theory holds in part, i.e. such that all algebras whose degrees divide a fixed 
G-number form cyclic groups, then one adjoins to k{t} sufficiently many 
algebraic quantities such that the infinite characteristic of the resulting field 
k” is equal to the previously fixed G-number and such that the algebras over 
k” whose degrees are relatively prime to the G-number form cyclic groups. 
The resulting field k” has the property that all algebras whose degrees divide 
a fixed integer n form a cyclic group of order n. Moreover, examples of such 
a type show that the cyclicity of class groups of algebras over a field does not 
imply that the field is perfect. Repeating the process of adjoining trans- 
cendental quantities like ¢ one can find fields which admit a non-discrete valua- 
tion of arbitrary type of ordering but such that the special property of the 
class groups of algebras holds. 
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GROUPS WHOSE COMMUTATOR SUBGROUPS ARE OF 
ORDER TWO.* 


By G. A. MILLER. 


If the commutator subgroup of a group @ is of order two the commutators 
of G are invariant and hence every operator of odd order appears in the central 
of G since such an operator could not be transformed into an operator of even 
order. It therefore results that when @ involves operators of odd order it is 
the direct product of a group of order 2” and of an abelian group of odd order. 
It is desirable to exclude direct products in what follows since all except one 
of the factor groups would be abelian.. Hence we shall assume hereafter that 
the order of G is 2” and that G is not a direct product. The central of G 
includes the squares of all the operators of @ and hence the central quotient 
group of @ is abelian and of type 1”, where n is even since the subgroup com- 
posed of all of the operators of @ which are commutative with two of its 
non-commutative operators is of index 4 under G. 

It.is possible to construct as follows a G whose central is an arbitrary 
abelian group. If t,,t2,: © <, t is a set of restricted independent generators 
of this abelian group we divide these operators into distinct pairs when 1 is 
even or we divide ¿—1 of them into distinct pairs when 1 is odd. In the 
former case we construct two operators whose squares are the operators of such 
a pair and that one of these two operators generates the commutator subgroup. 
Each of these two operators may be assumed to transform the other into itself 
multiplied by the commutator of order 2. The remaining pairs of independent 
generators may be assumed to be such that none of them generates the com- 
mutator subgroup but that each of the operators of a pair is the square of an 
operator of G and that two such operators are again non-commutative but are 
commutative with all of the other operators thus constructed. 

We thus arrive at a G which häs the given abelian group for its central 
and is not a direct product of two groups since its central is generated by the 
squares of its operators. When 1 is-odd we may proceed similarly with the 
exception that the operator which does not appear in a pair may be assumed 
to be the only one of the set of independent generators which separately 

* Received Aug. 3, 1937. > 
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generates the commutator subgroup and is a non-square. This group is again 
not a direct product since if it were a direct product one of the factor groups 
would be abelian and would not involve the commutator of order 2, Hence 
there results the following theorem: It is possible to construct a group of 
order 3” which has an arbitrary abelian group whose order is of this form as 
its central and has a commutator subgroup of order 2 but is not the direct 
product of two groups. Whenever two G’s have centrals which are not simply 
isomorphic the G’s are not simply isomorphic but there are also non-simply 
isomorphic G’s which have simply isomorphic centrals. 

The (Gs which have for their common central the group of order 2 are 
identical with the non-abelian groups which separately satisfy the condition 
that the squares of their operators constitute the group of order 2. It is known 
that there are three infinite systems of such groups. We proceed to determine 
the G’s which have for their centrals the group of type 1”, where n > 1, and 
shall first impose the additional condition that each of the operators of order 
2 contained in such a group is invariant. Lets, and sə represent two non- 
invariant operators of order 4. The group generated by sı and s, may be of 
order 8, 16, or 32. When it is of order 3 it is the quaternion group. When 
it is of order 16 it contains 12 operators of order 4 which have two distinct 
- squares and hence it is completely determined. When it is of order 32 the 
squares of sı and sz do not generate the commutator subgroup and hence it is 
again completely determined. 

Suppose now that @ contains the quarternion group. Its subgroup com- 
posed of its operators which are commutative with all the operators of this 
quaternion group cannot involve any operator whose square is the commutator 
of order 2. If this subgroup involves two non-commutative operators of order 
4 they therefore generate the given group of order 32. This is also the case 
when the subgroup of index 4 under this subgroup composed of all its opera- 
tors which are commutative with each of these two non-commutative operators 
involves twe non-commutative operators of order 4, etc. By continuing this 
process we finally arrive, when @ is of finite order, at an abelian subgroup of 
type 1*, n being of the form 2m + 1, where m + 1 represents the number of 
these successive steps. Such a system can readily be constructed by starting 
with the abelian group of type 1%"* and inserting the quaternion group at an 
arbitrary stage of the process. The order of @ is 2*"**, where m is an arbitrary 
positive integer or zew. This system of groups is characterized by the follow- 
ing properties. Each group has the group of order 2 for its commutator sub- 


1G. A. Miller, American Journal of Mathematics, vol. 55, pp. 417-420. 
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group, involves the quaternion group, contains only operators of order 2 and 4 
besides the identity, every operator of order 2 is in the central and every 
operator of order 4 is non-invariant, there is one and only one group for a given - 
positive or zero value of m. 

When @ does not involve two non-commutative operators of order 4 which 
generate the quaternion group but contains two such operators which generate 
the given group of order 16 then we can proceed similarly to construct an 
infinite system of groups which satisfy the conditions in question. In this 
case we arrive at the abelian group of type 12°"), and each of the successive 
groups, after the first, is again of order 32. This system is characterized just 
as the preceding one except that the quarternion group therein is replaced by 
the given group of order 16 and the order of G is 2#™, Finally, when every 
two non-invariant operators of G generate the given group of order 32 there 
results the third and last system of groups which are separately characterized 
by the facts that each group has the group of order 2 for its commutator sub- 
group, contains no operator whose order exceeds 4, all of its’operators of order 
2 are in its central while each of its operators of order 4 is non-invariant. The 
order of each of these groups is 2*”*5, where m is a positive integer or zero, 
and there is one and only one such group for every such value of m. That is, 
there are three and only three infinite systems of groups which separately 
satisfy the three conditions that each of them has the group of order 2 for its 
commutator subgroup, contains no operator whose order exceeds 4, all its 
operators of order 2 are in its central but none of its operators of order 4 
appears therein. 

We proceed to consider the groups which are characterized by the con- 
ditions that their centrals are of type 1”, n >l, and that they separately 
involve non-invariant operators of order 2. Such a @ is generated by its 
operators of order 4 since these operators could not generate a proper subgroup 
such that each of the remaining operators is of order 2 since this proper sub- 
group would be abelian and its operators would be transformed*into their 
inverses by the remaining operators of G. When all the operators of order 2 
contained in ( are relatively commutative they generate an invariant abelian 
subgroup of G. As Ģ is supposed to contain operators of order 2 which are 
not commutative with all of its operators of order 4 it results that it contains 
two non-commutative operators of order 4 which generate a group of order 16 
involving non-invariant operators of order 2. Hence thefollowing theorem : 
If the central of a group whose commutator subgroup is of order 2 is of type 
1” and if this group involves non-invariant operators of order 2 but all of its 
operators of this order are relatively cammulative then it contains invariantly 
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the group of order 16 which is characterized by the fact that it contains exactly 
eight operators of order 4 which have two distinct squares. 

_ When the operators of order 2 contained in G generate an abelian sub- 
group then G can be constructed by successively extending this subgroup by 
operators of order 4 which are commutative with half of the operators of this 
subgroup and whose squares do not include the commutator of order 2 con- 
tained in G. This process of extending this subgroup and the resulting group 
is continued until we arrive at a group whose central is generated by the 
squares of the added operators of order 4. The extending operator in each 
case has a square which does not appear in the group of the squares of the 
operators of order 4 previously constructed. If the original abelian subgroup 
is of order 2% the number of these extensions is k — 1 and the central of each 
extended group is half of the central of the preceding group. The smallest 
group in this system is the group of order 16 noted at the close of the preceding 
paragraph, and the central of each of these groups contains one and only one 
operator of order 2 which is not a square, namely the commutator of this order. 

Suppose that a group whose commutator subgroup is of order 2 and whose 
central is of type 1” is generated by its operators of order 2. Two non- 
commutative operators of order 2 contained in such a .@ generate the octic 
group. The subgroup of @ composed of all its operators which are commu- 
tative with every operator of this octic group is also generated by its operators 
of order 2 since @ is not a direct product. Hence there results the theorem 
that if a group whose commutator subgroup is of order 2 and whose central 
is of type 1” is not a direct product it belongs to the infinite system of groups 
which is characterized by the facts that more than half of the operators of each 
group are of order 2 and that the squares of the operators of each group con- 
stitute the group of order 2. It therefore results that the groups under 
consideration are not separately generated by their operators of order 2. 

The groups whose commutator subgroups are of order 2 and whose cen- 
trals are of*type 1”, n > 1, therefore have the property that they involve proper 
subgroups ‘generated by their operators of order 2 whenever they involve non- 
invariant operators of this order. Such a proper subgroup involves invariant 
operators of order 2 besides the commutator of this order and the squares of 
its operators of order 4, and G can be constructed by extending such a sub- 
group by operators of order 4 which have different squares and whose squares 
do not include the sommutator of order 2. Such an extending operator is 
non-commutative with an invariant operator of order 2 of this subgroup which 


is not the commutator nor a square. If the resulting group contains an_ 


invariant operator of order 2 which is not a commutator or a square this 
extension is repeated until the resulting group contains no invariant operator 
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of order 2 besides the commutator of this order and those which are squares. 
By these methods all the groups whose centrals are of type 1", n > 1, and 
whose commutator subgroups are of order 2 can be constructed. 

It was noted above that the squares of all the operators of @ appear in 
the central of G. When the commutator of order 2 in @ is the square of an 
invariant operator of G then the squares of the operators of G generate a sub- 
group composed of operators which are squares. This results from the fact 
that if s and $ represent any two operators of such a G then s't? is the square 
of an operator of G since when s and ¢ are non-commutative then s?é? is the 
square of st multiplied by an invariant operator of order 4 which generates 
the commutator of order 2. The central of G may contain operators whose 
order exceeds 2 which are not squares but generate the commutator of order 2. 
It may also contain operators which are not squares and do not generate the 
commutator of order 2. In the latter case such an operator generates also the 
square of a non-invariant operator of G since G would otherwise be a direct 
product. Hence there results the following theorem: If the central of a group 
whose commutator subgroup is of order 2 contains operators which are not 
squares of other operators of the group then such an operator either generates 
the commutator of order 2 or the square of a non-invariant operator whose 
order exceeds 2. 

If s is a non-invariant operator of lowest order in @ then s can not 
generate the commutator of order 2 if G contains an operator of larger order | 
which generates this commutator. If there is another operator in G of the 
same order as s which is non-commutative with s then this operator can not 
generate the commutator of order 2 in @ if its order exceeds 4. Hence it 
results that we can select a set of operators of G in the following manner: 
The first two are non-commutative operators of lowest order in G, the second 
two are non-commutative operators of lowest order in the subgroup of index 4 
composed of all the operators of @ which are commutative with the first two 
selected operators, etc. Then if one of these operators generates the com- 
mutator of order 2 contained in G none of the other operators of the set can 
have this property unless the two operators are of order 4. 

From what precedes it results that the groups whose commutator sub- 
group is of order 2 can be divided into two categories. In one of these the 
commutator of order 2 is generated only by operators in the central while in 
the other this commutator is generated by some non-imvariant operator. In 
the latter case a set of independent generators of each of the groups can be so 
selected that one and only one of them generates the commutator of order 2 
unless two of them appear in the quaternion group. In this case none of the 


remaining operators of the set generates the commutator of order 2. Hence 
e 
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the construction of these groups is to a large extent reduced to the construction 
of groups generated by two non-invariant operators in addition to the central. 
Therefore we proceed to consider this special case. 

It these two non-invariant operators are in the quaternion group then the 
central may be any cyclic group which generates the commutator of order 2 
but it can be no other group. When the order of this cyclic group exceeds 2 
the group is also generated by two non-invariant operators which appear in 
the octic group together with the same central cyclie group. When each of 
the two non-invariant generating operators has an order which exceeds 4 and 
one of them generates the commutator of order 2 the central may be an arbi- 
trary abelian group having at most two invariants, which are at least equal 
respectively to half the orders of these two independent generators. Finally, 
when neither of the two non-invariant generating operators generates the 
commutator of order 2 the central may be an arbitrary abelian group having 
at most three invariants. One of the three independent generators of the central, 
in the case that there are three such generators, then generates the commutator 
of order 2 and’has an arbitrary order while the orders of the other two are 
respectively at least equal to one-half of the orders of the two non-invariant 
generators of G. 
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CONVERGENCE OF A SEQUENCE OF LINEAR 
TRANSFORMATIONS.* 


By M. H. Incranam and M. C. Wour.! 


The purpose of the present paper is to study conditions on a sequence 
{Ai} of n X n matrices with elements in the complex field, such that if an 
infinite sequence of linear transformations with matrices (A) is applied to 
any bounded region of an n-dimensional vector space, the region converges 
uniformly to the origin. Certain phases of the problem are discussed in 
general for n-space and carried out in detail for n = 2. 

The work on this paper was suggested by a problem in the theory of 
genetics.’ - i l 


I. Sufficient conditions in the general case. An n-dimensional vector 
é after the application of a linear transformation with n X n matrix A is the 
vector A£ of length VE'A’AE with direction components which are in general 
different from those of € If Aé: == Aié, then é; is an invariant direction 
(characteristic direction or vector) of the transformation with matrix A, and 
is said to correspond to the characteristic value A;. In general, for convenience, 
the vectors will be taken unitary. 


* Presented to the American Mathematical Society, April 9, 1937. Received by the 


` Editors, July 15, 1937. 


1 The work of M. C. Wolf was supported by a grant from the Wisconsin Alumni 
Research Foundation. f : 

2 For a purely Mendelian case of a characteristic determined by one gene, there are 
three possible types: 1) homozygous dominant, 2) heterozygous, and 3) homozygous 
recessive. The proportions of these three types in a population can be represented by 
a point in a plane, or in the case of n genes by a point in space of 2n dimensions. 

Under certain hypothesis as to selective mating and productivity the coördinates 
of the point representing one generation can be given as quotients of quadratic forms 
in the coördinates of the point representing the preceding generation. 

Invariant points represent conditions of equilibrium. These may be of stable or 
unstable type depending on whether or not the invariant point is the limit of the 
iterate of the transformation operating on all neighboring points. This may be studied 
by means of the iterates of the Jacobian of the transformation gt the invariant point. 
As the transformations for any case but that of an “infinite population ” vary slightly 
from generation to generation within very small limits, a better picture of the actual 
case is obtained by studying the products of a finite number of nearly equal transforma- 
tions taken from an infinite sequence of such transformations rather than the iterates 
of a single transformation. s 
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When 2,4, = Faé = 1, then | né] < 1. Hence for any matrices R and 
S and any unitary vector é, it follows that for all unitary y, 





(1) |@RSE| S Vmax y E'Ry max7S'Sy. 

If A is an n X n matrix with characteristic values A; (i =1,2,-- +, 7), 
and if the columns of a non-singular matrix T are a set of corresponding 
characteristic directions é, És, © ©, én then A = T BT where 

‘on 0 
Az 
B == 
0 An 


If Fé =1, and if |M | >|] =>: + >] An |, then YB'BE< N(M), where 
N (à) is the norm of A,. Since A = TBT it follows from (1) that 


(2) EAS N(A)K? 


where K is a function of the columns of T, and hence depends only on the 
characteristic directions of A. K may be taken greater than unity. It is 
important to note that N(A,)K? is an upper bound for the Hermitian form 
ER'RE for unitary € associated with any matrix R for which the characteristic 
directions are given by the above matrix T and for which N (A) is the maxi- 
mum norm of the characteristic values. 


THEOREM 1. The unitary vectors converge uniformly toward the origin - 
under a sequence of transformations with matrices {Ai} where Ay = A + Bi, 
if {E;} is a sequence of n X n matrices such that EE'¿E,E<= H for all i and 
all unitary E, N(A,) and K are the constants described above, and if H is 
positive and satisfies the condition [N (à) + KH] <1. 

Let ` 


Cy = (A + Bx) (A + Era) > (A + E) (A+ E) = Er 


where P; is asum of (5) terms; each term of P; is a product of k matrices in 


which the matrix A is a factor k — 4 times and the remaining t factors are i of 
the matrices E,, Ez, y +, Lx. For example, if k = 9 and i = 3, A’W-AE,E;,A® 
is a typical term of P. $ 


a E 
6% 2 "i 
2k 2k _ 
sE OOE E È Qé =X EQué 
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where each Q: is a sum of ( 7.) products of the form XXe- © XY Ya > Vue 


Of the X,, k— s are A’ and s are certain of the H’; k— t of the Y; are A and 
the remaining ¢ are certain of the Fi; t+ s =l. To determine a bound for 
|@Q:é| apply (1). Let N(M) =M?. The bound for V£A'AlÉ as de- 
termined from (2) is V[N(A1)]'K?=M'K; VEL E ¿=H; K enters 
the bound for Qué for every separate power A? or A” in Qi, but the factors 
A? in the product X, X»: + - X, are separated by 2’,’s at most s +1 times 
and the factors A? in Y,Ya: > - Y, are separated by Eys at most t + 1 times, 
hence it follows that if K = 1 








¡PQ |< ( a) Issa ys. pets pe 


[EQ] < K (7) MUR, 


For example, suppose a term of Qs, for k == 8, is 
T; = A?H E AN TEA AtHA*E,. 
| ET | S MK -H-H-MK-H-ME)- (M'K-H-M®K-H) =M"kK*H” 


|ET¿El < K” MUK5HS, 

Clearly when K = 1 o 
EC NOE < KA M + HE y”. 

If K <1, then 

. ECO < (M + HK)”. 


If (M+ HK) <1, im (M+HK)*—0. Hence if |M`|<1 and if 
K>X - 
A + H, differs but slightly from A, that is, if ZPE: S H? is sufficiently 
small, the region about the origin will converge uniformly to the origin under 
the sequence of transformations with matrices {A:}. 
In the remainder of this section more detailed conditions for convergence 
and divergence of vector spaces will be given. 


THEOREM 2. If {gi(A)} is a sequence of polynomials in the above ra- 
stricted matriz A, and tf lim N (pn) > 0 where N (pm) is the maximum norn 
MIX 


. m 
of the characteristic values of 11 gi(A), then any bounded portion of spase 
4=1 
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tends uniformly toward the origin under the sequence of transformations with 
matrices {gi (4)}- ; 


This follows from (2) since the characteristic directions of II gi(A) are 
i=l 
those cf A; furthermore, if A; is a characteristic value of A, g;(à:) is a char- 


acteristic value of g;(A) and Il g;(Ai) is a characteristic value of Il g;(A). 
, . gl j=l 


COROLLARY 2.1. If A, restricted as above, is « matriz with characteristic 
values A, such that N(A;) < 1, then under iteration of the transformation 
whose matriz is A, the whole space tends uniformly toward the origin, and 
if N(M) > 1, the space diverges. 


THEOREM 3. If {A;} is a sequence of matrices with characteristic values 
dj, the condition that | Ai; | < 1, for every i and j, is not sufficient to insure 
that a bounded region in space will tend to the origin under the ii mation 
- with matrices {Ai}. i 


An example of such a sequence may be constructed by iteration of two 
transformations alternately. The first takes a unitary vector é into y where 
7 == k? > 1 and the second rotates y into 1§ where k? > ? > 1. 

On the other hand, there exist sequences {A;} of matrices for which the 
norm of one characteristic value for every A, is greater than unity, yet the 
unitary vectors converge uniformly to the origin. The sequence which is 
alternately A, and A, is an example of such when 


1/3 0 (3/2 0 
a=" aa) : 4 (74 a): 


THEOREM 4. If {A,} is a sequence of matrices such that 
lA: 1] = | Aidis’ * “Aim | > 1, 


then the set of unitary vectors will not converge to the origin under the 
sequence of transformations with matrices {Az}. 


Let Bm = AmAmas* * "Ar 
Ae 
1 Bm I| = |l Am 1- | Ama l> J ‘LAT > 1 


It suffices to prove that there exists at least one vector y such that 
7 B'mBmn > 1 for infinitely many values of m. Let 


em 
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o (m) 0 
o2(m) 


Cn = : ` al T BB ws 
0 on(m) 


T' mI m =I. The set of functional values of Conf is equal to those of CB But 
for unitary £. Consider real unitary vectors y with codrdinates tı, La,’ * *, Tn. 
Suppose x, s£ 0 and 


(3) olm) Zom) =>: + + Zon(m) = 0. 
| Gm | = 01(m)oo(m) ++ -on(m) > 1 


is an increasing function of m. Hence ICnl>k>1 a some k and 


o,(m) > Vie >1. From (3), 7 Omn È 0 (ma If a > ae u FOm > 1. 


It follows that there exists a vector Em and an es, Where ez is independent of m, 
such that @nB’nBntm > 1 and YB mBmti > 1 for all či for which 


Catan 
vV Celi op ab 4 Emb, m 


The infinite sequence of vectors fm (m=1,2,* +) has a limit vector £. 
Let {11 be an infinite subsequence of ém such that 





-1) < Ek. 


Els 
VEL Tuta 
then UB But > 1 for an infinite subsequence {B1i} of {Bi}, as was to be 
proved. 
The proof of the next theorem is similar to that of Theorem 2. 


—1 < Ek, 


THEOREM 5. If {Ai} is a sequence of matrices such that the characteristic 
values A; (j=1,2,* > -,0) for all i correspond respectively to the linearly 
independent invariant directions €,,&,:-+,& and if [Au | <k<1, the 
unitary vectors converge umformly to the origin. 


The point of view of this paper is intimately donneoted with the Cauchy- 
Riemann conditions of analytic function theory. A 2 X 2 matrix A == (aij) 
may be interpreted as the Jacobian matrix of a transformation U = u(x, y) 
and V—v(a,y). At a point the Cauchy-Riemanh conditions are that 


112 M. H. INGRAHAM AND M. C. WOLF. 


Qi = deg and 412 = — la. If ( 1 ) and ( l ) are the invariant directions 
Ma Me . 


of A, m, and mz satisfy the equation 2? + 1 = 0 unless m: == 0, in which case 
A is of the form AI where X is real. The Cauchy-Riemann conditions are 
therefore equivalent to having , 


. 1 [1 
&— (4) and a~(7,) 


as characteristic vectors and A, and às = ñ, as characteristic values. It is 
clear that these conditions give conformal representation, since if . 


n= Cug: + Croke and Y = Ca% + Cooke, 
then 
TA’ Am ___ Hm 
VF A VFA Ane Va 191 V7 m2 


which is the condition that the angle between y, and y. is preserved (except 
possibly for sign). This equality follows since $',£, = F,£, = 0, whence also 
for i, j = 1,2 





Ti Ag; AA 


II. Characteristic directions of products in real 2-space. It is seen 
that the conditions under which the whole space under successive transforma- 
tions tends toward the origin depend not only on the maximum stretch under 
any one transformation, but also upon the relations of the characteristic di- 
rections of the various transformations. It is plausible therefore that if the 
characteristic vectors of a series of matrices were nearly the same, results could 
be secured which are analogous to the case in which they are equal. Therefore 
this section is devoted to the study of the characteristic vectors and values 
of the product of 2 X 2 matrices. 

Suppose A and B are 2 X 2 matrices with characteristic values A, and As, 
and y, and y» respectively where | A, | = | Az! and |y,| =| ye]. Suppose 
€, and é are the characteristic directions of A corresponding to A, and Az 
respectively, and é + 8,€, and & + 8.8, are the characteristic directions of B 
corresponding to y, and yz respectively, where -é = Fé = 1 and é and és - 
are linearly indepengent. l 


B(E + &&) = y (é + 8162). * 


Hence 
e BÉ, == yé + 81y1é2 == 8,Béz. 
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Similarly 
Bé, = yobo + Sayakı => 8. BE... 
Therefore 


BÉ, => (yı = ddaya)&ı + 8, (yı — ye) És + ôd Bé. 
Tf 8,8, 41, then 
1 
BÉ, =. a. ea { (yı a: 8182y2) És + 8, (yı = y2) &}. 
1 == 8102 
Also 
Bé, == (z —) { (y2 — 8182y1) É2 + a (Ye — yi) 51). 
Suppose a characteristic vector of the product BA is of the form é + réz, 


r is then a function of Ai, yi, 8; (11,2). Suppose o is the characteristic 
value of BA corresponding to é -+ rés Then 


(4) BA(&ı + réz) =o (é + réz). 
But 
BA (é + ré,) == B(Mé, + TAzÉs) 


(5) = (5) [Du (ya — 8182y2) + rA282 (ya — Yı) Jé: 
+ [A183 (ya = y2) + raz (y2 = 8,d2y1 ]£2). 


Since é and é are linearly independent, it follows from (4) and (5) that 





= Aad; (yı = Y2) + rà (y2 == 8182y1) 


Aa (yı —8182y2) + Azda (yo — y 1) ` 
Hence 


(6) Ar ) = A082 (ya — y1) 7? + (ys — BrSsy2) — Maya — 818271) }r 
+ Mê: (ya —yı) =0. 


Similarly if é + té, is a dass vector for BA, then 
(7) fs (t) — Aid; (yı = y2) t? + De (Ya Fe 8,87y1) —Aı (e $ 3,87y2) }t 
+ dade (y1 en Yap == 0. ; 


If only those matrices are studied for which Aj, ys, &, 8; are real, | &: | < 1, 
[1/M|<%k<1 and | yo/y,]| <k<1, then bound’: for the characteristic 


8 . 
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directions of the product BA depend upon the relative signs of the determinants 
|B | = pr and | A | = AAs. 


Case I. Suppose MAs = 0 and yy>0. Since f,(0) = Mê (y2 — ya) * 
and fı (81) = 8ry2(1— 8182) (A, —A2), the sign of fı (0) is the sign of — Aıyıdı 
and that of f, (81) is the same as diArys. Since A, and A, are of the same sign, 
and y, and yz are of the same sign, there is a root of (6) between 0 and 4. 
ginian there is a root of (7) between 0 and dz. 


Caso II. Tf, however, MÀ: = 0 and yy: = 0, there exists a root of (7) 
between ¡0 and 8, but fı(0) and f,(3,) are of the same sign, Consider 


[j 


fa (28,) = 8, [ays + 3.) —Aı (— y2)] + AıyıKkı 
| | K, | S 4(k? + k) 138 |. 


The term [Aıyı + 242 (—y2) — M (— y2) ] bears the sign of Ayyı. Since in 
¿LO ); 


this case ‘the sign o is the sign of — 8,, there is a root of (6) between 0 


and 28, it the sign of i fad) has the sign of ô. This is the case eat the values 
Í e 8), 


1Aı 
A bound: ‚for these values of $, and 8, may be found depending upon da alone, 





of 3, and! ô: are: in Sia so that K, will not affect the sign of 


Case III. “If Mà: = 0 and yry2 = 0, there exists a root of (6) between 0 
and 8,, but f.(0) and f2(82) are of the same sign. 


f(— 282) =82[3y2(—A2) + Arya — y1(— Az) ] + Ary Ke 
| E. | 5 4(1+ 2k) | 8,8 
The sign of PAN 


1Y1: 





is that of 8, if 6, and ô, are small enough so that K, 
pr o a 282) EA 


f Rw 


does not affect the sign o Then there is a root of (7) between 0 


and — = because the sign o is the sign of — 8». 


Case I y. If Ae S < 0 and yıy S 0, consider 








cs zn EO Aya oe Ye 44 ] s 


a2 
= 71. m: | 8,782 |; 
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8, 





A( 


The sign of am is that of 8, if 8, and & are small enough so that Ks 





does not affect the sign of A The sign of AA). is that of —3,, 


8, 
1—k 
ê 


hence there is a root of (6) between 0 and A 1 





z: The sign of j En is that 


of — 8. Consider 








= MA A A A : 
oe) eh ak ak igh 


Neglecting Ka, the sign of is that of ö,, hence there is a root of 


Ayı 


(7) between 0 and z4 when 8, and 8, are sufficiently small, a bound for 


them depending upon the value of & alone. 
Since the smaller roots of (6) and (7) are such that in Cases I, II, 
El o 











TIL, [r|</|28,] and |t] <] 282), and in Case’ Y and 
[$] < k| 1%] , When 8, and 3, are small quantities, the een terms in 
r and ¢ ye (6) and (7) may be neglected as well as quadratic terms in 3, 


and 8. Consequently r is of the order of Main ya and + is of the order of 


i => Az 
And, (Ya = 71) 
Azyz = Aıyı ° 
Equating coefficients in equations (4) and (5), the characteristic value 
corresponding to é -+ réi becomes 











m Y Ya da Ya 
| (8) o = EN | 1 5,82 1 + ie (2 1) | . 
Similarly the characteristic value p corresponding to & + té, is 
= Aaya > | 
(9) o] 1387 re (2 i) ; 
Wes tas eae ER 
FT T Fe {1 Ks} 


| Ks |< |88| t+ ]r] |8,)%(1 k). 
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Hence for small $, and 8, x is of the order of Aıyı- 


a, dl —2) 
e Aıyı Yı 


g 











1— a8, 72 + a (x 1) 
Yı 





Hence cis of the order of Ayo for small 8, and 8 from which it follows that 
1Y1 


p is of the order of Azyo. s 
The nature of the results in Cases LIV were arrived at geometrically. 
The simplest case is illustrated by the accompanying figure. Let OT, and 
OP, be the directions é and & corresponding to the larger and smaller roots 
of A, A, and às respectively. Let OL, and OQ, be the directions & + 81€, and r 
F e 
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é + S2É,, corresponding to the larger and smaller roots of B, yı and y: 
respectively. In this case As > Az > 0 and yı > ya > 0. Under the trans- 
formation with matrix A, OT, and OP, are invariant but OL, and OQ, move 
into regions J and IT, along the directions OL, and OQ». Under the trans- 
formation with matrix B, OT, and OP, move into regions I and II along the 
directions OT, and OP,. From continuity considerations it follows that 
invariant directions for the product BA lie in regions I and II. In Cases 
II-III and less simple cases of I geometric arguments were also helpful but 
the diagrams were complicated by reflection caused by the occurrence of nega- 
tive A; and ys. 


THEOREM 6. If {Ai} is a sequence of second order matrices with the char- 


12 


acteristic values of A; equal to Mi and Aiz, where | As | <k <1, of é and é 


are two directions in space, then for every arbitrarily chosen number e > 0 there 
exist numbers 8a; > Oand da > 0 such that if the characteristic directions corre- 
sponding to Ai, and Nie lie in the ranges E, + dar, and & = Sé, respectively, 
then the characteristic directions of any product of a finite sequence of these 
matrices lie in the ranges & + e& and Es + eé. It is assumed that all quanti- 
ties under consideration are real. 


Suppose it is known that for each of a sequence of matrices the char- 
acteristic. directions corresponding to A;ı and Az, lie within the ranges é + 8,4 
and & + 6zÉ, respectively. Let 8, >0 and 8, >0. The product Qm of m 
matrices may be expressed in the form 


Qm = Nat Pra’ Mi: E Mo: Po: My: Ps, 


where P; is a product of matrices A; each with positive determinant; M; is a 
product of matrices A; with the determinants of the first and last matrices 
negative, and those determinants of the intervening matrices positive. Let 
M; = Aj,Tj;Ajo. The determinants of T; and M; are positive. Nm is either 
the identity or else is a product of matrices A; with only the right-hand factor 
having a negative determinant, all others being positive. Any P; or T; may 
be equal to the identity. 

From Case I, for every P; and 7; the characteristic directions corre- 
sponding to the larger and smaller characteristic values lie in the ranges 
& + 8, and & + So, respectively. When 8, and 8, are properly restricted, 
the characteristic values of the product of t of the matrices®A, are approximately 





t 
t t TÍA 
TI àa and [Ià Then m <k <1. It follows from Case III that 
dul 41 

Tas . 


4=1 
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the characteristic direction corresponding to the larger characteristic value 
of T Ajo lies in é + 8,4. Using the above theory of Cases I-IV, to compute 
bounds for the invariant direction corresponding to the smaller characteristic 
value it is only necessary to establish limits when the characteristic directions 
of T; and Aj: are on the boundaries of the regions, é = é: and é + êz. 
For example, suppose that the invariant directions of Aj, are é — 8, and 
é: + 8 €, and the invariant directions of T; are & + 8,é and To 
apply the results of Case III note that & + 86 and é — Bs, lie in the 
directions 

a 





(i — dé) +3 z (& + 8261) 


and 
a 





(és -+ d2é,) == z, = = 8.22) 


.respectively. Then the invariant direction of the product corresponding to 
the smaller cHaraevenstic value lies between & + 8.€, and 


(E + 8281) TIE z (a éo), 


=. Similarly, if the other 
possible bounds for the invariant directions of Ajo and T; are considered, it 
follows that the direction of the product T';Aj2 is bounded by & + pod.é, where 
5 — 8,82 
‘| 1— 58,82 

Bounds for the characteristic directions of Mj=Aj.T¡Ajs are given 
through Case IV.. For example, suppose the invariant direction corresponding 
to the larger root of T'¡Ajz is €, — 8,2, and that of Aj, is E, — 8&2. Suppose 
the invariant direction corresponding to the smaller root of 7jAj2 is either 
of & + padrés. To apply the results of Case IV, the direction é — ibs must 
be expressed in the form 


that is between & + ö£, and & + 


Pao 








3 pa is of the order of 5 if 8, and 8, are small. 


28, 
é + SÉ. — 1 + 128,02 (En £ Kadakı). 


It follows that the characteristic direction corresponding to the larger char- 
acteristic value of Aj,T;Aj. lies between & + 8,é, and é Tbe where 7, is 
either 


‚ASt Di 
(ARNES 





or 
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Tf the other bounds for the characteristic directions of Aj, and T’;A;, are con- 
sidered, bounds for the characteristic directions of M; are similarly found to be 





6 

1—k' 
Since the determinant of M; is positive, the characteristic directions of M;P; 
lie within the larger of the two ranges given for M; and P; and since these 
ranges are independent of j, the characteristic directions of any number of 
products of M;P; lie in the same range. It is assumed that ô and & are 
sufficiently small so that the approximation formulas hold to within the limits 
necessary for the above reasoning, and so that the characteristic values of a 
product of matrices closely approximate the product of the characteristic values. 
-If an odd number of matrices with negative determinants is included in the 
product Qm, that is, if the determinant of Nm is negative, the characteristic 
direction corresponding to the larger characteristic value of Qm may fall out- 
side of é + rıdı&, but since the characteristic directions of Nm according to 
Case III are in the ranges é + dé, and é + ueös£ı, it can be shown from 
Case II that the characteristic directions of Qm lie in & +0,8,€ and 
és + r28oé,. The bound é + 018, is of the order of é + at 812. 

Hence if e is an arbitrary number, sufficient conditions for the proof of 
Theorem 6 are that $, and & are sufficiently small to satisfy the conditions 


E + nd and & + toé. The orders of r and r, are less than 


of Cases I-IV which depend upon k alone and also da. < =. and Se < =~ P 
$ £ 2 
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THE INTERRELATIONS OF THE FUNDAMENTAL SOLUTIONS OF 
THE HYPERGEOMETRIC EQUATION; LOGARITHMIC CASE.* 


By Lyte E. MEHLENBACHER. 


1. The problem of this paper is to study the exact nature of the linear 
relations existing between the fundamental solutions of the Hypergeometric 
Differential Equation 


(1) 1) Y + ly (a+ 84 1)2] 2 — apy =0 


in whicn we may consider the constants a, 8, y and the variable z as real or 
complex. The relations of this kind which exist in case each of the three 
regular singular points z == 0, z = 1, z = œ is non-logarithmic in character 
have already been considered by Forsyth, Lindelöf? and Barnes.’ What is 
proposed here is to determine the linear relations between the fundamental 
solutions of (1) when one or more of these solutions becomes logarithmic in 
character. We shall, for the sake of brevity, actually determine only those 
linear relations existing between the fundamental solutions about the point 
z==0 and the solutions about the point z = œ when one of the solutions 
about the latter point is logarithmic. The methods employed are readily 
applied to the cases in which either the point z = 0, or the point z==1 is 
logarithmic. The complete set of interrelations in both the non-logarithmic 
cases and the logarithmic cases are included in the author’s dissertation written 
at the University of Michigan under the direction of Professor W. B. Ford, 
and published in pamphlet form by Edwards Brothers of Ann Arbor, Michigan. 


2. For purposes of future reference we shall first set down some of the 
more important relations which occur in obtaining the fundamental solutions 


* Presented to the American Mathematical Society, April 10, 1936. Received by 
the Editors, March 4, 1937. 

A. R. Forsyth, A Treatise on Differential Equations, 3rd ed., London, Macmillan 
and Co. (1903), pp. 203-222. ` 

2 Ernst Lindelöf, e Sur VIntégration de lÉquation de Kummer,” Acta Societatis 
Fennicae, (1), Tome 19 (1893), pp. 3-31. 

2 E. W. Barnes, “A new development of the theory of the hypergeometric func- 
tions,” Proceedings of the London Mathematical Society, Series 2, vol. 6 (1908), 
pp. 141-177. 
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of (1) about each of its three regular singular points z == 0, z == 1, z= œ 
by the usual methods of the Fuchs * theory. 
The indicial equation of (1) corresponding to the singular point z == 0.is 


(2) k(k—1) + yk =0, 
the roots of which are found to be 
(3) l kı = 0, ee eer 


Assuming that kı — k, is non-integral, we shall therefore have, according to 
the Fuchs theory two fundamental solutions F, and Y, about the point z == 0 
having the forms 

Ñ © 
(4) PP gn) Yam ah È galne. 


n=0 


Moreover, if we put 


j (4k) =E(k—1)(1—2) + bly — (a + 8 +1)2] — ape, 
and : 


fo(k) = [f (2, k) Jezo = k(k—1) + yk, 
f(e) =[ FGE] „ra — (a +B +1) kag, 


then the same theory indicates that gi(n) will satisfy the linear recurrence 
relation i 
(5) * gin) fo (le tn) + gi(n—1)fi(k + n—1) =0 
in which l is given the value k, =0; while gz(n) will satisfy the same relation 
with the value k = 1 —y used for k. _ l 

. The values of 9(0), 92(0) are arbitrary. For definiteness, let us take 
91(0) = g2(0) = 1, in which case gı (n), g=(n) become completely determined 
by (5) for n == 1, 2,3,--- 

When the gi(m), gs(n) are.thus determined we find that when 

k,—k,=y—1 is non-integral the two fundamental solutions about the 
singular point z == 0 can be put in the forms 


ATS FT IT stds 2 — y; 2) 
where the F (a, B, y; 2) en ‘the well-known Hypergeometric Function 
defined by 
F(a, By Y; 2) ‘oar ` 
14H 04D abr DABA DO" Horn, 
nek 12° seimyytl) «(y +n—1) 


4See J. Horn, Gewóhnliche Differ entialgleichungen beliebiger Ordnung, Sammlung 
Schubert L., Leipzig (1905), Section 34. 
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The indicial equation of (1) corresponding to the point z == œ is found 
to be 


(7) k(k—1) —(a+8—1) k + op —0, 
the roots of which are : 
(8) k'i =a, kh, =8, 


after which we may show that if 1, — k’, = a — is non-integral the two 
fundamental solutions of (1) about the singular point ¿= œ are 
‘sj ¥,—2°F(a,a—y +1,a—B +1; 1/2), 
| Y 080 PP(B,B=y +1,8 — a + 1; 1/2). 
When the exponents (8) differ by an integer, that is when 


(0) ; a — B = n = an integer = 0, 


the point z = œ becomes a so-called logarithmic point. The fundamental 
solutions ‘about z == œ then take the forms 


Y, = as defined in (9), 
x - 
(11) Y, = Y, Log (1/2) + 2%: S hye; hn = 0, ho 0 unless n = 0. 
: v=0 


3. It is our purpose in what follows to determine the exact forms of the 
linear relations which connect F, with F, and s; likewise those connecting 
Y, with the same Y», Ye. The methods which we shall use rest upon certain 
general results obtained by Professor Ford in Chapter I of his recent book 
entitled The Asymptotic Developments of Functions Defined by Maclaurin 
Series® In particular, we shall employ the following General Theorem there 
established : 


5 THEOREM. If the coefficients g(n) of the power series 
' co 
(A) f(z) =£ g(n)2"; radius of convergence > 0, 
i n=0 


may be considered as a function g(w) of the complex variable w = a + ty 
and as such satisfies the two following conditions when considered throughout 
“any arbitrary right half plane x > to: 
(a) is single-valued and analytic, 
(b) is such tha for all | y | sufficiently large one may write 


(B) | | g(@ + ty) | < Kesi 


5 Michigan Science Series, vol. 11 (1936). 
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where e is an arbitrarily small positive quantity given in advance and where 
K depends only upon x, and e, then the function f(z) defined by (A) is 
analytic throughout any sector S (vertex at origin) of the z-plane which does 
not include the positive half of the real avis and f(z) within 8 is developable 
asymptotically as follows: 

(0) ft) ~- $1) » 

We shall make use also of the following Remarks (b) and (e) relative to 
the foregoing theorem, as noted in the same work. 

“(b) In case conditions (a) and (b) of the theorem are satisfied except that 
g(w) has p (p = 1) singularities situated at the points w = wi, Wa, Wa, ** , Wp, 
none of which are negative integers, the theorem continues to hold true pro- 
vided one subtracts from the au member of (C) the sum of p loop integrals 
of the function 

g(w) 2)" 
(D) | as 

“In case the singular points w = Wm are poles, the loop integrals may 
evidently be replaced by integrations of (D) over small circles, so that in such 
cases the theorem continues to hold, provided that one subtracts from the right - 
member of (C) the sum of the residues of the function 


ng (w)(— 2)” 
at the various poles w == Wm. 

“(e) The theorem may be applied to any Maclaurin series (A) in which 
g(w), besides satisfying condition (a), is such that we may write, when 
x > a, and |w | is large, | g(w) | < K |w l°, where K and c are constants of 
which the latter may be positive, negative or zero.” 

Whenever we apply Remark (b) it shall be understood that for any given 
value of z = pe’? the function (— 2)" is rendered precise in meaning through 
the following convention: 


(12) (— g)” == gv log t-z) —- ev flog prito- DM] m gee iTw. ox $ < Im 


4. Theorem. Employing the above results, we proceed to establish the 
following theorem which, so far as we have been able to determine, is new! 


THEOREM. -The solutions Y, and Y, defined in (6), when extended 
analytically outside their circle of convergence, may he expressed linearly in 


e 
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terms of the solutions Y, and Ye, defined in (11), in the following forms, it 
being understood throughout that 0 < argz < 2r: 


LAA) +y —a) +2 Hin Y (1/8) Jere 








is OEDS De 
+ T(y) ett (B+1) 
. Areara 1) E 
T(2—y)[¥(a—y +1) +H —a) + 20 4 ir— Y (1/8) Jomo 
Y, = i z 





Fey + DTD Ys 
Da — y) ere 
+5@=7+ ra are Fy * 
where y (a) is the well-known Psi-function defined as the logarithmic deriva- 
tive of the Gamma-function, that is y(a) =T’(e)/T(«), where O denotes 





Euler's constant defined by O =— y (1), and where > (1/s) becomes 0 when 


n == (,f 


Proof. Returning to the recurrence relation (5), we substitute the values 
of fo(k +n) and f,(% + —1) and, in order that the notation shall conform 
to that which is customary in the theory of difference equations, we replace 
g(n), g(n— 1) respectively by u(x), u(a—1) and subsequently advance g 
to x +1. The relation (5) thus becomes 
(18) (Jule +1) + qo(2) u(x) =0, 
where = 

ala) = (kKbet+1(k+2)tyb+oe+), 
Gl) =— (k + 0) (k + —1) — (a +8 + 1) (k +2) —aB, 
and k takes the vine ky or ke of (3). 


For those particular values of k in which we are SEIEN aeg 
k=k, and k = k, of (3), the roots of qı (x) =0 are found to be 


aL zehn, 2 
` and the roots of qo(x) — 0 are 
(14) ki tr =— a — k, r —=—ßB—k. 


Hence we may write, 
n(t)—=(@+1)(@+%+7), gle) =— (01) (a—re). 


* See L. M. Milne- -Thomson, The Calculus of Finite Differ ences, Pondo, Macmillan 
and Co. (1933), p. 245 and p. 250. 
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When we substitute these values into (13) and then solve the resulting first 
order difference equation by elementary methods we obtain as the particular 
solution u(%«) which takes the value 1 when x= 0 


E A T(2k + y)T (o —r,)T (x — re) 
er. a o EE E 








in which we sháll“assume at first that neither r, nor rs is zero or a positive 
integer, thus rendering u(x) s£ 0. 

We must notice here that since a— 8 = n = an integer = 0, it follows 
from (14) that rı = r —n. 

Now, each of the fundamental solutions Y, Y» is of the form 


(16) reine; y(0)=1 


where the g(n) is defined by (15). The function g(x) in (15) coincides with 
the g(n) of (16) when z = 0,1, 2,3, - - and is, moreover, analytic through- 
‘out the finite x-plane except for poles of the first order at the points 


(17) LZ =o, To — l, Tra —2,°° +, %—n +1 
and poles of the second order at 
(18) T = Ti tr — 1, Tı — 2,° 2 


while in distant portions of the plane lying in any arbitrary right half-plane, 
the same function g(x) satisfies the condition described in Remark (e) quoted 
above. l 

In order to determine the asymptotic behavior of the function Y, (s) 
defined by the Maclaurin series (16) we may therefore apply the General 
Theorem quoted above, subject to Remark (b). When we do so, we see that 
in our present case the g(— z); «=1,2,:- *, in formula (C) all vanish 
owing to the general relation 1/f¥(— s) =0;2=1,2,8,* - +. Furthermore, 
Remark (b) ‘requires that we subtract from the right-hand side of (C) the 
sum of the residues of the function i 


II L ra) —e)g(a) (— 2)” 


(19) , 2 
_ T(—2)T(2% + y)T (2 —r,)T (2 — ra) 
T(— nr) Pn) P(e y) 
at its poles (17) and (18). However, inasmuch as we are interested only in 
determining the values of the constants which join the solutions Y, and Y, 





(—2)° 
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linearly “with the solutions F, and Y, it is sufficient for our purpose to deter- 
mine the residues of (19) at the two poles «=r, and x=». 
The residue of (19) at the first of the points (17) involves ¿ tó the power 
— 8 — k and the residues at the remaining points of the same set involve z 
to the lower powers — 8 —k—1 to —PB—k—n+1=—a—k-+1. 
It will be shown presently that the residue at the first of the poles (18) involves 
= and also z** log z,-while the residues at the remaining points (18) 
‘valve gots and zetslogz (s=1,2,3,:  :). It follows that the coeffi- 
"cient of the highest power of z from both sources will come from the residue 
at the first point of (17). In order to determine the linear relations which 
we are seeking it suffices then to determine the residue of (19) at the point 
x=, and the logarithmic part of the residue of (19) at the point «=r. 
The residue at the pole «=r, is found by an elementary ‘theorem in the 
calculus of residues to be 
T(2k + y)T(rr —rı), 
Oe Font) 9" 
When we substitute Sie (20) the values of 7, and ra as defined, and y 
the convention (12) to (— z)": this residue may be written as 





T(2% + y) T(n) ett Bre gs 
Tapey AFE) 
In order to obtain the residue of (19) at its pole of the second order 
"M (x) 2? 

Q(z) ” 
M T(—2)T (2k + y) 1? (a@—r, +1) et? 

= EA) OT k + y) (2—1,—1) (21,2) e (2—r,—n) ’ 
(22): Q(z) =2—n, 


The residue of (19) at z =r, is now found to be 


(21) — C2 (ke, a, B, yes AA 


where 





£= Tr; we write (19) in the forin - — 





(23). — M’ (rı) — M (11) 27 log 2. 


` As we have explained above, we have at first only to determine the logarithmic ° 
part of this residue, which by reference to (22) is easily found to be 


T(2k + y) ett BD ok 
TG +! y— a) Tm Fi) 
We may now apply the General Theorem previously quoted together with 


its accompanying Temarks. Tn this way we arrive at ne following preliminary 
result: | 





(24) 0, (k, a, B,9) ° log z = log 2. 
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The function Y defined in, (16), when extended analytically outside its 
circle of convergence, may be developed asymptotically in the following form, 
it being understood throughout that 0 < arg z < ®r:. 


(25) Y 0h a, B, y)ell + ()/e+ (Ve +: loge 
+ Ca(k, 2 BFL + Oat OH 2 :] 


where C,(h, a, B, y) and Ca2(k, a, B, y) are defined in (24) and (21) respec- 
tively. The asymptotic expansion of the solution Y, of (1) results from this 
when the value k = k, = 0 is used, while the corresponding expansion for Y, 
results likewise from the use of k, = 1 — y. 

We are concerned here, however, with the expression of the function Y, 
as a linear combination of the solutions Y, and Y,, that is, we wish to 
determine constants K, and K, such that 


Y, ~ KiY;+ K:% 


with a similar expression for Y,. Upon referring to the definitions (11) of 
Y, and Pe, we can identify by (25) the constant K, with —C,(k, a, B, y). 
The solution Y, contains the factor zt == 2". We know from the Fuchs 
theory that the non-logarithmic part of the solution Y, does not involve z to 
this power since ha == 0. We may therefore identify the constant K, with the 
coefficient of 2°?” in the non-logarithmic part of the right side of (25). This 
coefficient, before taking out the factor C.(k,a,8,y), is the value of the 
coefficient of 27: = 2%* in the non-logarithmic part of the residue (23). This 
is easily found, by use of (22), to be 


(26) Cn(k, a, B, y) 
_T@k-+y) erh) Hurt ROH Eee 
TFET a Fera FI) 
We thus arrive at the following result for the solution Yi: 
The solution Y;, when extended analytically outside its circle of con- 


vergence, may be developed asymptotically in the following form, it being 
understood throughout that 0 <argz < 2r: ` 


(27) f Y, ~ On(k, 0, B, y) Ys — C1 (k, a, B, y) Yo 


where On(k, a, B, y) and C,(k,«,ß,y) are defined in (26) and (24) respec- 
tively and in which % takes the value k=0. - 
The corresponding result expressing the solution Y, linearly in terms of 
Y, and P, is obtained from the foregoing by the use of k = kz = 1 — y for k. 
We note here that the constants C,(k,«,B,y), O2(k,a,ß,y) and 
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C,(k, a, B, y) all preserve meanings regardless of whether r, =— a — k or 
T2 = — B —k is zero or a positive integer, so that the restriction made in 
(15) may now be removed. Since the series Y; and Y, are known to be con- 
vergent for the indicated values of z, the symbol ~ may be changed to =. 
We have now only to introduce into (27) the values of the constants 
Cn(k, a, B, y) and C,(k, a, B,y) as defined in order to arrive at the final 
results stated in the Theorem. l 


5. Further results. The solutions of (1) about the point z = 1 are 


Y: = F(a, 8,4+8—y+1;1—2), 
Y, = (1—2) SF (y — a, y —B,y —a— B + 1; 1—2). 


In order to determine the linear relationships between the solutions Fs 
and Y, and the solutions F, and Py we first make the transformation z == 1 — 2’ 
in (1) and subsequently apply the same methods to this transformed equation 
as we have employed in the determination of the results in Theorem I. After 
these results have been obtained, we make the reverse transformation 7 == 1 — z. 
The final result obtained in this manner is stated in the following theorem: 





THEOREM II. ` The solutions Y, and Y 4 when extended analytically 
outside their circle of convergence, may be.expressed linearly in terms of 
Y, and Y, in the following forms, it being understood throughout that 
0 < arg (1—2) < Èr: 


Dat BY +1) [p (a) +y(B—y +1) +20-+ iE (1/5) Jere» 
Ag TAE FTF) i 


y D(ate—ytijren p 
P(B) (8B=y+1)T(n-+1)** A 
T(y—a—p +1) re) +9 (12) +20 +ir—2 (1/9) Jeita 
— Y; 
T(y—e)T(1—e)T(n-+1) ý 
T(y—a—B+1) eirian 7 
T(y—e)T(1—e)T(n+1) ° 
When the fundamental solutions about either the singular point z = 0 
or the singular point z = 1 are logarithmic the resulting interrelations are 
obtained by first making the appropriate transformation of the independent 
variable in (1), employing the same procedure as we haye used above in the 
proof of Theorem I, and then making the reverse transformation in the results. 
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THE THEOREMS OF GAUSS-BONNET AND STOKES.* 


By E. R. van KAMPEN. 


The idea of a parallel displacement in vector analysis opened new possi- - 
bilities also for the differential geometry of surfaces. The present note contains 
an elementary proof of the Gauss-Bonnet theorem based on this idea A 
systematic use is made of the correspondence between the surface and the spaces 
of its parameter systems for purposes of subdivision in 7 and for the determi- 
nation of the variation of an angle in 4. 

Third continuous derivatives of the parametric equations of the surface 
occur only at the beginning of 5. Their use may be eliminated by the short 
additional consideration in 6. Thus one obtains also for the Theorema Egre- 
gium (without the explicit expression for the Gaussian curvature) a proof for 
surfaces of class C2, It may be of interest that the proof below makes no use 
either of the second or of the first fundamental form. 

-In 10 a short proof of Stokes theorem is given which is valid for a vector- 
field of class C, and a compact region T on a surface of class C, if the boundary 
of T consists of rectifiable ares. 


1. Let the letters x, u, v, w, represent vectors in 3-space and let w- v, 
u X v, (uvw) =u: (v X w) represent the scalar product, vector product and 
triple product of vectors respectively. Let a surface S be given by a para- 
metric representation of the form , 


(1) x= x(w, u’), 


defined in the whole plane of the scalar parameters ut, u?. The letters R and T 
will be used to designate curves and regions of S and at the same time the 
corresponding curves and regions of the ut-plane. The label + will have the 
range 1, 2 and any term containing such a label both as a subscript and as a 
superscript must be summed over this range. It will be supposed that (1) is 
at least of class C, and that 

(2) (x1 X x2) 0, 


where the subscripts 1 and 2 represent partial differentiation with respect to 


* Received November 15, 1937. 
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u and u? respectively. The normal vector of S§ is defined as the vector z (2) 
divided by its. length and will be denoted by x5. Thus one has 


(3) (xxx) > 0 and xxx) = (x1 X x). 


It is well known that the area of a region T of S may be represented in the form 


. (4) | ff (mam) dr = f f de. 
i D Y 


Similarly, if 


(5) l | x = X (ut, u?) 


represents, in „case of a surface S of class C2, the spherical image of S, one 
obtains for ‘the area of the spherical image of a region T of 8 


(6) 0. f (Koıko2x) dutdu?, 

Ss Y / | 
where the usual conventions have to be used if the correspondence between T 
and its image on the sphere is not one-to-one. One may define the Gaussian ` 
curvature K of S at a point P of S as the limit of the quotient of the area 
of-T and of its spherical image, when T is a variable part of S of simple form 
(e. g. a ué-square) which has P as limit. One finds, from (4) and (6) 


(7) . (Kaı%32%) = K (x18283). 


This well-known formula may be taken immediately from the usual definition 
of K >y:means of the Weingarten differentiation formulae. 


- 2 ‘Let an are R of class C, on a surface S of class Cz be represented in 
the form 


(8): ut = u? (s), 


where s is the arc length of R. On substituting (8) in (1) and differentiating, 
one obtains 


(9) nt & = x; úl, 


where the." denotes differentiation with respect, to s and the tangent vector 4 
of R Las length 1 since the arc length is parameter on R. 

It is clear that there is a one-to-one correspondence between vectors in the 
ut-plane which are attached at a certain p and vectors tangent to S at the 
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corresponding point of § and that this correspondence is continuous both ways. 
For instance to (9) there corresponds the vector ut attached at we point (8). 
` A system 
(10) | »—v(s). 


of vectors which is of class O, and is tangent to S at the point (8) of S is 
called parallel along R if 


(11) 6—0(s) is normal to S at (8). 


On placing v = vix; and dv: x¿=0 one obtains linear differential equations 
for the v*(s), so that a system (10) exists and is uniquely determined if the 
v*(s) are given for one value of s. Since ù is perpendicular to v, the length 
of v is independent of s. If (10) is parallel along R, then so is any vector 
obtained from (10) by rotation of (10) in the tangent plane of Sat (8) 
over an angle which is independent of s. For if (10) is parallel, so is 
w = x; X v which is obtained from v by a rotation over the angle 47; in fact, 
w—*,Xv+x, X ù is normal to S at (8),.since %, is tangent and © is 
normal. Furthermore if any two vectors are parallel along R, so are their 
linear combinations with constant coefficients. 

It follows that, if # is the angle from (10) to (9), then È is independent 
of the particular system (10) chosen. The derivative # is called the geodesic 
curvature of R and will be denoted by'x. One finds, if v has length 1, 


(12) sin Y == (vx), cos Ò =v: $, 
hence 


dv: &) = (bi), + (v¥x2) + (vais). 


Here the first and third triple products are 0, since © is normal and 4%, is 
tangent to S. On choosing v to be + at the point of R under consideration, 
one finds v: & = 1, hence 


(18) - > rede (dir). 


3. “Let a vector w—w(s) be tangent to S at the point (8), let w be of 
class C, and of length 1 and let the angles from w to x and to v be denoted 
by » and ¢. Then one has 


(14) o=0%-+ 4, . 


if care is taken that all three angles are continuous and that (14) holds exactly 
(2 and not only modulo 27) at some D of R. Furthermore 


(15) l sin $ = (wvx;), op —=w0-0, 
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‘and so, in the same way as (13) from (12), 
(16) $ = (wwx;). 


Now let an arc R be divided by a finite number of vertices Py into arcs 
of class Co. Denote by o the angle from #(s,—-0) to &(s,-+ 0), where 
— aS a Z r and sy is the value of s at Py. If a, ==" choose the signa- 
ture of a in such a way that at every Pp the angle subtended by the region 
to the right of R is a, + ~. $ 

Let w be continuous at P, and of class O, on the remainder of R. Clearly 
a parallel system » may be defined along E having the samé properties. If the 
convention is used that 


(17) Hs + 0) —Ha—0) == Uk, Ona 0) = OK, 


while & is continuous for every s, then (14) remains true for the arc R. If 
Aw; Ad, Ab denotes the increase of w, Ô, p, while s increases from its initial 
value to its final value, one has, by (14) and (17), 


(18) ` Ao = Ad + Ad 


and one obtains from (13) and (17) and from (16) 


(19) > AD = f x ds + 3.0, and Ad =f (wwx) ds, 
R : A R 
hence, from (18), 


(20) _ Aw = | xds+ | (wwas) ds + Brar 
Maenan 


4, * The meaning of (20) is not lost if R is a simple closed curve and the 
parameter s begins and ends at a point of R where the second derivative exists. 
It will be assumed for the present that R is a simple closed curve which is the 
positively oriented boundary of a compact portion T of 8. In that case it is 
easy to define a vector field w which is of class C, on 7’, hence continuous on R 
and of class C, on each are of class C, of R. One can for instance transfer a 
suitable field from the wi-plane to S. It will be shown that in the case 
considered A 
(21) Ao = ®r 


First, Aw = Ad, where A is the angle in the u*-plane, from the vector wt 
which corresponds to w to the vector ù? which corresponds to &. This is clear, 


e. v 
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since both Aw and AA are integer multiples of 27, while, for increasing s, the 
angles w and A both pass at the same time and in the same direction through 
a multiple of r. 

Next, AA = Ap, where y is the inclination of ut, i.e. the angle from the 
vector (1,0) to the vector (ut, u”). Note that T, which is compact by as- 
sumption, is represented in the ui-plane by the simple closed curve R together 
with its interior. Now on this set the inclination of w* may be determined 
as a continuous function.? Hence wi may be changed into the constant vector 
field (1, 0) by a continuous rotation. This proves AA = Ap, since both AA and 
Ap are integral multiples of 27. l 

In order to prove (21) it remains to show that Ap = 2m. Now this is 
the “ Umlaufsatz ” of which simple proofs may be found in the literature.’ 

As a consequence of (21), (20) takes the form 


(22) f x ds +f (wwx;) ds = 2r — 240%. 
š R y 


R 


5. Let it be assumed for a moment that S is of class Cs, so that w may 
be chosen of class C}. Then the theorem of Green may be applied to the 
second integral in (22) as follows, 


(23) f (wwx,) ds =f [ (wwx) du + (wwx) du] 
R 


R 


= f f [ (1,023), — (w,t0x) Jdudu. 


Now one has for the integrand of the last integral, 


(24) (wwx), — (wwx), = (Wawas) 
+ (wwx) + (0,0%31) — (10,20x,) — (wwx) — (wwx). 


*It is clear that this step in the argument could be avoided by choosing w in a 
suitable way to begin with. 

* 14 is possible to subdivide 7 into arbitrarily small polygons with edges of class O. 
One may for instance use line segments in the u'-plane. If u could not be defined as a 
continuous function on 7, the variation of q along the boundary qf at least one of these 
polygons would be 27m #0. But this is clearly impossible if the polygons are suffi- 
ciently small. 

®H. Hopf, Compositio Mathematica, vol. 2 (1935), p. 50 and pp. 53-55, where 
further references are given; also E. R. van Kampen, Compositio Mathematica, vol. 4 
(1937), p. 272. 
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Here the first and fourth terms on the right cancel, while the second and fifth 
are both zero, since they contain only vectors perpendicular to w. Hence 


(25) J (wwx;) ds = SS [ (wwx) — (wwx) |durdu’. 


It remains to evaluate the integrand of the last-integral. Now w and x;, are 
tangent to S, so that in (wwx), wə may be replaced by its normal com- 
ponent (ws: x3)%3 which is equal to — (W'%32)%;, since w:x3=0. Thus 
one finds for the integrand on the right of (25), 


(26) (20%) (W: £31) — (Kira) (10 * B90). 


Applying the identity ax (b X e) = (a-c)b— (a:b)c in two different 
ways to a: ((b X c) X (dX e)) one obtains 


a: b(cde) —a- (deb) + a: d(ebe) —a: e(bed) —0. 


Substizuting here w, W, X3, %31, X32 instead of a, b, e, d, e, one finds that (26) 
equals (%31%32%3;). Thus (26) is K (xxx) by (7), and (4) shows that (25) 
takes the form 


(27) f (úxoxs) ds f f E do, 
R T 


so that the theorem of Gauss-Bonnet (in the simplest case) is obtained from 
(22) in the form: ` 


(28) feit ff Koma 
R T ¿ 


Tke formula 
(xxx) K = (wwx), — (W,W0x3) 2, 


which is implicit in (23) and (27) goes over into well-known formulae, if one 
chooses w to be parallel either to x, or to æ». It is obvious that the identity 
of (26) and (%s1%32%3) may be obtained from the rule for sin(a — £) where 
a and 8 are the angles from xy, and x32 to w. 


6. Now it will be shown that (25) holds for a vector field w of class C,. 
If a =4(ul, u?) and b = b (ut, u?) are scalar functions on T of class C;, then 


(29) fa ds $ (ab, dut + aba due) -Í f (abs — ab.) durdu. 
R ` p 
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This is a consequence of the theorem of Green, since b, b, and b, may be 
approximated uniformly on T by a polynomial in u* and u* and its two partial 
derivatives. On replacing b in (29) by the different components of w, one 
may verify that ` 


f (w X x3) as -ff [(w X xa), W — (w X 23)2: w, ]dutdu?, 
R T A a 


which identity is equivalent to (25), since (w,w,43) = 0. 

Since a vector field w of class O, always exists on T, provided that $ is 
of class Cz, it follows that (28) holds if § is of class C2, while R consists of 
ares of class Co. ` 

Since, as is well known, on a surface of class O, the geodesic curvature 
of an arc Æ depends on the first fundamental form of S only, and since (28) 
holds for every 7, it follows that the Gaussian curvature of a surface S of 
class C, does not depend on the second fundamental form of S. Hence the 
Theorema Egregium holds for surfaces of class Co. 


7. Itis, of course, not possible to represent every surface S by one repre- 
sentation (1). However, any surface S may be defined by means of a finite 
or enumerable collection of representations (1), with the understanding that 
whenever a part of S is defined by two representations (1), there exists an 
orientation preserving continuous one-to-one correspondence between the two 
sets of parameters involved. The parameter representations (1) and the above 
mentioned correspondence are all supposed to be of the same class Cn, which 
is also the class of the surface S. Now, any compact subset T of S, which has 
as boundary R a graph consisting of arcs of class Cn, may be subdivided by 
additional arcs of class Cy into a finite number of regions Tm, m = 1,2, °°, 
such that the boundary Rm of Tm is a simple closed curve and that Tm is defined 
by means of only one of the representations (1) of S. The proof may be 
sketched as follows. First, as a consequence of the compactness of T, this set 
is contained in the part of i9 defined by means of a finite number of repre- 
sentations (1). Next, the part of T' defined by a fixed representation (1) is 
a subset of the corresponding w!-plane of which the boundary consists of certain 
arcs of class Cn. The part of T which is not defined by any other representa- 
tion (1) and not yet subdivided in the desired way is bounded in this u*-plane. 
Clearly a somewhat larger part of T may be subdivided in the desired way, 
for instance by means of line segments. On repeating this for the finite 
number of representations (1) which are used to define T, one clearly obtains 
a proof of the above statement. 
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Ii the numbers of vertices, edges, regions Tm, which occur in the above 
subdivision is Qu, 41, @2, one terms C =a) — a, + Ga the characteristic of T. 
In case n = 2, the independence of C from the particular subdivision is an 
` automatic consequence of the Gauss-Bonnet theorem. 


8. Now suppose that a region T on a surface S of class C, has a boundary 
R consisting of arcs of class Cy, and that do, a1, e, Tm, Rm, M==1,* * +, Ge, 
have the meaning of 7. Denote by Bmx the interior angles of Tm, so that, since 
(28) holds for each Tm, 


(30) faf few 
Tm 3 


Em 


On taking the sum of (30) for all m one obtains 
(31) Seat f f E do — ra: —Sn3u(r— fm). 
R T 


Let fx, k = 1, 2,- - *, denote all interior angles of the complement of T 
on S, so that % = Ba — m are the discontinuities in the tangent vector of R 
if one follows all boundaries of the complement of T in their negative direction. 
The 2, will be called the oriented angles of R. The right side of (31) is 


27102 — Ey — SmBx (r Rz Buu) — x (m — Bx), 
or 


(32) Brdo — 210% + (m2 Bme + Ibr) — (nter + 27). 


Here the third term represents the sum of all angles subtended at all vertices 
of the subdivisions of T used, hence it is equal to ?ra. The fourth term 
contains the number 7 each time a region Tm (or the complement of T) 
adjoins a vertex. Hence it also contains the number m each time an edge 
adjoins a vertex. Thus it is equal to 2ra,. On using the definition of the 
characteristic C of T, one sees that (31) goes over into 


(33) Pers) ee 


e 
Thus one may formulate the general 


THEOREM or Gauss-Bonnet. If K and do are Gaussian curvature and 
area element of a surface S of class C2, T is a compact region of S with char- 
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acteristic C and of which the boundary R consists of a finite number of arcs of 
class Ca; if furthermore x is the geodesic curvature and ds the element of 
length of the oriented boundary R of T; if finally the oriented angles of E are 
“denoted by ax, then (33) holds. 


It may be remarked that the existence of a field w of constant length and 
of class Ca may be proved on T, whenever the boundary R of T is not the 
empty set. For such a field the considerations of this section prove the formula 
Aw = 2x0, where w is the angle from w to the tangent vector of R, and Aw is 
the variation of w along R. This formula may be considered as the generalisa- 
tion of the “ Umlaufsatz ” for curved surfaces. The proof may of course be 
based on less regularity assumptions. 


10. Stokes Theorem. The result of 7 may be used to give a simple 
derivation * of Stokes’ theorem for a vector field and surface with boundary 
all of class Cy. 

Let S, T and R have the properties of 7 in case n—1, and let v be a 
vector field of class C4 defined on a region U which has S in its interior.’ 
Since Stokes’ theorem clearly follows for T if it is proved for the regions Tr 
defined in 7, it may be assumed that S is defined in terms of a single repre- 
sentation (1) and that T is a compact region with a simple closed curve R 
as boundary. 

Let ð represent a vectorial differential operator of which the action ex- 
tends only to the vector field‘». Thus one has, for instance, 


(34) d-v=dive, @Xv—roty, 
and on the surface $, 


(35) (x1: 0)v=0,, (x 0)v = və. 
Applying the well-known identity 
(a X b): (c X d) = (a- e) (b - d) — (a: d) (b-c) 
to x,, x, 0, v instead of a, b, c, d, one obtains on S, 
(x1 X 2) (OX v) = (3,0) (0:22) — (22: 0) (van), 
*A similar proof is given in McShane’s translation of Courant’s Differential un? 


* Integral Rechnung. 


5 1t would be sufficient for the boundary R of T to consist of rectifiable curve, 
since in that case Green may be applied also. 
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hence by (34) and (35), _ 


hey (xx. rot V) =0, ` Xo — Vo Xi, 
and by (3), ` 
(36) ` (rot V x) (2243) = V1 * Xo — Vo ` Ky. 


The validity of this symbolic computation is obvious. 
On applying Green’s theorem in the form (29) to the different com- 
ponents of v and & one finds f 


E fra ff (0, : Xo — Va ` X1) dutdu? 
-R T l í 


4 


ox, by (36) and (4) : 
(37) : Sea f froto: x do, 

ae R po. 

On defining 4 ds = ds and x,de — de to be the vectorial elements of length 
and area of R and T one obtains the 7 


, THEOREM or Stoxzs. If T is a compact region of a surface S of class O, 
and the boundary of T consists of a finite number of arcs.of class Ca, af further- 
more ds and de are the vectorial elements of length and area of R and T 
and v is a vector field of class C, in a region U which contains 8, then 


(38) l o ee | 


THE JOHNS HOPKINS UNIVERSITY. 


HOMOMORPHISM OF RINGS AND FIELDS OF POINT SETS.* 


By Morris KLINE. 


1. Introduction. Though systems of sets of points such as covering 
systems, systems of sets defining a space, Borel, and analytic sets have been 
extensively studied, little attention has been paid to questions involving proper- 
ties analogous to group properties of such or more general systems. ¡Recently * 
M. H. Stone has studied the abstract algebraic properties of Boolean rings 
and their connection with Boolean algebras, and his work has significance for 
systems of point sets which are interpretations of Boolean algebras. The rings 
and fields of point sets studied in this paper do constitute interpretations of 
-generalized Boolean algebras, and the complete fields, a term to be defined 
shortly, here studied, constitute an interpretation of the Boolean algebras. 
Hence some of the group properties of rings and fields of point sets are already 
known. Yet, because the point set systems are special cases, we are permitted 
to obtain results for them thus far not obtained for the more general.systems 
and perhaps of importance only for point sets. 

The work of this paper has bearing on existing material in that many 
systems of point sets, such as Borel sets and the system of all subsets of a given 
set, form complete fields;? in that a ring of point sets has an immediate 
interpretation as a ring of functions and conversely; * and in that the notion 
of homomorphism between set systems is useful in topological problems.‘ 
Also, the possibilities of combining point set and group properties as in the 
study of topological groups are interesting. 


2. Rings and fields of sets. This part will deal with the simpler 
algebraic properties of rings and fields of point sets. Not all the results in 
this part are new; in a few instances, as indicated below, the conclusions are 
implied by work on Boolean rings. Nevertheless, a few proofs are given of 


* Received February 10, 1937; revised August 31, 1937. 

1M. H, Stone, “ The theory of representations for Boolean algebras,” Transactions 
of the American Mathematical Society, vol. 40 (1936), pp. 37- ijl. 

2 C. Kuratowski, Topologie I, p. 22. 

3 W, Sierpinski, “Sur les anneaux de fonctions,” Fundamenta Mathematicae, vol. 
18 (1932), p. 6. . 

*See, for example, E. Čech, “ Théorie générale de l'homologie dans un espace quel- 
conque,” Pundamenta Mathematicae, vol. 19 (1932), pp. 149-183. 
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old results because they can be obtained so much more easily for systems of 
point sets. 


DEFINITIONS. The sum of two systems A and B of point sets, indicated 
by A + B, shall mean the system of sets obiained by adding each set of A to 
each set of B, as point sets; likewise for the product, indicated by A X B, 
and the difference, A — B, of two systems. A single set is sometimes regarded 
as a system in the use of these operations. 


A ring of sets is a system of sets to which the sum and intersection of 
any two sets of the system belong.’ By a subring we shall understand any 
subcollection of sets of the ring which also form a ring. 

If R is a ring, by the homomorph of R we shall mean a system of sets R’ 
satisfying the following conditions: ® 


1) To each set of R there shall correspond one and only one set of R’; 

2) Each set of R’ shall correspond to at least one set of R; 

3) If 4+ B=—C or A- B=D, where A and B are any sets of R, corre- 
sponding relations shall hold among the corresponding sets of R’. The relation 
in Æ’ corresponding to one in R will be the same as the latter unless otherwise 
specified. 


If, instead of condition 2), we have that to each set of R’ there corre- 
sponds one and only one set of R we shall say that R’ is the isomorph of R. 

By a residue class of a ring R with respect to a subring S we mean the 
system A + S, where A belongs to R. An ideal is a subring such that if set 
B belongs to the subring and C is any set of the ring, then B-C belongs to 
the subring. ; 

The very definition of homomorphism gives the following occasionally: 
usefui two theorems. 


THEOREM I. The homomorph of a ring is a ring. 


THEOREM II. All the residue classes of a ring R with respect to an ideal 
S form a system of residue classes which is the homomorph of R if we let 
sum and intersection in R correspond to sum and product, respectively, of the 
residue classes.’ 


Tauorem HI. „If R isa ring containing a null set, the system of residue 


5 F. Hausdorff, Mengenlehre (1935), p. 77. 

SB. L. van der Waerden, Moderne Algebra, vol. 1, p. 44. 

7 Cí. van der Waerden, loc. cit., p. 35. 

® The term null set is here used to mean the empty set or a zero set. 
6 
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classes determined by any ideal S of R is the isomorph of R under the corre- 
spondence of operations of the previous theorem. 


Proof. If A and B belong to R, then A+ S= B +85 if and only if 
A= B. For, since R contains a null set and S is an ideal, S contains a null 
set. Suppose A+ S—B+S. Then A + 0 = B +P where P belongs to 
S. Hence ADB. Likewise B + 0 = A -+ Q where Q belongs to S. Hence 
B D A, and therefore A = B. 

It is now obvious that if we let A correspond to A + 8 the correspondence 
will, in view of the previous theorem, determine an isomorphism. 


DEFINITION. By a domain of integrity we shall mean a ring in which 
the intersection of any two non-zero elements is a non-zero element. 


THEOREM IV. A necessary and sufficient condition that the residue classes 
with respect to an ideal S of a ring R containing a null set form a domain of 
integrity ? is that R be a domain of integrity. 


Proof. If A and B belong to Rand A -B = 0, then the product of the 
corresponding residue classes would have to give S, else the isomorphism just 
proven to exist would not hold. Likewise for the converse. 


DEFINITION. If the system R’ is the homomorph of the system R, then 
the sets of R which correspond to the set A’ of R’ are said to form the class 
of R corresponding to A’. 


Turorem V. If the set system R’ is the homomorph of the set system R 
and R’ contains a null set, the class 2 of R corresponding to this null set, 0’, 
‘is an ideal. The other classes are domains of integrity. 


Proof. That 3 is an ideal follows as in van der Waerden. If K4 denotes 
the system of sets of R corresponding to A’ 340’ of R’, then certainly if A 
and B belong to Ka, A + B and A-B belong. Moreover, under any homo- 
morphism of two rings, if R contains a null set it must correspond to 0’ of R’; 
for, if M be any set of R, since M-0=0, W- A’ = A”, where 0 corresponds 
to A’, But W can be any set of R’; hence A” is included in every set of R’ 
including the null set 0’. Hence A’ 0’. In view of this fact, if A and B 
belong to Ka, A: B 540, else A’: A’ = 0’. Hence Ky is » domain of integrity. 


Derinıtions. <A field of sets is a system of sets to which the sum and 


° The zero residue class is S, itself. 


10 Cf. van der Waerden, loc. eit., p. 32. 1 Cf. van der Waerden, loc. eit., p. 56, 
e 
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difference of any two sets of the system beiong.* A subfield shall mean any 
subcollection of sets of the field which is itself a field. By a complete field 
we shall mean a field to which the sum of all the sets of the field belongs. 


If A and B are any two sets, A- B = A — [ (4 + B) — B] ; hence a field 
is a ring. Hence by the homemorph of a field we shall understand a system 
of sets satisfying the conditions of a homomorph of a ring. Similarly for 
isomorphism. \ 

The following result is not new but can be obtained at once for system 
of point sets. ` 


Teaeorem VI. Every field of finite order (i. e., field containing a finite 
number of sets) consists exclusively of sets formed by the process of addition 
applied to a subcollection of mutually exclusive sets of the field. 


Let the mutually exclusive sets be lettered Bı, Ba,‘ --, Bn. Then every 
set of the field is easily shown to be expressible in the form A => bj; Bj, 
K jel 


where each b; is O or 1. From this statement we have 
COROLLARY I. Every field of finite order contains 2" sets. 


- Conornary II. The order of a subfield is a divisor of the order of the 
field. 


Tazorem VII. Let the system F of sets be the homomorph of the field 
F. Then there exists a field F” of sets formed from the sets of I’, which is 
the homomorph of F. Moreover, the correspondence between F and F” holds 
under the operation of difference. 


Proof. Let the null set of F correspond to the set D’ of W. If A is any 
set of F, since A-0 = 0, A’: D =D’; and D is therefore contained in every 
set of F”. l 

Let the system F” consist of all sets of the form A’ — D’, where A’ is any 
set of A”, and let A of F correspond to A’ — D’ of F”. . If the correspondence 
between F and F” holds under sum, intersection, and difference it will follow 
that FP” is a field. 


12 Hausdorff, loc. œt., p. TS. Hausdorff uses difference only when the subtrahend is 
a subset of the minuend. Wedo not. This distinction is unimportant for fields because, 
if A and B are any two sets, A—B.= (4 + B) — B and hence under either use of the 
term the same sets belong to .a field. 

13 Cf. theorems 4 and 12 in the paper of Stone’s referred to above. 

44 This result is obtained by B. A. Bernstein, “ On finite Boolean algebras,” Ameri- 
can Journal of Mathematics, vol. 57 (193%), p. 742. 
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That the correspondence holds under sum and intersection is immediate. 
To show that it holds under difference we have but to employ the fact that 
A— B =C implies A =A: B +C and (4:B):C=0, 


We should notice that if F” contains a null set, 0’, then D’ == 0 and 
E = F”. Moreover, if F is a complete field with S as the sum of its sets," 
then if S' of F” is the correspondent of S, 8’ must be the sum of the sets of F’. 
This follows because if A is any set of F we have S: A = A; then 8’: A’ = A’. 
These facts give the f 


COROLLARY. If the set system IP” is the homomorph of the field (som- 
plete field) F, where F’ contains a null set, then F’ is a field (complete field). 
Moreover, the correspondence between F and F holds under the operation of 
difference. 


It is easy to prove that 


THeoremM VIII. The homomorph F of a complete field F, under a corre- 
spondence of sum and intersection in F with intersection and sum, respectively, 
in F’, is a complete field provided F” contains a null set. 


THEOREM IX. If F is a set system which is the homomorph of the field 
F and if F contains a null set, then the class 3, of F which corresponds to 0’ 
is a field, and the sets of any other class are expressible in terms of the sum 
and difference of the sets of Z and some one member of that class.” 


Proof. If A and B of F correspond to 0’ of F’, then A + Band A—B 
correspond to 0’ because theorem VII assures us that the correspondence holds 
under difference. 

Let A of F correspond to A’ 0’ of F. Suppose B of F corresponds to A’. 
We shall show that B is expressible as the sum and difference of A and the sets 
of 3. Let A—B=X. Since A— B corresponds to A’ — A’ = 0’, A—B 
belongs to 3. Likewise B— A — Y belongs to 3. Finally, B = A — X + Y. 


COROLLARY. If 3 consists of the null set only, F is isomorphic to F. 


THEOREM X. If the set system E is the homomorph of the field F; 

if E contains a null set; and if the classes of F each contain a finite number 

`of sets, then any class of F is a residue class with respect to Z where 2 is the 
class of F which corresponds to 0’. ad 


15 We refer to S later as the unit element of P. 
12 This last statement is contained in theorem 42 of the paper of Stone’s referred 
to above. 
* 77 Cf. van der Waerden, loc. cit., p. 56. 
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Proof. Suppose Ka is the class of sets- which, correspond to A’ of F. 
Since K, contains a finite number of sets, the intersection of all these sets, 
A say, is a set of K4 since K4 is a ring by theorem V. As in the preceding 
theorem, if A belongs to Ka, then A— A belongs to 3. Then the class Ky is 
the residue class A + X, for A = A + (4—A) and this last is a set of 
A+2 


Suppose the points of space 7” are the transforıns under the single-valued 
function, f, of the points of space T. If A is a set in T, let us understand 
the corresponding set in F” to mean the set of points of 7” which correspond 
to the points of A. We then have the 


Turorem XI. Let the points of space T’ be single-valued transforms of 
the points of space T. Let F be a field, or complete field, of sets in T such 
that, if A and B are any sets of F for which A: B=0 then for the corre- 
sponding sets A’ and B’ in T’, A’-B’ =. The corresponding sets in T’ 
form a field, or complete field, isomorphic to F. 


Proof. Under any single-valued transformation we have that if A +B==C, 
where A and B are here sets of F, then A’ + B’ == (". 


Suppose A: B=D. Again we have at once that D’ C A’: B” and we 
show first that D’ D A’- B’. Suppose p’ belongs to A’ and to B’. Then some 
correspondent of p’, p say, is in A, and some correspondent, q say, is in B. 
If p =q, p' isin D’. If pq but both p and q belong to A and B, then y 
is in D’. If pq, and q does not belong to 4 say, then we shall have 
A-(B—A) =0, but A’- (B—A)’ 50, contrary to hypothesis. Hence 
D! = A’: P. 

We have, so far, that the system W” of sets in 7” is the homomorph of F. 
The corollary to theorem VII gives us the fact that F” is a field (complete if 
F is complete). We note further that the only set of # which can correspond 
to the null set of F” is the null set of F. Hence, by the corollary to theorem IX, 
F” is the isomorph of F. ` 


3. The correspondence of sums and limits of sequences of sets. 

It is possible to have two fields isomorphic to each other and for the first 
field to contain the sum of a countable number of its sets without. the second 
field containing the sum of the corresponding sets. The following is an 
example of such a Situation. Let the field F consis: of a system of concentric 
circles of radii 1/2, 3/4, 7/8,- - -, a circle of radius 2, and the difference of 
any two of these sets. Let the field F” consist of another system of concentric 
circles of radii 1/2, 3/4, 7/8, - *, the sum of these circles, and the difference 
of any two of these sets. If we let circles of equal radii correspond and let 
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the circle of radius 2 in the first system correspond to the sum of the sets in 
the second, the two systems will be isomorphic but the first does not contain 
the sum of the countable number of circles of radii less than one. Needless 
to add, the limit sets*® of topologically convergent sequences of sets of the 
systems may not belong to either system, much less correspond even when the 
sets of the sequences do. 

Hence we may consider the following questions. Given two isomorphic 
fields, under what conditions does the sum or intersection of a countable 
sequence of sets belong to the second field if the sum or intersection of the 
corresponding sets belongs to the first? Under what conditions do these sums 
or intersections correspond when they belong? Under what conditions do the 
limit sets of convergent sequences of corresponding sets belong to the fields 
and correspond? These questions are considered in this part; part of the 
first question and others are more conveniently reserved for the next one. 

Essentially the problems which follow are concerned with conditions under 
which the isomorphism between two fields can be extended to new elements of 
the fields. The theorems hold in separable, metric spaces unless otherwise 
indicated. | 


DEFINITIONS. A o-ring is a ring to which the sum of each (countable) 
sequence of sets of the ring belongs. Similarly for o-fields.* By a complete 
o-field we shall mean a o-field with unit element. 


THEorEM XII. Let the complete o-field E” be the isomorph of the com- 

plete o-field F. Let (An) be any sequence of sets of F and {A’n} the sequence 
a oo œ 

of corresponding sets of F. Then S An corresponds to X, A’n; Il An and 
n=1 nal 


n=1 


x 
Il 4”, belong to F and F’ respectively and correspond, 
nel 


oc oo 
Proof. Let A = > A, of F correspond to A’ of W. Also, let > A”, of 
n=1 n=1 
E correspond to B of F. Since A- An == An, A’: A’, = A'n and therefore 
oO 00 
A’ DSA’. Likewise, B > An. However, this last implies that 
n=l 


n=l 


x oo oo 
> 4’, A’. Hence 4’—=N4, and B= S An. This proves the first part 
nal n=1 


n=l 
of the theorem. 
If A» of F corresponds to A’, of F’, then C(An) corfesponds to C(A’n) 





18 The term limit set will be used to mean the limit set of a sequence of point sets 
converging in the topological sense. See Kuratowski, loc. eit., p. 155. 
19 F. Hausdorff, Grundzüge der Mengenlehre, p. 23. 
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by the corollary to theorem VII. Then $ C(An) and > C(A’,) belong to F 
and 2” N and they en 2 each other by the first part of this 
theorem. Since I An =O (È C(An)) and similarly for i A’n, the rest of 
the theorem fellowes 


Turorem XIII. Let the complete o-field F’ be the isomorph of the 
complete o-field F so that closed sets of F correspond to closed sets of F’ and 
` conversely. If the limit sets of monotonically increasing secuences of sets of 
F and F belong to F and F’ respectively, then the limit sets of all convergent 
sequences of sets of F and F’ belong to F and F respectively and correspond 
when the sets of the sequences do. 


Proof. We first prove that the limit sets of monotonically increasing 
sequences of corresponding sets correspond. Let A CA, C AC- +> be 
, any monotonically increasing sequence of sets of F. Tke limit of this 


co 
sequence is >) An.2° The sequence of corresponding sets {A'n} is such that 
n=l 











i oo oo 
£,C ACA’, C+ and has for its limit X An. Suppose Y An corre- 
n=l nel 





00 oo f co 
sponds to A’ of F’ and 2 A’, corresponds to B of F. Since X An >» 4%, 
n=1 nal 





AS Ès, „; and, since by hypothesis A’ is closed, 4’ D S An. Likewise 


n= 


BD > An. Then, by the isomorphism, > AnD A’. Hence 4’ = > A’, and 


n=l n=l. 














We now note that if A is any set of F and A’ the corresponding set of F’, 
then A, the closure of A, belongs to F, and corresponds to A’, which belongs 
to W. For, if we form the sequence for which An = A, then lim An == A. 

n=00 


Likewise for A’ and the first part of the proof gives the fact that A corresponds 
to A’. 
Now let {An} be a sequence of monotonically decreasing sets of F and let 
{A4’n} be the sequence of corresponding sets of F”. Then lim A, belongs to F; 
n=00 
lim 4”, belongs to Y ; and the first limit corresponds to the second. For, 


00 oo er 
lim A, = JJ 4,” and lim A’,=J] 4',. By the preceding varagraph, An 
n=00 n=l n=00 n=1 


 Kuratowski, loc, cit., p. 155. 
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and A’, belong to F and F’ respectively and correspond. The preceding 
theorem gives the conclusions asserted in this paragraph. 

To complete the proof we utilize the following elementary lemma which 
is stated without proof. 


Lemma. If a sequence of sets has a limit, that limit is the limit of a 
monotonically decreasing sequence of sets formed from the sets of the first 
sequence by summing. 


To conclude the proof of the theorem we have but to note that if {An} 
is any sequence of sets of F and {A’,} the sequence of corresponding sets of 


oo 00 
F’, then the set B, = Y, Az corresponds to B'r = X, A’, by theorem XII, 
Ken k=n 


By the lemma, lim A, = lim B, and likewise for A’, and B'a. But lim Ba 
n=00 


n=00 n=00 


belongs to F and lim B’, belongs to F” and the two limits correspond by the 
n=00 


results of one of the paragraphs above, 

The preceding theorem uses an hypothesis on the correspondence of closed 
sets which is, in a sense, a generalization of homeomorphism for two spaces. 
This is apparent if we specialize F and F’ to the case where each consists of 
all the subsets of a given space. The question of for what isomorphic fields 
this condition on the sets implies a homeomorphism between the unit elements 
of the fields remains open as does the question of what additional conditions 
are necessary to imply this conclusion for any two isomorphic, complete o-fields. 


4, The correspondence of open and closed sets. This section will 
consider primarily conditions under which open and closed sets in one field 
correspond to open and closed sets in a homomorphic or isomorphic field. 


THEOREM XIV. Let F be a complete field which is the homomorph of 
the complete field F. Suppose that limit sets of monotonically increasing (or 
decreasing) sequences of corresponding sets of F and F’ belong to F and F’ 
respectively and correspond. If A is a set of F open in the unit element S 
of F, then A’ is open in 8’ of F. 

Proof. Let Cy,—C(A)* Then (Cn) is a monotonically increasing 
sequence of sets with lim C, =C(4). By the corollary to theorem VII, 


=00 . 
C(A) corresponds to G (A’) and we have, by the hypothesis on limit sets, 
that C(A) corresponds to O(A’) because the latter is the limit of the sequence 
for which 0’, = O(A). Since A is open in S, O(A) is closed in S. Hence 





2 Ibid, 
22 It is to be remembered in this theorem that complements are with respect to the 


unit elements of the complete fields. “ 


- 
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C(A) =C(4). Then C(A’) = C(A’), and C(4”) is closed in $” or A’ is 
open in S. ` 





THEOREM XV. Let F’ be a field which is the homomorph of the field F. 
Suppose the limit sets of monotonically decreasing sequences of corresponding 
‚sets of F and F’ belong to F and F respectively, and correspond. Then if 


{An} is a sequence of open sets of F such that $ An belongs to F, then SAn 
nat n=1 


00 x 
belongs to F’, and > An corresponds to Y A'n. 
n=l nal 


a l ; 
Proof. Let Y An = A. Suppose A corresponds to A”. Since A - An = An, 


net 


A’ A'n = An and A’ D > A’, =B'. We shall show that A’ —B’=0. 
Let O'n = A’ > A’,; then {Cn} is a monotonically decreasing sequence 
of sets of F” whose limit exists and is TL4—X 4%). Call this limit C. 
Since AB = TI(4’— 3 4%), 0’ > A’ —B’. A sequence in F corre- 
sponding to {Oa} is {Cn} = {A — 40, and this sequence has as limit 
Ü =Ï — 4). In view of the hypothesis on limit sets C corresponds 


n 
to C’. But the A,’s are open sets, as are the sets $, A, for each n. Then 
4=1 


4=1 


BE n 
A— Y A; contains no points of $ A, for such points are interior points of 
del 
S A and hence cannot be limit points of the complement in A. Since 
4=1 
Á = An, the value of C shows that C: A ==0. In view of the homo- 
n=1 
` morphism, 0’: A’ = 0’. Since O’ D A’— B’ it must be that A’ — B’=0, 
and the theorem follows. 
CHROLLARY. Under the hypothesis of the theorem and the added condi- 


oo 
tion that F be complete we have that > A”, is open in 8°, the unit element 
n=l 
of F. . 
Proof. By the corollary to theorem VII, W” is complete. Moreover, 


since Y; An is open in the space, it is open in S, the unit element of F. Then, 


n=1 


co 
by theorem XIV, 3 A”, is open in y : 
. n=l 


+ 
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THEOREM XVI. Let the complete field F’ be the homomorph of the 
complete field F. Suppose the limit sets of monotonically decreasing sequences 


of corresponding sets of F and F belong to F and E respectively and corre- 
spond. If {An} is a sequence of sets of F closed in S, the unit element of F, ` 


and such that TÍ 4, belongs to F, then i A’, belongs to F and is the corre- 
spondent of I An. ren 114%, is closed in S. 

Proof. Since Ay is closed in 8, O (An) is open in S. Then, since TÍ Aa 
belongs to F, and since oí An) =$ 0(4»), ye (An) belongs to F. By 
theorem XV, È o(d) belongs to F’ and is the correspondent of Sc (An). 


But I An =C 65 C(A”n)) and complements correspond under homo- 
seh ani: ™ , 

| By the corollary to theorem XV, Sc (A'n) is open in $”, and hence 
I A’, is closed in S”. 
j Several of the theorems in part III depended in part upon the hypothesis 
that closed sets in a feld F correspond under isomorphism to closed sets in 


a field F”. The following theorem gives sufficient conditions for this to be 
the case. 


THEOREM XVII. Let F’ be a field which is the isomorph of the field F. 
Let corresponding sets of F and F’ be of the same dimension,” and, moreover, 
be homogeneously dimensional.?* Let A of F be a set for which dim B(A)* 
< dim A, and let the same condition hold for the corresponding set A’ of F. 
If A and A’ belong to F and F respectively, then A corresponds to A’. 


Proof. Let A of F correspond to B’ of F and let A’ of F” correspond. 
to Gof F. Since ADA”, CDA. Likewise PDA. Let C—A = F. 
Then A’ — B’ == E’, where E’, is the correspondent of E,. Suppose the 
dimension of A is k. Since B(A) is a closed set, and hence both an Fo and 


23 Tn the sense of Menger. See his Dimensionstheorie, chap, II. 

24 A set is homogeneously dimensional if it is of the same imension in each of its 
points. 

25 Menger defines the boundary of a set only for open sets. See his Dimensions- 
theorie, p. 34. We use the more general definition of Kuratowski, loc. cit., p. 24. There 
the boundary of a set A is defined to be A-@(A). 
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a Cs? and since A = A + B(A), A is k-dimensional.”” Then, by hypothesis, 
B’ is k-dimensional. Since A is k-dimensional, again by hypothesis, A’ is. 
Then, by reasoning similar to that just used, A’ and C are k-dimensional. 

Since B’ > A’, E',, which is 4’ — P’, is a subset of the boundary of A’, 
and, since dim B(A’) < dim A’, dim E”, < k.” Hence, E, is of dimension 
<k. Since C=C:4+E,, and sine A-E,=0, C must be at most 
(k —-1)-dimensional in the points of E, because such points can be enclosed 
in neighborhoods whose boundaries do not intersect 4 and hence intersect C 
in points of E, only. However, since C is homogeneously dimensional, E, = 0. 
In view of the isomorphism, E”, =0. Then PDA’ and AC. Now let 
Ä—C=E, Then B’-— A’ = EP’, where E”, corresponds to Ez. In view of 
the symmetry due to the isomorphism we may use the process just employed 
to show that E”, =0. Then we have that B’ C A’, and therefore that B’ = A”, 
Hence A corresponds to A’. 

The above theorem has application as the following two corollaries show. 


COROLLARY I. Let the hypothesis of the above theorem relating to F 
and F hold for F and F in the Cartesian n-dimensional space, Ry. Let A 
and A’ be corresponding, open sets of F and F’ respectively. If A belongs to 
F and A’ to F, then A corresponds to A’. 


Proof. We have but to apply the theorem * that in R, the boundaries 
of A and A’ are of dimension Sn — 1. 


OoROLLARY 11. Let the hypothesis of the above theorem relating to F 
and F hold in Rn, where F and F’ are now o-fields. Let {An} and {A’„} be 
sequences OF corresponding, open sets of F and F respectively. If F and F 





each contain the closures of thew sets, then > An and 24, belong to F and 
FP respectively and correspond. 
| 
Proof, That S An and EA belong to F and F’ respectively follows 


n=1 


from the definition of Salle They correspond to each other according to 








oo 
theorem Sun. Then S A, and % A’, belong to F and # respectively by 
n=l nal 
hypothesis land they correspond to each other by the first corollary. 
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POLYNOMIAL IDEALS DEFINED BY INFINITELY NEAR 
BASE POINTS.* 


By Oscar ZARISKI. 


Introduction. The linear systems of curves, in the plane or on an algebraic 
surface, which are theoretically of importance, are the complete systems. For 
complete linear systems the defining linear conditions are” base conditions, by 
which the curves of the system are constrained to pass with assigned multi- 
plicities through an assigned set of base points. The set of base points may 
consist in part of proper points and in part of points infinitely near and in 
the successive neighborhoods of the proper points (7°, p. 27). However vague 
this geometric terminology may sound, it is nevertheless true that the facts 
involved have a precise algebraic meaning, and satisfactory definitions are 
available in terms of analytical branches and of intersection multiplicities of 
such branches. But it is equally true that although a well rounded geometric 
‚theory can and has been developed along these lines (*, pp. 327-399), the 
arithmetic content of the notion of infinitely near points still remains somewhat 
obscure. It is the main purpose of the present investigation to develop an 
arithmetic theory parallel to the geometric theory of infinitely near points (in 
the plane or on a surface without singularities). By this we mean primarily 
a systematic study of those polynomials ideals in f[x, y], or formal power 
series ideals (in two indeterminates), which adequately describe linear con- 
ditions having the character of base conditions. We call these ideals complete 
ideals (II, 12) by analogy with the terminology used in the theory of linear 
systems. We always suppose that the underlying field f is algebraically closed 
and of characteristic zero, but the theory could be extended with a few modi- 
fications to fields of any characteristic. At any rate, the hypothesis that the 
characteristic is zero is not used in the first four sections of Part I. For 
possible generalizations to spaces of higher dimension than 2 it would be im- 
portant to consider also fields which are not algebraically closed. 

The class of complete ideals enjoys several striking properties, which 
respond, however, to a high geometric expectation. This class is closed under 
all standard operations on ideals (except addition) : the intersection, the product 
and the quotient of two complete ideals is a complete ideas (II, 12). Moreover, 
a complete ideal has a unique factorization into simple complete ideals (I, 7), 
an ideal being simple if it is not the product of ideals different from the 
unit ideal. 


* Received November 8, 1937. e 151 
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We define complete ideals in terms of valuation ideals. By valuation 
ideals in the polynomial ring f[x, y] we mean the contracted ideals of the 
ideals of any valuation ring (belonging to some valuation of the field f(z, y)) 
which contains x andy. Valuation ideals are complete ideals, and, in particular, 
the simple complete ideals are valuation ideals. Most of our work is a study 
of valuation ideals (briefly: v-ideals) whether from an axiomatic point of view 
(Part I) or from the point of view of formal power series (Part II). The 
study of the behaviour of valuation ideals under quadratie transformations 
(I, 4 and 5) leads to reduction theorems (Theorems 4. 4 and 5.3) which form 
the basis of many inductive proofs. A simple v-ideal of kind k +1 (I, 6) repre- 
sents the arithmetic analogue of the notion of a point infinitely near and in 
the k-th neighborhood of a proper point. 

The treatment deals explicitly only with polynomial rings and rings of 
holomorphic functions, It is clear, however, that the results carry over auto- 
matically to algebraic surfaces without singularities, since any set of base 
conditions at a simple point P of an algebraic surface is described by a complete 
ideal in the ring of holomorphic functions of the uniformizing parameters at P. 

We make one more remark. In many instances the proofs do not depend 
on the fact that we have only two indeterminates. On the other hand, in many 
points a generalization to any number of variables faces new difficulties. In 
spaces of higher dimension the base conditions may be of a more complicated 
type: besides base conditions at an isolated base point, it is possible to have: 
infinitely near base curves, or infinitely near base surfaces, etc. At an isolated 
base point we may also have such base conditions as are given by infinitesimal 
base curves (the case of an assigned tangent plane at a base point is the simplest 
example).. The algebro-geometrie theory has as yet no firm grasp on these 
eventualities. A generalization of the present treatment to any number of 
variables would therefore represerit not merely an pes oO: of a known 
chapter of classical algebraic geometry. 
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PART I. 


1. Valuation ideals in rings of polynomials in two indeterminates. 
Let f be an algebraically closed field of characteristic zero and 3—a pure trans- 
cendental extension of f of dimension (degree of transcendentality) two. We 
consider a valuation B of 3, i.e. an homorphic mapping of the multiplicative 
group 3 (the element 0 excluded) upon an ordered abelian group T: a => v(a) 
== value of a, ae, a>£0, v(a) eT, satisfying the valuation axioms: 


(1) v(a+b) =v(a) +0(6); (2) v(a +b) = min.(v(a),v(b)); 
(3) v(a*) 40, | 


for some a* m 3 (?, p. 101; 7) We assume, moreover, that the elements of 
the underlying field É, other than 0, have value zero in the given valuation B. 

Let Y be the valuation ring of B (the set of all elements of 3 whose value 
is 20). Any ideal a in Y has the following self-evident property: a = 0 (a), 
v(b) 2 v(a) implies b==0(n). Conversely, any subset of B with this property 
constitutes, together with 0, an ideal. Consequently, given any two ideals 
a, a’ in Y, either a =0(0) or a’==0(a). We say that a precedes a’ (and 
that a’ follows a) if “=0(a), but a’ 54a. The ideals in 8 form then an 
ordered set. The unit ideal B is the first element of this set. The immediate 
successor of YB is the ideal P consisting of all elements whose value is positive. 

Let © be a domain of integrity in 3, contained in the valuation ring B. 
An ideal Win © shall be called a valuation ideal, or briefly, a v-ideal, belonging 
to or for the valuation B, if A is the contracted ideal of an ideal a in ®, i. e. 


t Note the following consequence of the above axioms: ef v(a) < v(b), then 
.v{a -+ b} =v(a). Proof: We have v(a) =v(a-1) =v(a) + v(1), whence v(1) =0. 
Also v(— 1) + v(—1)= v( (— 1)?) =w(1)= 0, consequently v(— 1)= 0, since T is an 
ordered group. Hence v(—b)= w(b), and, by axiom (2), v(a—b)2min.(v(a), v(b)). 
Replacing in this relation a by a + b we find v(«4)=min.(v(a + b),v(b)), and our 
assertion follows. 
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if A=[0, a]. If the reference to the specific valuation B is omitted and 
if we speak of A as a v-ideal, we shall mean then that A is a valuation ideal 
for some valuation B of 3 such that the valuation ring of B contains D. We 
have thus defined in © a special class of ideals, the class of valuation ideals. 
We agree to include the zero ideal in this class. Also the valuation ideals in ©, 
belonging to a given valuation B, enjoy the property: a=0(N), v(b) = v(a) 
implies b==0(A), where A is a v-ideal and a, b are elements of ©. Con- 
versely, any subset of with this property constitutes, together with the zero 
element of 3, a valuation ideal belonging to B. The valuation ideals in ©, 
belcnging to a given valuation B, form an ordered set: A precedes W if 
==0(N) and W 54%. Since a v-ideal A in 9, for the valuation B, is the 
contracted ideal of an ideal a in Y, A is also the contracted ideal of its 
extended ideal BA in Y. There is thus a (1,1) correspondence between the 
v-ideals in © belonging to the valuation B and their extended ideals in the 
valuation ring ®. These extended ideals form in general a proper subset of 
the set of all ideals of 8. 

Let, in particular, © be the ring of polynomials in a, y, where we assume 
that x and y are generating elements of 3 (3 = k(x, y)) and elements of the 
valuation ring.” From the fact that every ideal in © possesses a finite base 
and from the valuation axiom (2), it follows that any ideal M in © contains 
elements of smallest possible value in B. If a is this minimum, « == min{v(a)}, 
ae M, we shall write a—=v(M) and we shall regard a as the evaluation of 
the ideal M. Two ideals M, MY will be said to be equivalent, in symbols 
MM, if v(M) = v(M’). The class {Mt} of all ideals equivalent to M 
contains, one and only one Ta for B, namely the ideal A consisting of all 
elements whose value is = v(M). Clearly %& is a divisor of any ideal of 
the class. In the ordered s set of v-ideals of D, belonging to the valuation B, 
A precedes Mito <A. 

In the sequel we shall be dealing with a fixed valuation B and it will be 
understood that when we speak of a v-ideal in D we mean a v-ideal “ belonging 
to the given valuation B.” 

The valuation ring Y contains the divisorless ideal 8, consisting of all 
elements whose value is > 0. We shall denote by p the contracted ideal of $ 
in ©; p is obviously a prime ideal in ©. By the dimension r of the valuation 
Bis meant the dimension of the ideal $, i.e. the degree of transcendentality 
of the field of residual classes B/P over É* Evidently, r is either 0 or 1. 


, = Note that if v is any element in 2, then either æ or 1/2 belongs to 9, since 
v(l/2) =—ou(w). 
* By hypothesis, 0 is the only element of f which belongs to 8. Hence BR con- 
tains a subfield isomorphic tò f. We identify this subfield with f. 
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THEOREM 1. In the ordered set of v-ideals in D every v-ideal Y has an 
immediate successor W. If the valuation B is of dimension zero, then W is a 
maximal subideal of U, and the ring W/W is isomorphic to the underlying 
field E. 


: Proof. By the valuation axiom (8), there exists an element a* such that 
v(a*) > 0. Let a* —f(a,y)/g(a,y), FED, geD. Since v(f)—=v(a*)-+ v(g) 
and v(g) = 0, also v(f) >0. If then a=v(W), there exist in A elements 
whose. value is greater than «, for instance, the elements of Af. The totality 
of all polynomials whose value is greater than « constitutes, together with the 
element 0, a v-ideal W, contained in A, and clearly there exist no v-ideals 
which follow M (proper multiples of A) and precede W (proper divisors 
AM). 

Assume that B is of dimension 0, whence B/P is an algebraic extension 
of the underlying field f. Since f is algebraically closed, it follows that B/P 
is isomorphic to f. Let f be an element of Y of smallest possible value, 
v(f) =v (A), and let $ be any other element in Y. Since o(p) 2 v(f), we 
have v(¢/f) = 0, i.e. p/f belongs to B. Hence H/f=c(P), where c is in f, 
v($/f—e) =f (¢—ef)/f] > 0, ie. v($—cf) > v(f), and consequently 

¿—cf==0(A”). This shows that A/A” = f and also that W is a maximal 
subideal of W, q.e.d. 

If B is of dimension 1, it defines an ee of the field 3 upon 
the field B/P of algebraic functions of one variable, i.e. B is a “divisor” of 
2. If O contains elements which mod p are transcendental with respect to f, 
i.e. if p is a 1-dimensional ideal in ©, we are dealing with a divisor of the 
first kind with respect to ©. The ideal p is then a principal ideal, say p = (f), 
where f is an irreducible polynomial, and the v-ideals in © are the ideals 
pr = (f"), n=0,1,2,- +. If, however, p is 0-dimensional, we are dealing 
with a divisor of the second kind with respect to ©. The v-ideals in © are in 
this case certain primary ideals belonging to p. We need not consider separately 
this case, because it reduces to the case of 0-dimensional valuations. In fact, 
we may consider an arbitrary valuation B, of the field 3, B/P (a point of 
the Riemann surface of the field 3,). The given valuation B of 3 followed 
up by the valuation B, of 3, defines an homomorphism of 3 upon the under- 
lying field £ (together with symbol oo), hence a 0-dimensional valuation B’ 
of 3. The v-ideals in © belonging to B will be among fhe v-ideals belong- 
ing to P’. 

From now on we shall only consider 0-dimensional valuations. If B is 
0-dimensional, then the v-ideal p = [P, 9] is prime and 0-dimensional, since 


e 
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it is the immediate successor of the unit ideal © and since, by Theorem 1, 
O/p =f. Replacing, if necessary, « and y by s — c, y—d, where s= c(h), 
y = d (p), we may assume that z=0(p), y=0(p), whence p = (z, y). 

Starting with © — qo and with its successor P = q,, we form the simple 
‚sequence of v-ideals : 


(1) fos Mi) G2," * “Mit? 


where Qís1 is the immediate successor of qi. Hach qin is a maximal subideal 
of its predecessor qi. We shall call a Jordan sequence any sequence of ideals 
having this last mentioned property. It is clear that all the ideals qi, 1= 1, 
in the Jordan sequence (1), are primary ideals belonging to p (= q). In 
fact: (1) y= 0(p); (2) ab =0(q), a4 0(q) imply thatv(a) + v(b)> v(a), 
whence v(b) >0 and b=0 (p) ; (3) v(m)—v(P) <v(9?) <v(9)<-=<»v(9), 
whence v(p?) = v(qi) and consequently pi=0(q;). 

Two cases are possible: (a) either the intersection of all the ideals q; is 
the zero-ideal; (b) or this intersection is a certain ideal p,54 (0). In the 
first case the Jordan sequence (1) contains all the v-ideals of © belonging to 
the given valuation B. We investigate now the second case. 

We first prove that p, is a prime ideal. In fact, let ab =0(p,), a £ 0 (p1), 
and let qr be the last ideal in the sequence {q;} which contains a. Then 
v(a) =v(qr), whence v(a) S pr(p), where p is the exponent of the ideal qr. 
No power p” of p can belong to all the ideals qi, since p"/p is of finite rank 
with respect to f. Hence, for any integer n > 0 there exists an integer en 
such that v(qa,) > v(p"). Since ab=0(q;) for any value of i, it follows 
that v(a)-+ v(b) > nv(p), narbitrary. In view of the inequality v (a) S pv (p), 
we deduce that also v(b) > nv(p), n—an arbitrary integer. In particular, 
if qm is any ideal in the sequence {qi} and if pm is its exponent, we will have 
v(qm) E pmu (p) < v(b), whence b==0(qm), for any m. It follows that 
b = 0 (p1), i. e. pisa prime ideal. 

The ideal p, is one-dimensional, say (f), where fi is an irreducible poly- 
nomial. The inequality v(b) > nv(p), n arbitrary, holds for any element 6 
of pı, and this shows that the value group of B is non-archimedean (B is a 
“special” valuation, of rank 2. See ?, p. 113). It is not difficult to see that 
all the v-ideals in © for B are of the form p1"qn, m,n=0,1,2---. In fact, 
let F, and F, be any two polynomials in © and let F, =fG,, Fo = f"G,, 
where G, and G ‘are not divisible by f. If m, > me, then v(F,) > v(Fe), 
since v(f) > v(G.). If m, = m, then v(F,) > v(F2) or v(F,) =v(F,) 
according as v(G,) > v(G2) .or v(G;) —=v(@,). Hence the set of all poly- 
nomials whose value is not less than the value of a given polynomial f”G 


m 
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(GH0(f)) coincides with the ideal p,”q,,, where v(qn) =v(G). This form 
of the v-ideals brings out clearly the well-known decomposition of the valua- 
tion B into two valuations of rank 1 and the nature of the value group, as 
consisting in this case of pairs of integers. B decomposes into two valuations, 
B' and B. B' is the one-dimensional valuation defined by the prime 1-dimen- 
sional ideal p,, and its valuation ring S' is the set of rational functions 
ie > ‚@=£0(f). B’ maps 3 upon the field 3 = (4,9) of algebraic func- 
tions of one variable, where 3 is the quotient field of the ring D/},. Bisa 
valuation of 3, and the sequence {qi} (with x, y replaced by #9) is the 
sequence of the valuation ideals in the ring © = f[ž, 9] which belong to Bs 





2. <A characteristic property of Jordan sequence of valuation ideals. 
Given a Jordan sequence of ideals in ©: o, 91,42," * *, where qo==9, 
=p = (2, y), we ask under what conditions will there exist a valuation 
of 3 for which the given sequence {qi} is the sequence of (zero-dimensional) 
v-ideals. In other words: under what conditions does the given sequence {qi} 
belong to a valuation of 3? 


THEOREM 2.1. A necessary and sufficient condition in order that a Jordan 
sequence {qi} of 0-dimensional ideals in © belong to a valuation of the field 2, 
is that the quotient qi: (a) belong to tie sequence, for any i and for any 
elements a in ©. 


THEOREM 2.2. A necessary and sufficient condition in order that a Jordan 
sequence {n:} of 0-dimensional ideals in © belong to a valuation of the field 3, 
is that the congruences l 
(2) MiNi: M == D (fin) 


hold true for any pair qi, q; of ideals of the sequence. 

The characterization given in Theorem 2. 2 has the advantage of involving 
only operations within the given sequence {qi}. We prove both theorems 
simultaneously. i 


(1) The conditions are necessary. As to Theorem 2.1, let v(a) = q, 
qi: (a) = q, and let b, c be any two elements of © such that b = 0(q’), 
v(c)= v(b). Since ba=0(g:), we have v(c)+ v(a)= v(b)+ v(a)= r(q:), 
whence ca ==('(q;), and consequently c== 0 (q). Hence y enjoys the property: 


* It is possible to have p= (0) also in the case of a valuation of rank 2. This 
happens when the component B’ (divisor of E) of the valuation B, of rank 2, is a 
divisor of the second kind with respect to 3). (In geometric terms: the divisor B’ is 
an exceptional curve which has been transformed into a point of the plane (a, ¥)). 
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b= 0 (q), v(c) =v(b), implies c= 0 (q), and is therefore a v-ideal belonging 
to the given valuation B. Since q: == 0 (q), necessarily q” = q;, for some j S 1. 
The necessity of the condition of Theorem 2.2 is: proved in a similar 
manner. Let.b be an element of g:4;.1:9;, whence bq; = 0 (qifan). Since 
v(i) = v (q1) + 0( Ais), we have v(b) + 0(q;) = v (q) + (gyn), and 
since 0(q;)-<v(qj.1), it follows, v(b) > v(qi), Le. b= 0 (fim), q e. d: 
(2) The conditions are sufficient. We introduce the following notations: 
if & are elements of O, we write Sy (or y = é), if the congruence 
é= 0 (q:) always implies y == 0 (q4) ; we write é < y (or y > £) if there exists 
in the sequence (q;) an ideal qm such that n = 0 (qm), £5€0(Gm). We now 
prove the following lemma, assuming that the condition of Theorem 2.1 or 
that of Theorem 2. 2 is satisfied. l 


LEMMA. If é, n, £ are elements of D and if En == 0 (q;), then 7 = £ implies 
&==0(9i) and y< E Ba él =0 (Mis). 

In other words: y 3 £ implies & = Él; y < £ implies that either En < El 
or that én and ££ belong to all the ideals qi of the sequence. E 

Assume the condition of Theorem 2.1, and let qi: (é) = qa. Since 
„= 0 (qa), it follows that if y = £, then also £==0(qu), whence é = 0 (q:), 
and this proves the first part of the lemma. Let qim: (£) = fs, $ = h, and let 
$ and y be any pair of elements of q. We have ¿¿==0(q;), yé = 0 (qi), 
whence there exist elements c, d in the underlying field f such that 
ché + dyé = 0 (Min), since qi/fin is of rank 1 with respect to -f. Hence 
có + dy == 0 (qe), for any two elements $, y in qn and for appropriate elements 
c, d in Ë, i. e. q1/ds is at most of rank 1 with respect to É and s is either h or 
h +1. Since y==0(qu), it follows that if y < £, then ¿= 0 (m) = 0 (qe), 
whence ££ == 0 (fin), q. €. d. 

Assume the condition of Theorem 2.2, If y belongs to all the ideals qu 
of the sequence, the same will be true for £, and both parts of the lemma are 
trivial. Assume that there exists a last ideal qa which contains y: y =0(q1), 
qÆ 0 (qm). 11 y E £, then also é= 0 (qa), whence énf==0(qiqn). Assume, 
if possible, ££ 74 0(q:). There will then exist an ideal q; in our sequence, 
j < 1, such that &=0(n;), & 5€ 0(Q441). Since  41<14, qi = 0 (fjs), the 
congruence én == O (qiqa) implies ¿ne = 0 (fja). Now y, is a maximal 
subideal of q; and ££ is in q; but not in q;.1; hence q; = (££, 541), and con- 
sequently, qj = (n&, naj.) = (Mm), since y==0(q2). It follows that 
q = 0 (Mjn: 1) = 0 (qu), in contradiction with our hypothesis y = Om). 
This proves the first part of the lemma. 

Let now y < £, and hence &=0(Mın). We have then El) 
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and also by the first part of the lemma, just proved, == 0 (q). Since frn 
is a maximal subideal of q and since y is in qu but not in qn, we have 
qn = (9, Ma), and consequently ¿£qu — (&y, Sqn) = 0 (ifan). Hence 
E = O (qifan: 92) = 0 (qi), ged. 

The rest of the proof is based solely on the above Lemma. Let p. be the 
intersection of the ideals q; of our sequence. We prove that p, is a prime 
ideal. We first observe, thatz and y cannot both belong to qa, since q, =p —(2,y). 
Let, for instance, «== 0 (q1), 15£0(q2), whence y Zs. We deduce from our 
lemma, that if a given power of x, say x", belongs to an ideal q; of the 
sequence, then also all the power products z*y!, k +12 m, belong to qi, i. e. 
p” = 0 (q:). Since p”/p is of finite rank with, respect to f, it follows that 
no power of x can belong to all the ideals qi, 1. e. to Pı. 

We next observe that all the ideals qi, t > 1, are primary ideals belonging 
to p (=q). In fact: (1) que=0(p). (2) Let ab==0(qi), ase0(q), 
whence a < ab. It is not possible to have b <= 1, because this would imply, 
by our lemma, ab < a, in contradiction with ab >a. Hence 1 < b and since 
Lis in qo, b must be in q, i.e. in p. (3) We have 1 < g, hence, by our Lemma, 
<a? (since no power of x belongs to p,), whence, again by the Lemma, 
æ? <a, and generally, s < 2? <a®<---< ai, Consequently 1?==0(q1), 
= 0 (qs), © c, t= 0 (q). The congruence x? = 0 (q:) implies, as we have 
just shown, the congruence p? = 0 (q;). 

To prove that p, is prime, let £y = 0 (p1) and assume, if possible, that 
és£0 (p1), 7 0(p1). Let q- be the last ideal of the sequence {q;} which 
contains é and let similarly qs be the last ideal containing y. I£ m and n are 
the exponents of the primary ideals q- and qs respectively, we have 2" = 0 (qr), 
e" = 0 (qs), whence 2” = é, 2" = y, and consequently, by our lemma, 2"+* = $n, 
ie. a == 0 (p1), and this is impossible. Hence pı is prime, necessarily either 
the zero ideal or one-dimensional, since p, = 0 (p). 

We now consider the well ordered descending set S of the ideals gmn = 91, 
where clearly qua == 0 (Qmm) if m > m, or if m =m, and n >n. Here 
fon = Gn and if p, = (0) it is understood that § coincides with the sequence 
{qu}. In either case, the intersection of all the ideals qm» of the set is the 
zero ideal. Hence, given any element é ia O, there will exist a first ideal in 
the set S, say qu; which does not contain & Let y be another element in O 
and let qi; be the first ideal in the set which does not contain 7. We complete 
and modify our notations Sy, £ < y introduced above, as follows: we write 
Edy if qeyHO(qas), and E<y if qe == 0 (q) and ger sem. It is 
obvious that if é > y and y > £, then £ > £, and if é< y and y } &, or if 
¿> nandy < g, then ¿<£. From our Lemma and from the fact that p, is 
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a principal ideal, it follows in a straight-forward manner that the relations 
éP y, ¿< y imply, for any element £ in O, the relations é P nf, é£ < nf 
respectively. It is also evident that if é P y, E P y, then ¿> y + y, and if 
é< yand ¿< y then ¿<y y. 

Let % be the set of all elements in the field 3 which can be put in the 
form q/¿ n ¿e D, é > y. We prove that B is a valuation ring. 

First, Bis a ring. In fact, let y/¿e B, m/f e BD. Since é P y and é bm, 
we have £& > mé, and él, > &m, whence éé > mé, + ém, ie. 


nbs += En 
A E B. 
Also, since ££, > & > ym, the product mı/&&ı belongs to B. 

To prove that Bis a valuation ring, it is sufficient to show that given any 
two elements a, b in $, then either ab or ab is in B (*, p. 102). In other 
words, we have to show that given any two elements & y in O, either &/y or /é 
must belong to $. But this is obvious, since one of the two relations é P %, 
n > £ must hold true. de 

Finally, the valuation abstractly defined by the valuation ring Y is not 
the trivial one, in which every element has value zero. In other words, the 
ring ® does not contain all the elements of the field 3. In fact, take two 
elements éy in © such that definitely, é < y. We assert that &/n does not 
belong to B. Assuming the contrary, we must be.able to put &/y in the form 
m/é1, where é > y, and é, = m. By our lemma, é > m implies né > ym, 
while é < y implies éé, < més, i.e. ym < més, giving two contradictory relations. 

It remains to show that the ideals fmn of our well ordered set S are the 
v-ideals belonging to the valuation B defined by the valuation ring 8. Con- 
sider any ideal qmm and let é y be elements in © such that é= 0 (qmm); 
v(m) Zv(£). Since v(y/£) = 0, we must have y/¿=wm/é,, where & P m 
Hence éé, P én, i.e. && > né, and this implies ¿ > y. Hence y = 0 (qmm), 
and thus fm» enjoys the property: é== 0 (Amn), v (7) = v (£) implies 7=0(qmn). 
Hence mn is a v-ideal belonging to the valuation B. That the set S = {qma} 
contains all the v-ideals for B, is implied by the fact that each mn (n £0) 
is a maximal subideal of its immediate predecessor m,n, and that fmo is the 
intersection of the ideals which precede it in £. 


a m 
ESE 


3. Further properties of v-ideals. We consider the sequence {qi} of 
0-dimensional v-ideals in © belonging to a fixed valuation B of 2, where 
q = p = (7, y) and q =0. We may assume 25%0(q2). Since q,/q2 is ` 
of rank 1 with respect to f, there exists elements c, d in E such that 
cx + dy==0(q2), d540. We then replace y by cr + dy and thus we may 
assume y==0(q2), whence 1, = (y,e?). 
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Let p be the highest power of p which divides a given v-ideal q;; 
q= 0 (p), q;>20(p2), Every polynomial f in qi is then of the form 
f = fn + fun‘: +, where fi is homogeneous of degree ¿in z and y. We shall 
call fn the subform of f (for particular polynomials in qi, fa may be identically 
zero). As f varies in q;, its subform f» generates a linear system of forms, 
of a certain dimension r= 0 (a f-module ol rank r +1). Denote this system 
by Q(q;). We define in a similar manner the symbol Q(W) for any ideal 
N in O. 


THEOREM 3. Let qú=0(4”), qi Op’) and let A=[q;,p*], k Z h. 
Tf Q(X) is of dimension r, then O(N) coincides with the system of forms 
(of degree k) which are divisible by y*-", and, moreover, there exists a v-ideal 
q; in the sequence {qn} such that | = p"q;. 


Proof. Since qi contains polynomials ¢ whose subforms are exactly of 
degree h, it also contains polynomials (such as a*"$) whose subforms are of 
degree k. Hence A£ 0(p**), and Q(A) consists of forms of degree k. Let 
f= fr + fer +--+ be a polynomial belonging to A such that fs > 0, and let 
fr = Y” Wx-ps Yu-p FE0(y). Since y? and yYx-p are relatively prime, every form g, 
of degree m = k —1, can be expressed as a linear combination Ayxp + By, 
where A and B are forms of degree m — k and m — p respectively. It follows 
that given any integer n = 0, it is possible so find two polynomials P™ (a, y), 
Q (x,y) of the form 


PO (x,y) = yP + Apunte, y) +: + Apan(2, y), 
QM (a, y) = he-p + Bepu(ty) +: + Brpin(z,y), 


where A;, Bi are forms of degree 4, in such a manner as to have 


(4) p=P0WQw (pen), 


In fact, we have for the unknown form Aj, B; the equations 


(3) 


4-1 
Apriyr-p + Br-priy? = Fri — 2 ApsiBi-pri-i, (¿=1,2,* : :,n), 
E 


and these equations can be solved successively for Apr, Br-pr 5 Aps2, Br-p+2 5 ete. 
We take n sufficiently high, so as to have p**+1 == 0(9).5 For such a value cf n 
we will have s 


(5) f : PMQM =09). 


* Since Y = [qi p*] and q, is a primary ideal belonging to p» also Qf is a primary 
ideal belonging to p. i 


11 
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This implies P™Q™ ==0(9;). Now the subform yx-p of Q® is not divisible 
by y and, by our choice of the variables x,y, we have v(y) > v(e). Hence 
v(Q™) = v(a2*?), and consequently, if fp is. any form of degree k-—p in 
zx, y, we have v(¢x-p) = v(Q"). Consequently, o(P gp) v(PQ™), and, 
since PQ = 0(q;), also Pg, p =0(q:). This congruence holds true 
for any form ¢x-p of degree k— p, whence P™p*?e=0(q,). Since the sub- 
form YPx-p Of P"dx-p is of degree k, we have a = 0(p*), consequently, 
since A = = [as pl, : 


(6) PO gy» = 0(M) 
and 
(6) Pm pre = 0(N). 


We have then, in view of (6), that if A contains a polynomial f whose sub- ' 
form fx is divisible by y* but not by yt, A also contains polynomials whose 
subforms are of degree k and are arbitrarily assigned forms divisible by y’. 
This shows that Q(W) consists of all the forms which are divisible by a certain - 
power of y, say y”, where necessarily p = k — r, if r is the dimension of a(%). 
This proves the first part of the theorem. . 

Let W=W:pr and let W—n;, i.e. let qj be the v-ideal such that 
v(W) = v(g;). There exists such an ideal q; in the sequence {qn}, since A, 
a primary 0-dimensional ideal, cannot belong to all the ideals qn (whose inter- 
section P, is at least one-dimensional) and since Y=0(W). We have 
Wr = 0(A)= 0(qs), whence qpr —0(m;), since v (qp) = v(Wpr)> v(m). 
We assert that q;p" is also contained in the ideal p*, i.e. q; is contained in 
per. In fact, assume the contrary. There will then exist in q; a polynomial 
F = Fo + Fou ++ ++, whose subform Fe is of degree o < k— r, i.e o < p. 
The polynomial «*°F belongs to qi, since q;p’=O0(qi) and k—o>r. It 
also belongs to p”. Hence *“F=0(A), and this is impossible, since the 
subform af, of a*-"F is oz degree k and is at most divisible by y”, e < p. 
As a result, we have qjp"==0(qi) and qp" = 0 ( p"), whence 


(7) . ; qp" = 0(2). 


On the other hand, let f be any polynomial belonging to A, and let us 

first assume that its subform fẹ is not divisible by y”*!, fx = yPyr-p, Yep FE 0 (y). 
As above, we detarmine the polynomials P™ and Q™, given by (3), so as to 
satisfy (4), and we again choose n sufficiently high so that pe == 0 (9). Then 
the congruence (5) holds true and consequently also (6°), whenceP™ == 0 (W) 
= 0(q;), since k—p=r. Moreover, if r is sufficiently high, we will also 
. have prt == 0(q;p"). For such a value of n we deduce immediately from (4) 

s 
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that fe=0(q;p"), since we have just seen that Pt" belongs to q; and since 
Q™ ==0(p"). Thus, we have shown that every polynomial f in A belongs to 
nap", provided the subform of f is not divisible by yP*. If the subform fx of f 
is divisible by y”*, we consider in A a polynomial f=fk+': , such that 
he O(y). By the preceding result, we have f= oa). and also 
f+ i 0(q;p”), whence again o It is therefore proved that 


' = 0 (ap) > 
and comparing with (7), we deduce 


. l A = gp, 
and this proves our theorem. 
The following consequences can be drawn from Theorem 3: 


- CoroLLARY 3.1. A cannot admit a factor p with o >" (r==k— p), 
i.e. if A = po, is a product representction of A, then e Er. In fact, the 
subforms of W form then a system Q(A) of dimension = o 


COROLLARY 3.2 (special case k= h). If p= 0(p*), q,$0(p"") and 
if Q(g;) is of dimension r, then qi = Prq, where qj is an ideal in the sequence 
{qn}, and qi does not admit as a factor a higher power of p than pr. In 
particular, if r=0, then q; does not admit factors y and every element of 
Digi) coincides, to within a constant factor in E, with y. 


COROLLARY 3.3. If u =0(M), q; 0 (pt) and if Pq, ~ qn (k 20), 
then 


- Lam, pe] — Pq. 


In fact, let A = [qm, p"*]. We have qu 58 0(p**), hence, by Theorem 3, 
A = p'q;, where qj is some v-ideal of our sequence {qn} and r is the dimension 
of Q(A). Since při ~ fm, we have -p*q;==0(qm) and also p*q; = 0 (pre), 
since q: = 0 (p*). Consequently p*q;==0(A) =0(p"q,). Since the dimen- 
sion of 2(p*q;) is at least k and since G(p*q;) is a subset of Q(A) (in view 
of the assumption. q; = 0(p*)), it follows k S r. Now, tm ~ p*ni, 


(Pig) = v(m) S (A) = v(pras), ie v(q) S v(pr*y), 
whence p'*q;==0(qi) and pa; =0(pg;). Since we also have p*q; = 0(p'n;), 
it follows that A = prq; = p*q;, q. €. d. . 


4. v-ideals and quadratic transformations. We consider the quadratic 
transformation T: 


t =v, Y =Y/03 =X, Y= T, 
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. having at s = y = 0 a fundamental point, and we denote by ©’ the ring of 


ee polynomials in y, y: O is a subring of ’, and moreover © is contained in 


the valuation ring of the given valuation B, since, we have assumed v(y) > v(x), 
whence v(y’) > 0. Let {q’;} be the sequence of 0-dimensional v-ideals in ©’, 
where q/, = p’==(2’,y’). We wish to study the connection between the v-ideals 
_q: in © and the v-ideals q’; in Y. Note that q, = p = (2, y), qo = (y, 2°), 
whence O’p = (2’, y) =(7), where (x)= Dr), and I, =(2’y’, 02) = wy’. 


THEOREM 4.1. The extended ideal of an ideal q in the sequence {qi} is 
of the form why’, where q’ is an ideal in the sequence {q’;} and where 
q = 0(p"), g=£0(p"t). Moreover, q is the contracted ideal of «y. 

Proof. I£ f(x,y) = fels, y) + foun (ey) +>- > is a polynomial in g, y 
and fo(z,y) is its subform, then 


Ha, y) = F(a, ay) N) N) 


whence, considering f as an element of ©’, we have f==0(2’7), f0 (2°). 
By hypothesis, the subform of any polynomial belonging to q is of degree = h 
and q contains a polynomial whose subform is exactly of degree h. Hence 
O'q = cy, where q’ $4 0(z’). 

We show that q’ is a v-ideal. We have 


(8) v(q) =v(q) — (z). -~ 
Let w be an element of ©’ such that v (o) 2 v(q’), and let 


o = F(x,y) == F(a, y/z) HEN, 


where F and @ are polynomials and G (a, y) = 0 (p°) (since clearly the sub- 
form of G is of degree = co). Since v(e) = v(q”) it follows, by (8), 


(k—o)v(z) + 0(G4) = v(q). Let k be a non-negative integer such that 


hy =h—o+k=0. 
We will have then . l 
(9) v(aG) Z v (aq) = v (pa). 


Let: p*q ~ qm, where qm belongs to the sequence {qi} of v-ideals in ©. The 
inequality (9) implies sG = 0 (qm), and since sG = 0 (pr) ==0(p*), 
we have : , 

| DG = 0 ( [am p1*]). 


By Corollary 3. 3 of the preceding section it follows that 


a), 


POLYNOMIAL IDEALS. Be, ' 165 


whence gQ is of thie form 
ahG = 34i(2, y)Bi(s, y), 


where As =((g), B= 0 (4%). But then B;/x* is a polynomial in 2’, 4 ”, and 
putting B’; = B,/w* we have 


go = aG Ja = X A,B’; = 0(D’q) = 0 (0%), 


whence w = (/27=0(9). We have thus proved that the ideal 9’ enjoys the 


property which characterizes the v-ideals: if v(w) = v(q’), then o==0(q’). 
It remains to prove that q’ belongs to the sequence {q’;}. But this is 
obvious, since 9’ is necessarily a 0-dimensional ideal * or the unit ideal. That 
the contracted ideal q of «’*q’ coincides with q follows immediately from the 
fact that v(q) = v(z’*qg’) = v(q), whence q == 0 (q), while on the other hand 
we must have, of course, q==0(G). The theorem is thus proved. 
The next theorem is in a sense the converse of the preceding theorem. 


THEOREM 4.2. For any ideal q’ in the sequence {n’;} there exists an 
integer h such that x’"q’ is the extended ideal of an ideal q belonging to the 
sequence {qi}. , 


Proof. If g(t 7’), delay), > >, ¢x(2’,y’) is a base of q’ and if we 
write. these polynomials in the form of quotients: ¢i(2’, y”) = yi (z, y) /x”, 
with a common denominator x”, where #1, Yo, * °°, Yw are polynomials in g, y, 
then we see that x’q’ is the extended ideal of the ideal (y, Ya,‘ © °, Yx) in D. 
Thus, there exist integers m such that x’”q’ is an extended ideal of an ideal 
in. This will be true for all sufficiently high integers m, since if O5 = "y, 
then O’pg = zq". Let h be the smallest possible value of m, and let q be 
. the contracted ideal of 2’'q : 


(10) = [D, zg], Dq = gg. 


Since the contracted ideal of (a’*) is p”, it follows q = 0 (p). Moreover, since 
the primary ideal q’ belongs to the prime ideal p = (a’,y’), we have 
a" w= O(g), if n is sufficiently high. Passing to the contracted ideals we 
find p” == 0 (q). Hence there exists an ideal qn in the sequence (q,) of v-ideals 
in © such that (qu) —v(n). Let p” be the highest power of p which divides 


If n is a sufficiently high integer, then anth = O(g) whence on = rae }. Let 
Ft, y) be a polynomial in q whose subform is f, (%, y), fp £ 0. If f= fn F fan + 
then the polynomial f,(1,y') + =f, aL y) ++ - - belongs to qe It follows that also 
[f, 1,9’) ]n belongs to q» hence (en, [f, (L y 11m) =0(g), and: consequently q is 
O-dimensional, or is the unit ideal, since fi (1,4) 40. 


5 
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Am On == 0 (p°), qn 5 0(p). We have q==0(p”) and g=&0(p""), con- 
sequently o Sh, because q = 0 (ga). Let D'qn — 2”a’;, where g’;, by the pre- 
ceding theorem, is a v-ideal in ©’. Since qa ~ q, we have v(#’%q’;) == v (£q). 
If o = = h, then v(9’;) =v(g’), whence q’; = q, since both are v-ideals. In 
this case qn and q must coincide, since both are contracted ideals a Ay, and 

‘the theorem is proved. 

Assume o <h. We have 


G) l a= 0 ( [an p"]). 


If f(z, y) is any polynomial belonging to [qn, p"], then f = 2’*f’(a’y’) and 
f=0(2 774). ‘Since v(2'%,) =v (xg), it follows that f’(2’, y”) = 0(q’). 
Hence f = 0(a’"q’) and consequently, by (10), f==0(q). We have therefore 
[dn p] =0(q), and, by (11), it follows 


(12) ` q = [fa p”]. 


We have qn = 0 (p°), qn £ 0 (p71) and h >o. We can then apply Theorem 3 
and we obtain q = P"%a, where qa is again a v-ideal in ©. Here r is the 
dimension of Q(q) and consequently r > 0, bee Fre 0(n), whence 
r=ht—eo >0. We have then 


D'a = O’prg. a aD ha fon ally’, 


whence O’g« ==*7g/. This contradicts our hypothesis that h is the smallest 
integer such that z’"g’ is an extended ideal. Hence o < h is impossible, and 
the theorem is proved. í 

If YA is any ideal in D and if DA = W, W 0(2), we shall call 
W the transformed ideal of M (under the quadratic transformation T), in 
symbols: W = T(N). By Theorems 4. 1 and 4. 2, the transform of any v-ideal 
q in © is a v-ideal q’ in O”, and every v-ideal q’ in ©’ is the transform of at 
least one v-ideal q in O, everything referred to a fixed valuation. There may 
be more than one v-ideal in © whose transform is q”. To find them, we again 
consider the smallest integer h such that 2’"q’ is an extended ideal. It follows 
from the preceding proof that if y is the contracted ideal of ag”, then 
T(q) = g, and from Theorem 4.1 it follows, that any other v-ideal q in D 
such that T (4) — a’ must be the contracted ideal of x’’q’, where o is some 
integer greater than h. For a given integer o greater than h, the contracted 
ideal of x’%q’ may or*may not be a v-ideal in ©, but let us at any rate examine 
this contracted «ideal. Let us denote it by Ao. Since z’°q’ is the extended 
ideal of Mo and also of pq, it follows 


(13) ` pq = 0 (Ao). 
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For the same reason we have v (Wo) = v (pq). Let qm be the v-ideal equiva- 
lent to both We and p**q, qm — A — p°"g. By Theorem 3, Corollary 3. 3, 
we have pq = [hm $]. Now, Ao — qm implies Mo = 0 (fm) and since 
DU = zg we also have Mo = 0 (p7). Consequently Ay = 0(pr"q), and 
hence, by (18), Wo =p"*q. We therefor can state the following theorem. 


THEOREM 4.3. If q is a v-ideal in ©’, belonging to the sequence {n’;}, 
and if h is the smallest integer such that xq is an extended ideal of an ideal 
in D, then the contracted ideal q of zq is a v-ideal in ©, a member of the 
sequence {qi}, and T (q) =q. If o is ary integer = h, the contracted ideal 
of 2/1 is pon, but need not be a v-ideal. In particular, the v-ideals q; whose 
transform is the gwen v-ideal q are all oF the form pq, o Zh. 


We shall regard q as the transform of q by T?:q=T"(q). By the 
definition of q, the system Q(q) of the subforms of q must be of dimension 
r= 0, i e. every form in Q(q) differs from y" by a factor c, ce f. In fact, 
if it were r > 0, then q could be put in the form q = prg, where q is also a 
v-ideal (Corollary 3.2), and we would nave D'g = s*y, contrary to our 
assumption that h is the smallest integer such that sq’ is an extended ideal. 
Conversely, if q is a v-ideal in O, belonging to the sequence (q;), and if Q(q) 
is of dimension zero, then q is so related to its transform q’—T'(q), that 
q = Tg, i.e. if Oq = rg’, then h is the smallest integer such that aq’ 
is an extended ideal. In fact, in the contrary case, q could be put in the form 
pg, r > 0, (by Theorem 4.3), contrary to the hypothesis that Q(q) is of 
dimension zero. Thus, there is a one to one correspondence between the ideals 
q” of the sequence {n’;} and those ideals q of the sequence {qi} whose system 
Q(q) of subforms is of dimension zero: to each q’ there corresponds a unique 
ideal q == T~ (q), and q =T (q). 

Let qa, qg be two distinct v-ideals in ©’, and let q: =T"(q/4), 
q = T (qg), be their transforms in D. Suppose that? < j, whence q; =0(ni). 
We assert that in such a case also a < B. In fact, let qi==0(p"), q; 550(p"") 
and let qje=0(p°), q,5€0(9%), whence Dq = "ty, D'a = rn, and 
clearly, o = h. Evidently pq: =0(x2'%1). Supposing that a > 8, whence 
Va == 0(q’a), we would have 2 .=0(2%7g), and passing to the con- 
tracted ideals in ©, we would get by Theorem 4.3 paq: = 0(q;). The 
equality o == h is excluded, because qj=50(qi) and qjq Hence o >h, 
but then the congruence p"q; == 0(q;) is in contradiction with the fact that 
the Q(q;) (consisting of form of degree v) is of dimension zero. Hence our 
assumption « > £ leads to a contradiction, and consequently it is proved that 
t< j implies a < £. If then T*(q’;) = fap the indices «; form an ascending 
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sequence, Xo < Ar L & L: -'. Itis immediately verified that «o = 0, a, = 2. 
Hence a; >j, if j > 0. Let now n, be any v-ideal in the sequence {qi} and 
let T(qs)== No. By Theorem 4. 3 we have qs == Pao, p Z 0, whence qs ==0(gac), 
and s = a, i.e. s > o. Observing that the length of the ideal qe is equal to s, 


we can reassume the preceding results in the following theorem: 


THEOREM 4.4. If qa, =T*(9/¿), then a; >j, if 721. Moreover, if 
qs is any ideal in the sequence {qi} and if o = T (qs), then s > 0, 1. e. length 
of gs > length of qo. 


5. Simple and composite v-ideals. We say that an ideal A in © is 
simple, if A cannot be represented as the product of two ideals, both different 
from the unit ideal, i.e. if A — BC, B= (1) implies € = (1). An ideal is 
composite if it is not simple. 


THEOREM 5.1. A composite v-tdeal can be represented as a product of 
v-ideals different from the unit ideal. í 


Proof. Let A be a v-ideal in O, belonging to some valuation B, and let 
A — BE, BA (1), C (1). Let B,, €, be the v-ideals belonging to B such 
that B~ Bı, E—€,. Since B=0(9,), &=0(E,), we have A = 0 (8,6). 
On the other hand, v(A) = v(B) + v(€) = v(B.) + o(C,) = v(B,6,), 
whence B,€, == 0(), since A is a v-ideal. We conclude that A = B,6,, and 
it remains to prove that B, >£ (1) and €, +4 (1). Assume the contrary, and 
let, for instance Y, — (1). Then Y = €,, whence © =0(A), and consequently 
C= N since W—BC=0(C). We have then Y= HN, and this implies 
(2, p. 36), B == (1), contrary to hypothesis. 

Consider the given valuation B and the corresponding sequences (q;), 
{q’;} of 0-dimensional v-ideals in the polynomial rings O == f[ z, y], D = E[a’,y’] 
respectively. Let, as before, 7-*(q’;) = fa It is clear that all the simple 
v-ideals of the sequence {qi}, except the ideal pP = qı, belong to the sequence 
{qa,}, since any ideal q; (+541), not in the sequence {q«,}, is, by Theorem 4. 3, 
either of the form p'qa,, p > 0, qa; (1), or of the form pr, p >1. Now 
suppose that fap for a given j, is a composite ideal. Then we can write, by 
Theorem 5.1, Ma, = Mae, Where qs, q: are in the sequence {qi}. Hence 
Vi =T (fa) = Yon’, where o =T (qe) and q, =T (q). We have seen 
above that Q(qa,) 1s of dimension zero; therefore neither qs nor q; can be a 
power of p. It follows that q'o 3 (1) and q’,= (1), i.e. q/ is composite. 
We conclude then that if q’; is a simple v-ideal in ©’, then its transform 
da, = T (0/5) is also a simple v-ideal. Much more difficult is to prove the 


converse: z 


EA 
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- THEOREM 5.2. The transform T (95) of a simple v-ideal q; in D is a 
simple v-ideal (in D). 


The proof of this theorem will be given in Part 11 of the paper (Corollary 
11.2), where we shall characterize the simple v-ideals from the point of view 
of formal power series. Here we shall use this theorem without proof. 

Let Pa, Pa, Pat e be the sequence of simple v-ideals, different 
from (1), as they occur in the sequence {qi}: 


(14) ER: O 1 =p = (2, y), Pa = Q = (y, 2”). 


Let similarly P’,, P”,,- > - be the sequence of simple v-ideals, different from 
(1), as they occur in the sequence {q’v}. By the preceding results, especially 
by Theorem 5.2, there is (1,1) correspondence between the ideals Pi, i> 1, 
and the ideals P’,, where to P: corresponds T(P;)= P'a, and P; = T> (Pa). 
Moreover, by Theorem 4.4, if T(P;) = P'a, and T(P;) =P 'g, then i < j 
implies a < 8. Since T(P,) = P’,, we sonclude with the following theorem : 


THEOREM 5.3. T(P;) = Pin, 4. e. the transform of the simple v-ideal 
P; by the quadratic transformation T is the simple v-ideal P’;... 


As a consequence of this theorem, it follows incidentally that the sequence 
- {qn} contains infinitely many simple v-ideals. In fact, if we assume that any 
sequence (qn) of v-ideals in any polynomial ring contains always at least w > 0 
simple v-ideals (it always contains at least one, namely the prime ideal 
q. = p = (z,y)), and if we apply this assumption to the sequence {qv} of 
v-ideals in the polynomial ring ©’, we daduce immediately, by Theorem 5. 3, 
that any sequence {qn} contains at least = + 1 simple v-ideals. 


6. Properties of simple v-ideals. Heretofore we have been dealing with 
a fixed valuation B and with the v-ideals in © belonging to B. Now, a v-ideal 
belonging to B may also occur as a v-ideal for many other valuations. Con- 
sider, in particular, the i-th simple v-idzal P; for B, and let B be another 
valuation for which P; is a v-ideal. We assert that P; is also the i-th simple 
v-ideal for B. The assertion is trivial for i = 1, because P, = p = (a, y). 
We may then proceed by induction, assuming that our assertion is true for 
—1. Let (qn) and {fn} be the sequences of v-ideals in © for the valuations 
B and B respectively. Since P; occurs in both sequences, and since the ideals 
q. and J are primary ideals belonging to the prime 0-dimensional ideals q, 
and 4, respectively, it follows that q, = h = p = (x,y). Furthermore, since 
P; is simple, its system 2(?;) of subfcrms is of dimension 0. If cx + dy 
is the base of Q(P,), we must have v(ex-+ dy) >v(p) in’B and also 
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v(cx -+ dy) > v(p) in B. We may therefore assume that v(y) > v(x) in both 
valuations B and B. We apply the quadratic transformation T : 2’ =£, y’ =y/x 
to both sequences {qn} and {qn}. The sequences {qv} and {q’y} of v-ideals in 
©’ = f[2’, y] belonging to the valuations B and B respectively, will consist 
of primary ideals belonging to the prime ideal p’ = (2’,y’). The transform 
P’;-ı of P, belongs to both sequences and is the (1—1)-th simple v-ideal in 
the sequence {q’v}. Hence, by our induction, P”;.. is also the («—1)-th 
simple ideal in the sequence {q’v}. As a consequence, P; must be the i-th 
simple ideal in the sequence (qu), and this proves our assertion. 

Thus, given a simple v-ideal P = P; in O, there is uniquely determined 
an integer i, such that P is the i-th simple v-ideal in the sequence of simple 
v-ideals of any valuation for which ? is a valuation ideal. We shall say that 
P is a simple v-ideal of kind 1, by analogy with the terminology of the geo- 
metric theory of infinitely near points in the plane, where a point 0%, in- 
finitely near the point O® = (0, 0), is said to be of kind 4, if it is in the 
(1 — 1)-th neighborhood of O™. The identity of the two concepts will appear, 
from the formal power series considerations of Part II. However, already at 
this stage, the analogy appears from the fact, that while it takes i—1 suc- 
cessive quadratic transformations to transform a point O™ of kind + into a 
proper point (a point of kind 1), it takes as well ¿— 1 successive quadratic 
transformations to transform a simple v-ideal P; of kind + into a simple v-ideal 
of kind 1, i.e. into a prime 0-dimensional ideal. 


Tuzorem 6.1. If {Pa} and {Pa} are the sequences of simple v-ideals 
in © belonging to valuations B and B respectively and if, for a given i, we 
have P; == P, then also Pa = Pa for any a <i. In other words, the i— 1 
simple v-ideals which precede a gwen simple v-ideal P; of kind i in a given 
valuation B for which P; is a v-ideal, are uniquely determined by Pi, being 
independent of the valuation B. 


Proof by induction. The theorem is trivial for t= 1. Assume that the 
theorem is true for simple v-ideals of kind i—1, and apply the quadratic 
transformation T. We will have then in 0’: Pia =9 "4-1, Where Pa, =T (Pu) 
and Pq. = T( Pa) . Hence, by our induction, P’, = Pr, fora = 1,2,- ,i— 2, 
whence Pa == Pq for a = 2, - -,i—1, because Pa as well as Pa is the con- 
tracted ideal of the ideal *P%., (= c's), where h is the smallest integer 
such that zP’, is an extended ideal of an ideal in ©. Moreover, P, = P’,, 
since P, and P’, are the prime ideals belonging to P; and P’; respectively 
q. e. d. ` 


A much stronger theorem can be proved: 
e 
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THEOREM 6.2. Under the hypothesis P:— P; of Theorem 6.1, the set 
of v-ideals for B which precede P; (divisors of P;) coincides with the set of 
v-ideals for B which precede Pj. 


Proof by induction with respect to i. For i—1 the theorem is trivial. 
Assume that the theorem is true for simple v-ideals of kind i—1. Let m be 
a v-ideal for B such that P;==0(q;). If qx is simple, then it is also a v-ideal 
for B, by the preceding theorem. If qu is composite, we know by Theorem 5. 1 
that it can be factored into simple v-ideals belonging to B. Since qu is a 
proper divisor of P;, only factor Pj, 7 < i, can occur. Let 


qe = P,P 5%: > ps Pı =p = (2, y). 


We consider separately two cases: (1) a. =0, (2) a, >0. 
(1) First case: a, =0. We apply our quadratic transformation T. We 
find then 


(15) T(q%) = o = Pre: >: Pu, 


1-2 


Since the factor P, (== p) does not occur in the factorization of qu, the system 
O (qx) of subforms of qx is of dimension zero. Hence q. =T(q9/9). Since 
also Pi = T(P) and since P; = 0O {q), we have, by Theorem 4. 4, 
P.==0(q0). Now P’i is a v-ideal in ©’ for both B and B. Hence, by 
our induction, q’ is also a v-ideal for B. But then also q, must be a v-ideal 
in O for B, since q = T> (90). 


(2) Second case: a, > 0. We now use an induction with respect to k, 
i.e. we assume it has been already proved that all the v-ideals q; for B, 7 < k, 
are also v-ideals for B. Since in the factorization (15) the factor p occurs to 
the power «,, it follows that the system Q(q;) of subforms of qx is of dimension 
a. Hence, by Theorem 3 (Corollary 3.2) we can write fa = paq, where qe 
is a v-ideal for B. Let pq: ~ qs. We have q, = 0 (Pqs) ; on the other hand, 
since v(p% qr) =v (qs), it follows that 2 (pqs) = v(puqr) = v(q), whence 
Pqs = 0 (qe). Consequently qe = Pqs. W= now consider the k-th v-ideal Ar 
for B. We must suppose that the factor P, occurs also in the factorization of 
qx, since otherwise y would also be a v-ideal for B, by the preceding case 
a, = 0, whence necessarily fx == qx, since k is the length of both ideals qx, Ar. 
Let then % = Pio. By our induction, fo is a v-ideal for H, since o < k sie. 
do = Qu. Hence qx = pqs, Mx = Pdo. Since of the two ideals qs, qo one is a - 
divisor of the other, the same is true of the ideals qa and fx. But these two 
ideals have the same length k, consequently q. = qx, q. e. d. 
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Remark, The following example shows that a composite v-ideal does not 
determine the v-ideals preceding it. Let B be the valuation defined by the 
branch y = z?/2 and let B be the valuation determined by the branch y = «2°, 
We have then qu = p = (2,4), m = (Y, 2°), qs = p°, while q, = P = t, 
da = (0,4%) 4 Ma, Ma = P? = Qu. : 


7. A factorization theorem for v-ideals. We know from the preceding 
sections that any v-ideal W, belonging to a given valuation B, can be factored 
into simple v-ideals belonging to the same valuation B. The question arises 
as to the unicity of this factorization. The unicity of the factorization may be ` 
a priori intended in more than one way. In the first place, we may fix some 
valuation B to which A belongs, and we may ask whether the factorization 
of A into simple v-ideals belonging ta B is unique. We may go a step further 
and ask whether the factorization of A, if unique for a given valuation B, is. 
independent of B. Finally, we may formulate the unicity of factorization of 
A in its strongest possible form and assert, that A can be factored in a unique 
manner into simple v-ideals, where we allow a priori that the simple v-factors 
may belong to different valuations. It is this strongest form of the unicity 
theorem which we proceed to prove. It will, of course, follow from this 
theorem, that the simple v-factors are v-ideals for any valuation for which A 
is a v-ideal. 

We prove, however, a stronger theorem, from which the unique factoriza- 
tion of v-ideals into simple v-ideals will follow: 


THEOREM 7.1. Let W, M,- - Ay and M, Ma- +, Us be two sets of 


simple v-ideals belonging to valuations By, Bas’ + +, By and B, Bo, + +, Bs 
respectively. If 
(16) NA, 29,2% ES ya: al WEN, "fs > e, 


where the «s and aps are positive integers, then necessarily k = s and, for a 
proper arrangement of the indices, W; = Wj, a; = %. 


This theorem is stronger, because a product of v-ideals, in particular the 
power product IIN;“, is not necessarily a v-ideal.” 


Proof. Let the simple v-ideals W; and J; be of kind h; and h; respec- 

tively ê; and let m =max.(h,,* © +, hr, hi,‘ * +,hs). The theorem is trivial 
o 

“For instance, let Y, = (y,#*), Y, = (w,y?). Both Y, A, are v-ideals, but 
MA, = (ay, po is not a v-ideal, because the system 2(A,M.,) of subforms is of 
dimension zero and its base zy is not the power of a linear form (see Theorem 3). 

* We assume that all the ideals Y[,, 9], are zero-dimensional (necessarily primary). 
The case of one-dimensional simple v-ideals is trivial, because any such ideal is prime, 

e 
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in the case m — 1. In fact, in this case the ideals A; and A, are prime zero- 
dimensional ideals, and the power products on both sides of (16) coincide with 
[Me Mat > +2] and [Y, 3, Mt, -, 9,4] respectively:" The theorem 
follows in this case from the unieity of the Cecomposition of a zero-dimensional 
ideal into primary components. We may tken prove our theorem by induction 
with respect to m. ` 

The partial power products on both sides of (16) consisting of factors 
which belong to one and the same zero-dimensional ideal, must be equal to each 
other. Hence it is sufficient to prove the theorem for the case in which the 
ideals A,, MM, all belong to one and the same prime ideal, say to p = (7, y). 
The ideal p consists then, for each of the given valuations B;, Bj, of all the 
polynomials whose value is > 0. We may assume that v(x) =v(p) in any 
of the valuations B;, B;. Let us now apply the quadratic transformations 
Tia! =a, y =y/z, and let TU) = Ws, TU) = W;. If we have, in the 
Y —C¡T 





valuation Bi, of ) > 0, then W; willbe a primary ideal in O = f[ z, y”] 


belonging to the ideal (2%, yy —cı). A similar remark holds for W;. At any 
rate, A”, will be a simple v-ideal of kind h: — 1 and W; will be a simple v-ideal 
of kind h;— 1. We must remember, however, that the transform of a simple 
v-ideal of kind 1, i.e. of p, is the unit ideal ©’. If then A, = M, = p, where 
we allow now that one or both of the exponents «,, &, may be zero, operating 
by T on (16) we get 
Way; - - Wa — WEN a - pá Wir. 

Since max. (hi —1,,; —1)—m-—1, wə have by our induction, k= s, 
i = Qi, Wi =W; (1 > 1), and (16) becomes 


Af ar... ty — H a. - - ar, 
p 2 k yla k 


Now «, is the dimension of the system Q (puy: - - 9f,%) and similarly @, is 
the dimension of Q(púYA,%- - - 9,2). Hence a, =%, and the theorem is 
proved. - 

PART IL 


8. Algebraic and transcendental valuations. In this part of the paper 
we shall use the apparatus of formal power series in ordet to derive further 


and is therefore a principal ideal (f), where f is an irreducible polynomial. The one- 
dimensional factors and their exponents on both sides of (16) must be the same and 
may .be deleted. 
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properties of valuation ideals in the ring of polynomials. The use of formal 
power series is clearly indicated by the fact that a zero-dimensional valuation 
of the field 3 of rational functions of x and y is essentially a local property 
of the field. It is known that any zero-dimensional valuation B of rank 1, 
in which z and y have positive values, can be obtained by the following con- 
struction: We put 


r= A(t) = ale + aim +. >>, y = B(t) = Bit + Baths + my 


where the coefficients « and £ belong to the underlying field f and where the 
exponents a;, b; of each power series A(t) and Q(t) form a monotonic in- 
creasing sequence of positive real numbers. By substitution of these power 
series every element 7 of 3 takes a definite form 


r= yta yates + (y 540, 0, = 0), 


and the valuation B is obtained by putting v(r) =c, We may eliminate 
formally ¢ between x= A(t) any y = B(t) and we may thus define the valua- 
tion B by putting y = P(r) 8,0% + 8,0% +- - -, where the exponents are 
again increasing positive real numbers. l 

Now we may effect the substitution s = A(t), y = B (t) not only in any 
rational function r of z, y but also in any formal power series é = > aijxtyJ, 


i, j = 0, 4, j-integers, and in any quotient of such formal power series. In 
this manner the valuation B defines a valuation B* of the field 3* of mero- 
morphic functions of x,y, and the valuation ring of B* contains the ring O* 
of holomorphic functions £. 

The special case in which the exponents a;, b; of the power series A(t), 
B(t) are integers, is the only one which is of interest in the classical theory 
of algebraic and analytic functions. The corresponding valuations B may be 
called algebroid or analytic, while non-analytic valuations may be referred to 
as transcendental valuations. For an algebroid valuation the power series P (s) 
is an ordinary Puiseux series, i. e. the exponents dı, d2,- + - are rational num- 
bers with fixed denominator: 


d; = mi/n, (n,m, Mp + ++) = 1, 


Tf the branch y == P(x) is’ algebraic, i.e. belongs to an algebraic curve 
f(a, y) = 0, f-irreglucible, then the valuation B is algebraic and is effectively 
of rank 2, being composed of the prime divisor defined by the prime ideal (f) 
and of a valuation of the field of rational functions on the curve f(z, y) = 0. 
In all cases, if B is algebroid, the induced valuation B* of the field of mero- 


morphic functions is of rank 2. If, namely, we denote by Po =P, Py,- + +, Pua 
e 
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the n determinations of the power series P(x), corresponding to the n de- 
n-1 

terminations of zY”, then &=]] (y —P;) is an holomorphic function of 2, y, 
4=0 


i. e. an element of O* and is indecomposable in O*. Given any element £ of D*, 
we have a unique decomposition £= ¿eÉ,, £>0(£). The substitution y = P (s) 
does not annihilate & and hence we find for & a definite representation 
é = y 19 4 yet +++ +, y 540. We define B* by putting v(€) = (p, C,). 

It is evident that, conversely, any valuation B of 3 of rank 2 is algebraic, 
and if the values of x and y are positive, B can be defined by putting y equal 
to a Puiseux series in z, provided that the divisor of which B is composed is 
of the first kind with respect to ©. 

In the sequel we will have no occasion to use transcendental valuations. 
The results of Part I enable us, in fact, to prove the following theorem: * 


THEOREM 8.1. Every valuation ideal in © belongs to an algebroid (and 
even to an algebraic) valuation of 2. 


Proof.’ Itis sufficient to prove this assertion for 0-dimensional (primary) 
v-ideals, because v-ideals possessing a 1-dimensional component can belong only 
to algebraic valuations. Let {q;} be the sequence of zero-dimensional v-ideals in 
© belonging to a valuation B. We wish then to prove that given any ideal in the 
sequence, say qn, there exists an algebraic valuation for which qu is a valuation 
ideal. The nature of our proof requires that a stronger assertion be established. 
We propose to prove that there exists an algebraic valuation B such that in the 
Jordan sequence {ii} of the 0-dimensional v-ideals belonging to B, the first n 
ideals 1, M2, * © `, Min coincide with fa, Ga, * * * An. This we prove by induction 
with respect to n, assuming then that this assertion has been already established 
for n— 1, for any choice of the generators x, y of 2 and for any valuation of 3 
whose valuation ring contains f[x, y]. Assuming, as usual, that v and y have 
positive values in B, we use the quadratic transformation T: Y" =g, y = y/z, 
getting the ring O==F[r’, y] and the sequence of v-ideals {q’;} in O” be- 
longing to B. By our induction, there exists an algebraic valuation B of 3 
whose valuation ring contains ©’ and such that the ideals q’1, q’2,° * +, Q’n-1 
are v-ideals belonging to B. Let {fi} be the sequence of v-ideals in © 
belonging to B. We now use the results of section 4. The n— 1 ideals 
Tgi, t= 1, 2,- * *, n— 1 must be members of both sequences {qi} and {fi}; 
here T-1q’; is the contracted ideal of xMg";, where hs is defined as the smallest 
integer such that 29’; is an extended ideal of an ideal in ©. Let 
Ti = Na, = ay, == 1,2, + :,n— 1 (the indices a; are the same, since 


° Note that the proof makes no use of the Theorem 5. 2. 
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the index 7 of q; is its length). We also know that & < az: > < ðn- and 
that an-ı ==. Moreover, if ¿< ons, then q; is necessarily of the form Plac» 
oS n—1, and also q; is of the form paa, o =n— 1. We assert that 
qi =i, t= 1,2,- * +,%2.. Suppose that we know already that q; —4,, for 
alj<iS ana. If qu (or fi) coincides with one of the ideals ga, j É 4-1» 
there is nothing to prove: we will have qi = faos Gag = Mi. In the contrary 
case, we have qi = Pao, p > 0. It is not difficult to see that q; is then also 
of the form: q: = pay, where necessarily j < 4. In fact, let pega, ~ 1, (the 
equivalence being intended in the sense of the valuation B and q; being a 
v-ideal for B). Then prtg,,=0(g;), whence q;==0(pq,). On the other 
hand it is clear that qi-~ pas, whence pq; = 0 (q:). Hence qi == phj In a 
similar manner we find for q; a representation of the form qi = Piu. Since 
a < i, we have fu = qn, whence of the two ideals 0; and f one is a divisor of 
the other (q;==0(qu) or qu==0(q;) according as ¿=p or pj). Asa 
consequence it is also true that of the two ideals q; and qi, one is a divisor 
of the other. Now both q; and q; have the same length i. Consequently 
qi = fa, and this proves our assertion. Since the equality q: = q; holds for 
¿=1,2,* ++, ¢n4 and since an =n, it follows that q, 92,° * +, qn belong as 
v-ideals to the algebraic valuation B, and this proves our theorem. 

Using Theorem 8.1 and the results of sections 5, 6, it is possible to give 
a very simple proof of the well-known fact that every valuation B of X is the 
limit of algebraic valuations. Let {qi} be the sequence of 0-dimensional v-ideals 
belonging to B. We may assume that the intersection of the ideals q; is the 
)-ideal, since otherwise B itself is algebraic. In the proof of the Theorem 8. 1 
it has been shown that for any value of k there exists an algebraic valuation By 
of 3, for which the ideals qu, fo, - *, qu are valuation ideals. Let r/s be any 
element of the valuation ring Y of B,r,se O. There will then exist an integer 
n such that r = 0 (qa), $5£0(qni1). This integer will depend only on s. For 
all values of k such that k = n + 1, the ideals qu and qn: will also be v-ideals 
for Bs, and hence for all such values of k r/s will also belong to the valuation 
ring By, of B,. As a consequence, we have Lim (Bı n B) = V, i.e. B can be 


regarded as the limit of the valuation Bx. . 

Using the characteristic property of the Jordan sequence {qi} of v-ideals 
established in section 2, and the properties of simple ideals given in sections 5 
and 6, we may go a gtep further and gain an insight into the manner in which 
transcendental valuations are constructed. Given a simple v-ideal Py,, we 
know that it determines uniquely the sequence of simple v-ideals Py, Pa,***, Pr 
which precede Pa. in any valuation to which Pw, belongs. We ask now the fol- 


lowing question: given P, (and hence given the entire sequence P,, P,,---, Px) 
Bi e 
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in how many ways is it possible to choose Px? To answer this question, we 
apply k—1 successive quadratic transformations, getting a ring 5 of poly- 
nomials of variables X, Y, in which to P, there corresponds a simple v-ideal ®, 
of kind one, i.e. P, is prime and 0-dimensional, say Pı—= (X, Y). Any 
maximal subideal of P, is of the form (aX + bY, 9,2), where a, b are in f 
and are not both zero. It is obvious that any such maximal subideal of P, 
belongs to some valuation (for instance, to any valuation defined by putting 
X =bt 4- : -, Y =—at+: - -) and is moreover a simple v-ideal. These 
maximal subideals are in (1,1) correspondence with the ratio z = a/b, i.e. 
with the places of the purely transcendental field f(z). Going back to our 
original ring , we see that the set of simple v-ideals Pn of kind k +1 such 
that Pa, Pat - >, Pi, Pas belong to one and the same valuation, is in (1,1) 
correspondence with the set consisting of the elements of the underlying field 
f and of the symbol «o. Starting with P, we can then construct, in infinitely 
many ways, an infinite sequence P, Pat + +, Pr + - of simple v-ideals, such 
that, for any k, the ideals P1, Pa,- - -, Pr belong to some valuation By, which 
we may suppose to be algebraic. We assert that the infinite sequence {Px} 
defines a valuation B of 3. Obviously then B == Lim By. To see this, we 
first observe, that by Theorem 6.2, the infinite sequence {P+} determines 
uniquely an infinite Jordan sequence {q;} which contains the sequence {Px} 
and which has the property that the elements of the sequence which precede a 
given P; are v-ideals for all the valuations By, k = i. It follows immediately 
that the congruence fmin: Qm = 0 (Any) holds true for any two ideals qm, qu 
of the sequence {q;}, since the ideals which occur in this congruence are v-ideals 
belonging to By, when k is sufficiently large. As a consequence the sequence 
effectively defines a valuation of 3, g. e. d. 


9. Valuation ideals in the ring of holomorphic functions. It has 
been pointed out in the preceding section that any 0-dimensional valuation B 
of the field 3 = f (v, y) in which z and y have positive values, defines a valua- 
tion B* of the field 3* of meromorphic functions of x, y, whose valuation ring, 
contains the ring D* =f(z, y) of holomorphic functions of z,y. We have 
then also valuation ideals in D* belonging to B*. It is clear that the prime 
ideal defined by B* in ©* is the 0-dimensional ideal p* == (s, y), i.e. the 
extended ideal of the ideal p = (a,y) in ©. Let {g:} be the sequence of 
0-dimensional v-ideals in © belonging to B, and let q*; = 9*g: be the extended 


1° Results of this and of the following sections will be later applied toward the 
proof of Theorem 5.2. The properties of simple v-ideals derived in Part I and based 
“Gn Theorem 5.2 are therefore not to be used until a proof of this theorem has been given 
(Corollary 11.2). We may, however, use Theorem 8.1 (see footnote on p. 175). 


12 
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ideal of q; in O*. It is clear that v(q* is) > v(q*;) in B*, since v (gë) =v (01). 
Let fi, fac”, fa be a base of q; and let f be an element of q; not in gi... Since 
0i/fiu = Ë, we have fi = cif fin), seh If then é= éfi +: > * + de is 
any element of q*; (é; e 0%), we have £= f > (cé +: +: + Crée) (Yin). Now 
aé ++ + +ocréxe=c(p*), where cef, and - 


Dr) = 0(D*qip) le: 


since qp == (9). Hence ¿é= cf (q*;,1), and this shows that 9*:/q*in = Ë, 
i.e. 9%, is a maximal subideal of q*;. Hence the sequence {q*,} is a Jordan 
sequence in O*, and since v(q*i.1) > v(q*;), the sequence {q*;} is the sequence 
of v-ideals in O* belonging to B*, i.e. the zero-dimensional v-ideals in D* 
belonging to B* are the extended ideals of the zero-dimensional v-ideals in © 
belonging to B. It is of course evident that q; is the contracted ideal of q*;. 

The theorems of sections 3, 4,14 the notions of simple and composite ideals 
introduced in: section 5 and.Theorem 5.1 carry over without modification to 
ideals in O*. In order to see this, a perusal of the proof is not at all necessary. 
It is suffieient to take into account quite generally the nature of the relation- 
ship between ‘the polynomial ideals in © and the power series ideals in D*. 
There is a (1,1) correspondence between primary 0-dimensional ideal in © 
_ belonging to the prime ideal p = (z, y) and the 0-dimensional ideals in O*. 
The correspondence is such that to an ideal q in © there corresponds its 
extended ideal q* in O* and q is the contracted ideal of q*. In fact, let q* be 
any 0-dimensional ideal in O*. If p is the exponent of q*, the q* possesses 
a base consisting of the power products xiyi, ¿+ 7 = p, and of a set of poly- 
nomials Fa of degree <p. Hence që = (Fa 2ty?) and therefore q* is the 
extended ideal of a zero-dimensional primary polynomial ideal q belonging 
to p (== (a, y)). Let q* = (fi, fa: © +, fe), where fi, fa,‘ ++, fe is a base of q, 
and let q’ be the contracted ideal in © of q*. If F is any polynomial in y, 


k i 
F = Y éi (x, y)fi, & eO*, and if we denote by A;™ the partial sum of the 
Gel, ‘ 


terms of degree <= n in the power series &(z,y), then the polynomial 
| F—3A,F; does contain terms of degree < n + 1, whence F == 3A, fi (pau), 
Now, if n is sufficiently high, then pr =0(q), whence P==0(q). Hence 
q = 0(q), and since q’ is the contracted ideal of q*, it follows ql ==q. Thus 


every zero-dimensibnal ideal q* in $* is the extended ideal of one and only 


11 In the case of formal power series the quadratic transformation ae, y =y/0 
leads from the ring k{a, y} of formal power series in x and y to the larger ring of 
k{a', y } of formal power series in =’ and y”. 
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one primary ideal q in 9%, and q is the contracted ideal of q*. In particular, 
q* is simple or composite, according as q is simple or composite. 


10. The notion of a general element of an ideal of formal power series, 
The ring * of holomorphic functions cf x and y contains only one prime 
0-dimensional prime ideal, namely the idzal p* — (a, y), and every 0-dimen- 
sional ideal A in O* is necessarily primary and belongs to p*. Since any 
ideal in O* has a ‘finite base, given a 0-dimensional ideal Y, it belongs to a 
finite exponent p, i.e. p*?==0(91). In other words, A contains all the formal 
power series which contain terms of lowest degree = p. Since Wis at any rate 
a linear f-module, it follows that the condition in order that an element 


¿= Y ai; uiyi of O* belong to A is expressed by linear homogeneous relations 
1,520 


between the coefficients aij, t+ 7p. With every linear relation 


(17) Y Citij = 0, eh 
l vio 


satisfied by all the elements é of A, we associate the function 
(17 E = X cjoy?. 


The set of all the functions E obtained in this manner is called the “inverse 
system ” Y-t of the ideal A (Macaulay,** Lasker °). If E,, H.,- --,H, belong 
to Y”, then also «E, +" + aH, is ix W,a,,---,¢-e8 From the fact 
that if == 3a¡¿v'y? belongs to the ideal £T, also 


aaa) and yé = Saijaetyit 


belong to A, it follows immediately that if E = cisty- is an element of the 
inverse system, then also the following relations are true for any element 
E = Saijvty) in A: 


D Cia, sig = 0, S, Ci jali = 0. 


This shows that the inverse system A becomes an O*-module, provided that 


we define multiplication as follows: 


seyf 2 cia iy? - >; oqo ey HB, %, B = 0. 
4,320 iza 
FE 


In fact, with this definition of multiplication by power products 2%yB, the above 
e 
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equations XC;,1, 5045 = 0, 305 511044 = 0 signify that if E is in A”, also sE and 
yF are in Y”, Multiplication of E by any formal power series in ©* is then 
to be defined formally by the requirement of the distributive law of multi- 
plication. It is then not difficult to see that M+ consists of those and only 
those functions E which have the property that EE = 0 for any element E in A. 
It is evident that if A and Y are ideals in O*, then Y = H> implies A = B. 
Moreover, it is not difficult to show that given any set © of functions Æ which 
is an )*-module and for which there exists at least one element £54 0 in *- 
such that £E = 0 for any E in €”, then the set of all elements é satisfying this 
condition forms an ideal A, and & is the inverse system of A. 

We now come to the definition of a concept which shall be very useful in 
the sequel. Let r—ti;wiy! be a formal power series whose coefficients ti; 
belong to an extension field & of f. We shall say that r is a variable element 
of an ideal Al, if the coefficients t¿¿ do not all belong already to É (so that at 
least one of the t;7’s is transcendental with respect to f) and if they satisfy 
(in &) all the linear relations (17) (with a;; replaced by t;;), which are 
satisfied by the coefficients of all the actual power series belonging to Y. In 
other words, we require that -E = 0 for any function E in X. We shall say 
that a variable element r of A is a general element of A, if the tips do not 
satisfy any other algebraic relation, algebraically independent of the above 
linear relations. Finally, we shall say that a variable element + of Wis a 
quasi-general element of A, if the t;;’s do not satisfy linear relations other than 
those which are satisfied by the coefficients of a general element of A. 

In a similar manner we define the notions of a variable element, of a 
general element and of a quasi-general element of the inverse system W~. 
The condition that a function Y = 3c;¿2"y Y belong to NW! is expressed by a 
certain set (8) of homogeneous linear equations between the c;;’s. These 
equations are obtained by expressing the fact that Fé: = 0, i = 1,2, +, k, 
where £, &,- * <, & is a base of the ideal A. A function E = 3e;;2"'y’, where 
the e;; are elements of an extension field f(e:;) of É, shall be called a variable 
element of W, if the coefficients es; satisfy all the relations of the set (8), 
i.e. if E¿=0 for any éin Y. If the coefficients e;; do not satisfy algebraic 
(or linear) relations algebraically independent of the linear relations (8), 
then E shall be called a general (or quasi-general) element of A. 

Let E = 3e,;2"'y and r = 2t,;2'y? be variable elements of W and of A 
respectively, where we assume that the e;; and ti; are elements of one and the 
same field &. 

We have £E = 0 for any element é — 3a, ;@’y? of A. Since the ass are 
arbitrary elements of underlying field £ subject to the only condition of satis- 
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fying a finite set of linear relations Xcija;; — 0, where Xc;ja ty is an element 
of 91, it follows that the relation £# = 0 remains true if we regard the a,; as 
indeterminates connected by the linear relations 3c;;@;; = 0. But then the 
relation £E = 0 holds also after the specialization ai; > ti;, since the ti; also 
satisfy all the relations %c;;t¿¿ = 0. We conclude that tE =0. The following 
assertion is now easily derived: 

If E is a quasi-general element of X", then tE =0 implies that t is a 
variable element of W, and if r is a quasi-general element of A then tE = 0 
implies that E is a variable element of A+. Proof straightforward. 

Let W, W” be two (distinct or coincident) ideals in O* and let 7’ = 32’, ;24y/, 
T” == 3t"¿¿utyi be variable elements of W and A” respectively. Let R = F(t’i;) 
and R” = €(t’;;). We consider a pure transcendental base {u} of R” over Ý 
and we adjoin the elements of this base zo the field $”, adjunction to be re- 
garded as a pure transcendental extensior. of R. We obtain in this manner 
the field £'((uj) having £({w}) as subfield, and we then adjoin to 8’({u}) 
all the elements of R” which are algebraic with respect to f({u}). In the 
field R = Ë (V'i, 1) obtained in this manner, any algebraic relation between 
the ¢’;; and the ?”;; must be a consequence of algebraic relations between the 
tips alone in $” and the t”i; alone in $”. Now that the t'i; and the ti; have 
been properly imbedded in a common field, we form the product 7/7” =r 
= Xt,;c'y), t;i¡e $, and we refer to r as the direct product of the variable 
elements t’, 7” of W and Y”. 


THEOREM 10.1. The direct product t = r’r” of variable elements of two 
ideals W, W” is a variable element of the product WA” of the two ideals. 
If 7, 7” are general or quasi-general elements of W and W” respectively, 
then + is a quasi-general (not necessarily general) element of WA”. 


Proof. Let WW’ = B. It is well known (and is of immediate verifica- 
tion) that B = W: W, i.e. B consists of all functions E such that 
EW” eM. Let then E, =2Xc;33 ty be an element in Y and let +”E, 
=3>0:0 Yi, oe. We assert that "E, is a variable element of W~. In 
fact, consider any element é” —3a”,;c'yi of A”. Since EA” e W-, the 
product £“E, = Xo;; rty is an element of the inverse system W-!. Hence 
the coefficients o:; must satisfy the linear relations (8’)*which are satisfied 
by the coefficients of the general elements of YW’. The coefficients o; being 
linear forms in the coefficients a”;; of 2’, we get by substitution into the 
equations (8”) a set of linear homogeneots relations between the a”;;. Since 
these relations hold true for the coefficients a””¿¿ of any element &” of W”, 
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it follows that they are also satisfied: by the coefficients 1”,; of the variable 
element 7” of A”. But then it follows that the coefficients oi; of r”E, must 
satisfy the linear equations (8”), whence 7H, is a variable element of W=. 
Since +’ is a variable element cf W, it follows by a previously proved result, 
that t'r” E. = 0, i.e. 7E,¿=0. Since the relation rE,=0 holds for any 
` element F, of BY”, it follows that r is a variable element of 8, and this proves 
the first part of the theorem. 

Now suppose that +’ and 7” are general (or quasi-general) elements of the 
ideals W and A” respectively. To prove that in this case r is a quasi-general 
element of X we have to show that if Scijtij = 0 is any linear homogeneous 
relation between the 4,;, then E = 3c,¡8 tyi belongs to the inverse system Y~. 
Now the t;; are bilinear forms in the two sets of coefficients ti; and tiz. 
Substituting these bilinear forms we get Scijtij = H (tij, ti), where H is a 
bilinear form in the £',; and the 1”;;. The relation H (tij, V'iz) = 0 must be 
a consequence of the linear relations between the t'i; and the t”i; separately, 
since r is the direct product of 7” and 7”. .Now 7’ is a quasi-general element 
of W. As a consequence, any linear relation between the ti; arises from a 
function W’ in W- and is therefore not destroyed if each ti; is replaced by 
t'i- or by ¢’;,;-1 (multiplication of E by x or by y respectively). Hence the 
relation H (t's; ti) = 0 implies the relations H (ti-ni, 15) = 0 and 
AU ij, 8 44) = 0. It is clear that these two relations correspond to the 
relations Scijti:1,j = 0 and Xcijtij-1 = 0, which therefore must be true rela- 
tions between the ti} As a consequence the functions E = civ ty corre- 
- sponding to the various linear relations 3c;;4;; = 0 between the tij, form an 
©*-module. From this it follows immediately that Er = 0, for any Y in this 
module. Now Er = Er’r” = 0 implies that Er’ is a variable element of X”, 
since r” is a quasi-general element of A”. The condition of belonging to X’! 
is expressed by a certain set (8”) of linear equations, and thus the coefficients 
of Er’ must satisfy these equations. Since 7’ is a quasi-general element of W’, 
these linear equations (8”) must be satisfied by Fé, &—an arbitrary element 
of W, and hence EW ec’. As a consequence He A”: A’ = B+, which 
proves our theorem.”” 


12 That r need not be the general element of I'M” is shown by the following 
example. Let p= (2,9), q= (w?,y?), so that pop The general element 7’ of 
p is tot + voy + LA +- -, where the $, 78 are indeterminates. Similarly 

T! = t” yg? + t” oY? + E o + Dass 
is the general element of q. Now 
rar" = to + to? + toy? + ty +t---, 
where the t;; satisfy one non-linear relation #,,t4, = t,t, 
. 
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The preceding theorem implies that if an ideal Y is composite, then a 
suitable quasi-general element r of Y (namely the direct product of the general 
elements of the factors of VB) is reducible in the algebraic closure of the field 
of the coefficients ti; of 7. We are interested in the question of the extent to 
which the above considerations can be inverted. What can be said about an 
ideal B, if its general element r is reducible in the algebraic closure of the 
coefficients of 7? That the ideal Y need rot in general be composite, is illus- 
trated by the example Y — (2?, y?). The ideal $ is simple, but its general 
element 


T = boot” + tory” + taot? +--+ > (boo = bio = bor = tu = 0) 
‘is reducible, since 
z= (Vie Verse -) (Viat — V= tey + °). 


However, in the special case of valuation ideals we can prove the following 
theorem : 


THEOREM 10.2. If A is a valuation ideal and if the general element t 
of A is reducible, t == tits‘ - -ty (in the algebraic closure of its coeficients), 
then Ñ is composite; t is the direct produst of its irreducible factors ti, each 
irreducible factor t; is the general element of a valuation ideal A,, and 


AAN: U. 


Proof. Let t = 3t,j;v4yi and let t= t,t; - -tp be the factorization of t 
into irreducible factors t; = t: (x, y), belonging to the ring of formal power 
series of s, y with coefficients in the algebraic closure of £(- - -tijt + +). We 
assume of course that no t; is a unit, i.e. that £¿ does not contain a term 
independent of z and y. The valuation B to which A belongs can be assumed 
to be algebraic. Substituting into + and intc t; the Puiseux expansion y = P (2) 
which determines the valuation B, we arz able to attach to these elements 
definite values v(t), v(t:). It is clear that v(t) =v(M). Let v(t) =a, 
whence v(t) = + & +: *:* +0. There exist elements in F{z,y} whose 
value in B equals «i: they can be obtained by specializing the coefficients of 
the formal power series ¢; in such a manner as not to annihilate the coefficient 
of the leading term «™ of t¿(x, P(x)). As a consequence there exists a v-ideal . 
N, for B such that v(A;) = ai. Since a; > 0, no A, is the unit ideal. Since 
v(t;) = v (M), it follows that t; is a variable element of W;, and hence t = It: 
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is a variable element of the ideal AA, - - -Mı But since t is a general ele- 
ment of M, necessarily Y =0(%,9.---%). On the other hand we have 


v(A) = v(t) = Zw (t:i) = w (M) = v (UM). 


Hence TA; = 0 (M), and consequently A = MM- "Wr. 

Let r; be the general element of A; and let us consider the direct product 
7==q73* * “tg By Theorem 10.1, r is a variable element of A. On the 
other hand, any algebraic relation between the coefficients of the power series r 
leads also to a true relation between the coefficients of t, since ¢ is obtained 
from + by the specialization r; > ti. Consequently 7 must be a general element 
of A. It can be then identified with ¢, and it is thus seen that in the original 
factorization t = Ilé;, each ¢; is a general element of A; and that the product ' 
is a direct product (unicity of factorization of ¢ into irreducible factors). The 
theorem is proved. 


COROLLARY. The general element of a simple v-ideal is absolutely irre- 
ducible (i.e. irreducible in R{x, y), 8 being any extension field of $). 


11. The characterization of simple v-ideals. Let 
k 00 . 
(13) y= y= Deer” item, Oa acs: 
4=1 j=0 


be a Puiseux series, in which we assume that (v, a, %,° © `, 80) =1, y Ek+1, 
` and that the first k coefficients c,,* ~ +, cx are in the underlying field €, while 
the remaining coefficients are indeterminates. 


THEOREM 11.1. Given a formal power series E(a, y) = 3a, ;0'y? with in- 
determinate coeficients aij, there exists a set of linear forms F'm(asj), Gn (05) 
which have the following properties: (1) the relations Fon (ai; ) == 0 (a4; ef) 
give necessary conditions that the equation é (x, y) = Sai; siy == 0 admit a 
uniformization of type (18), the tys being replaced by special values t in E; 
(2) the relations Fm (aij) =0 and the inequalities Gn(aij) 0 give 
necessary and sufficient condition in order that é (zx, y) = 0 admit the above 
uniformization and that &(2,y) be an irreducible element of fx, y). The 
set of all elements & in E{a, y) whose coefficients as; satisfy the relations Pm == 0, 
is a simple ideal. 


Proof. The theorem is true for g 0, in which case v=1. In fact, let 
e 
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k 
J= Dow (J= 0, if k= 0). If the equation é(s, y) = 0 is uniformizable 


4=1 
by the expansion y = yı, then we must have £(x, yı) = 0, and this shows that 
é(o, y) is divisible by 2, This condition is expressed by a certain set of 
linear homogeneous equations Fm(a:;) = C between the coefficients of £(x, y). 
Should moreover ¿(xz, y) be irreducible, tren we must have 


E(x, y) = (y — z1 )n (T, Y), 


where n(z,y) is a unit. As a consequence. the coefficient ao: must be different 

from 0. Conversely, if Fm(@:;) = 0 and a, > 0, then é(x, y) is divisible by 

y — y, and is irreducible in Hz, y). 

We assume that the theorem is true for g— 1. Let v= nn, % = r8, 

(n, ,) =1. We put i 

(19) =a, yo +9). 

If E(<, y) = 2a:¡uty? can be uniformized ty the expansion y = y,, then é must 
y 

be divisible by the product TÍ (y — yı®), where yı = 41, + +, Yı™ are 
q=1 


the conjugates of y,. From this it follows immediately that é cannot contain 
terms xiyí in which vi + oj < va, whence 


(20) aj== 0, for all 1, j, such that vi + af < van. 
Substituting (19) we find, in view of (20), 
(20°) E(x, y) PET) = 0348, 


while the equation of the branch (18) becomes 


k 
(21) * Y = Y, = 5 cağ) /n + > ET (nut os, 


2 g=0 


> 
H 


The equation (4,7) = 0 admits a uniformization by means of an expansion 
y = Y, of type (21). Since a >a, there can be no constant term in 
&(2,9). This constant term arises from the terms as;atyi of €(a, y) in which 
vi + 0%] = va, i. e. ni + a'j = na’;jv,, and is therefore equal to 


Avaro F Amanti +" + Goant 
Consequently 


(22) Qvia’,o + Qv-1)0 001” + Pr + Uo,nv, 017% =0, 


It is clear that (@2— 0%, % —0%,* * *,% —0,v,) = 1, hence we are in the 
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case g— 1. By our induction, we have a set of linear forms F (43) and È (äu) 
which satisfy the assertion of the theorem. Now the coefficients 4;; of &(2, y) 
are linear homogeneous forms in the coefficients as; of &(z,y). Let {Fm} be 
the set of forms in the a;; consisting of the forms F(4;¿), expressed in terms 
of the aij, and of the left-hand members of the equations (20) and (22). Let 
moreover, {Gn} be the set of forms in the a,j; consisting of the forms G (äs) 
(expressed in terms of the a;;) and of the form a,». We assert that the forms 
{Fm} and {Gha} satisfy the assertion of our theorem. In the first place, by 
the definition of the forms Fin, the equations Fm — 0 must be satisfied if €(a, y) 
can be uniformized by an expansion y = y, of the type (18). Assume that the 
coefficients ai; satisfy the equations Fm = 0 and the inequalities Gn 74 0. The 
validity of the equations (20) implies that the substitution (19) introduces in 
€(z, y) a factor EA, where A = va’. Hence in (20’) the factor €(%, 4) contains 
no negative powers of Z or of 7. The coefficients ä;; of £ satisfy, by hypothesis, 
the equations #(d;) =0 and the inequalities @(ä;;) +0, relative to the 
branch (21). Hence’the equation &(2,%) =0 can be uniformized by an 
expansion y = Y, of type (21), and consequently also the equation é(2, y) = 0. 
can be uniformized by an expansion y = y, of type (18). The power series 


y 
&(z,y) must be divisible by the irreducible element II (y—y:P). Let 
ji ; 


¿=wy(2, y), I (y—ys 2). But, by assumption do,y 0, i.e. (x,y) con- 
tains a term in y”. Consequently n(2,y) must contain a constant term + 0, 


since the coefficient of any term yi, 7 < v, in the product u (y—yD), i 


divisible by. Hence y is a unit, and ¿is irreducible. 
Conversely, if &= 0 admits a uniformization y = y, of type (18) and if 


4 is irreducible, we will have &=»(2,y) I] (y — yı“?), where y is a unit. 
j=1 


This implies in the first place a,» 74 0, and it also implies, as was pointed out 
before, that the equations Fm ==0 hold true. The inequalities G,(ai;) 74 0 
arising from the inequalities G(a;;) 0 must also be satisfied, since the 
hypothesis that & is irreducible in F{x, y) implies that &(, an is irreducible - 
in Ez, 9). 

It remains to prove that the elements ¿(x, y) = Xaij;x‘y/ whose coefficients 
satisfy the linear relations Fin = 0 form a simple ideal P. Let us regard the 
coefficients a;; as elements of the field defined by the equations Fu(a:;) = 0. 
The inequalities Gn 54 0 are then satisfied, and & = 0° admits a uniformization 
y = y, of type (18). As a consequence also zé=0 and y= 0 admit the 


uniformization y == yı, and hence the coefficients of the two power series zé 
. 
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and yé must satisfy the relations Fm —0. This implies that the relations 
Fn (Gi-+,;) = 0, Fm (Gi,j.) = 0 are consequences of the relations Fy (a:;) = 0, 
i.e. if é is any element in P, then tge P and yée P. Hence P is an ideal. 
To prove that ® is a simple ideal, we observe, that if P was a composite ideal, 
then, by Theorem 10.1, a suitable quasi-general element # of P would be 
reducible in the algebraic closure of the field of the coefficients of t. Now t, 
a quasi-general element of P, has the property that its coefficients satisfy no 
linear relations other than those which hold for the coefficients of the general 
element of P, i.e. only the relations Fm== 0. Hence the coefficients of t 
certainly satisfy the inequalities Gn 0, and therefore ¢ could not be reducible, 
in contradiction with our assumption that P is composite, q. e. d. 

In order to apply the above theorem, we begin with some preliminary 
remarks. Let t = 3t,;a'y? be the general element of a valuation ideal q, and. 
let us assume that ¢ is absolutely irreducible (this is certainly the case if 
q is a ur v-ideal, see Theorem 10.2, Corollary). We will have then 


=e H (y — yi), where eis a unit and where Yı, Y2” *, Yv are the y de- 


terminations of a Puiseux series y, = St. cil», the tps being algebraic func- - 


q=1 
tions of the #;. Some of the coefficients t; may be constants, i. e. elements in Ë. 
Let ti = ci i= 1,2,---+,h, cc e £, while ti, is the first coefficient which is 


transcendental with respect to f. The ideal q is a valuation ideal for some 


algebraic valuation B, defined by an expansion y = q = x diaz, dief, and 


the value of ¢, i.e. the evaluation of q, is the exponent be the term of lowest 
degree in ¢(a, y) =e. II (y — yı). It is clear that the term of lowest degree in 
4=1 


y —yi is the same as the term of lowest Jegree in y — 3 citi” — aD’, 
It follows that the value of ¢ is not alsered if we regard the coefficients 
Ensastnso, * © ‘In the expansion y, as entirely independent indeterminates. Now 


if E(x, y) denotes the direct product e. 11 (y— ys), in which tin, tus, * * are 
i=l 


regarded as indeterminates and e is a unit with indeterminate coefficients (1. e. 
e is the general element of the unit ideal), then f is a variable element of q, 
since v(f) = v(q), and on the other hand t is at least as general a power series ` 
as t (i.e. ¢ is a specialization of 7). Sirce ¢ is the general element of y, it 
follows that ¢ can be identified with 7, anc hence the coeffitients ba, thes, * * * 
in the original Puiseux series y, are indeed algebraically independent with 
respect to f, and can be regarded as indeterminates. Changing slightly our 
notation and putting into evidence the coefficients c; which are different from 
zero, we re-write the series yı as follows: | 
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OS a Cac: 
93 er e guil t; mlr, > 
(23) Y » 1 + Bt . Ga", 
where to, ti, t2, are indeterminates. Let ö be the highest common divisor of 
Qis %2,* * "mv. We assert that if 8>1, then t=ell (y — ys) cannot 
i=l 


be the general element of an ideal. We shall show, namely, that if § > 1, then 
the coefficients ti; of t == 3t,;2¢y/ satisfy non-linear relations (which are not 
consequences of linear relations). Consider another sample of the series (23), 


k ; 00 
Ya = > cal + > t za ar] u, 
i=l j=0 


where the 1; are new indeterminates, and let Y = X Visty = € II (y—y's), 
i= 


where e is a unit with indeterminate coefficients. Also ¢’ is a general element 
of q. Assume that the coefficients ¢:; (and hence also the coefficients ¢’;;) 
satisfy only linear homogeneous relations. Then it is clear that t + Y is also 


v 
a general element of q, whence t + Y =€ [I (y—-%), where € is a unit and 
4=1 


k 
Y, = > c¿aulr + = rat, 
é=1 


The substitution y = Y, must annihilate ¿ +1, i. e. € I (y—yi) + e II (y —y 4). 
We proceed to express the fact that the costrciónte of the ect Cis terms 
ofe 11 (A—yı) +e II (Jı — y's) vanish. If w denotes a primitive v-th root 
of I then = 

= y cy (wie) + to (oia) + $ ty (ota) ae, 
whence a di 
(24) m AA o) + (ro — tte) q 


+ (rı az Loa) ql le + es 


Let Y be the h.c.d. of a1, %,° * *,%,v, Whence 8==0(8’). We denote by 
I’ (4, — yi) the product of the & factors Y, — yı for which 1 == 0 (v), and 
by I” (ğı — yi) the product of the remaining factors Y, — yi, so that 


TG: — ya) I (a — ya) =I (Hy). 


If w’s40(v), the differences 1— oi, j==1,2,---,%, cannot all vanish. 
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Let o be the smallest value of j, such that 1— ws 540. Then, by (24), 
co(1 — wie) zee/v, y < k, is the term of smallest degree in Y, — yi, while the 
exponent of the next term will be greater than &o/v + 1/v, since, for 
j=12, + +, k, aja, — a; = 0 (8), whence dja — a; 28>1. It follows that 
(25) IN" (G1— yi) = de + das+---,0Adeh A >A+1/v. 
Similarly, replacing the t; by the ?’,, we will have 
(26) Ua — y'i) = da — ARA 


We now consider the product W’(Yı — yi). Here i assumes the values 
v/8’, 2v/8”,* - -,8’v/8’, whence 


AND): Gi Yi = F — Yiv = (To — too, n) ql» 
+ (rı N tiw? (iD) gp Corea) y + +0 = ol, 


(j = 1, 2,- A -,8), 


where «, is a primitive root of unity of exponent Y. Taking into account that 
(8, M11) == 8 > 1 and letting & = 8h, we find from (27), 


W(t, — yi) = (rt — toh) öga + 8h (Tot — toh) e id to. +. 
It follows, by (25), that | 

i = ‘ 1) = Ar toh) dar Fand? 4. ASh (rot — EA ASADA e, 
The first two terms of I (Y = are cbtained from the above by replacing 


to by t'o Hence we must have 
€00 (rè m tot)? + 00 (ro — Ep? =, €00 (Tot — fot) 4 + doo (To — Uo") oh 0, 


where eoo and oo are the constant terms in e and e respectively. These equa- 
tions imply the relations ro" == tọ = tt, in contradiction with the algebraic 
independence of the t; and the ’;. This proves our assertion. 


This result shows that the general element el (y —ys) of the 
á=1 


valuation ideal q is exactly of the type considered in the proof of Theorem 
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11.1, and hence q belongs to the class of ideals P defined in that theorem. 
This holds true for any valuation ideal q whose general element is absolutely 
irreducible, in particular for any simple valuation ideal. But it has -been 
shown that the ideals P are simple ideals. Hence, a valuation ideal whose 
general element is irreducible is simple. The converse has already been proved 
before (Theorem 10.2, Corollary). Reassuming and recalling Theorem 10. 2, 
we have the following theorem: _ 


THEOREM 11.2. ‘A valuation ideal P is simple if and only if its general 
element t = 3t;¡atyi is absolutely irreducible. The general element t of P is 


the direct product t =e: [I (y —y;), where e is a unit (with indeterminate 
ir 


l k $ o: 7 
coefficients) and y, = Y, cart + Y, bala, (ay, Ao y Oe v) = 1, the 
i=l j=0 $ 


t; being indeterminates. Given any valuation ideal M, the factorization of the 
general element of A into irreducible factors yields a factorization of A into 
simple v-ideals, according to the scheme indicated in Theorem 10. 2. 


We are now in position to prove the basic Theorem 5.2 of Part I: 


CoroLLARY 11.2 (Theorem 5.2). The transform of a simple v-ideal by 
a quadratic transformation is a simple v-ideal. 


Proof. It is immaterial whether the theorem is proved for polynomial 
ideals or for power series ideals, in view of the relationship between these 
ideals described in section 9. Let P be a simple 0-dimensional ideal v-ideal 
in O* = E{a, y), belonging to a valuation B*, and let 29” be the extended 
ideal of P in D'* = Ha, y’}, where z = 2’, y = ya’ (we assume as usual that 
u(y) > v(z)) and where v is the integer such that P =0(p*”), P £0 (pt), 
p* = (x,y). Here P’ is necessarily either zero-dimensional or the unit ideal. 
Let t(s, y) == 3t¿¿xtyÍ be the general element of P. ‘By the definition of the 
integer v, we must have 4; = 0 for all 1,7 such that i+ j < v, and t «0 
for some 1,7 such that i + j =v. Hence t(x, y) = t(x, s'y) =x"r(Y, y), 
where r(2’, y”) = Sri;e’*y’) is a formal power series in 2’, y”. Here raj = tisv-j,j 
if t -Hv Z j, and 10, if++v<j. In our special case the general ele- 
ment ¢ of P is.of the form indicated in Theorem 11.2. Hence 


T= e(z, y) u (y’— y's), > 
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where 


y” = > Ci „gr an) v + 3 t; ig! aratja) fo 
4 
If then ¢’(2’, y’) denote a general unit of D’* (i.e. a unit with indeterminate 


coefficients), then the direct product er is the general element of a simple 
ideal $”, We have v(P”) = v(r) and 


u(r) + 0(a”) =v(t) =0(9), 


whence o(p’) = 0(P’) and P'=0(9). 
On the other hand, any element 1° = 3t¿¡xiyi of P is obtained from the 
general element £ by a specialization &;; — 645°. Hence, if 


Vo, y) = ara, y”) = Er Pa 3, 


then 7° is obtained from e’r by the specialization € > 1, ri; > 715%, and there- 
fore 7° is an element of the ideal P’. Since 279” is the extended ideal of 
P, a finite number of elements such as 7° form a base of P’. Hence P"=0(9”), 
and consequently P’ = 9’, q. e. d. 


Kemark 1. In view of the unicity of the factorization of a v-ideal A into 
simple v-ideals (Theorem 7. 1), the second part of Theorem 11. 2 implies that 
the factorization of the general element of A into irreducible factors yields 
the factorization of A into simple v-ideals. 


Remark 2. Concerning the characterization of simple v-ideals given in 
Theorem 11.2, it is not difficult to show that, conversely, an ideal P whose 
general element t is of the type described in Theorem 11. 2, is a v-ideal (neces- 
sarily simple). For the proof we assume &, > v and we consider the transform 
P’ of P by the quadratic transformation a =g, y = y/e: O*P = g” P”. 
Using the notation of the proof above, we find as above the congruence 

‘==0(P’), The preceding proof of the congruence 9’ == 0(?’) was based 
upon the fact that P’ was a v-ideal. But we may proceed without making use 
of this property of P’. Lett’ (x, y”) be the general element of P’, Y = 30’ ¿a ty, 
and let Sez;t’;; = 0 be a true linear relation between the tij. If ¢ = Xt; y Oxty 
is any element in P, and if 1% = gto, To = SO gy], then ro is an ele- 
ment of P’. Hence we must have 


E ciry = Y Cit ceo, = 0. 


iZi 
. e 
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This relation holds for any element fin P, consequently we must have 
Y Cijtisv-j,3 = 0, whence X cajrij =0. This last relation shows that r is a 


HZ] 
variable element of P’. But then, in view of Theorem 10.1, also er is a 
variable element of P’, since e” is the general element of the unit ideal. Con- 
sequently P’=0(P’), whence again P’ = P’. 

Consider the valuation B defined by the branch 


k 00. 
y= f= Dd cae? LS daten, 
i21 j=0 


where do, d,,* > < are arbitrary constants (in f) and dy 4 0. Let the value of ¢ 
in this valuation be Ao/v, Ay —an integer. The integer Ao =A(P ) is independent 
of the particular constants d; and is uniquely determined by the ideal P and 
by the auxiliary condition «, = v which prevents a special position of the axis 
z= 0. If the variables z”, y” are used, then the valuation B is defined by 
the branch 


k [ee] 
y es E Pe > aa lv + > dja (ati lo, 
i= j=0 


We have v(P’) =v(P) — v(x"), whence v(P’) = (A) — *)/v. I 
Oy — v =v, then A(P’) = ào — r? <A(P). If a, —v< y, then the rôles of 
the variables 2”, y” must be interchanged, and putting a, —v =v we find 
v(P’) = [ (A, —v?) /v] * (v/v), whence again A(P’) =A.—v <A(P). The 
inequality A(P’) <A(P) leads to a complete induction with respect to A(P). 
I£ A(P)= 1, then v=1, since evidently A(P)= v, and hence P = p* (2, y), 
so that if A(P) =1, P is a v-ideal. Since A(P’) <A(P) we may assume, 
according to our induction, that P’ is a v-ideal. Now xP” is the extended 
ideal of P, and from the expression of the general element ¢ of P it is seen 
that the subform of degree v of ¢ contains only the term y” (since & >v). 
By Theorem 4. 3, our assertion that P is a v-ideal, will follow, provided it is 
shown that P is the contracted ideal of x""P”, The proof of this is immediate. 
The general element t of the contracted ideal of xP” is of the form ar (a’, y”), 
and we can assert that not only is 7 a variable element of P” (this is obvious) 
but also that its coefficients 7i; satisfy those inequalities (see Theorem 11.1) 
which insure the irreducibility of 7, because this is true for the general element 
t = r(x’, y’) of the ideal P. It follows that £ is necessarily of the form 


t= e(a,y) IL (y—yi), Where y, = > 0” + = tagen’, whence ¢ is a 


variable nt of P. Since P is contained in the contracted ideal of ER 
it follows that P peda with ue contracted ideal, q. e. d. 
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12. The class of complete ideals.” It has been pointed out in section 7 
that a product of valuation ideals is not always a valuation ideal.‘ The class 
of ideals (in E[z, y] or in f{z,y}) which can be factored into valuation ideals 
is therefore larger than the class of valuation ideals. We shall call ideals in 
this class complete ideals. The term “ cornplete ” is suggested by the notion 

` of complete linear systems in algebraic geometry, these being the linear systems 
which are defined uniquely by base conditicns, i. e. by the condition of passing 
with assigned multiplicities through an assigned set of proper or infinitely 
near points. It will be seen that complete ideals are those and only those ideals 
whose elements are subject to given base conditions, and to no other conditions. 
In other words, the polynomials which belong to a complete ideal and whose 
degree is not greater than a given integer n, form, for any n, a complete linear 
system. 

By our definition of complete ideals, the class of complete ideals is closed 
under multiplication. Moreover, by Theorem 7.1, a complete ideal has a 
unique factorization into simple complete ideals, these last ones being neces- 
sarily valuation ideals. Our next aim is to prove that this class is also closed 
under the other ideal operations ([ ,]), (:) (intersection and quotient) ; not 
however under addition (+).* The theorem which we wish to prove is the 
following: 


THEOREM 12.1. If A and B are complete ideals and © is an arbitrary 
ideal, then [A, B] and A: E are complete tdeals. 


This theorem is an immediate consequence of the following: 


Lemmas. Any complete ideal is the w-tersection of valuation ideals, and, 
conversely, the intersection of valuation ideals is a complete ideal. 


Proof of the lemma. Let A=[A,, A.,- -, Az], where each A; is a 
valuation ideal for some valuation Ba. We may assume that the A, belong 
to one and the same prime ideal p= (x,y). Denote by t the general ele- 
ment of W and let t=t,t2* - -tm be the factorization of ¢ into irreducible 
factors in the ring R{x, y), where & is the algebraic closure of the field of 
the coefficients of t. Let a; = v(t:) be the value of t; in the valuation Bj; 
(11,2, :,m;j=1,2,* < *,k), and let M; be the v-ideal belonging to 
B; such that v(W) = aiz Since v(t;) =v(A;,) in Bj, tí is a variable 
element of A;;, whence t; is also a variable element of the intersection 


* Example. The ideals (y°, y, (er, py are v-ideals, but their sum (join) is the 
simple ideal (a?, y?, p) which is obviously not a v-ideal and consequently not complete. 
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x 


Bi = [Miss Wie, > > Mur], (+ =1,2,- - -,m). 


Let rs be the general element of Pı. We have v(r;) S v(t) in Bj, since all 
the linear relations between the coefficients of r; are also satisfied by the coeffi- 
cients of £;. On the other hand, we have in any of the valuations B,, 
vn) =v(B,) Zv (Mi) = v(t). Hence v(ri) =v (ti). Lett tite * *Tm 
be the direct product of the elements r;. The elements ¢ and r have the same 
value in each of the valuations Bj, whence v(r) =v (X) 2 v(A;) in B;. This 
shows that r is a variable element of W;, whence r also is a variable element 
of the intersection A of the Y;. But + is not less general than ¢ (since r: is 
the general element of the ideal B,, of which t; is a variable element, and since 
r is a direct product of the r;) ; consequently, since t is the general element 
of A, also 7 is the general element of Y. We may then identify ¢ with 7, and 
we deduce that t is the direct product of its irreducible factors ti and that 
t; is the general element of Pi. 

We now apply the considerations developed in the proof of Theorem 
11.2. For the irreducible element t; we have the following uniformization : 


vi 
ti = ea (x,y) II (y — 92”), where 
h=1 


k co 
yO = Y ea Y ras, 
j=1 j=0 
Ti —transcendental with respect to field f. 


Since the inequalities v(t) = v(W;) in By, j=1,2,*  ,k, are the only con- 
ditions which should be imposed on t, it follows that all the +; are indetermi- 
nates, as the value of ¢; in any algebraic valuation is not altered if we regard 
the ri; as indeterminates. Also «; (s, y) is to be regarded as a unit element 


vi 
with indeterminate coefficients, and the product of e; by IT (y— yn”) is to be 
¿=1 


intended as direct. But then we must have necessarily (ai, Up, "u, vi) = 1 
and consequently t; is the general element of a simple v-ideal (by the pre- 
ceding section, Remark 2). Hence B; = P, where P% is a simple v-ideal. 
By Theorem 10.1, tito» + «fm is a quasi-general element of the ideal 
POP... P, But the coefficients of the direct product IIt;, i.e. of t, 
satisfy only linear relations, since t is the general element of A. Hence ¢ is also 
the general element of P VP 9 ---P™, and consequently Y PVP... Pm, 
This proves. the first part of the lemma. 

To prove the second part of the lemma, let A = AA, + - An be a com- 
plete ideal, where W, Az, + - -, Am are simple v-ideals, which we may assume 
as primary ideals belonging to one and the same prime ideal p = (z, y). Let 
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A; be of kind hy, and let h =— max(h,,ho,---,hm). The assertion of the 
lemma is trivial if m=1. We assume that the assertion is true for all 
integers h’ such that M’ < h (if h=1, then necessarily m—1). Let A; 
belong to a valuation B;. Assuming that v(y) = v(x) in each of the valua- 
tion B;, we apply the quadratic transformation T, v’ = zg, y’ =y/x to the 
polynomial ring © = £[z, y], getting the ring D = f[2’, y] of polynomials in 


ay. Let DW; = NW, whence DA = WW, Wu, p= È pj, where 


A; = 0 (pr) and Aj 5€0(pe12). By Theorem 4.1, Wy is a v-ideal in O, and 
by Theorems 5. 2 and 5.3 Wy; is a simple v-ideal of kind h; —1. The product 
II W; can be first written as the intersection of the partial products consisting 
i-1 

of factors W; which belong to one and the same prime ideal. Then, by our 
induction, each partial product can be written as the interseetion of v-ideals 
Let then 

A o ES WW; AO Won a [8 Ba, sey ‘el, 


whence 
(28) DON = [eB”,, xB’, | oP BI, 
where Wi, 8’2,- - +, B', are v-ideals in D. 


Let o; be the smallest integer such that 7B’; is an extended ideal of aa 
ideal in 9, and let Y; be the contracted ideal of x’%9;. By Theorem 4. 3, E, 
is a v-ideal and B; == T*(B%). We have OB; = 2B’; and OM = ww. 
We assert that c; & p. In fact, assuming that o; > p, we have 


DO pr == WG, 


whence, passing to the contracted ideal of =’, pr"A=0(B,). Now 
W—=O0(pr) and Az 0( pe), hence por =0(p%) and = O(pret). Since 
also B, is in p” and not in p7, the congruence peA =0(B,) implies thit 
the subforms of degree o; of the polyncmials in Y, form a linear system Q(B -) 
of dimension = s; —p>0. This is impossible since, by our definition f 
BD¡(—T-(Y',)), the system 0(B,) :s of dimension zero. 

We have therefore e; Sp, and consequently se’; is an extended ideal, 
its contracted ideal being pre-B, (Tkeorem 4.3). Denoting by A* the con- 
tracted ideal of O'N, we obtain from (28): A 


A S Ar = [pB Bed, cs, pas]. 


Now ®; is a valuation ideal for some valuation, and in that valuation the 
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ideal pP, is equivalent to some valuation ideal ©;. By Corollary 2.3 we 
have paH; = [€,, pP], whence 


AGA" oe [G,, Ez, - . ' Ca, pe]. 


Hence %* is the intersection of valuation ideals* By the first part of the 
lemma, just proved, W* is a complete ideal, 


OF — AN, WH, 


where the A*; are simple v-ideals. N and A* have the same extended ideal 
zew. If then T(W*,) =W*, we must have 


a YW, ee = DA = DIN = X WE, a aT 


By the unique factorization theorem (7.1), it follows, for a proper ordering 
of the factors, m = n, W; =M'*;, whence also W =A*,, A =A*, and con- 
sequently A is the intersection of v-ideals, q. e. d. 

Theorem 12. 1 now follows immediately. That [A, B] is a complete ideal, 
if Y and Y are complete ideals, is now trivial, since, by our lemma, complete 
ideals can also be defined as intersections of valuation ideals. Consider now 
the ideal A: ©, where A is a complete ideal and © is an arbitrary ideal. We 
have A = [W W: > :, Ax], where the A; are valuation ideals, whence 
Y1:C=[A,: ©, Y, : €, - - - A, : €]. But by Theorem 2. 1, the quotient W;: € 
is again a valuation ideal. Hence A: € is the intersection of valuation ideals, 
and therefore is a complete ideal, q. e. d. 


COROLLARY 12.2. If Wis a complete ideal (in E[a, y] or in €(x, y)) and 
of @?W is the extended ideal DA in the ring Ela’, y] or Ka’, y”), where 
Y =v, y =y/x2, then W is a complete ideal and N is the contracted ideal 
of aa. 


That W is a complete ideal is trivial. The second part of the corollary 
follows from the relation Y == A* established in the course of the proof of the 
second part of the lemma. 


13 Any power of p is a valuation ideal. Consider the 0-dimensional valuation 
defined by the divisor («') and by the point y’=0 of this divisor, i.e. if F(a’, y”) is 
any rational function of a’, y”, then put v{F) = (m,n), where œm is the highest power 
of æ which divides F,F=umF, (ey), F,(0,y') #0, and where y'n is the highest 
power of y’ which divides F, (0, y'). Then it is easily seen that the sequence of v-ideals 
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When a linear system of cutves f =0 is subjected to base conditions, 
it is required that the curves of the system have assigned intersection multi- 
plicities with an assigned set of algebraic branches y;. For each branch y; 
the corresponding condition is equivalent to the condition that the value of the 
polynomial f in the valuation B; defined by the branch y; be not inferior to a 
given integer; in other words: it is required that f==0(%;), where A, is a 
given valuation ideal belonging to B;. The full set of base conditions is then 
described by the congruence: fe=0([%,, Az, * - :]), i.e. by the condition that 
f belong to a given complete ideal. Howaver, the representation of a complete 
ideal as an intersection of valuation ideals is not unique. For instance, let 
Y = (vy, p?), where p = (x,y). Wis not a valuation ideal, since it has only 
one subform xy and this is not a power of a linear form. Let A, = (27, zy, p°), 

== (ay, y, P), Y, = (2, 2, zy, y), Wo = (y, vy, Y, P). These 4 ideals 
are valuation ideals and we have A = [2,, M] = [W, W]. This ambiguity 
is the algebraic equivalent of the distinction which the geometric theory makes 
between the assigned or virtual multiplicities of the curves of a linear system 
and the effective multiplicities of these curves. It is the representation of a 
complete ideal as a product of valuation ideals that is unique and puts into 
evidence the effective multiplicities of the general curve of a linear system.* 

We point out explicitly the following result arrived at in the course of the 
first part of the above proof: the general element t of a complete ideal A-is 
the direct product of its ürreducible factors, and the factorization of t yields 
the factorization of W into simple v-ideals. This is the generalization to com- 
plete ideals of the similar property of valuation ideals given in Theorem 11. 2. 

We conclude this section with the deinition of an operation which assigns 
to each ideal A in © a uniquely determined complete ideal W, the complete 
ideal determined by Y. The analogue of this operation in*the theory of linear 
systems is given by the passage from an arbitrary linear system to the corre- 
sponding complete linear system. We define W as the intersection of all the 
complete ideals containing Y. Since A has a finite length, it is clear that W 
is also the intersection of a finite number of complete ideals, hence W itself is 
a complete ideal, i.e. W is the smallest complete ideal containing Y. The 
operation comes under the heading of the (’) operations studied in other con- 
nections by van der Waerden (°, $ 103). Prüfer and others, since it enjoys 
the following formal properties: 


in f[a,y] consists of all ideals of the form (wAye-A, wh-lyp-d+l, . - «YO, pert) A 
p2r2Z0, p= 1, 2%3,.... For A=p, we find the ideal pe- 
* See Note at end of Section 12. 
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Lye 2. EM DW, then W, D Y”. 
3. (Wr, Wa)” = (U, A)”. 4. (WW) = (AA. y”. 
5. (a) = (a); ` ((a) 1) = (a) Y. 


Proof. 1. Trivial, because W is a complete ideal itself; 
2. Self-evident; 


3. By 2, (W, Me)’ D (Wa, Wa), whence (A,, A)” 2 (Wa Ws)’. 
On the other hand Y, D M, W, D Mo, whence (Wr, W’2)’ D (U, We)’, by 2. 

4. By 2, we have (WW) > (MA). Let Y be any valuation 
ideal belonging to some valuation B ‘and containing MM, and let Bi, 
i= 1,2, be the valuation ideal for B which is equivalent to W. We have 
v(B,B,) =v (MM) 2 v(B), whence B,B, =0(B). Since A¿==0(B,) and 
%, is a valuation ideal, hence complete, we have ’;==0(%;), consequently’ 
WW’, = 0(B,B2) . Since every complete ideal is the intersection of valuation 
ideals, it follows that (W, W)” is the intersection of all the valuation ideals Y 
containing MMs. Hence WW, C (Az). As a consequence also (W,Wz)’ 
 ((AUN,)’), whence 4 follows. — 


We observe, however, that (WW) = WW, since the product of the 
complete ideals W,, W, is itself complete. Hence 4 can be written as follows: 


4, VW; = (WAW) £ 


5. A principal ideal (a) is itself a complete ideal, If a == aja. > > ap”, 
where a; (x, y) is an irreducible polynomial, then (a) =(a,%) n (a)n --- n (a), 
and evidently (ai) is a v-ideal, belonging to the 1-dimensional. valuation 

: defined by the divisor (a;). Hence (a) = (a). Ina similar straightforward 
manner the relation (a) - W)’ = (a)W can be proved. 


‘THEOREM 12.3 (invariance of the operation (’) under quadratic trans- 
formations). If p= (z, y) and if W=0(p), WA 0(p"*), then also 
W= 0 (pe), W 5 0(pe). Moreover, if B is the transform of A under ‘the ' 
quadratic transformation T, then W is the transform. of Y under E Le 


ON = 28 implies O'Y’ == e. 


Proof. Since any power of p is a complete ideal (even a valuation ideal) 
and since W is the smallest .complete -ideal containing A, the congruence’ 
A= 0 (p°) implies the congruence W=0(pr). Moreover, if A 30(p"), 
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also W>&£0(pr) since Y=0(W). Let then ON — dB, DU = a B*, 
where O = €[a’, y] (or O = Ha’, ’}), Y =<, y =y/z, and where Y and B* 
are not divisible by 7. Since Y=0(W), also B = 0(¥B*), and by Corollary 
12.2, B* is a complete ideal. To prove taat B* — Y”, we have to show that 
if $, is any complete ideal containing Y, then B* = 0(8.). Let o be the 
smallest integer such that 2'“B, is an extended ideal of an ideal in ©. The 
same reasoning employed in the proof of the second part of the Lemma, for 
the derivation of the inequality o; = p, can be used also now in order to show 
that op. It is only necessary to observe that by Corollary 12.2 the con- 
tracted ideal of 2'“B, is a complete ideal, say €. The system 2(®) of the 
subforms (of degree o) of € can be of dimension greater than zero, only if in 
the factorization of © into simple v-ideals there occurs the factor p. .We would 
have then © = pD, whence O’D = 2’*B,, in contradiction with the definition 
of the integer o. Hence 2(@) is of dimension zero, and it was this value of 
the dimension of 0(%;) that played a rôle in the proof of the Lemma. 

Since o < p and B, > B, we have 8, D xB. Now let © be the con- 
tracted ideal of x'“B,. Cisa complete ideal, and its extension ideal is 2'9B,. 
Hence the extended ideal of pe-°@ is sB, and consequently (Corollary 12.2) . 
pÇ is the contracted ideal of z’B,, since pP is also a complete ideal. Since 
the contracted ideal of x'*B contains A, the congruence 2*B, D sH implies 
the congruence PC DW. Hence p”"6 DW, and passing to the extended 
ideals in ©’, we find 8, 2 rt, i.e. 3, 2 B*, q. e. d. 


Nore.—For those not familiar with the geometric terminology we give here the : 
definition of the effective multiplicities on the basis of the present treatment. We 
associate with each simple v-ideal Py,, of kind k -+ 1, belonging to the prime ideal 
Pı = p = (x, y), a point Og, in the k-th neighborhood of the-point 0, (0, 0) m = 
(x, y)-plane. Let Pa Pa: c, Pr be the simple v-ideals of kind l, 2, 
determined by Pz,, and nr it (Theorem 6.1), and let 0,,02,° © -, Og he és 
associated points. We proceed to define the set of base points of the ideal Prr 
or the symbol 

B( Pir) = (010372: OO),  r¿>0, 


and we shall say that r; is the effective multiplicity of the ideal Pg, at 
0, (rg = 1). We set B(P,) = (0,). For eny k we define B(Px,,) by induction 
with respect to k. We know, by Theorem 6.4%, that if B is any valuation for which 
Phy 1s a v-ideal, the v-ideals for B which precede Py, are independent of B. Let 
q be the v-ideal whieh is followed immediately by Pg, and let q, = Pa P,%--- Per. 
Assuming that the symbol B(P,) has already been defined for all i < k +1, we put 


B( Pigs) = [B(P i) ]%[B(P a] > > [B(P 2) "0ra 
where, if + OSS Y i i í i 
B(P in) = (0,410, - > =0,80¿,,) 
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and 

B(P;.) = (0,402! + + - 0,0551), 

then = 
BCP) BCP; ;) iR: (0, sitil, Betts. . 3. 


To check this definition against the customary geometrie definition, we point out two 
implieations of our definition : 


(1) Par is exactly divisible by pri, i:e. Poje=0(p"), Pus 5 0(pr1). The 
assertion is true for k=0. Assuming that is true for Pipp i= 0,1, - -,k—1 
and that P ¿,, is exactly divisible by prs, then i 


B(Pin) = (0ra. > -),, Ti = Qfor F e + Mina. 


and from this we conclude, in view of qa = PaP 5% - - Pyar, that q, is exactly 
divisible by pr. Now pqa==0(Py,1), since Py,, is a maximal subideal of m. 
Hence Pyn is divisible at most by pt. I£ Pi, was divisible by pr:*!, then the 
system of subforms 0(pqr) would have been a subsystem of Par): This is 
impossible, since Q(q,) is of dimension = 1, while Q(P,4) is of dimension 0. 
Hence Pry is divisible exactly by p". We have thus proved that in the general 
polynomial f(a, y) in Pan the terms of lowest degree are of degree 71, 1.0. the 
curve f = 0 has at 0, an r,-fold point (while no curve f =0, fe Par has at 0, 
a multiplicity less than r,). 


(2) If Pp”, is the transform of Pis by a quadratic transformation T having 
at 0, a fundamental point, then B(P%,) = (V472: + - 0% ,"20’,), where 0’; is the 
point associated with P’;. To prove this, we first observe that from the fact, just 
proved above, that q, and Par are both divisible exactly by the same power, pri, 
of p, it follows that Q(Px,.1) is a subsystem of O(q,). Since Pw, is a maximal 
subideal of qı, the dimension of Q(q,) cannot exceed the dimension of Q(Px,,) 
augmented by 1. But Q(Pz1) is of dimension 0, while Q(q,) is of dimension a. 
Hence 4,<1. Let T(m) =710 1, where du =P" 1P PA, We 
assert that 9’, is the immediate predecessor of Pz. If a, = 0, the assertion follows 
immediately from Theorem 4. 4, since we have in this case T-*(q’/,) = m. Let now 
a, =l. Assume that q” y 1s not. the immediate predecessor of DP and let q, be a 

v-ideal between qp and Ph. Let ym =T*(q 1) = Pg: > + Py ge = T (98), 
whence Gm D qr > Pres (by Theorem 4. 4). We have qr=0(qm) =0(p711), and 
also qr5é 0(p":12), since Py, = 0(qr). We also have pom = m == 0 (qr), since 
Ma is the immediate predecessor of Pr. If qy was divisible by y”, then O(m) 
would be a subsystem of 0(q,), and this is impossible, since Q (qa) is of dimension 
1, while OQ (q+) must be of dimension 0. Hence q, is divisible exactly by pr. Now 
we have v (qr) > v(m), v (par) > 9(Pqm)= v(m), and consequently par = 0 (Pry). 
This is a contradiction; since both pq, and Pp, are divisible exactly by p™ and 
0 ($qr) is of dimension 1. It is thus proved that q. is the immediate predecessor 
of P’,. As a consequence we have 


B(9* z) = PURDI] > [B (Pr) ] 0% 
From this relation our statement follows immediately by induction with respect to K, 


Our result implies that if the general curve [=0, fe Py,,, passes through 
01, 0,,- © -,0x,, with effective multiplicities Ti, 12," * "7m l, then its transform by 
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the quadratic transformation T wer through the points Vi Og + 0% with 
effective multiplicities Yo, fg, * "ml. The identity between our definition of 
effective multiplicities and the ia geometrie definition is thus fully proved. 
It is hardly necessary to add that the defin:tion of the symbol B(W) for any com- 
plete ideal amounts to postulating the relation B(BE) = B(B)B(€). 


13. Simple v-ideals and divisors of the second kind. Let be a 
divisor of the field % == (+, y), i. è. an homomorphism of 3 upon a field 3” of 
dimension 1 (and the symbol ©), and let us assume that Y is of second kind 
for the ring © = f[z, y], i.e. that the prime ideal p determined in O by 
the divisor $ is zero-dimensional, say p = (x, y) (we exclude the case in which 
x or y are mapped upon ©). The points of the Riemann surface of the field 
3' define a set of valuations {Ba} of the field 3, all of rank 2. Let {q:®} be 
the Jordan sequence of v-ideals in belonging to the valuation B,. The ideal 
_ 4, = p is independent of a. There may be other values of i such that 9; 
is independent of a, and, in particular, there may occur in the sequence {qi} 
simple ideals independent of « Their number is necessarily finite, because 
the simple v-ideals in the sequence {q;‘*'} determine the sequence completely 
(Theorem 6.2) and since the valuations B, are all distinct. Let Pp be the 
last simple v-ideal, of kind p, which occurs in all the sequences {g;‘®}. The 
simple ideal ma of kind p +1, will then vary with « We have thus asso- 
ciated with every divisor of 3, of the second kind, with respect to 9, a simple 
v-ideal Pp in ©. I£ we apply p successive quadratic transformations, getting 
a polynomial ring E[X, Y] of the new indeterminates X, Y, the ideal P 
is transformed into a prime 0-dimensionel ideal p® — (X, Y — c), and the 
constant ec must vary as æ varies. As a consequence, the divisor $ is of the 
first kind with respect to the ring $[X, F], and the cortesponding prime ideal 
in this ring is necessarily the 1-dimensional ideal (X). This shows that there 
exists a divisor P for any preassigned simple v-ideal Pp and that $ is uniquely 
determined by Py. We have then a one to one correspondence between the 
divisors of the second kind (with respect to the ring E[a, y]) and the 0-dimen- 
sional simple v-ideäls in t[x, y]. The field X’ upon which 3 is mapped by $ | 
coincides with the field £(Y) and is therefore purely transcendental. 

It is important to point out that as the valuation B, runs through the set 
{Bz} determined by the points of the field 3’, the set +P} will inchide 
all the simple v-ideals Pp of kind p +1, such that Don and Pp belong 
together to one and the same valuation. This follows from the fact, that all 
such ideals Pp. are transfortned by p süceessive quadratic transformations 
into the above ideals p@. 

The preceding considerations refer to the field F(a, y) of rational func- 
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tions in 2, y, but can be immediately extended to the field &* of meromorphic 
functions in z,y. If we put z=z, y =x'y', every holomorphic function 
£(z, y) assumes the form 2’°(f,(y’) + fs) +--+). H y is another holo- 
morphic function of z, y, and y = 2’ (p(y) + 2’¢2(y’) +--+), we map the 
runction &/n upon 0, œ or fı(y’)/dı(y’), according as p > 0, p < a or p==0, 
This mapping defines an homomorphism of the field 3* upon the purely trans- 
cendental field f(y’). We regard this homomorphism as a divisor of the second 
kind of X*, since the prime ideal in f(x, y) determined by this divisor is the 
0-dimensional ideal p* == (x,y). We associate this divisor with the simple 
ideal p*. In the same manner we may associate with any simple ideal Pra 
of kind Ak +- 1 in f(x, y) a divisor of 3*, in which 3* is mapped upon a purely 
transcendental field of one variable. We do this by first applying h successive 
quadratic transformations, getting a ring O*,—=F{2n, ya}, which contains 
f{z,y} and in which the ideal Pa corresponds to a simple v-ideal of kind 1, 
i.e. to the ideal (zr yn). This ideal defines a divisor of the field 3, of 
meromorphic functions of £m yn, mapping 3*, upon the field f(y’,) of rational 
functions of y'n (=Yyr/zı). In this homomorphism the subfield 3* of 3*, is 
ınapped upon the entire field F(y’,), since zw, y, are rational functions of wand 
y. We-associate the divisor of 3*, obtained in this manner, with the simple 
v-ideal Pas. In exactly the same manner as for the field of rational functions 
of x and y, it is shown that the correspondence between all the divisors of 3*, 
defined by homomorphic mappings of 3 upon fields of dimension one with 
respect to f and of second kind with respect to f{z, y), and the simple v-ideals 
in tx, y) is (1,1), and that consequently any such divisor is purely trans- 
cendental (i.e. the field upon which 3* is mapped by a divisor of the second 
kind-is necessarily purely transcendental). 

We point out explicitly, that if a divisor of 3* of the first kind with 
respect to E{x, y) is defined as an homomorphic mapping of 3* upon a field Q, 
such that the prime ideal determined in f(x, y) by the divisor is one-dimensional, 
then Q is necessarily the field of all meromorphic functions of one indetermi- 
nate. Thus for fields of meromorphic functions 3* the classification of the 
divisors into two kinds is not merely a relative classification with respect to 
tae ring É(z, y), but rather a classification in terms of the properties of the 
field 3* itself. That this should be so is only natural, in view of the privileged 
rôle which the ring of holomorphic functions plays in the field 3*. 

We conclude with one final remark; which finds an application in the 
proof of the well-known algebro-geometric theorem, that a pencil of curves 
on an algebraic surface is necessarily linear, if the pencil has a base point at a 
simple point of the surface. This remark will be elaborated: in a joint note 
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by Dr. O. Schilling and the present author. At this place we wish only to 
observe that the proof of this theorem is kased upon the following assertion: 

Given a meromorphic function f(x, y)/$(z, y), and assuming that the ele- 
ments f and & of Elx, y) are relatively prime and that neither is a unit, then 
there exists a divisor $ of second kind of the field &* of meromorphic functions, 
such that f/ is mapped upon. a transcendental element of the image field. 
This assertion can be readily proved as follows. Consider the ideal A = (f, ¢) 
in f(x, y). This ideal is zero-dimensional, since f and ¢ are relatively prime 
and are both contained in the ideal (x,y). Let W be the complete ideal 
determined by Y. Let us first consider the case in which W = p* = (2, y). 
In this case we assert that the required divisor $ is the one associated with p*. 
In fact, assume that f/& is mapped by $ upon a constant c. We may assume 
c==0, replacing f-— có by. f. . Under this hypothesis f/ will have positive 
value in all the zero-dimensional valuations Ba defined by the points of the 
Riemann surface of P, and hence, since ¢ ==0(p*), f must: belong, for any a, 
to the valuation ideal q, which follows p* in the Jordan sequence of v-ideals 
belonging to Ba. As a varies, q. can be any maximal subideal of p* (see 
section 8) and is a simple ideal (of kind 2). Now for some a we will have 
p==0(q:%). In fact, it is sufficient to consider the valuation defined by an 
irreducible branch of the analytical locus = 0. For this valuation it is true 
that the element ¢ is contained in all the 0-dimensional v-ideals q; belonging 
to the valuation, whence also in qa. It follows then that for some «, both 
f and ¢ are contained in q.. But this is impossible, since q2‘® is a complete 
ideal which does not contain the complete ideal W == p* determined by (f, y). 

In the general case, let W = P,P% - -P,%, where P, is a simple 
v-ideal of kind hi. Let h = max{h;}, and let us apply the quadratic trans- 
formation 2’ = zg, y =y/zx. I£ A= 0 (p*r), A 0(p*e*), then by Theorem 
12.3, also W = 0 (p*r), W>20(p**), and putting f= af, $ PH, 
A, == (f1, $1), the complete ideal W, determined by A, is the transform T (W), 


i.e. the ideal 1,9 „a? van Dhar, 


Here each P’; is of kind h; —1, so that max(h;—1) = h — 1. Since the 
theorem has already been proved for h=1 (W = p*), we may assume that 
the theorem is true for h — 1. We may even assume that for the function f./¿, 
the divisor whose existence is stated in our assertion is the divisor associated 
with a factor P’,, such. that P”, is of maximum kind h— 1. Then it follows 
immediately that the divisor of the field 3* associated with the factor Ps 
satisfies the assertion. 
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INTEGRAL FORMS AND VARIATIONAL ORTHOGONALITY.* 


By Pump HARTMAN and RICHARD KersHner. 


Introduction. The arc-length of a curve vı == zı (t); £2 = z(t), if it 
exists, is defined * by an integral of the form 


v 

(1) L(a) — f, Ude)’ + (dee), 

where (1) means the limit of approximating sums 
2{Az,)’-+ (Aa2)?}4 


of the Riemann-Stieltjes type. It is well known that (1) exists whenever 21 
and æ are of bounded variation in [a,b ; and that, in case x, and x. are 
absolutely continuous, (1) reduces to the crdinary Lebesgue integral 


b 
(2) La) È (P10)? + (a(t) Ys, 


In this paper the integral (1) will be investigated in cases when a, and 
Tz are not absolutely continuous but possess, under the Lebesgue decomposition, 
a purely singular or a purely discontinuous component. The results to be 
obtained furnish means for the calculation of the length of curves given by a 
parametric representation for which (2) is not valid. These results will be 
based on the fact to be proved that, while (2) is clearly not decomposed linearly 
under arbitrary linear decompositions of x,, v2, nevertheless, for the Lebesgue 
decomposition, 2;(t) = ai(¢) + si(¢) + pi(t), where a; is absolutely con- 
tinuous, s; is purely singular? and p; is purely discontinuous, one has 


(3) L(t, t2) = L (01, 42) + L(s1,82) + L(ps, po). 


It should be noticed that, since L(a, u.) reduces to an ordinary Lebesgue 
integral and L(p,, p2) degenerates into an infinite sum, the usefulness of (3) 
is limited largely by the difficulty of calculating L(sı, S2). Of course, in 
special cases it may be possible to eliminase the parameter between s,(t) and 
S(t) and reduce this integral to one of the Lebesgue type. Additional results 
which sometimes lead to the explicit evaluation of L(s,, 82) will be given in 


* Received October 1, 1937. 
1 Cf., e. g, Saks [7], p. 57. 
2 A purely singular function will be supposed to be continuous. 
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the sequel. In this direction the following fact may be mentioned here: 
If, for every tin [a,b], either s’,(t) = 0 or s’.(t) = 0, then 


L(s,3) = V{[a, b]; s1} + V([o, b]; so}, 
where V([a, b];f) is the total variation of f on [a,b]. 
In the non-parametric case, the length L(y) of the continuous curve 
y = y(x) is given by 
ad b 
Ly) = f A+ OPE Vm] — f 19) lat. 
In particular, if y(x) is purely singular and monotone in [a,b], 
L(y) =| y(b) —y(a) | + [b—a|. 


This last statement is trivial in the case that y(z) is almost everywhere 
constant. 


At the suggestion of Professor Wintner the proofs of the facts mentioned 
above have been extended so as to apply, not only to the Euclidean arc-length 
(1), but to very general integral forms of the type 


(4) e) =la, 0); X) = "TL aX), 
where 2 


Y = Y(t) = {y (t), ++, ym(t)} and X—X(t) = (m(t),* ,nll)} 
are vector functions of ¢ on [a,b] and where 

F(Y;kZ) =kF(Y;Z), (k 20). 
The best known integrals of this type are, of course, the ‘Stieltjes integral 
(5) ER) = ya 
and the total variation of the function s(t) 


(6) e(X) = Vila; 2} — f ldel. 


Another simple example is the case 
b » 
m WX) =f lan (p>), 


of which the case p = 2 is Euclidean arc-length. The Riemannian arc-length 


(8) 6(X) = f R (3 gadeidax)? 


INTEGRAL FORMS AND VARIATIONAL ORTHOGONALITY. 207 
and the Finsler metrics 
b 
(9) 2%) = f P(X; dX) 


can also be considered as special cases of (4). 
In connection with Hilbert’s theory of bounded quadratic forms with . 
continuous spectra, Hellinger [4] and Hahn [2] consider integrals of the form 


(10) P(X) = H; (2u 7) = f (de)*/der 
and j 
(11) a (X) = H: (2 22) = f iddah, 


and need, in order to describe the system of orthogonal invariants, especially 
a study of the case that X(t) is not absolutely continuous. The general results 
to be obtained provide an essential simplification of the use of these integrals 
in this connection. 

In general, it is found, in conformity with (3), that if 


(12) X(t) =X: (t) + X(t) + Rot), 


where X(t) is of bounded variation, X,(t) is absolutely continuous, X2{¢) is 
purely singular, and X,(¢) is purely discontinuous, then, under very general 
conditions on the function F occurring in (4), 


(13) SKK) HER) + (Xs). 


In particular (13) holds when $(X) is any one of the explicit types (5), (6), 
(7), (8), (10), (11). In the case of (9) some restrictions on F are, of course, 
required. 

Actually the Lebesgue decomposition (12) is only a special case of a large 
class of decompositions for which the linear property exhibited in (13) is 
demonstrated. Other decompositions, of a similar nature, are considered for 
which (13) does not hold preeisely but requires corrective terms. 

Again in conformity with the case of Euclidean arc-length, it is shown 
that the first integral 9(X,) occurring on the right side of (13) can be reduced, 
in all cases for which (13) is proved, to an ordinary Lebesgue meet with ' 
respect to +, namely 


©(X,) =f F(Y(t); X’(#))dt, (X = dX/dt). 


Furthermore, the last integral, S(X,), occurring on the right of (13) 
degenerates to an ordinary series of the form 
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(Xa) = SF (Y (pi); X(pi +0) —X(pi—0)), 


where the sum is taken over all discontinuity points p;.of X(t). Thus (13), 
` in a sense, reduces the investigation of integrals of type (4) to the case that 
X(t) is purely singular, i. e., that all components of X(t) are purely singular. 

The results to be obtained are, of course, trivial in the Stieltjes case (5) 
and essentially known in the case (6) of total variation but in all other 
cases they seem to provide a new ‘analysis of the integrals under consideration. 


1. Definitions and conditions. The integral (4) may be defined as a 
direct generalization of the Riemann-Stieltjes integral in the following manner : 
Let a = to < t, <' ++ < to =b be a mesh on the interval [a,b]. Then 
(X) is the limit. of an arbitrary sequence of sums 


(14) EVE); AX), (AX =X (tin) Ki) HSE < tm), 


associated with any sequence of meshes for which A = max | tia — t; | > 0, 
provided this limit exists and is independent of the particular choice of the‘ 
sequence of meshes and of the intermediary values éj. Correspondingly, the 
integral (4) is said to exist if the sums (14) have such a unique limit. The 
integral (4) will be said to exist absolutely if 


(15) Sram | 


as well as (4), exists. The corresponding generalization of the Lebesgue- 
Stieltjes type will not be considered here. 
It will be convenient to list certain of the conditions which will be used 
in the sequel. Pe ao 
Throughout the paper it will be supposed that X(t) is of bounded varia- 
tion, i.e., each component 2;(¢) is of bounded variation, in [a,b]. It will 
also be supposed that X(t) is continuous from the left. This involves no loss 
of generality, since it necessitates, at most, the redefinition of X(t) at an ' 
enumerable set of points, a process which does not affect the value of the 
integral (4). 
. No restrictions will be imposed on Y(¢) other than that its components 
be Baire functions. Even this requirement is unnecessary for many purposes. 
_ Of F(Y;Z), in addition to l 
(A) Positive linear homogeneity: F(Y;kZ) =kF(Y;Z), (k Z0), 
which has already been mentioned, it will always be supposed that F is con- 
tinuous in the n variables z; together. 
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- Conditions which will be required not always but on occasion, are the 
following: f 
(B) Polar symmetry: F(Y(t); — Z) = F(Y (4); Z). 
(C) Convexity: F(Y (6); Z: -+ Z) SF(Y(0) 3 Z) + F(Y(#); Zo). 
In virtue of (A), for k == 4, this condition is equivalent to the usual notion 
of convexity with respect to Z. 
(D) For every e > 0, one can choose a 8 > 0 such that 


[SPs Z) |<. # È $ lawl < de 


where Z; = ([2;1,* °°, 2jn} and asé Sb. 
(D’) If Y(t) and X(t) are vector functions for which (4) exists, then 
for every e > 0, there exists a 8, > 0 such that 


00 on 
| SPV (é); AX) [<< it 22 |A| < 8e 
j= j=1 k= 


where {[tj, ’;)} is any set of non-overlapping, half-open intervals on [a,b], 
Ajty = 2 (04) — (lt), and t SE < Yj 
(E) For every e > 0, there exists a & > 0 such that 





oo j ` a oo n 
ZPO (é); Zi) — F(Y(&); W;)} | <e if 2 > | Zir — 034 | < de, 
where Zj = {27,,° * * 20), Wj = {W +, wn}, and asé Shb. 
b 
(E’) If Y(t), X:(#), X: (t) are vector functions for which f P(Y; dX) 
a 


ò 

and f F(Y;dX,) exist, then one can choose, for every e >0, a 8 >0 
a 

such that 


|È PAE); ax) FE); xo) | <e 


oo n 
if E > | Aa — An | <-8e, 
JEL m 


the notations being analogous to those used in (D). 
The relations between these last four conditions are indicated by the 
following table of implications, 


(E) >: (E), (D) :>- (D), (E) :>- (D), (E): >: (D), 


where, e. g, (E): D. (E’) means that (E’) is satisfied whenever (E) is. 
Condition (D) is somewhat weaker than a Lipschitz condition on F(Y (t); Z) 
14 
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with respect to the n variables z; at the point z; = 0, which is uniform with 
respect to the parameter ¢ in the Z-interval [a,b]. Correspondingly, (E) is 
satisfied if F(Y(¢); Z) fulfills a uniform ee condition in the n 
independent variables 2;. 


2. (X) as a set function. For later purposes it will be convenient 
to extend the definition of the integral ®(X) =W([a,b); X} to a set func- 
tion {8 ; X}, defined for all Borel sets S in [a,b]. It is known è that if the 
point function f(u; X) — D([a, u) ; X} exists for every u in a < ub, is of 
` bounded variation, and continuous from the left in a < u & b, then there 

exists a unique, bounded, completely additive set function 9(S; X}, defined 
“for all Borel sets S in [a,b], such that if S is the half-open interval [a, u), l 
a=t<u, then #{S; X} =f (u; X). 

This set function 9(S; X)] may be obtained in the following way: Let 


f(u; X) =fi(u; X) —f2(u; X), 
where f, and f, are non-decreasing functions of u in [a,b] and let 
95:(8;X) =g. l.b. x [fi (wr) — fi (ux) ], (1, 2), l 
where a < uy < w'r Sb and SC 2 [Ur wx). Then 
O{S; X} = ©,{8; X} — &,{8; X}. 
When such an extension is possible, the notation 
(16) | o{§;X} = f. F(Y; aX) 


will be used, in conformity with (4). 
Now there will be proved 


THEOREM I. If (4) exists absolutely and F satisfies condition (D’), then 


am. FR) = f P; aX) 


exists for every u m a<u=b and there exists a completely additwe set 
function (16) defined for all Borel sets in [a,b] such that 


Silau); X}— fro. 
Ja 
Proof. The fact that (17) exists for every u in [a,b] is, of course, a 


3 Cf., e.g., Radon [6], pp. 1305-1313. 


INTEGRAL FORMS AND VARIATIONAL ORTHOGONALITY. 211 


consequence of the existence of f(b;X). In fact, for every e> 0, one can 
choose a A, > 0 such that if 


(18) a=b Kh L'o < p =b 
is any mesh for which the degree of fineness A satisfies 


(19) l A = max | tjn — ty | < Ag 
then 
2 b 
(20) IÈ PYE); AX) — [Ps aK) [<< 


for arbitrary intermediary values Ej. Now if 


a= to Lha Lo She US trae L + < toy =b 
and 


a= ty <<: < Yra =u < Pn = tra < Crag = bas << Pg = b. 


are any two meshes having degrees of fineness A, A’ respectively, which satisfy 
(19), then 


| ZPE): am + È PONE); A) — f? PAX) | <s 





SPOE); AX) + $ POE) AR — f° PO aX) | <e 


Jonsequently, 


(21) < Re 





SHE): AR) —EP(Y(E) 07%) 





whenever .A < A, and A’ <A. Thus (17) exists for every u in [a, b]. 

As was mentioned at the beginning of this section, in order to complete 
the proof of Theorem I, it is sufficient to show that the function (17) is of 
bounded variation and continuous from the left on a < uS b. That f(u; X) 
is of bounded variation may be seen from the decomposition 


fu) = [Iran | — f'U PY; aX) | —F(Y; dX)) 


of f into the difference of two monotone functions. The existence of the 
integrals on the right side is assured by the assumption of the existence of 
(4) and (15), as has been shown above. 

Since X(t) is of bounded variation and continuous from the left, for 
every u,a <u b, there exists an y == yeu such that the variation 


un 
vw; |, È | des | < è if 0<u—w <y 
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where ôs is defined in (D’). In virtue of (D’), it is seen for any mesh 
w =t Lh <-> *< toa = u, that 
p p n 
ZPE); A;X) | < e, since 2 2 | A; | S V([vw,u); X} < èe 
This implies that 
| f(u; X) —f(w’sX) |= f! P(Y; dX) | Jet VK wed Ss, 
a u . 


completing the proof of Theorem I. 

Obvious modifications of the proof of the last part of Theorem I show 
that if S is any Borel set for which V{S;X}—0, then $(S;X) =0. In 
particular one has 





Tuxorem 11. Under the assumptions of Theorem I, the functions 
f(u;X), 9(S;X) are absolutely continuous, purely singular, or purely dis- 
continuous with X(t). 


Similarly, the first part of Theorem I can easily be extended to show that 
if S is a set consisting of a finite number of disjoint half-open intervals 
[u ws), ¡=1,: + <, 8, and if i 


tj = bjo < bja Ll By =W] 
is a mesh over S such that the degree of fineness’ A satisfies A < A,, then 


8 P 
| 2 S PY (ésa) 5 X (tir) — X (t,1)) — f. F(Y; dX) | < Ze. 
Use of this fact will be made in the proof of Theorem ITT. 


3. Reduction to other forms. It has been shown that in case X(t) 
is absolutely continuous, the integral (4) reduces in many cases to an ordinary 
Lebesgue integral. The precise formulation of the result to be proved in this 
direction is 


Turorem III. If the assumptions of Theorem I are satisfied and if 
X(t) is absolutely continuous, then 


b v 
(22) f P(Y;aX) -f PO; X’(t)) dt. 
@ a 
For the proof of this theorem, the following lemma will be needed. 


Lemma 1. If the assumptions of Theorem III are satisfied, then for any 
Borel set T on which X’(t) exists and ; 
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(23) ASP(V(t); K(t)) <a 
one has i 5 
(24) Ameas T S ©{7; X} Sp meas T. 


Proof. By Theorem II, the function 9(S; X} is absolutely continuous, 
i.e. for every e> 0, one can choose an ye >0 such that | ®{8;X}| <e 
when $ is any Borel set for which meas $ < ye. 

Now, ‘since the set 7’ occurring in the statement of the lemma is a 
bounded set, the covering theorem of Vitali implies that there exists a set 


U = $ Luj, w;) such that 
j=1 
(25) 0<U¿—U <A; UiS tns 
(26) meas (T — TU) < ne; meas (U — TU) < ye; 
(27) | meas T — meas U | < e; 


(28) A — S F(Y (Es); KW) —X (u) ]/ lw; —u5]) <a; 
uy S é <w. 


Now, by (28) and the property (A) of F, one has 
(29) (A—e) (w; — uj) E F(Y (Es); KW) —X(uj)) < p(w — w). 
By adding the inequalities (29), one obtains 
(30) (Ae) meas US Y F(Y (£); X(W) —X(u;)) < p meas U. 
! =. 
In virtue of (25) and the remark made immediately after Theorem II, 


(31) ENG); Ku) —X(us)) — f F(Y; | ae 
Now 


A A 


by (26) and the definition of ne Finally, by (27), (80), (31), and (32), 





< 2e 














de 


(A— e) (meas T — e) — 4e S O{T; X} < w (meas T + e) + 4e. 
The inequality (24) now follows since e > 0 is arbitrary. 
Proof of Theorem III. Consider a lower and an upper Lebesgue approxi- 


mating sum for the function F(Y(t);X’(t)). Then, by Lemma 1, 


(33) E u meas Su EF < dia) SV OS; X} — 9([a, b) X} 
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and 
(34) Y) As meas S{Ma <F ELA) = 2 1 {S's ;X} =0([a,b); X} 
where S: = S{M SF < Ain} is the set of points ¢ in [a,b] for which 
MS P(Y (t); X’(t)) <in and Fi = S{A. < FS AG} has an analogous 
meaning. The inequalities (33) and (34) imply that the integral occurring 
on the right of (22) exists and that (22) holds. 

By Theorem II, if X (t) is purely discontinuous then P(S; X} is a purely 
discontinuous set function. In this case, also, the integral has a simple form. 


THEOREM IV. If the assumptions of Theorem I are ee and if 
X(t) is purely discontinuous, then 


~b 
J, Fran) = EF (0); Xp +0) — Km —0)), 
where the sum. extends over all discontinuity points pi of X(t). 


Proof. By the remark immediately following the proof of Theorem 1, 
it is seen that 


(35) S F(X; dX) =f F(Y; aX) = f F(Y; 4X). 


But, by definition, 


(36) Í. P(Y; 4X) — lim °C" aY; dX) 


Pie 


— lim F(Y(p:) 5 X(ps +) —X(p:—0)). 


Theorem IV is a consequence of these relations. 


4, Variational orthogonality. Two functions s(t), s(t) of bounded 
variation on a & t b will be said to be variationally orthogonal on [a,b] 
if there exists a Borel set S such that 


(371) V{S; s} = V{[a, b]; 21}; (372) V(S; t2} =0, 


where, as above, V{S; 2} = J, | dx | is the total variation of the function 


æ on the set S. (It is clear that the seeming lack of symmetry of this defini- 
tion with respect to ©, and zz is only apparent.) For example, if 2,(t) is 
purely singular and if s(t) is absolutely continuous, then 2, and z, are 
variationally orthogonal and S may be chosen to be a zero set satisfying (37,). 
Similarly, if 2,(t) is purely discontinuous and if &,(t) is continuous, then 
x, and z: are variationally orthogonal and S may be chosen to be the enumerable 
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set of points of discontinuity of x,(t). Finally let z(t) be any function of 
bounded variation and let 


(38) a(t) — f 30 de | + da) 

he the positive variation of æ on [a,¢) and 
(39) z(t) (1) —2(t) = f H] de —de), 
the negative variation of x on [a, t), so that, 


(40) a(t) = s(t) — a(t) 


is Jordan’s decomposition of s(t) into tae difference of two non-decreasing 
functions. Then «,(¢) and v(t) are variationally orthogonal and S may be 
chosen to be the set where g(t) 20 (including z’ (t) = -+ 00). 

The two vector functions 


(41) X,(1) = {a (6), >: Zm(1)) and Kalt) = {an (t); : "> Ten(t)) 


will be said to be variationally orthogonal if v,;(¢) and #2;(¢) are variationally 
orthogonal for every j. The two vector functions (41) will be said to be 
completely variationally orthogonal if there exists a Borel set 8 for which 


(2) VER) =V([0,0];X,); (422)  V{8;X.} =0, 
Le = a, l 
(431) Vreden; (48) VAS; y} =0. 


Thus, if X,(¢) is purely singular and X,(t) is absolutely continuous, 
then X, (t) and X,(t) are completely variationally orthogonal and § may be 
chosen to be a zero set satisfying (42,). The same remarks hold if X,(¢) is 
purely discontinuous and X2(¢) is continuous. However, if X(¢) is an arbi- 
trary vector function of bounded variation and if X(t) =X,(t) — X.(t), 
represents the decomposition (38), (39), (40) of its components into mono- 
tone parts, then X,(t) and X2(¢) are variationally orthogonal but need not 
be completely so. 


5. Linearity. The property of complete variational orthogonality dis- 
cussed above is exactly what is needed to insure that the integral (4) satisfies 
the decomposition property exhibited in (13). 


THRoREM V. Suppose that (4) exists absolutely and that F satisfies 
condition (E). Let X(t) =X,(t) + X.(t), where X, and X. are. completely 
variationally orthogonal. Then 
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b b b 

(44) f F(Y; dX) = f P(Y; dX.) + f P(Y ; dX), 
a a a 

the existence of the last two integrals being proved. 


Proof. Since the conditions of Theorem I are satisfied, (16) exists and 
is a completely additive set furction. , 
Let S denote the set satisfying (42). Let «>0 be fixed. Let 


oo 
U = U= Y [u,w;) be an enumerable set of pairwise disjoint, half-open 
j=l 


intervals which contains S. By the definition of 6{S; X}, it is clear that U 
may be chosen so that 


(45) |D(8;X) — {U3 X} | <e; 

while from (422), 

(46) V{Ue3 Xo} = Y V(Ue3 ta} < de 
heat 


where 8, is defined in E. Now, since ®, V are completely additive set functions, 


(47) ©{Ue;X} -2 lu, u); X}; V(U; X) = È Velo w,); X). 


Thus, it is possible to select a sufficiently large integer N = Ne, such that 


¡y 
(48) Z ellu); X)}— UX) | <6 
and at the same time, 
© nn 

(49) 2 D Vi[uj ws); tu} < be 

j=N+1 k=1 
Let a = to < t <: < taa = b be a mesh on [a, b] such that each u; and 
each w’;, for j = 1, - -, N, occurs among the t} Let the degree of fineness A 


of this mesh be less than the number Ae defined in (19) and (20). It is clear 
that the requirement that u; and wu’; occur among the tz is no essential restric- 
tion on the generality of this mesh. Let X’; denote the sum over those k-values 
for which the interval [tz, 2%) lies in an interval [u;,u’j), ¡E N. Let 3% 
denote the sum over all remaining k-values. Then 


(50). | ŠPE); AK) — IFY (h); AX) 
S| SaF (Y (E): AX) —F(Y(&); AX) | + [PY (E); AX) |- 
Now, by (46), 


(51) I 2 | Anuj — Aut | =>, z| Ara; | = 2 Vive; Taj} <8, 
j= j= =1 
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and, by (49) and (42,), 


t 


n o n 

(52) 3%, 3D | Awe |S ED V{lupw:); zu} + Vila, db] — U; tr} < 8 
jet jeN+1 ka 

It follows, from (50), (51), (52) and the property (E) of F, that 

(53) 


In virtue of the remark made following Theorem II and the fact that A < Ae, 





SFO); AX) HPV (E); AX) | <2 


(54) < Re 





SP (Y (E); AR) — E Du, i); X) 





Addition of the inequalities (45), (48), (53), and (54) gives 


(55) 


Since the mesh employed is arbitrary, (56) shows that 





SPY (6); AyX1) — BLS; X} | < be if A < Ap 


(56) IN F(Y; dX.) —9(€;X) 


exists. In exactly the same way, it can b2 shown that 


b 
(57) Í. F(Y; dX.) = &{[a, 6] — 8; X) 


exists. Since $ is an additive set function, (56) and (57) together imply (44). 
This completes the proof of Theorem V. 
The proof of Theorem V implies 


THEOREM VI. Suppose that (4) exists absolutely and that F satisfies 
condition (E’). Let X(t) = X, (t) + X2(t), where X, and X, are completely 
variationally orthogonal. Then 

v b 7d . 
f F(Y; aX) -Í P(Y; eX.) +f F(Y; dX,), 
a a a 
whenever the last two integrals exist. 


In fact, condition (E) was used in the proof of Theorem V only in con- 
nection with the inequalities (50), (51), (52), (53) and it is obviously possible 


b 
to use condition (E’) in the same way if the existence of f F(Y;dX,) 
a 
b E 
and f F(Y;dX,) is assured. 
e i 


TEEOREM VII. Suppose that (4) sists and that F satisfies conditions 
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(B), (C), and (D). Let X(t) =X. (t) +X;(t), where X, and X, are 
completely variationally orthogonal. Then 


.b 5 d 
Í P(Y; dX) -Í P(Y; dX,) +f P(Y; dX), 
e a a 
the existence of the last two integrals being proved. l 
Proof. In virtue of Theorem V, it is sufficient to prove that conditions 
(B), (C), and (D) imply condition (Œ) and the existence of (15). Now, 
by (C), 
P(Y(t); Z)—F(Y(t); W) S F(Y (t); Z— W) 
and A 
F(Y(t); W) —F(Y(t); Z) S F(Y(t); W—Z). 
Thus, by (B), 
(58) — |F(Y(); Z) —P(Y(); W) | 
í SPF(Y(t); Z—W) =F(Y (i); W — Z). 
This inequality (58) shows, first of all, that F(Y (t); Z) =0 for all Z, so 


that existence coincides with absolute existence. Also (58) and the condition 
(D) imply (E). 


THEoREM VIII. Suppose that (4) exists and that F satisfies conditions 
(B), (C) and (D'). Let X(t) =X,(t) + X:(t), where X, and a are 
completely variationally orthogonal. Then 


s F(Y; aX) = i F(Y; dX) + F(Y; dX,), 
whenever the last two integrals ewist. 


Proof. Examination of the proof of Theorems V and VI shows that 
condition (E’) is required only in the following forms, 





S (PYE); AX) —F(Y(E); AR} | <eit È È | asen |< do 


| > (P(Y (E); AX) —F(X(E) ; A;Xa)} | eet = 21 Ara | < Be. 


Thus, the required formulae corresponding to (58) are 


gy POO; AX) —T(Y(E)5 AX) | SPG); AX) 
(5) | F(V (2); AX) — F(Y(Q); AX) | S F(Y (E); AX). 


These formulae (59) are, obviously, consequences of (B) and (C). But (59) 
shows that the form of (E’) which is actually used in the proof of Theorem VI 
is implied by (D’). Thus Theorem VIII is a consequence of the proof of 
Theorem VI. 
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Cororzary 1. Lei X(t) —X,(t) + Xo(t) + Xa(t), where X,(t) is 
absolutely continuous, X¿(t) is purely singular, and Xa(t) is purely discon- 
tinuous. Then, under the assumptions of any of Theorems V-VIII, 


(60). f F(Y; dX) = f F(Y; aX.) + f P(Y; ax.) + f P(Y; ds). 


It is understood that the existence of all three integrals on the right of 
(60) is either supposed or proved as in the corresponding theorem. 


6. Variationally orthogonal decompositions. It has been seen that 
if the vector X(¢) is decomposed into tae sum of completely variationally 
orthogonal vectors then, in a large number of cases, (4) is correspondingly 
decomposed linearly. In case X(¢) is decomposed into the sum of two vectors 
which are variationally orthogonal but not necessarily completely so, the 
behavior of (4) is described by the following theorems. 


Turora IX. Suppose that f ” P(Y; dX) — f F(¥: de.,- > +, T, 
and J F(Y; 0, daz,- + +, den) exist absclutely. Suppose that F satisfies the 
following condition: For every e > 0, there exists a 8. > 0, such that 
(61) | DEE); amm i azm) — FRE); Wiza > 02m) 

<e it È | za — wn | <b 
Let z(t) == Su (t) + £a (t), where 2,1, 72, are variationally orthogonal. Then 
(62) f F(Y;dX) = f P(Y ; des, des, > >, den) 

+ f F(Y; den, dag + din) — f. F(Y30, den: - den), 
the existence of the first two integrals on the right being proved. 


Theorem IX may be proved by an argument which is a modification of 
the proof of Theorem V and which will not be given here. It is found that 
the modification (61) of the condition (3) is all that is required in this case. 
A similar modification of the conditions (B), (C), (D), (D’), and (B’), in 
such a way that they apply only to the particular variable under consideration 
yield theorems which are analogous to Theorems VI, VII, VIII in the same 
way as Theorem IX is analogous to Theorem V. 

Repeated applications of Theorem IX to successive variables yield 
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THEOREM X. Suppose that (4) exists absolutely. Suppose that F satis- 
fies condition (E). Let X(t) =X: (t) + X,(t) + X(t), where X, and X: 
are variationally orthogonal vectors and X,=0. Then 


b 3 3 A b 
(8) f_ Fa) = BS (Ht f PY; desa, dan), 


in=l 
(where k(t, + in) = » [4/3] = number of values j for which i; = 3) 
j=1 
provided all the integrals occurring on the right of (63) exist absolutely. 


7. The Hellinger integral.* The Hellinger integral is the special case 
of (4) for which F =2,?/ | z2 | so that the integral has the form 


(64) ey mej f (de,)?/ | da |. 


In dealing with these integrals it is always assumed that z2(t) is monotone 
non-decreasing in the interval [a,b], so that the absolute value sign in the 
denominator of (64) is unnecessary, but it has been included here in order to 
make F satisfy condition (B). It is assumed that every interval of constancy 
of z(t) is an interval of constancy of z,(t). Finally, the undetermined 
fraction 0/0 is defined to be 0. 


The following known properties of (64) will be needed. 


(i)® In order that (64) exist, it is necessary and sufficient that there 
exist a function A(t), monotone non-decreasing in [a,b], such that, if 
a=t<tS<0, then - 


(65) [as (4) — a: (t)]? S [r (¥) — 22 (0) 114(0) (01, f 


or, symbolically, 
(65) (Am)? (Az,) (Ah). 


(ii)® Let s(t) = gı(t) — go(t) represent the decomposition (38), (39), 
(40) of z, (t) into the difference of two non-decreasing, variationally orthogonal 
functions. Then, if (64) exists, A,(g1,2.) and H,(go, 92) exist and 


H, (1, 02) = Hy (g1, 22) + Hi (gs, 22). 


4 CE Hellinger [4], Hahn [2]. and Svenson [8]. 

5 Cf. Hellinger [4], p. 26 f. or Svenson [8], p. 4. 

* Svenson [8], Theorem IV, p. 29. This statement is also a consequence of one of 
the modifications of Theorem IX above and, in fact, holds for any decomposition of 
Œ (t) into variationally orthogonal parts. 
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(iii)? If 2,(t) is non-decreasing and if (64) exists, then the function 
h(t) in (i) may be chosen so that x,(t) is a basis ê of A(t). 

Now it will be shown that Theorems I, II, 111, IV, and VIII are 
applicable to the Hellinger integral by proving 


“Lemma 2. The. Hellinger integral (64) satisfies conditions (B), (C) 
and (D’). 


Proof. Since conditions (B) and (C) are obviously satisfied by 
F = (2,)?/|z | it is only required to prove that (D’) also is satisfied. 

"Let X(t) = {x,(t),22(t)} be a vector function for which (64) exists. 
In view of (ii) it is sufficient to treat th case that x,(t), as well as z(t), 
is non-decreasing. In this case, (i) and (iii) show that there exists a non- 
decreasing function h(t), of which 2,(¢) is a basis, satisfying (65). Now, 
it is known ° that if z,(£) is a basis of A(z), then for every e > 0, there exists 
a ôe > 0 such that 


> Ajh < e whenever 5 Aj < Se. 
j=1 ja >. 
oo 
Now suppose that $, [Ayt, + Ay22] < &. Then, 
j=l 


g 


00 
(Ajay )?/Ajte S 2 Ajh < e, 
ja 


1 
_ since Aja, < Ajo, + Aj But this is exactly condition (D’). : 

Thus it is seen, in particular, that the Hellinger integral is additive under 
completely variationally orthogonal decompositions X = X, + X,, whenever 
$(X,) and 9(X;) exist. It will now be shown that this is always the case. 


= 
n 


Lemma 3. Suppose that (64) exists where x(t), 11,2, are non- 
decreasing. Let zi(t) = zu (t) + za (t), where xi; (t), 1,7 = 1,2, are non- 
decreasing and where the vectors X, = {®11, t12} and Xo = {£an S22} are 
completely variationally orthogonal. Ther Hy (T11, £12) and Hi (Cor, L22) exist. 


Proof. Since H, (zı, %2) exists, by (i), there exists a monotone non- 
decreasing function A(t) satisfying (65). By (65) and Schwarz’s inequality 


34,2, = 3(Aj%,)*(Ajh)i = (3A,22)*(3A,h)8, 
so that, if 8 is any Borel set, - 


7 Svenson [8], pp. 11-12. 

8 A monotone function b(t) is called a basis of the function f(t) if VS; r} == 0 
whenever V{8; b} = 0. Thus, h(t) is clearly a basis of a(t) by (65). Cf. Radon [6], 
p. 1318. 

2 Cf. Radon [6], p. 1319. 
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(66) : [V{S; 213]? S V{S; 2,)V (8; h). 


Now by the definition (43) of complete variational orthogonality, there exists 
a set 7’ such that 


VIT; su} = V{[a,b)3 su} and V{T; 24} =0. 
Thus, if [t, 1) is any half-open interval in [a, b), 


(67) V{[t 0) 5 tus} =V([t,0)T 5%.) 
and l 
(68) V{ le, CT; 0) = VEE, )T; 211). 


In particular, (67) and (68) give 
VERF); 212) =V(LE, PT; x}, 
or, using (66), 


(69) [VILL 9) 3097 S VELE E) T; t} VALE CT; h). 
But, by (68), 

(70) V{[t, Y) T; ta} = V{[t, Y) T; 212}. 

Together, (69) and (70) imply i 


[V t) ta] SV{[t0); wV); h} 
or : 
(Ati)? S (Az,2) (Ah). 


Hence, by (i), H(#u,%12) exists. The existence of H (£z, %22) is shown 
similarly. 

Some of the results of this section are summarized, for the particular case 
of the Lebesgue decomposition, in ` 


COROLLARY 2. Suppose that (64) exists. Let 
z(t) = u (t) + a(t) + p(t), (¿=1,2), 


where a; is absolutely continuous, sı is purely singular, and p; is purely 
discontinuous. Then 


Hy (1, £2) = Hi (ta, 42) + Hi (Si 82) + Hi (pr, pe) 
or 


b b b 
$ (de,)®/de» = f [ (a’s(#) )2/e"s (4) ]dt + Í, (dsı)2/ds, 
+ 3[%, (ps + 0) — z1 (p: — 0) ]?/[@2(pi + 0) lei —0)], 


where the last sum is taken over all discontinuity points p; of z(t). 
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It may be mentioned that the results of this section also apply to the 
b . . 
generalisation,” f | de, |?/ | de, |, p > 1, of Hellinger’s integral. 
a 


8. The Hilbert integral. The Hilbert integral is the special case of 
(1) for which F = | 212; |}, so that the integral has the form 


(71) &(X) =H, (e, 2%) = f dadai 


This integral exists whenever X (£) == (2. (t), v2(t)} is of bounded variation. 
It will now be shown that Theorems I, II, III, IV and VI are applicable to 
this integral by proving 


Lemma 4. The Hilbert integral (71) satisfies condition (E’). 


Proof. Let X(t) == {xis (t), vio (t) }. i = 1, 2, be vectors of bounded varia- 
tion, so that H, (Tris 212) and H (tar, v22) exist. Let M = max V{[a, b]; v}. 


4,j=1,2 
Now, from 


Ja+b[Plo+d [AS | ac |? + | ad | + | be |? + | da |}, 
one obtains , 


(72) | Az,¡AZ 12 |? — | AoAo |è S | Avy, — Ar; |È | Ave: |? 
+ | Atu — Aza, |? | Años + | Avie — Az, |? | Avis — Axe: |}, 


by letting Avy, =a + b, Are =C + d, Ate; =a and Ara =c. Using (72) 
and the Schwarz inequality, one has 


(73) = {| ATAT: |? — | Aj221A30% |} E a(S S | Ajax — Ajos |}? 
where Xo = cl) — win (64) and {[t;, 7;)} is ‘any set of non-overlapping 
half-open intervals on [a, b].. 

By repeating the above argument wita the subscripts 1 and 2 interchanged, 
it is seen that (73) still holds if the absolute value of the first sum is taken. 
Thus 


co ` œw 2 
(74) |E {| 4301183812 | — | Aj221A3020 |$} | < e if Y = | Aytix — Aston | < de, 
j=1 j=l k=l 


where & = <?/16M@. But (74) is precisaly condition (E). 

Recalling the fact that condition (E’) implies condition (D’) it is seen 
that the theorems mentioned above are applicable to the Hilbert integral (71). 
Again restating the particular case of the Lebesgue decomposition, one has 


10 F, Riesz [6]. 
1 Hellinger [4], p. 31 £. 
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COROLLARY 3. Let s(t) = ai (t) + s(t) + p(t), 1 = 1, 2, where as is 
absolutely continuous, s; is purely singular, and p; is purely discontinuous. 
Then 


H.(zı, Lo) = H(t; 42) + Bz(s., 82) + B:(pı, Pa) 
or 


f | de,da, P= f ral) pa f’ ds,ds, |è 
+3 | (pi +0) — s (ps —0) |È | 22(pi + 0) — 22 (p — 0) fÈ, 


where the last sum is taken over all common discontinuity points pi of z(t) 
and z(t). i 


9. Riemannian arc length. The length of curves in Riemannian spaces 


is given by the integral 


k b n 4 
(75) f | 2 Jin (21, ' . am) dede ; 
a 4,k=1 


where gix(t) =gi(x,(6),* + *,an(t)) is the matrix of a positive definite 
quadratic form. It is assumed that g,(¢) is continuous on [a,b]. Then the 
integral (75) exists whenever X(t) = [2,(4),- + -,@n(t)} is of bounded varia- 
tion. It will be shown that Theorems I, II, III, IV, VII, IX and X are 
applicable to these integrals (75) by proving 


Lemma 5. The integral (75) satisfies conditions (B), (C) and (D). 


Proof. First, the condition (B) is obviously satisfied. 
To see that condition (D) is satisfied, let M = max | gix(t) | for 
asStSb,i,k—1,:--,n. Then 


n 3 n 

| I gaht) zaz | SMD | x: |. 
ik=1 1 

Finally, the inequality required in (C) is known '? to hold in this case. 


COROLLARY 4, Let a(t) =ai(t) +8:(t) + pi(t), 1 =1,: - +, n, where 
a; is absolutely continuous, s; is purely singular and p: is purely discontinuous. 
Then 


Œo ff \ | 3 9000) dodo, a =f i | 3 ga(X) dada p 
+ f { 2, gu(X) dady | + f { È yu (x) Apd y j 


12 This inequality is equivalent to inequality 29 in Hardy, Littlewood and Pólya 
[3], p. 33. 
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10. Euclidean arc length. The ordinary Euclidean are length is, of 
course, the special case of the above for which Jir = dis. However, the results 
obtained take such a simple form, in this case, that it seems worthwhile to 
enumerate them. For simplicity of statement, these results will be formulated 
in the case n = 2. 


COROLLARY 5. Let a(t) =ai(t) + si(t) + pi(t), i= 1, 2, where a; is 
absolutely continuous, s; is purely singular, and p; is purely discontinuous. 
Then s 


(10) f° (ae)? + (dm) = E eny + EAO 


+ f? AdE (dsa) + Telp + 0) ala) 
+ [lo + 0) — 21 — 0) 1), 
where the last sum is taken over all discontinuity points pi of x,(t) or of z(t). 


COROLLARY 6. Suppose S(t) = {s:(t), se(t)} is a continuous vector 
function of bounded variation, such that, for every t on [a, b], either s’,(t) = y 
or S(t) =0. Then 


$7 (cas)? + ap V([o,0)5 8) + VL 8) 5 69) 


In fact, in the decomposition S = S, + S2, where S,(t) = {sı (t), 0} and 
S(t) = {0, s2(¢)}, the two vectors S, and S, are Sen variationally 
orthogonal. 


COROLLARY 7. The length of the curve y = y(x), where y(x) is a con- 


tinuous function of bounded variation in [a, b], is given by 


f. a+ VO) Dat + 7100/1401 ae 
This is a consequence of Corollary 5, for in this case a,(t) = t, 
a(t) = S y (u)du, st) = 0,.s4(4) = y(t) ~ a(t). 
COROLLARY 8. The length of the curve y = y(z), where y(x) is a purely 
singular monotone function in [a, b] is given by 
16) —y(a) | +|b—a}. 


COROLLARY 9. Let x,(t) =g(t) —h(t) be the decomposition (38), 
(39), (40) of s(t) into the difference of two monotone non-decreasing, 
variationally orthogonal functions. Then 


15 
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SO (aes)? + (deny f” ((d9)*+ (do) 
+ fan) + a; so) 


This corollary is a consequence of Theorem VIII. 


COROLLARY 10. Let i(t) = gi(t) —hi(t) be the decomposition of x;(t) 
into the difference of two monotone non-decreasing variationally orthogonal 
functions. Then 


Samy + (des)? i €(dgs)* + (ago) 
+ f(a)? + (aia) + f° Edga)? + (dha)? j 


+ f {(dhy)? + (dg2)°} 
— V{[a, b); 2,) — V{[a,b); 22}. 


This corollary is a consequence of Theorem IX. 
In Corollaries 9 and 10 it is clear that the variational orthogonality of 
gi and h; is all that is needed to insure the result. 


THE JOHNS HOPKINS UNIVERSITY, 
UNIVERSITY OF WISCONSIN. 
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ON TRANSLATIONS IN GENERAL PLANE GEOMETRIES.* 


By HERBERT BUSEMANN: 


In a well-known paper, Hilbert+ has characterized the Euclidean and 
hyperbolic plane geometries by mere greup and continuity axioms. He gets 
all the motions at once by requiring the existence of sufficiently many rotations. 
The present paper tries to point out how the. existence of more and more 
translations gradually specializes the rather general metric it starts with to a 
Desarguesian geometry (Minkowskian or hyperbolic). 

We require our initial space to be a “ Geradenraum ” in Menger’s.termi- 
nology.? The exact definition will be fcund in section 1. It is essentially a 
metric space with exactly one shortest line (s.1.) of infinite length passing 
through two given points. We therefore call a Geradenraum an SL space. 
In order to be able to formulate the results, we must have the concept of an 
asymptote. If g is any shortest line, P a point not on g, and Q a point 


> + 
traversing g in a certain direction g (g), the s.1. connecting P and Q always 
tends to a limit s.1., which we call an asymptote to g, preserving the word 


parallel for the case where the two asymototes to g and 7 through P coincide. 
Section 1 gives those properties of these asymptotes and of limit circles which 
we shall need later on. 

A two-dimensional SL space $ will be called a plane since it is homeo- 
morphic to the Euclidean plane? As usually, we say the metric of 3 is 
Desarguesian if it is possible to map 3 topologically on the Euclidean plane 
or a convex part K of it in such manner that the shortest lines are transformed 
into sträight lines or into the intersections of straight lines with K.* By a 
motion of $ we mean any one-to-one mapping of 3 onto itself which preserves 
distance and, in particular, by a translation along a shortest line g we mean a 
motion which transforms each of the half planes of 3 defined by y into itself. 

We first assume that to each pair A, B of points on a fixed s.l. g there 


* Received April 19, 1937. 

1 Reprinted in [5], Anhang IV. The numbers [n] refer to the riarena on p. 256. 

2 [7] especially pp. 100-113. 

3 See [2]. . 

4A proof for the fact that the validity of Desargues’ Theorem is necessary and 
sufficient for the existence of such a mapping, can be found in [11] §§ 3, 4. 
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exists a translation along g carrying A into B; these translations form a 
group G. In section 2 we ascertain which of the usual properties of trans- 
lations hold, and show by examples that others do not. The main result is that 
the images of a fixed point A under the translations of G form a curve which 
together with g bounds a convex domain. It follows then, for instance, that a 
parallel h to g is equidistant from g and that the translations along g can also 
. be regarded as translations along h; but such a geometry is not necessarily 
Desarguesian, even if the parallel axiom holds throughout the plane. On the 
other hand, it can be Desarguessian with the parallel axiom holding only with 
respect to g. 

The availability of @ does not imply the existence of translations along 


4 > 
a non-parallel asymptote to g (or g). By assuming their presence one there- 
fore gets a much more specialized metrie (section 3), in which translations 


. 
along each asymptote a’ to g exist and the hyperbolic formula for the arc of 


the limit circle to the direction y between a’ and g holds. Nevertheless an 
example will show that the geometry is not necessarily Desarguesian. 

~ However, as soon as one requires the existence of translations along two 
s.l. where the one is neither an asymptote nor parallel to the other, we get a 
Desarguesian metric. We find, namely, (section 4) that the metric is either 
Minkowskian® or hyperbolic. In both cases there exist translations along. 
each straight line. 


1. Asymptotes and limit spheres in SL spaces. The exact definition 
of an SL space is as follows: A complete metric space with the distance func- 
tion r(w, y) is an SL space if it satisfies the conditions: 


I. To each pait of points A, B there exists exactly one point C, the center 
of A and B for which r(A, C) + 7(C, B) = r(A, B), r(4, 0) mn A 
II. To each pair of distinct points A, B there exist exactly two points 


D and D such that B is the center of A and D and A the center of B and D’. 
All points X satisfying the relation 


(A,X) +7(X, B) =r(4, B) 


form a point set (designated by AB or BA), which is homeomorphic to an 
Euclidean straight line segment. If X CAB and X 4A, X 34 B we say 





5 The original definition is in [8], chapter I, compare also p. 234 of this paper. 
8 loc. cit. 7. 
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that X is between A and B. The set of points Y (resp. Z) for x which B is 
between A and Y (resp. A between B and Z) together with AB is homeo- 
morphic to a Euclidean ray and will be designated by AB, resp. BA. We put 


AB—AB+ BA 


> — 
and call AB a shortest line (s.1.). AB is homeomorphic to a Euclidean 
straight line.* Then the following theorem holds: 


(1.1) Through two different points passes exactly one s.l. Hence two dif- 
ferent s.]. Mntersect in at most one point. 


As usually we put for any two point sets 
r(a, B) =G.1.b.1(X, Y) 
XCaAYCB8 


We say that the point sets ay converge to the set a if « contains all limit 
points of sequences (Py) with Py C a, and if to any point O, any positive 
number r, and any e >0, a number V(e, 0,7) can be found such that for 
v > N and each point X Ca with r(X, 0) < r the inequality 


(X, %v) <e 
holds. Then we have 


(1.2) If 4v3A and B,>B, then AyBy>AB; and if A£B, also 


AyBy > AB, ByAv> BA, : AvBy> AB, 


I£, for a given point P, a point Q < a exists with 
r(P, Q) == r(P, a) 


we call Q a foot of P on a. Then the following lemma is an immediate con- 
sequence of the triangle inequality. 


(1.8) If Ry—> R, &v— a, and Ty is a foot of Ry on a, then each accumula- 
tion point T of Ty is a foot of R on a. 


Let g be any s.l, PE g, ACg, and X a variable point on g. 
r(X, 4) — œ implies r(P, X) — œ; hence, P has at least one foot Q on g. 
A point R between P and Q has Q as its only foot on g; for, from 


r(R,Q)Sr(RQ), QEg > 
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would follow . 
r(P,Q) <r(P,R) +r(R,Q) =r(P, 9). 


We shall have to use later the fact: 


(1.4) In an SL space of dimension greater than 1, there exist to each s.l. 
g points whose distance from g is arbitrarily great. 


To prove this we show that a sphere with radius a whose center C is on 
g” contains points P with r(P,g) = a/2. Let B,, B, be the points on g with 
(By, C) =r(B,, C) =a, B’, the center of B,C, B’, the center of B,C and 
A an arbitrary point not on g. We draw B,A and B.A and consider the set o 
formed by all rays CX with X C B,A + AB.. Let K be the intersection of 








the sphere with o; K is homeomorphie to a Euclidean semicircle. The feet 
on g of a point PC K near B; are near B; (i=1,2). If one had 
r(P,g) <a/2 for all PC K no foot on g of a point PC K could belong to 
B',B*.. It is easy to see that there must be a point P, with two feet Q,, Q 
on g such that Q, C B',B,, Qa C B’,B, and one would have 


a> r(Po, Qı) + r(Po, Q2) = r(Q,, Qa) = 4, 
(1. 4), together with the preceding statement, gives: 








(1.5) In an SL space of dimension greater than 1, to a given s.l. g and a 
given N > 0 points P can be found with a unique foot on g and r(P,g) =N. 


We now consider an oriented s.l. g and write Q < Q for two points Q 
and Q’ on g if Q’ follows Q. If P<Q< Q it follows from the triangle 
inequality that 
(1. 6) K(Q, P) -E(Q,P) =P 


(a: B means the product of the point sets « and 8) where K(X,Z) means 
the sphere with the center X and through Z, i.e. with the radius r(X, Z). 
More exactly, K (P,Q) — P lies in the interior of K(P,Q’). From this we 
conclude: if P< Qi <Q: <`- and r(P, Qv) > o, the spheres K(Q, P) 
tend to a limit set L(P, g), which does not depend on the choice of the 
sequence {Qv}.2 We call L(P,g) the limit sphere through P with or to the 
center ray g. In terms of the metric of the space, D(P, g) can be characterized 
as follows: it consists of those points R for which 


7 By the sphere with radius a and center C we mean the set of points Z with 


r{Z,0) =a. 
® For detailed proofs of this and the following statements see [3] $ 2. 
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(1.7) (Qu, P) —r(Q,R) >0 


for each sequence Q, < Qa <`- : with r(P,Q) > oo. 

One proves with the help of (1. 7) that the limit spheres with the center 
ray g cover the space.. L(P,g) decomposes the space into two parts, the in- 
terior and the exterior of L(P, g), the former consisting of those points which, 
for P < Q and sufficiently large r(P, Q), are in the interior of K (Q, P). 

We call the point set » equidistant from the point set v if, for any two 
points P,, Pz of u one has 


Ru) =r (Pa +) =r(11). 


Tf p is equidistant from v, then v is not necessarily equidistant from v. 
But for limit, spheres one has 


(1.8) Limit spheres with the same center ray g are equidistant from each 
other. Hence exactly one limit sphere w:th g as center ray passes through a 
given point. . ] 

With the help of these results we can prove a lemma which will be applied 
frequently in the sequel. 


(1.9) Lemma. If the s.l. s and a intersect in T then the parts of a and s 
outside any sphere around T with positive radius have positive distance. 


Let us assume, on the contrary, that there exists a sequence {R*,} on a 
and a sequence (8*,) on s, such that 


r(R*y, 8%) 30 but r(R*,T)>3>0 
r(S*),T) > 8 > 0. 
Then we must have r(R*,, T) > œ. 

Let A be.a point on a different from T. Either on AT or on TA are 


— 


infinitely many points Ry of {R*,}; suppose they are on TA, and call {Sy} 
—+ 
the subsequence of {8*,} corresponding to {Rv}. The two limit spheres 
L(A,TA) and L(A, AT) have no common interior point. Since r (Sv, Ry) >0, 
— — 


the s.l. s intersects both these limit spkeres, the former at B, say, and the 
latter at B’, with B’C TB. On account of (1.6) the sphere K(T, A) inter- 
sects the segment TB' ina point B” between T and B’; hence, r (T, B) > r(T, A). 
On the other hand, we have | r(B, Sy) —r(B,R,)| < r(E», Sv) and 


r(B, Ry) —r(A, Rv) >0 (see (1.7)). 


PE 
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Hence y 

r(B, Sv) —[r(4, BR») + r(B», Sy)] >0 
and , : 
r(T, Sv) — [r (T, Rv) + 1(By, 8v)] > (T, B) —r(T, A) >0, 


which for large v contradicts the triangle inequality. 
From reference [3], section 2, we take the following theorem : * 


(1.10) An arbitrary point A has a unique font om each limit sphere. The 
feet of A on the different limit spheres with the same center ray g form a s. l. a. 


We call a the asymptote to g through A. Two asymptotes to g are either 
identical or disjoined. In order to justify the use of this term we show 


(1. 11) If {Q*v} < 9 q < Qa E and roS ‘n Q* *y) => o, then AQ*, 
tends to the asymptote a to g through A. 


Proof. Let L(P, g) be the limit sphere with the center ray g through A, 
and {Q»} a subsequence of {Q*,} for which AQ converges to a s.l. b. (That 
{Qv} exists follows from (1.2)). We have to prove that b coincides with a. 
For r(A, Q») >1 we can choose the points Ry and Ty on AQ, such that 
r(A, Ry) =1 and r(Q», P) =r (Qr, Tv) (that r(Qv, A) > r(Q,,P) follows 
from (1.1)). The points Ry tend to a point R on b with r(A, R) =1, R is 
not on L(P,g). Tv is the foot of Ron K (Qu P). We therefore conclude 


from (1.3) and K(Q,, P) >L(P, 9) that each limit point of (Ty) must be 
a foot of Ron L(P, g). (1.10) shows that R has only one foot T on L(P, g), 
namely the point where the asymptote RT to g through R intersects L(P, y). 


Therefore, 
b = lim QA = lim kT = ER 


a b is an asymptote to g and from b-a D A follows b ==a. 
We can formulate our results thus: 


(1.12) If Q traverses the s. 1. 9 in a certain direction 9 and P Eg, then 
PQ tenti to a limit s.}. a, the asymptote to 7 through P. The asymptote 
to y through a point of a coincides pi a. A converging sequence of asymp- 
totes to 7 tends to an asymptote to 7. i 


From now on we suppose that our SL space, indicated by s, has dimen- 
sion 2. It is therefore hemeomorphic tó the Buclidean plane.” The spheres 


. 
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are homeomorphic to Euclidean circles; we therefore speak of circles and limit 
circles instead of spheres and limit spheres. Through each point A not on 
a s.l. g we have two (possibly coincident) asymptotes to y. They determine 
two angles, an open one and closed one. The former is determined by the 
property that it contains all the s.1. through A intersecting g and no others; 
the latter is the complement to the former. If the two asymptotes coincide, 
the closed angle consists of exactly one s.1., which we call a parallel to g. 


> > 
Let a be an asymptote to g. The question arises as to whether the family 
of the limit circles to @ is (as in the hyperbolic and Euclidean geometries) 


always identical with that of the limit circles to g. We shall see that only 
part of this is true: ' 


(1.13) Let w* be that one of the two half-planes defined by a which is 
contained in one of the half-planes determined by g, w** the other one. Then, 


e 
for each PC g. 


L(P,g)a*=2L(T,a)x* (T-L(P,9):a), 


To prove this, we first state that for each pair of distinct points A, B and 
each pair of positive numbers a,b, with a + b > r(A, B), exactly two points 
T and T”, one on each side of AB, exist such that 


(1.14) r(A,T)=r(A,T’) =a, r(B,T)=r(B,T’)=b. 


If b =a, we can say, furthermore, that TT” lies in the interior of the 
quadrangle ATBT’. For, otherwise, we would have 


r(T, A) =r (T, B), r(T,A)=r(T’,B) 
with A and B on the same side of TI” a 


We now consider any point. P of g. L(P, 9) may intersect a in T. Let 
A be any point following P on g, and B the point ona withr(B,T) =r(A,P). 


Except for the point T, the circle K(B, T) lies in the interior of L(P, 7), 


since T is the unique foot of B on L(P,g). This statement contains the 
second part of (1.18). On account of (1.14) the circles K(A,P) and 
- K(B, T) intersect exactly twice for sufficiently large r(A, P). Since K(A,.P) 


2 Compare [2]. 
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is (except for P) in the interior of L(P, g), one of the intersections, for large 


(4A, P), must be between a and g near the arc PT of L(P,9), and the other 
outside of an arbitrarily large circle around T. Hence, for large r(A, P), 


an arbitrary great portion of K (B, T) a* lies between K (4, P) and EAP, 9) š 
which proves ‘the remainder of the assertion. 
It follows that: 


> > 
(1.15) The asymptotes to a in m“ are also asymptotes to g. 
This can, of course, be easily seen without using (1. 13). 


We now show by an example that, even in a Desarguesian geometry with 
the Euclidean parallel axiom it can happen that in the above notation 


L(T, aja lies wholly in the interior of L(P, ay 
We recall the definition of a Minkowskian geometry: Let r ==A(¢ẹ) be a 
convex curve in the strict sense in the Cartesian (r,$) or (x, y)-plane with 
r= 0 as center. We define the distance between two points Py = (1,41), 
= (£2, y2) to be the number 


= FIG nz 1 
#(P,P.)= V (a1 — 2)? + (y1 — 92)" TG) 
where + œ or —¢ is the direction of ue straight line P,P», i.e. 
o= + arc tg ER 
Ta — Tı 


As shown by Minkowski * #(P;, P,) satisfies all our conditions and the whole 
Euclidean straight lines are the s.l. of our space. Now let r=A(9) be 
the curve 


e+(y+5) =1 for y=0, 
2 

2 ——=)=1 f = 0. 

“+ ==) or y= 0. 


The limit circles to center rays with directions different from 0 and r are 
straight lines. The limit atele to the poses z-axis through 0 is the curve 


, =f for y= 0, 
(*) | y y 


y—-=—ı for y=0. 
‘The limit circle to a center ray y=ß parallel to the positive z-axis 
through the point («, 8) is obtained from (*) by a translation which carries ` 
(0,0) into (a, 8). One sees: if 8 > 0 and a = 8 (for B < 0, a==— £) the 
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two limit circles are identical only for y= 8 (y 5 8) and the second is in 
the interior of (*) for y < 8 (y >£). 

I do not know if the concept of an esymptote is always symmetric, i.e. 
if from the fact that a is an asymptote to g always follows that g is an 
asymptote to a. A sufficient condition is that the limit spheres to a are also 
limit spheres to g, but this condition is rot necessary, as we have just seen. 
Another sufficient condition is given by 


(1.16) If the distance between two non-intersecting s.1.’s a and b vanishes, 
then a is an asymptote to b and b to a. 


For, there exists a sequence of points Ry on b, tending to infinity in a 


certain direction, say b, and. a sequence of points S on a with r(S,, Ry) > 0. 
We select an arbitrary point A ona. The 3.1. AR, tend to the asymptote c to b 
through A. If cis not identical with a, it must intersect SyRy in a point S’y 
and we would have r(Sy, S'y) +0 in contradiction to (1.9). 

The converse to (1.16) cannot always hold, since it is not true in 
Euclidean geometry. But one could conjecture that it is true if the parallel 
axiom of hyperbolic geometry holds throughout the plane, especially in a 
Desarguesian geometry in a bounded par; of the Euclidean plane. To show 
that this is not so, we recall the definition of a certain geometry introduced by 
Hilbert.** Let K be any bounded, closed, convex curve in the plane. The 
distance between two points A, B interior to K is defined as follows: Let AB 

—> 





intersect K in Y and BA in X. Designating the Euclidean distance by e( ) 


we put 
e(A, Y) :e(B,X) 


mA, B) = loe (BY) 6(4, 1)" 





Hilbert proves that r*(A, B) satisfies our conditions if K is convex in the 
strict sense and that otherwise the straight lines are shortest lines but not 
necessarily the only s.1. Therefore 


r*(4,B) + e(A, B) 


is, for each bounded, convex curve K, a distance function which defines an SL 
space. Choosing K as a triangle, one sees that the s. 1. issuing from a vertex 
of K are asymptotes to each other, but the distance between any two distinct 
ones among these s.l. is positive. One should note that the distance of the 
“other ends” of two such s. 1. is finite. 


10 See [5], Anhang I. 
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2. Geometries with a group of translations along one shortest line. 
Let g be a s.l. in the two dimensional SL space 3, m, and m, the two half- 
planes into which g decomposes. 2. A one-to-one transformation of 3 into 
itself, which preserves the distances of corresponding pairs of points and. 
transforms mı, m into themselves will be called a translation of 2 along g. 
Such a translation transforms a s.1. into a s.l. 

To a given pair of points A, B on g there exists at most one translation 
along g carrying A into B. For let C be any point on g different from A, 
then any translation y along g carrying A into B transforms C into the point. 
Deg with y(C, D) = y(A, B) and either 


ABDCD or CDOD AB. 


—> — 


Since (compare 1.14) a point X of ~v, is uniquely determined by the two 
distances r(X, A) and r(X,C), y must carry X into the unique point X’ C r, 
with r(X’, B) =r(X, A) and 1(X”, D) =r(X, C). This proves our statement. 

A translation y along g, therefore, is uniquely determined by the fact that 
it carries the first of a pair of points A, B on g into the second. We designate 
y by (AB). It follows that 


(A>B)B>0)=(4>0) (frst (A> B)) 


and since the transformations of g into itself induced by translations along g 
are commutative, the translations along g are commutative: We now assume 
that to each pair of points A, B on g the translation (A — B) exists. Then 
these translations form an Abelian group @. Hereafter, we indicate the as- 
sumption of the presence of ( by saying that all translations along g exist. 
We first notice some simple consequences of the existence of G. 


(2.1) Translations different from the identity have no fixed points. 


If P remained fixed under (A, > Ai) £ 1, P would also be fixed under 
the positive powers (4o —> Az), (Ap > 43),** * of (Ap >41).. We should have 
(do, P) =r (4r P) =r(4a, P) = >>; 

but r(Ag, Av) =r: 1(Ao, 41) > oo. 


(2.2) Hach point P has a unique foot on g. 


Assume that PC a, has two different feet F, and F, on g. The proof 
of (1.5) shows that we can choose a point Q in m, with a unique foot Fon G 
and r(Q, g) >r(P,F,) +r(P,F,). Let F’ be any point between F, and Fs. 
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(F—>F’) transforms Q into a point Q’ which has F’ as unique foot on g. 
Moreover Q’ cannot lie in the interior of the triangle PF,F,. Hence gr must 


intersect P,P + PF, in a point R, which would have two different feet on g, 
contrary to page 230. ; 


(2.3) The points of X having the same point F of g as foot form a s.l., 
which we call the perpendicular to g in P. 


This is always true as soon as each point of X has exactly one foot on g, 
i. e. the existence of @ is unessential. For if P, C m, and P C rz both have F 


as foot, P,P, must intersect g in F. If QAF were the intersection, we 
should have 


r(P,, F) + r(F, P2) > r(P,, P2) =r(P,, Q) + 1(Q, Pe) 


and either , 
r(P,,F) >r(P,,Q) or r(F,P:,) >r(Q, Po). 


If, now, P, is any other point, say in 7, with F as foot, then for the same 
reason Ps must be on P2Q (= PQ). 


As an immediate consequence we have | 


(2.4) (A>B),A,BC y, transforms the perpendicular ptogat A inte the 
perpendicular q to g at B. 


The point on p in m, which has distance r from A is carried into the 
point in r, on q which has distance r from B. We consider all the points 
which have distance r from g. They form two curves C,*, cr?, the one in m, 
the other in r2. cr! and cr? are equidistant from g and are transformed into 
themselves by each translation along g. We now prove the important fact: 

(2.5) The curves crt and cr? are convex; that is, a suitable one of the sides 
of cr! (cr?) (called the interior of cr! (cr *)) together with c(c,*) has the 


property of containing a s.l. segment AB if it contains A and B. 


We consider c,* for some r > 0. If cr! contains a s.l. segment it is a s. 1., 
since it is transformed into itself by each motion of @. 
We therefore assume that cr! contains no s. 1. segment. Let A’, B’ be any 


~~ on 

points of c,*, A’,B’ the corresponding are of c. If A’B’ intersects A’B’ in 
- Ss — 

more points than A’ and B’ we can find a subare AB of A’B’ such that 

an) 

AB-AB=A--B. Let x be the half plane determined by AB which contains 


ay oo ee 
= š ee 
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PT and D any point of AB— AB. The perpendicular a to g 
through D does not intersect AB, because each perpendicular intersects Cy? 


exactly once and 4B is met by the perpendiculars through the points of AB. 
Let s be a ray of ”* issuing from D. We vary s continuously from the 


position a-+a* towards DB. AB being bounded, there exists a first ray s° 
i — 


~ vn 
having common points with AB, s°54 DB. Let T be any point of AB- s. 


Using again the fact that each perpendicular to g intersects c,* exactly once 
one sees that there exists a circular disc with center T such that the (open) 
half Ar, which is on the same side of s° as a: +* has no common points with crt. 

Let T, be any point of c,!. The translation along g carrying T into T, 
transforms Ar into a congruent semi-circular dise with center T, disjoined 
from c,* and on the same side of c,* as Ap. Calling this side the exterior and 
the other the interior of c,*, a theorem of Tietze ™ shows that the interior 
of cr! plus c,* is convex. It is true that Tietze assumes the metric to be 
Euclidean, but the simple proof for Tietze’s theorem given by Reinhardt '? 
can be carried over to our case without any change whatsoever. 

From this proof it follows that at each point of c,* there exists a sup- 
porting line (this can be proved quite generally for convex curves in arbitrary 
two-dimensional SL spaces). For, since cy! contains no segment and the 
s. l. $ bearing s° certainly contains an exterior point of c,!, the s. 1. 5 must be, 
except for T, completely in the exterior of c,*. By translations of 5 along g 
we get supporting lines at each point of c,!. It is also easy to see that 3 is 
the only supporting line of c,' at T such that c,* has at each point a unique 
tangent. But we do not need this later on. We determine now which side 
of cr! is the interior by proving 


(2.6) The domain bounded by c (cr?) and g is convex. 


Using T and 5 with the same meaning as previously, at least one, say $, 
of the two rays on § issuing from T does not intersect g. Let the perpendicular 
to y through T cut g at Q and let Q, be a point on g on the same (“right”) 
side of the perpendicular as #. If 7(Q,Q:) >0 is sufficiently small the 
translation (Q > Qı) transforms 5 into an s.l. 3, intersecting 3 in a point L 
of 7. If T, is the image of T under (Q — Qı), the ray LT, contains the 


image of ¥. cr! intersects all perpendiculars to g. Therefore, if the assertion 
were not true, i.e. if 5 and $, were except for T respectively T, between cy? 


“In [12]. 1? In [10]. 
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and g, the ray LT, would have to ‘intersect all perpendiculars to g on the 
right side of the one through L. Let X, traverse LT, and let X be the point 


where the perpendicular to g through X, intersects 9. Since each curve c,* 
is cut at most twice by 5, and 3, and these s.l. are between c, and g, the 
numbers r(X,, g) and r(X,g) should converge to certain limits 7 and ro 
with 0S r} = r and 0< ro <r. Then we must have tọ = 1, since 3, is the 
image of $ under (Q — Qı). Hence we should have r(X, X’) >0 which 
contradicts our Lemma (1. 9). : 

We conclude from (2.6) that an s.1. h intersecting g in a point A meets 
each curve c,* or c,? at most once and is therefore transformed by any trans- 
lation (A > A’) of G into an s.l. A not intersecting h. For, if h: W = 8, 
(A > A’) would carry g into a point S’ on h’, A’, S, 8” would be on W and 
S and $” would be on the same curve c,* or c,?. We see, furthermore, that 
if X traverses one of the rays of L determined by A in one direction, r(X, g) 


>» e 
increases. Distinguishing g and g one finds: If Y traverses an asymptote a 


tog in such a direction, that the foot Fy of Y traverses g, the distance (Y, Fy) 
either decreases monotonically in the strict sense or is constant for all Y on a. 
For, if r(Y, Fy) is constant on a certain segment of a this segment belongs 
to a curve crt; then a coincides with this crê. This leads to the following 
theorem : 


(2.7) A curve c,* is a shortest line if, and only if, it is parallel to q. 


For, let p&g be a parallel to g in 7. Our last statement shows that 
r(Y, y) decreases or remains constant if Y traverses p in either direction; 
hence r(Y, g) is constant and p is a curve c. 

The converse is a little more involved. We show first: If c,* is a 8.1. and 
(A — B) transforms the point A of c,* into the point B, then 
(2. 8) r(4,B) =r(4, B). 

Let Ao, Bo be the feet of A, B on g. We have 
r(Ao, Bo) (4, B). 


Call Bor, Bra the images of Bo respectively B under (A —> B)”. The points 
B, B*,: +, Brit are on crt. We have 


r(A,, Bor) = Nn: r(Ao, Bo) 
(A, Bet) =n-r(A, B) 


eo: en gr 
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hence 


n | r (Ao, By) Er r(4, B) | = | 1 (Ag; Bot) Er r(A, Br) | 
<r(A, Ao) + 17(B™, By) = 2r. 
The same. argument gives the more general fact: If (A> B) transforms A . 


into B, then 
r(A, B) = r(A,B). 


For, considering the 1 images of B, and B, under (A > B) > we find, as above, 
n-r(A,B) +2r=n- r(A, B). 


We remark, furthermore, that the metric characterization (1.7) of the limit 
spheres yields: 


(8.9) (4:>B) transforme the Wimil circle L(A, 9) into L(B,g) and L(A, 9) * 
‘into L(B,g). With the help of (2.8) and (2.9) we prove (2.7) as follows. 
If c,* were an s.l. but'not an asymptote, for instance, to 7, the asymptote a 
to y through a point P of c,* would be different from c,*. The limit circle 
to 9 eons P may cut y in Po. Let > Qo) be En translation in the 
direction 9. (P,> Co) transforms D(Po, g 9) into L(Qo, 9). Designating the 


intersections of L(Qo, 9) with cr! and a by Q and Q’, we would have 
r{P, Q’) =r(Po, Qo) on account of (1.8) and r(P, 0) =r (Po, Qo) as a con- 
sequence of (2. 8), in contradiction to (1. 10). 

. We see that a translation (A > B) along g is also a translation (4 > B) 
along cr', with r(A, B) =r(4,B), if cr! is an s. 1: and A < cr. (2.6) shows 
that then the curves c,* with O<r<r, are also s.l. Putting our results 
together we find: l : 


(2.10) If cr}, To > 0, is an s. l; then the curves crt with 0 Sr Sr, are also 
s.1.; all these crt are parallel to each other; and a translation (A—B) along. 
g is at the same time a translation (£ —> B’) along any of the cy with 
r(A,B) =r(4”, B”). An s.l. h intersecting g intersects all ct for 0 Sr Srp. 
If h’ is the transform of h under (A>B), A, BC g, the s.l. h and WV’ cut out 
segments of the same length r(A, B) on all these cr and two different crt cut 
out segments of equal length on h and W. 


This could lead to the conjecture that if through each point of the plane 
a parallel to g exists (we say in this case: the parallel axiom holds with 
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respect to g), the parallel axiom must hold with respect to each s.l. But we 
show by an example that this is not necessarily so, not even in Desarguesian 
geometry. We introduce a metric in the part |y | <1 of the (x, y)-plane 
by putting 
TÒ (Eu 91), (T2 Y2)) = | tı — T2 | + | log E F 5 as i 
+ V (2, — 22)? + (Ya — Y2)”. 

One sees easily that r( ) defines an SL space and that the parts of the 
Euclidean straight lines in | y | < 1 are the s.1. of the metric, which therefore 
is Desarguesian. Furthermore, the parallel axiom holds with respect to the 
z-axis and all translations along the z-axis exist. We remark that the s.l. 
x = constant, | y |< 1, are equidistant f-om each other. The circles of this 
metric are in general not convex. A result of P. Funk** shows that it is 
impossible to introduce in |y | <1 a (Desarguesian) metric with these s. 1. 
for which the equidistant curves to each straight line are again straight lines. 
Section 4 of this paper implies that one cannot find both a metric with these 
s.l. and translations along two s. 1. which are neither parallel nor asymptotes 
to each other. 

We have seen that the existence of G, the Desarguesian character of the 
metric, and the parallel axiom with respect to g do not imply the validity 
of the parallel axiom with respect to each s.l. On the other hand, we are 
going to show by another example that the existence of G and the validity 
of the parallel axiom for each s.1. do not imply the en character 
of the metric. 

For, let 3 be the whole incidan plane and let g be the z-axis. We 
introduce a Minkowskian metric r,(P, Q) in m, +g (y = 0) and a different 
one, 72(P, Q) in re + g(y = 0) but so tkat the diameters parallel to g of the 
unit circles both have the Euclidean length 1. Then one has (e( ) is the 
Euclidean distance) e(P,Q) =r.(P,Q) =v2(P,Q) for P,QCg. Let 
Pı = (21, Y1), Y1 > 0 be any point m, and Pa = (22, Y2), Y2 < 0 any point of 
mə Then the functions r,(P,, (x,0)) and rz(P,, (2,0)) are convex; hence 
their sum is convex and there exists a uniquely determined point X, C g, 
such that 


"(Py Pa) = min [ri (P, (2, 0)) + re(Px (2, 0))] = (Pas Xo) + (Pa Xo). 
Putting l | 





r(P,Q)=n(P,0) £ P,QCm +g 


(2.11) r(P,Q)=r(P,0) £ P,QCm +g 


13 In [4]. 
16 
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defines r(P,Q) for all points of the plane. One sees easily that »(P, Q) 
satisfies all our. conditions. The s.l. are the straight lines y == const. and 
straight lines which are broken at a point of the a-axis. Parallel rays in 
vı + g have parallel continuations in #2 + g; therefore the parallel axiom 
holds for each s.1. All translations along each line y = const. exist. But the 
theorem of. Desargues is not true, if the circles of the two Minkowskian geome- 
tries have no special relations to each other, for instance, if the circles in 7 
are ellipses and those in wz are not. 

Returning to the general case, suppose that there exists a last r = 0, say 
To such that cnt is an s.l. gı, and let +* be that half plane determined by qi, 
which is contained in mı. Then through each point of »* there pass two dif- 


ferent asymptotes to gı. Let a be an asymptote to gı. From (2.9) it follows 
that the images of a under the translations of G are again asymptotes to gi, 


3 
and (2.6) shows that a translation y in the direction g carries ¢ into an s. 1. 
between a and g,. Hence the positive powers,of y must carry a into a sequence 


of asymptotes to 9 which, according to (1.11), converges to an asymptote ä 


e , 
to gı. ā must remain invariant under all translations of @; therefore @ is a 
curve c,*; and since Cr = g, is the last curve c,! which is an s.l., we must 
have 4= gs. This.implies that each asymptote a to g, in +* has distance 0 


from gı, and that r(x,g,) > œ if x traverses a in the direction a. From 
+ e T 
(1.15) and (1.16) we have that a is also an asymptote to g, and to each other 


asymptote to g, in =”. Let h be any s.l. in r* which is no asymptote to g. 
Orienting h in the “same ” way as g, one sees easily that there exists an s. l. a1 


" between h and g which is an asymptote to h and g, and an s. l. a, which is an 


asymptote to h and PA Hence, if y tends to infinity on h in either direction, 
one has r(y, gı) > ©. There exists exactly one pair of points S C h- and 
RC g, such that r(R, S) =r(h,gı). 8 is determined as'the point where a 
curve Cr! touches h and R in the foot of S on g, and inversely. ` 

The first question which arises in this connection is if it is actually possible ., 
that gı Ag or 0 <T < w. Ina Desarguesian geometry it certainly can not 
happen. For, if one of two Euclidean straight line segments (unbounded ones 
admitted) is parallel to another in our sense, both of them must be whole 


straight lines. The only convex domains in the Euclidean plane which con- . 


tain a whole straight line are the whole plane, a half-plane, and the part of 
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the plane between two parallel lines. But there are non-Desarguesian geome- 
tries with 0 < To < œ. ‘ 

In order to construct such a metric, let £ be the interior of the unit circle 
of the (s, y)-plane. Introduce in.¿ a hyperbolic metric h(P, Q) in such a 
way that the straight-line segments in ¿ become the s.1. Let £, be the pe 
y 0, & the part y= 0 of £, and =“ the half-plane y = 0. We map mr 
topologically on éz by associating O = (0, 0) with itself and a point Q s40 
to that point Q on 0g for which 


e(0, Q) =h(0, @) (e( ) is the Euclidean distance). 


It (P,Q) are any points in & and P, Q the points in «* to which they corre- 
spond, we put _ 
(P,Q) =e(P, Q). 


In this way we have introduced in &, a Exclidean metric (for which the s. 1 
are in general no Euclidean straight line segments) which on 0< 2 <1, 
y = 0 coincides with the hyperbolic metric. For two points in & we put 


r(P,ö) h(P, Q). 


By applying the same method which led to the combination of the two dif- 
ferent Minkowskian geometries, we define r(P, Q) also for P< £1, Q < &. 
We thus get a metric in £, which makes ¢ an SL space, with translations along 
thes. 1. gı: & = 0. Taking any parallel y = g, to gi in & one sees easily that 
these s.l, g and gı satisfy the assumptions of our previous considerations. 


3. Geometries with translations along an s.l. g and its asymptotes. 
The last example also shows that the existence of all translations along g, 
(or g) does not imply the existence of translations along an asymptote to gı 
(or g) which is not a parallel. , 

© Our considerations of the general e case ceomunts P. a did indicate 


that by translations along gı (or g) any asymptote a Æ Jı to Ja in =“ can be 
carried into any other one. If there exist also translations along a, we con- 


clude from this that there exist two different asymptotes to s through each 
point P Œ g. a. if 9 + hs g would be an asymptote to a, since g is an 
asymptote to th and 9 to a (compare (1.15)). Then r(a, g) =0, but 
r(a, 9) > r(g,,9) > 0. From r(a,b) =0 for each asymptote b to a and 
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r(g,c) == for each asymptote eto j= dhs one sees that the asymptotes tog 
are asymptotes to each other; and, since by a translation along a any 
asymptote to g in mə (*,) can be transformed into g™ there exist rn i 
along each asymptote to g. We have found 


` = S t . 
(3.1) If ais an asymptote to g not parallel to g and if all translations exist 


along g as well as along a, then all asymptotes to g are asymptotes to each 
other and all translations along each of these s.l. exist. If b is any of them, 
then the two asymptotes to b through any point P not on b are different. 


We shall now study in a little more detail the properties of a metric 
satisfying the assumption of (3.1). Let m, and m, again be the two half 
planes determined by g. At first all considerations will refer only to one of 


these half planes, say mı. We therefore put P + L(P, g)w, = L,(P, g). We 
again designate by c,* the curve equidistant from g in m with r(cy, g) =r. 


& 
(2.9) shows that the ares of the different limit circles L(P, g) between any 
two fixed curves c,,* and c,,' are congruent. The availability of the trans- 
lations along the asymptotes to g allows a considerable strengthening of this 


e te 
statement. Each are AB on L,(P, g) is congruent to an are on any L,(Q, g) 
starting at y and therefore also to an arc starting at an arbitrary point. (We 


say the arc AB starts at A if A is on L,(P, y) between B and P.) To prove 


this we draw the asymptote 4 to g through B and the curve through A equi- 
distant from a. Since r(a, y) = 0, this curve intersects g at a point A’. We 


draw L(4” 9) and put a: L(A”, 9) = B’. The curve c,! through B’ may 
e om ~ i y 
intersect L,(Q, g) at Q’. We say that QQ’ is congruent to AB (and write 
AAA ‘ zn un Fu a 
QQ’ = AB). Since (Q — A’) transforms QQ’ into A’B’, we have QQ’ = A'B’. 
The translation (B— R’ ) Jar a transforms L(P,g) into the limit cirele 
e < 
through B’ to the image E of g g under (B— B’). y is an asymptote to g in 
rə The limit circles to y and g coincide in m, on account of a 13), hence 
oa 
QQ’ — WB’ = AB. It follows from this that on each are AB of L,(P, 9). 


there exists a point C (the center of AB) with 10 = OB and more generally 
points Ca, E, Cy. with 





We then write 





am ER — es 

PQ =A'B' =2AC =2CB 

ms eos n ZN 

AB = n CCnn = 7 CC vam, and so forth, 
and extend this notation to arbitrary non-negative real numbers by a limit 
process. A consideration similar to the proof of (2.5) shows that the limit 


circle L (P, 9) are convex and therefore rectifiable, and that congruent pieces 
have the same length. If one does not wish to use this fact, he may associate 


the number 1 to an arbitrary arc AB, AB, of any £L,(P, g) and. real 





Fig. 1. 


— 
numbers to other arcs according to our above prescription. We use AB both 
for the arc and its length. 


We intend to determine the length of an are YX , where X traverses g 
and Y a fixed asymptote a to g as a function of the distances on g (see Fig. 1). 


Let ST, SC g,T Ca be any such arc; draw the curve through T equidistant 
from g and the one through S equidistant from a. They may intersect in R,. 
Let the limit circle through R, to g intersect g in S, and a in T,. Then, as 


— a - 
before, S5,R, = R,T,. The asymptote to g through R, intersects ST in its 
center R. If the intersection were different from R, say R C SR— B, then 





ee — 
(S,—> S) would transform S,R, into ST, R,R into a, and hence R,f into a 


ray TR’, where R’ would be on the limit circle L(S’, 9) through the image S” 
Se, > "a 
of S under (S, > 8). Put L(S”,g) =T. Then (T, >T) transforms TR, 
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into TS, RR into og TR into TS, and BR into a ‘ray SE”, where E” is an 
interior point of TS, But then we shop have 


TR’ = TR = RS = RS’ va 
=> — a 
whereas T’R” is a proper subare of RS’. 
on ~ . eS 
Since SE, =2RS, we see the s.l. mn the centers of S,R, and 
BR i is an asymptote to y and, since the arcs ET, and RT also pee to limit 
dide to ELE, we see iat the s.l. connecting the centers of Ar, and RT 


is also an opi to N We thus find: 
Let the points B, C ST, and AC ST be chosen in such manner that 


~~ un vn zn — 
BA—=AST, 8,4, = d8,T, (=248T), 0 <A <1. 
Then AB is an asymptote to g. 
Furthermore our considerations show that 
zn ~ rn 
S'T = 48T = 48T, r(s’, 8) =r(8, 81). 
More generally, if 8, and S™ are chosen in such manner that 
En C MS and r(S, 8n) = nr(8’, 8) =nr (8, 83) 
Sw CSS and 1(8, 8) = ar(8’, 8) 
— 


€ 
and if one puts L(S™, g) -a=TW, L (8m 9) ' a = T, one has 


TAS Lo a m 
BT, BT, = ÉT. 


Now choose any point H between S’ and S and put a: L(H, 9) = K.. Let H, 


be the point on g for which, with LH, 9) ° a = K,, one has EE, = 2HK. 
We assert that _ 
r(H, H,) =r(8,8,). 


We consider the points H, on HH, with r(Ha, H) =nr(H,, H) and put 
—> 


a: L(Hn 9) = Kn. If, for instance, one had r(H, H,) > r(8, 81) we should 
have š i 
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r(8, S) <r(S, Hy) 


for large x; hence with an obvious signifcation of the sign > 
~~ m~ AS ~ 
YHK = HyKy > S,T,=%ST 


in contradiction to the fact that ST > ER ; 

Up to this point we have found: 

(3.2) There exists a number o > 0 such that, for an arbitrary asymptote b 
to 9 in m, and dd an arbitrary pair of points A < B on g with. r(A, B) =o, 
the are of L(A, 9) between b and g is congruent to the half of the are of 
L(B, 9) beiween g and b. 

We now prove! 

(3.3) The points Z of all arcs XY cf L(X, 9) with X Cg, Y Ca and 
XZ =MY, 0 <A <1, form an asymptote to y. 

As in a previous proof, it is sufficient to show this for A = = Using the 
same notations as before and calling L., L, the centers of AK, respectively 
Tki, we conclude from r( H, H,) =r (8, 81) ee (H>H,) = (8 61). 
But un — H,) transforms a into the asymptote to g g through that point M of 


HR for which HN= HR; hence M=L,. (S-—>8,) transforms a into 
Ek; hence B,R=L,L. This proves tke assertion. 


Herewith the length of XY can be determined as follows: Let P be the 
center of SS, and put L(P, 9) =Q. (SP) transforms ST into a subarc 
PE ot PQ. Let the asymptote to g through E intersect ET, in D. Then 
PQ =8,D since (S —> P) transforms a into ED, and, on account of (3.3), 


— EN 
ST PE 8.D -PQ 
mn aa ca 


PO PO ST, 3ST a 


or 


PQ = VĒ ST. 
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Putting 
r(S, X) =x for X C 8S’ 


r(S,X) =— rz for X C SS, 
we find in this way 


(3. 4) Fr = ST eslo 2)/a] 


which (except for the normalization ø = log 2) is the same formula as in 
hyperbolic geometry.** l 

We have derived (3.4) using only a part of the congruence axioms. We 
show, indeed, by an example that a geometry with all translations along two 
non-parallel asymptotes is not necessarily hyperbolic, not even Desarguesian. 

We again introduce in the domain 2? + y?=1 of the (x, y)-plane the 
hyperbolic metric h(P,Q) of —. Designate by h the broken line consisting 
of the two hyperbolic rays issuing from (0,0) and ending at (0,— 1) respec- 
tively (V2, V2). We define distances for the points P’, Q’ on h as follows: 
Call g the hyperbolic s.1. y = 0, | «| < 1 and let c-t, c,? be the hyperbolic 
curves equidistant from g in y < 0 respectively y > 0. Each of these curves 
crt, €r? intersects h exactly once. We draw the curves passing through P’ and 
Q’. If both of them are curves or! (cr?), say Cr, Cr (Cr, Cre), we put 
r(P’,Q’) =|r:—12|. If one is the curve c.t, the other cn? we put 
r(P’,Q’) =r, +12. Call G the smallest group of hyperbolic motions con- 
taining the translations along the s. 1. ending at (— 1,0). G can be generated 
by the translations along g and the hyperbolic rotations around the point 
(—1,0). By a suitable transformation of @ any pair of points P,Q, such 
that PQ (by XY, respectively XY, we designate during the discussion of this 
example the Euclidean straight line, respectively segment, connecting X and 
Y) does not pass through (— 1,0), can be transformed into exactly one pair 
of points P’, Q’ on h. We put 


(3. a) r(P,Q) =r(P,@). 
For pairs of points P,Q, where PQ passes through (— 1, 0) we put 
(3. 5b) | r(P,Q) =h(P, Q). 


It is easy, but a little tedious, to confirm that the function r(P, Q) defines 
an SL space. The s.l. of this metric arc h and its transforms under G and 
the hyperbolic s.l. issuing from (— 1,0). Evidently r(P,Q) remains in- 


14 See for instance [6], p. 55. 
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variant under all transformations of G. The theorem of Desargues does 
not hold. 

To find a configuration confirming this statement (comp. Fig. 2), we take 
the Euclidean ellipse e with center at (— 4,0) having third order contact 
with the unit circle at (—1,0). eis a limit circle in both our and the hyper- 





A 
(0-1 ) 
Fig. 2. 


bolic metric: 1° Take a point A on e in y > 0 such that the hyperbolic tangent 
to e at A intersects g at a point Bi. A divides this tangent into two rays of 
which the one containing B,, is a part of an s. 1., h,, of our metric. Choose gz 
issuing from (— 1,0) such that it intersezts h, in a point Bis. Take now two 
hyperbolic rays issuing from A and enclosing a sufficiently small angle « which 
contains h, in its interior. Let these rays intersect g; in Bos and Bu, (t= 0, 2; 


15 See [13], p. 356. 
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go = y) Where Bo; is to be.understood to be between (— 1,0) and Bos. Then 
the hyperbolie rays ABoo and BzoBas are also rays of our metric. Let hy and: 


he be the s.1. of our ek containing AB, and B20B»2, respectively. Then 
ho and h, pass through A but he does not. We choose D and E on By Biz 
(tigi = By) such that D is between E and Bye: If « is sufficiently small, the 
hyperbolic segments BoD, BaD, BE and Book are also segments of our 
metric. The points BooD- BoE and BaD - Bak together with (— 1, 0) lie on 
a hyperbolic s. 1. gı, which is also an s. 1. of our metric. Hence corresponding 
sides of the triangles BooDB2o and Bo. Bo intersect on gı, but the s.1. ho, ha, 
and hz through corresponding vertices of these triangles do not pass through 
one point, 








4. Geometries with translations along two s.1. which are not asymp- 
totes to each other. We now assume that all translations along two s.l. g 
and h exist where h is not an asymptote to g (and hence g not to h, compare 
(3.1)). If h and g do not intersect, the curve which touches h and is equi- 
distant from g intersects the curve which touches g and is equidistant from h 
in exactly two points. (This follows from (2.6), (2.7) and page 242). If 
A is one of these points, a suitable translation along g puts into a position 
so that it passes through A and a translation along h does the same for g. 
These two s. 1. through A are different and all translations along them exist. 
We see that we can restrict ourselves to the case where h and g have a common 
point 0. We are going to prove the following theorem. 


(4.1) If all translations along g and h exist, if h is not an asymptote to g, 
and if there is either a parallel g s&g to g or a parallel h’ 4h to h, then the 
metric is Minkowskian. 


Let a parallel g’ + y exist. We assume that h intersects g in a point 0; 
then it must also intersect g’ in a point 0’. (0-> 0’) transforms g into an s.]. 
not intersecting g (comp. p. 239) through 0’, hence into g’; and transforms g’ 
into an s. l. g” intersecting h in the image 0” of 0’ under (0->0’). Since g’ 
is equidistant from g, g” must be equidistant from y”; hence parallel to g’. By 
continuing this and by considering also the images of g’ under (0 — 0), 
(0’-> 0)*,- - - we find, with the help of (2.7) and (2.10), that the parallel 
axiom holds with respect to g, and that these parallels are equidistant from 
each other. Furthermore, the images of h under any two translations along g 
cut on h equal segments of all these parallels to g, and any two parallels to g 
cut out equal segments of all the images of A. If we knew that the parallel 
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-axiom holds with respect to each s.l. in 4 we could derive our theorems from 
these statements in few lines. The length of the following proof is due to 
the fact that we prove the parallel axiom and the theorem of Degareivs 
simultaneously. 

We introduce coördinates in our plane 2. We distinguish the two rays 
y* and g of g issuing from 0 and the two rays h* and hr of h issuing from 0. 
Through each point P of 3 there passes exactly one image hs of h under a 
translation along h and exactly one parallel gy to g. Put h- = Y and 
‘g’ ha =X. We have, as stated before, 


r(X,0) =r(P,Y), .+(Y,0)=r(P,Z). 
As coördinates X, Y of P we take 


a=r(X,0) if XC ø, a=—r(X,0) if XCg. 
y =r(Y,0) if Y Cn, y =—r(Y,0) if Y Ch. 


We map 3 onto a Cartesian (zx, y)-plane 3 by making points with the same 
coördinates correspond. To a motion of 3 composed of translations along y 
and h corresponds a translation of 3, and, since each translation in 3 can be 
composed of translations along the z- and the y-axes, there corresponds a 
a motion of 3 to each translation of 3. 

We wish to show that each s.1. in 3 is mapped onto a straight line in 3. 
We first remark that, if any s. 1. k in 3 is mapped onto astraight line & in 2, then 
all translations along k exist because all sranslations of 3 along k exist, Let 
k’ be any transform of k by a translation slong g. Since k and k’ cut out equal 
segments of g and its parallels and a translation along k’ transforms a parallel 
to g into a parallel to g, we see that under the translation along k the s.1. k’ 
is transformed into itself. It is therefore equidistant from k and parallel to k. 
We have 


(4.2) If any s.l. kin Z is mapped onto a straight line k in 3, then the, 
parallel axiom holds with respect to k. The images of the parallels to k in 3 
are the Euclidean parallels to k in 3. All translations along k exist. 


. Let e be any s.1. in 2, € its image in 3. To each curve in 3 which can 
be deduced from 2 by a translation there corresponds an s.1. in 3, since e can 
be carried into this s.1. by a motion of 2. Therefore we know that by any 
translation of 3 the curve é is transformed into a curve which either coincides 
with ë, or intersects & in one point, or is disjoined from ë. If 2 has no inter- 
sections with one of its images without being identical with it, 2 is a straight 
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line. If 2 has intersections with some of its images, the fact that it has at 
most one intersection with each of them, implies that ē is a convex curve 
without parallel supporting lines.** Therefore € has two different, well defined 
asymptotes (in the Euclidean sense). 

Now let us assume that there exists an s. 1. e through 0 in 3 whose image 2, is 
a convex curve but not a straight line. Let €, be ans. 1. through 0 tending to eo- 
Then the image €, of es tends to és. The angle over which the directions of the 
supporting lines to ĉe range tends to an angle containing the corresponding angle 
for £,.*7 Since we assume that the latter is positive, for small e the former one is 
positive too and has a common interior direction with the latter. Then one can 
find chords 5, and Se of €, respectively ĉe which are parallel to the common 
direction and have the same length (one or both of these chords may be sub- 
arcs of é respectively @-). By a translation of 3 the chord 7. can be carried 
into G. Let & be the image of é under this translation. @ and 2, have two 
common points; hence (since & is the image of an s.l. e” in 3) =%. We 
see, then, that 


(4.3) For small e, the curve če can be transformed into & by a trans- 
iion of 2. 


We now consider all s.l. through 0 in 3. The images of some of them 
are straight lines. These straight lines form a closed set. We consider one, 
W, of the open angles which is bounded by two such straight lines 2,, 2», but 
contains none of them. From (4.3) it follows that all the s.1. e of 3 in W 
are mapped onto convex curves & in W, each of which can be transformed 
into any other by a translation of 3. If e— e, (e>e), we must have 
¿> (€—>é). Therefore, one of the Euclidean asymptotes, é’,, of ë must 
be parallel to é, and the other must be parallel to ë. Since the Euclidean 
distance of g’, and é vanishes, one sees from the fact that translations of 3 
‘correspond to motions of 2, that r(e”,, e) = 0, also. According to (4.2) e”, is 
an s.l. and on account of (1.16), e is an asymptote to e”, such that e, and e 
would be two different asymptotes to e”, through 0. We have proved that all 
s. 1. through 0 are mapped onto straight lines through 0. With the help of 
(4. 2) and (2.10) one concludes easily that the metric is Minkowskian. 

The other case, where there exists neither a parallel to g nor to h is much 


easier to deal with. We prove 


` 18 This can easily be shown. One finds a proof for this and other questions con- 


nected with it in [10]. 
17 A proof for the analogous duck in a space of any dimension can be found in 


rn, p. 35. 
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(4.4) If all translations along g and h exist, where h is not an asymptote 
to g, and if through each point of X not en g there pass two different asymp- 
totes to g and through each point not on I. two different asymptotes to h, then 
the metric is hyperbolic. 


The idea of the proof is obvious: On2 considers two non-intersecting s, 1. 
Je, aud gz, along which all translations exist and which are not asymptotes 
to each other. Then one takes a point £ between these s.l. and the curves 
equidistant from gz, and gz, through S. They will (with a proper choice of S) 
intersect in a further point S’. The translation along gz, carrying S into S” 
followed by that along gs, carrying S’ into S is a rotation around 8. By 
keeping S fixed and varying gz, continuously, one varies the rotations around 
S continuously and gets in this way the full group of rotations around S. To 
make this a rigorous proof one has to show that gz, belongs to a continuous 
family of s. 1. which are not asymptotes to gs, and along which all translations 
exist, and, furthermore, that the rotations around § really vary when go, moves 
within that family. 

To carry this out in detail, we prove Bf that, if the s.1. g and h (of 4. 4) 
intersect (which according to p. 250 alweys can be supposed to be the case), 
the transforms of g under the translations along h-are not asymptotes to each 
other. 

Put g:h=0. If by ((>0), 0’Ch,g were transformed into the 


‘asymptote g’ to g through 0’, it would easily follow from p. 242 that each 
translation along h would transform g into an asymptote to 9. Therefore we 
would have the situation of section. 3. L(0, 9) does not coincide with h; 
otherwise, a translation (0— P’) along g would transform L(0, 9) into — 


L(P’,9) and, on the other hand, into an 3.1. W. Since L(0, 9) and L(P’,g) 
are en h and h’ would be equidistant, and therefore penae Because 


L(0, 9) is different from h, a suitable asymptote gı to g would intersect 
L(0,g) in a point Q,, such that the segment Q1:Q10 of gı between L(0, 9) 


and h has a length of the form 0/2", where o has the same significance as in 


(3.2). In order to fix the ideas, let this segment be in the exterior of L(0, 9). 
Let the curve cı equidistant from h and shrough Q1; intersect g in Qo1. Let 
us introduce the point Q,,. on g, for which Qo, is the center of Q..0, the 
curve ca equidistant from h and through Qo,2, and the points Qio on 00,0 


such that u 
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(9,0) =t: r (Q,,o, 0). 


The asymptote, to y through Qi, may intersect c, in Qi, and cz in Qi. Then 
it follows from our assumption (that the asymptotes to. y are the images of g 
under the translations along h) that all segments Qi; Qi 5. have length 0/2*; 


e e 

that L(0, g) passes through Qı and Q22; and that the limit circle to g through 

Qio passes through the points Qi... and Qis. From the signification of o 
it follows, then, that (@o,2—> 0) carries Q22 into Qio, Osx into Qiao and Qaa 





| Fig. 3. 


into Q3,0. -By considering (0 — Qo,2), one sees that Q,,2, Q2,2, Ys,2 must lie on 
one s.1.; hence it would follow from (2.5) to. (2.7) that the curve c, must 
be an s.l. parallel to A, in contradiction to the assumptions of (4. 4). 

We designate the transforms of g under (0>X), X Ch, by gs (see 
Fig. 4). Let Xo, X,, X. be three different points on h such that X, is between 
X, and X.. We choose a point S on gz, so that the curves c, equidistant from 
Je, and cz- equidistant from gz, through S, both cross gz, and contain in their 
exteriors, except for S, the same one’ of the two rays of gs, determined by S. 
This is always possible if X, is sufficiently near to X,. Let Se, be the other 


ON TRANSLATIONS IN GENERAL PLANE GEOMETRIES. 255 


intersection of c, and cə» We consider th= translations T, and T, along ge, 
respectively gz, which carry S into Sa. If Sz, is between gs, and gz, we form 
T¿Ty* (first Ta then T,+) ; if So, is between gz, and gz, we form 772+ (for 
Sa, C gs, either of these motions will doi. Assume the first case and put 
ST7*=XK. By T.T,* the point K is carried into a point Ka, on the side 
of go, other than the one containing K. T,T, is a rotation with center 8 
different from the identity. We now make the analogous transformation with 
go instead of ge, X C XoX,: We draw the curve equidistant from gs and 





Fig. 4. 


through S which may intersect cz in Ss (in addition to 8). The motion of 3 
composed of the translation along gz, carrying S into Ss and the translation 
along ge carrying Sy into S may move K into Ke. The points K, are on the 
circle K(8,K); Ke depends in a continuous manner on gz and does not 
remain fixed if X varies from X, to Xp. For, if ge = ga, (= Cop), the point 
Sa is on Cz between S and Sz,; therefore, the translation along gz, moving S 
into Ss, moves K into a point P on cz between K and S, and (Se, —> S) moves 
P into Ke, which, therefore, is between gz, and ge, (OF OD Yao if Ya, passes 
through S and $,,) and different from Kz, 

Thus there exist rotations with S as center transforming K into all points 
of an arc of K (8, K) leading from Kz, to Kz,; hence, the full group of rota- 
tions around $ exists. Since, by suitable translations along g and h the point 
£ can be moved into each point of the plane, all rotations around each point 
exist. It is well known that this implies taat the metric is hyperbolie.'® 


18 The only place where this fact is stated exactly in the form used here, seems to 
be [5], Anhang IV. Of course this is much too deep a result for our purpose; one 
verifies easily in a direct way that the axioms of the hyperbolic plane geometry hold 
(in any of the current forms). ; 
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The theorems (4.1) and (4.4) and the examples (2.11) and (3.5) give 


together 


If there exist all translations along two shortest lines which are neither 


parallel nor asymptotes to each other, then the metric is Desarguesian, namely, 


eith 


er Minkowskian or hyperbolic. If h and g are asymptotes or parallel to 


each other the metric is not necessarily Desarguesian, even if one assumes in 
addition that the parallel axiom either in the Euclidean or in the hyperbolic 
form holds with respect-to each shortest line. 
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AN INTEGRO- DIFFERENTIA ALUE PROBLEM.* 


By WILLIAM T. Rew. 


1. Introduction. Lichtenstein [12]* has treated by means of the theory 
of quadratic forms. in infinitely many variables a boundary value problem in- 
volving a single integro-differential equation of the second order and a special 
set of two-point boundary conditions. Under certain conditions he proved the 
existence of infinitely many characteristic values, and also established an 
expansion theorem for functions in terms of the corresponding characteristic 
solutions. More recently, Lichtenstein [13] has used the results of his previous 
paper to prove by expansion methods suffcient conditions for a weak relative 
minimum in the isoperimetric problem of the calculus of variations. Courant 
([6], Sections 5 and 13) has treated by the method of difference equations an 
integro-differential boundary problem similar to that considered by Lichtenstein. 

Tamarkin [21]? has developed in two papers a somewhat general theory 
for an integro-differential boundary problem consisting of a single linear 
integro-differential equation of the n-th order and boundary conditions which 
involve not only the end-values of the solution and its first n— 1 derivatives 
at two points, but also involve integral terras containing the solution functions. 
The outstanding feature of Tamarkin’s treatment is the repeated: use of the 
notion of a Green’s function for: the integro-differential system. In an un- 
published dissertation Jonah [11] has proved the existence of a Green’s matrix 
for a boundary problem associated with a system of integro-differential equa- 
tions of the first order, and has extended the principal results of Tamarkin’s 
papers to such a system. 

The boundary problem which is here considered may be formulated as 
follows. Let 


(1.1) Tin] = 20Ln(a),9(0)1 T &o (2,7, y) dae 
aoe $ Mi; (2, t) ns (2) 9; (1) dede, 


* The present paper contains the revised form of results presented to the’ American 
Mathematical Society under tlie: titles “An integro-differential boundary problem,” 
December 28, 1934 and “A boundary value problem associated with the calculus of 
variations, II,” April 19, 1935.. Received by tha Editors, September 29, 1937. 

1 Numerals in square brackets refer to the bibliography at the enad of the present 
‘paper. 

* Other ‘references to literature on: integro-differential boundary problems will be 
found in the introduction of Tamarkin’s first. paper. 
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where n= [9:(2)] ((=1,---,n) and y(x) dre real-single-valued functions 
on asr b, w and Q are quadratic forms in the 2n variables yi, y's and 
n:(@), n:(b), respectively. This paper treats the system consisting of the 
Euler-Lagrange integro-differential equations and transversality conditions for 
the problem of minimizing I[n] in a class of arcs 


(1. 2) ni = q (2) -(i=1L:>+-,n¡a<2Sb) 
which satisfy a set of ordinary linear differential equations of the first order 
(1. 3) Ba (x, 7, y) = Par, (2) 74 + Ban, (2) q = 0 (a=1,:::,m< a), 


together with linear homogeneous end-conditions 


(1. 4) Yy[n(a),9(0)]=Yy::op(a) + Vy; anni ld) = 0 (y=1,* ::,pE2n), 


and which are such that 


b 

(1. 5) El =f (+: mde. 
‘In the particular case when M;;(z,t) ==0 the expression (1.1) is of the 
form of the second variation of a problem of Bolza in the calculus of varia- 
tions and the above described bqundary problem is the so-called accessory 
boundary problem, and has been treated by various authors (see Morse [15] 
and [16], Reid [18] and [19], Hu [9], Holder [8], Birkhoff and Hestenes 
[1], and Wiggin [22]). In the general case, expression (1.1) is the form 
of the second variation of a more general problem of the calculus of variations. 
The boundary value problem described above includes as a very special case the 
problem considered by Lichtenstein. It also includes a class of problems asso- 
ciated with a single self-adjoint linear integro-differential equatior. of even 
order. It is to be noted, however, that the boundary conditions of this problem 
are two-point conditions, and hence are not of as general a character as those 
of the problem treated by Tamarkin. 

The hypotheses upon which the analysis is based are stated in Section 2 
and in Section 8 some properties of the boundary problem are discussed. In 
Section 4 there are defined successive classes Ss (s = 1, 2, | +) of arcs y in 
which we consider the problem of minimizing J[y], and it is shown that the 
greatest lower bound of I[n] in Sz is a characteristic value of our problem. 
The method of proof is similar to that previously used by the author [18] 
for the differential problem to which the above problem reduces whenever 
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Mij(2,t) =0. Use is now made of a Green’s matrix for an integro-differential 
system as introduced by Tamarkin and Jonah. 

Sections 5 and 6 are devoted, respectively, to comparison and oscillation 
theorems. These theorems are generalizations of the Sturmian comparison and 
oscillation theorems for a single second-orler linear differential equation (see, 
for example, Ince [10], Chapter X). These theorems have been previously 
established for a problem of the above sort involving differential equations, 
that is, for which M;;(2, t) ==0, and wkich satisfies certain additional nor- 
mality assúmptions.2 The present paper gives for the first time such theorems 
not involving any assumptions of normality on sub-intervals. The definitions 
of focal and conjugate points given in Section 6 are also new. It is to be 
remarked that for an integro-differential system of the sort here considered, 
even though it be identically normal, one can not in general define the focal 
points as zeros of a certain determinant. In fact, so far as the author knows, 
comparison and oscillation theorems have not been previously given for even 
the simplest type of integro-differential system here considered which does not 
reduce to a differential system, that is, for which Mi; (x, t) 0. 

In Section 7 we consider an integro-d-fferential problem which is in general 
non-linear in the parameter. There are obtained theorems on the existence of 
real characteristic values, as well as comparison and oscillation theorems, again 
without any assumption of normality on sub-intervals. Of extreme significance 
is the method of proof used. There is associated with the given problem an 
auxiliary problem which is linear in a second characteristic parameter, and the 
characteristic values of the new problem are considered as functions of the 
original parameter. Comparison and oscillation theorems are immediate con- 
sequences of the corresponding theorems for the associated problem and, as 
proved in Sections 5 and 6, for this latter problem these theorems follow from 
the extremizing properties of the characteristic values. This method of making 
the theory of a problem non-linear in the parameter depend upon the corre- 
sponding theory for a problem linear in a second parameter seems to be highly . 
significant, in view of the fact that problems which are linear in the parameter 
lend themselves readily to treatment by diverse methods.* As far as the author 


3 See Morse [14], [15], [16], and Hu [9]. Morse [16] has stated his results for 
a differential problem which involves no auxiliary differential equations ®,=0, and 
which satisfies the hypothesis of Theorem 7 oí the present paper. As he points out, 
if suitable normality assumptions are made, his methods extend immediately to the 
more general differential boundary value problem. Birkhoff and Hestenes [1] have 
obtained these results for a differential system involving no auxiliary differential 
equations $, = 0. 

‘By a similar treatment one may readily extend some of the important results of 
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knows, however, the method has not been used previously for even the simplest 
problem of the type here treated, even in the case of a self-adjoint differential 
equation of the second order with separated end-conditions which satisfies the 
conditions prescribed in the Sturmian theory. 

Finally, in Section 8 there is discussed briefly the idea of a Green’s matrix 
for a system of integro-differential equations of the first order together with a 
set of two-point boundary conditions, and the fundamental theorems concerning 
a problem and its adjoint problem are given. 


2. Notation and preliminary remarks. Throughout the first seven sec- 
tions of this paper the following subscripts have the ranges indicated: 
i j, k =1,;,: n; a, B=, m; o,r—1,- + :,2n3 yv—1,- °°, 95 , 
6,¢@==1,---,2n—p. The repetition of a subscript in a single term of an 
` expression will denote summation with respect to that subscript over its range 
of definition. Partial derivatives of o(2,9, m), ®a(%, n, m) with respect to the . 

variables y:, m; will be denoted by writing these variables as subscripts; 
correspondingly, derivatives of (Y and Y, with respect to the arguments n:(@),. 
m(b) will be denoted by Qia, Vy; ia, Qin, Vy; iv, respectively. 

The analysis of the paper is based upon the following hypotheses: 

(H) The coefficients of the quadratic form w(#,7,7) and the linear 
expressions La (2,4, m) are real-single-valued functions of æ on ab. The func- 
tions arm, rn, Par, are of class C1, and the functions on,n,, Pan, are con- 
tinuous on this interval. The functions A/;;(z,t) are continuous on aa, 
i< b, and Mi (z, t) = M;i(t, 2). Finally, the matrix || Par, [| is of rank m 
on ab, the coefficients of the quadratic form Q and the linear homogeneous 
expressions Y, are real constants, and the matrix || ¥;io Vy; <0 || has rank p. 

An arc q = [i (£) ] will be called differentially admissible if the functions 
n:(z) are of class D' on ab, and satisfy the equations ®a = 0 on this interval, 
An are whose end values at a and b satisfy Yy == 0 will be said to be terminally 
admissible. Finally, an arc which is both differentially and terminally ad- 
missible will be called admissible. l 

(H) The quadratic form or,r, (2) usu; is positive for values (wi) 4 (0:) 
and satisfying Par, (v)u; =0 (a =1, -c m) 

This hypothesis implies, in particular, that the matrix 


Ont, Dar, 


(2. 1) (47 =1,:--,n3 4,8 —=1,---,m) 














is non-singular on ab. 


the Hilbert-Schmidt theory of linear equations to corresponding integral equations 
involving the parameter non-linearly. 
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(H;) There exist p diffeuentially admissible ares y; = ņa (x) (v= 1,---,p) 
such that the determinant | Yy[9v(a), »(d)]]| is different from zero. 
Hypothesis (H3) is a condition of normality with respect to the differ- 
ential equations (1.3) and the end-conditions (1.4). It implies, in particular, 
that the conditions Y, are linearly independent. One may show that if y is a 
_minimizing arc for the problem of the caleulus of variations defined in Section 
1, and satisfying the above hypotheses, then there exists a constant A and 
functions pa (2) such that if we define 


(2.2) Q(T, y, m, y) = o (T, y, 7) + pa Da (2, 7, 7), 

(2.38) Ji Cr 4) = (d/dt) Qn, (2, 9, 1, p) —Qn,(2, y, 1, 1) 
af Mira, t)n(0) dí, 

then the set y, m, A satisfies the integro-d-fferential system 


(2. 4) Sa) +à =0, Bla) = 


moreover; there exist constants dy satisfying with the end values: of ni, pa the 
end conditions 
; Qia [7] + dy Uy ¡ta — An, (7, 9, Y, u) es =0, 
(2.5) > MH) + dE w + a + Oe, (2, 9, Y, 2) |? =0, 
Fy[n(a), n(b)] = 0. 


` Since the matrix (2.1) is non-singular, the set of m + n equations 
(2.6) & = Qr, (£, 7,7, u), Palt, 7,7) = 0 (a—1,:- m; ¿=],---,1n) 
has unique solutions 
(2.7) mA) + Bula), ta = laz (2) 03 T Mas(t)E;. 
When these values are substituted in-Qy,(«, y, m, a) we obtain 
AI lan) = Cule) — Aile) 


‘In view of (H,) and -(H,) the functions Ai;, B;;,+C¿¿ are of class Ot on ab; 
moreover, the matrices || By [and] 0: | are symmetric and || Bi; | is of 
rank n— m on ab. 

The system (2. 4) is therefore E system 


Lily, E] = 7i — Au (#) 03 — Bi; (2) £, = 0, Ze 
i (2. £) Ln [n ¿la] =o, = CO; En + Aji (DE er 


b 
-Í Mis (a, t) (tdt Fam = 0. | 
E 
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Now if c; = cig, di = dig (0 = 1,' + +, 2n — p) are linearly independent solu- 
tions of the equations 


Vic + Vy;ivdi = 0 (y =1,: deere (2 


the boundary conditions (2.5) are equivalent to the linearly independent set 


(2. 5) sm é] = Vy[n(a), 9(b)] = 9, 
Sol E] =ci9( Quita] — ti (a) } + deo{Qeoly] FEB) = 0. 


For brevity, we shall speak of the boundary value problem (2.4), (2.5), - 
or the equivalent problem (2. 4’), (2. 5’), as the boundary value problem B. 
Corresponding to these two forms of B, the term characteristic solution will be 
used to denote a set Yi, Pa Or a Set qi, i, Where in each case the functions of the 
set are not all identically zero on ab, and the set satisfies for a corresponding 
value A the integro-differential equations and two-point boundary conditions 
of B. If is a value for which there exist q linearly independent characteristic 
solutions, this value will be called a characteristic value of B of index q. 

The above assumption (Hs) is equivalent to the assumption that there is 
no characteristic solution yi, & of B for which y;==0 on ab (see Bliss [3], 
p. 693; [4], p. 48). As is customary (see Reid [20], p. 575), we shall say 
that the order of anormality on the interval ab of the integro-differential 
equations of B is equal to + if on this interval there are exactly r linearly 
independent solutions q: == 0, €:=vin(@) (h=1,* + -,r) of (2.4). It is 
to be noted that the value of r is independent of A. It follows readily that 
r < m; moreover, if y is an arbitrary differentially admissible are and z, ta 
are any two points on ab, then 


(2. 9) 5 Vin(%) qi (x) |= 0 (h= 1, + -,1). 


As a consequence of these relations, we have that for a system of the above 


type which satisfies (H,) and (H,) the additional hypothesis aun is s equiva- l 


lent to the assumption that the matrix 


Dijo Wy; 50 


(2. ‘oy — vala) vjn(b) 


G=l on h= ry =l, p) 














-has rank p +7. This implies, in particular, that p< 2n —r. 
Now the class of admissible arcs y for a problem B is unchanged when the 
conditions ¥y = 0 are.replaced by conditions of the form 


(2.11) Y, +em[—onl0) a (a) + oa(b)a(0)]=0  (y=1,: °°, Dp), 
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where eyn (y=1,***,p3d=1,* * -,1) are arbitrary constants. If mi, éi 
is a characteristic solution of the original problem B, there are constants er 
such that yi, Ei + vine, is a characteristic solution of the modified problem B 
involving the end-conditions (2.11). Ccnsequently, we shall not distinguish 
between two boundary value problems B, and B, which satisfy the above 
hypotheses and differ only in the end-conditions Y, = 0 and Yẹ = 0 
(y =1,: : :, p), respectively, and these conditions are such that the matrix 


Wry: ja Wir; : : 
(2.12) Wy 30 W750 G=1L: n; y= 1,*:, p; h=1,'> 1) 
—jn(a) vin(b) 


has rank p+ r. 

If a problem B satisfies (H,) and (H.), but not (H,), then the matrix 
(2.10) has rank p+r—k, where 0 < kp. By deleting k of the end- 
conditions Y, =0 (y =1,: : -,p) one may then obtain a problem B* which 
satisfies hypothesis (H,), and which is equivalent to B in the sense that an 
are y is admissible for B if and only if its admissible for B. Such a problem 
B* will be called the normal boundary problem determined by the end- 
conditions Y, =0 (y=1,---,p). 


For brevity, we shall refer to hypotheses (H,), (Hs) and (Hs) as simply 
hypotheses (HT). 


8. Properties of the boundary value problem B. For brevity we shall 
set 


M[u;v] =M[v; u] =f? f ula ate, tjv; (4) dedt; 


Klu; 0] =K[v;u] = fi (a) (5) dex 


Q[u;v] = Qv; u] = (1/2) (w (a) Qua[v] + (0) Qu[o]) : 
I[u;v] =1[v; u] 


= Olu o] + S [wren (2, 0,0) + un(a, 0, 1) Jde + M[u 0]; 


Mu] =M[u;u]; Klu] =K[u;u]; Oflu] = Q[u;u]; Ilu] =1[u;u]; 
Iu; ojà] = I[u; v] —rAK[u; v], Iuj] = I[u] —AK [u]. 


In view of (2.6) and (2.7) we have: 


LEMMA 3.1. If y is a differentially admissible arc and pa an arbitrary set 
of functions of class D, the functions £; defined by (2.6) are such that 


| 
GD falar a f° [Butt + Cas (e) nena 
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The following properties of a boundary problem B satisfying hypotheses 
(H) will be stated without proof, since they follow as for the differential 
problem to which B reduces when M; (z, t) == 0 (see, in particular, Hu [9] 
and Reid [18]). 


THEOREM 3.1. If qi, ći is a solution of the non-homogeneous system 
(3.2) Liln£] =0, Isle + fe(e) =0, soln, £] = 0, 
and u; is an arbitrary differentially admissible arc, then I{y;u|A|—K [f ; u] = 0. 


CororzarY 1. I f m, & is a solution of (3.2), then I[q|A] —K[f ; 7] =0. 


COROLLARY 2. If m, €, is a characteristic solution of B corresponding to 
a characteristic value A, then I[n|A] = 0. 


THEOREM 3.2. If ni, & and n*:,&*, are solutions of system (8.2) for - 
sets of functions fi (x), f*;(z), respectively, then K[y; f*] —K[y*;f] =0. 


COROLLARY. If ys, & and që, E*; are characteristic solutions of B for dis- 
tinct characteristic values A and A*, then K[9;y*] =0. 


THEOREM 3.3.. The boundary problem B has only real characteristic 
values, and the corresponding characteristic solutions may be chosen real. 


Lemma 3.2. There exist positive constants mo, lo such that for arbitr ary 
differentiaily admissible arcs y we have 


b 
(3.3) In] > f° {mone — lonas. 
a a 


Let c be a constant such that | 2Q[ mia, yi0]| S c[niagio + nimm], and _ 
choose.a function (s) of class C* such that ¢(6) =— 1, $(a) =1. More- 
over denote by J, a value such that | M[y]| <1,X [y] for arbitrary continuous 
functions y,(x). It follows from Schwarz’ inequality that l, may be chosen 
as My(b —a), where Me is such that | Mi; (z, t)| = My/n (1 j=1L >> :,8; 
a=«x t<b). Then for differentially admissible arcs y we have 


(3.4) 1a] = f 26" (2, mas 


when 2o* — 2w oak cig (2) + li ¿l— hmm. For a given differ- 
entially admissible y and arbitrary multipliers qa of class D, let A*i B*;,, 
O*,; denote the coefficients in (2.7) and (2.8) when w is replaced by w* in 
equations (2.6). It is seen that B*,;—=B;;. It is then a consequence of 
Lemma 3.1 and (3.4) that 
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b 
In) = S "Butt + O*ule)nmi]da. 


For arbitrary functions £; the quantities p; == Baz; are such that piwr,r pi 
= Bisfifj, and arp; = 0 (a= 1,: +, m). In view of (H,) there is a positive 
constant! such that Bijéit; = lpipi. Now pi = Bij; = q'i — A*i ji and there- 
fore pipi = (1/2) 7 1 — A* ni A*zjying® Inequality (3.3) is then seen to be 
valid if m, = 1/2, and lo is a constant such that for a «<= b the relation, 
Or; — A*r A*r tit; | E lguyus holds for arbitrary sets ui. 


COROLLARY. There exists a constan; A, such that I[n|Ao] > 0 for arbi- 
trary non-identically vanishing dtfferenticlly admissible arcs y. 


Lemma 3.3. If ni, £1 is a characteristic solution of B for a value A which 
is normed so that K[y] = 1, then 


(3.5) m(u)m(o) S2/(b—a) + 2(A + b) (b —a)/m, aXeXb, 
where Mo, lo are the constants of Lemma 3. 2. 


If z,, x are two points of ab, by Schwarz’ inequality we have 


me) nd LS OAS jaa] 1 rear 


b 
< (b—a) f yedi, (b= 1,- + +n), 
7 a 


and hence, by Lemma 3. 2, 


Š Inte) m) = Oa) f Hardt S [0 —a)/m] Ua] + KL) 
= [(b—a)/mo] (A + lo). 


Since K [y] =1 we may choose a, such that y: (1) (21) E 1/(b—a). Rela- 
tion (3.5) is then a ready consequence of the elementary inequality 


(ne) S (e)n (ts) +È ile) — m (2) 73). 


The remainder of the present section depends upon the results of Section 
8. According to the definition of that section, the integro-differential system 
B may be shown to be self-adjoint with respect to the constant transformation 
matrix ' i 


5 This relation is an immediate consequence of the elementary inequality 
a? =2[(a—b)* + b1], 
which is satisfied by arbitrary real constants c and b. 
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04; ôi; 


(3. 6) l Tor I = — 84; 04 





(i,j=1,°++,n30,7=1,- > :,2m). 











If A is not a characteristic value of B, it follows that the non-homogeneous 
_ system 
(3. 7) Lila, ¿] = 0, Enri [9 cja] = ki (2), Son, ¿] = 0 


has for given continuous functions %,(z) a unique solution yi, &. Moreover, 
this solution is given by 


b - b 
(3.8) m(eja) =f Gi (z, t|A)ky(t) dt, Cala) -Í Gti (a, tA) k; (t) dt, 
where 


(3. 9) l Goo(a tD | ul 


Gi; (z, tla) Gi; (z, tla) 
is the Green’s matrix of the system (2. 4’), (2. 5”) for this value of A. 














4. Existence and properties of characteristic values. There will now 
be defined a sequence of classes of arcs, and we shall consider the problem of 
minimizing /[n] in each of these classes. The class 8, is defined as the 
totality of admissible arcs which satisfy the relation K[y] =1. In view of © 
(H,) the class 8; is non-vacuous (see Bliss [3], p. 694). We shall first prove 
the following result 


THEOREM 4.1. Suppose the boundary problem B satisfies hypotheses (H), 
and denote by A, the greatest lower bound of I[n] in the class S,. Then 
A=A, is the smallest characteristic value of B. 


In view of Lemma 3. 2 the greatest lower bound of I[7] in 81, As, is finite. 
It also follows from Corollary 2 to Theorem 3. 1 that there is no characteristic 
value of B less than A,. It will now be proved by indirect argument that 
= A, is a characteristic value. Let uy == [ui] (v = 1, 2,- * +) be a sequence 
of arcs belonging to 8, and such that /[w] > A, as v—> œ. 
Now consider the a dei diia 


(4.1) Tiros. Pot ena aie. Sol, E] = 0, 


that is, the system, ( 3, 7) for A == A, ki = uiv. If A = A, is not a characteristic 
` value of B the system (4.1) has a unique solution y; = U(r), & = Y (a), 
(v=1,2,* * +), given by the corresponding relations (3,8). It is a conse- 
quence of elementary inequalities. that there exist constants J, and la depending 
solely upon the value of Ay and such that 
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(4. 2) Tue) S1,K[u] + lo 1; + lo (r=1,2,- > >). 
Now set: . u 
(4.3). Wiv (2) = Ui (2) + cU a(z) (1=1,: "cn; y= 1,2, ); 


where c is an arbitrary real constant. It is readily verified with the aid of 
Theorem 3.1 that a 


(4. 4) 1[wv|A,] = I[w|Aı] —2c — PK [ur ; Uv]. 


- By Schwarz’ inequality we have (K[u»; U»])? < K[uy]K [Uy] = K[Uy], and 
it therefore follows by (4.2) that there is a constant l >0 such that 
| K[uw; Uv]| Sl, (v =1,2,: + +). Now I[w|A,] = I[w] — As tends to zero 
as y > œ. Hence if c be chosen so that 0 < c < 2/ls, it follows from (4. 4) 
that I[wy|A,] = I[wv] — AK [w] is negative for v sufficiently large. - This, 
however, contradicts the assumption that A, is the greatest lower bound of 1 [y] 
in Sı. Hence A = A, is a characteristic value of B, and Theorem 4. 1 is proved. 

Now suppose classes S,,' © *,S21 (s=2) have been defined, each of 
these classes is non-vacuous, and that A = A: (t =1,: : :,s—1), where A: is 
the greatest lower bound of I[n] in the class Sz, is a characteristic value of B 
of index pr. Let MSMS: Sp (p =p +p +: e H per) denote 
these characteristic values each repeated a number of times equal to its index, 
and choose qi = yir (x), & =2i(3) as a characteristic solution of B for 
àA = Àr (x=1,* > *,p). These solutions will be supposed to be orthonormal 
in the sense that K[Yx; ye] = Sex (x,x.=1, * my p). The class S, is- then 
defined as the sub-class of S;., consisting of all admissible ares y which satisfy 
the relations eH 


(4.5) K[yx3] =0 («=1,---,p) 
The class Ss is well defined and non-vacuots (see Reid [19], p. 847 ). We shall 


now prove the following induction theorem. 


THEOREM 4.2. Suppose the boundary problem B satisfies hypotheses (H), 
and denote by As the greatest lower bound of I[n] in the class Ss. Then 
à = As ts a characteristic value of B, and As > Ag-1. i 


~ To prove this theorem we shall consider the auxiliary problem of mini- 
mizing the expression I[4] — I[n|As] in the class S, of arcs 
n= (m, ` > Nm Mrz" o mp)» 


where the functions 7:,- * * ‚Amp are of class D! on ab, satisfy the differential 
equations Bu maan T Y i 
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(1. 3%) Dar, (2) 91 F Ban lad = 0, mex — Yir (2) = 0 
(a=1,: +: ,m¿r=1,: + -,p31=1,: + :,n), 
the end conditions 


(1. 4*) Wy 1091 (a) + Vy; ni (B) = 0, nsx (2) — ame (b) =0 
$ (valı',pir=l':',p), 0 
and the norming condition 


b 
(1.5) f (nin + mem ds = K [n] = 1. 


If-B denote the corresponding boundary value problem involving 


n= (m, ä x mp), c= (Es, i. E Enip) 


it is readily seen that B satisfies the corresponding hypotheses (H). Con- 
sequently, if A, is the greatest lower bound of H] in the class S,, it follows 
from the above theorem that A, is the smallest characteristic value of B. 
Suppose y is an arbitrary admissible arc for B which satisfies relations (4. 5), 
and let 4 denote the corresponding admissible are for B. In view. of the 
relation I[y|As] —I[n] = A,K[8] = A,K[n], and the definition of As, it 
follows that M, 0. Hence there exist functions q1,° * -, nip, Ls, "> Enep 
not all zero and such that 


Lily, E] == 0, hn = yix(@) ni, Enix = 0, 


(4. 6) In[9 £|As] — Yir (2) Snax = 0, 
Salh, E] = 0, Mm (0) — Mrd) =0, 
(=1, “-,n30=1,: 3n; =l, op) 


It follows from the differential equations and boundary conditions satisfied 
by the functions Yix, zix; together with Theorem 3.2, that the constants 
„Ense are all zero, and consequently the functions ys, & are not all identically 
zero on ab. Hence A = Ag is a characteristic value of B corresponding to which’ 
there are characteristic solutions yi, &; which satisfy relations (4.5). This last 
condition implies As 74 As1, and therefore As > As... This completes the 
proof of Theorem 4. 2. 

For a given boundary value problem satisfying hypotheses (H) we shall 
denote by {As} (s—=1,2,-.- :) the totality of ‘characteristic values, each 
repeated a number of times equal to its index, and the entire set ordered so that 


(4. 7) | MEME: EME: ++ 


Tt will also be supposed that q: = Yis (£), Li = Zis (x) is a solution of B for 
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à = Às (s=1,2,* < +), and that these solutions are orthonormal in the sense 
that 


(4. 8) K [yes ye] = èst (s, t=1,2,- +). 


Finally, if we denote by ©, the totality of admissible arcs y which satisfy the 
relations K[y] = 1, K[yx; n] =0 (x =1,* + *,s—1), it is a consequence of 
the above theorems that As is the minimum of I[n] in the class S.. 

The following theorem is essentially the so-called maximum-minimum 
property of the characteristic values of B (see Courant-Hilbert [7], Chapter VI). . 


THEOREM 4.3. If s is a gwen positive integer and de (kx =1,---,8) 
are arbitrary real constants such that d? +- +- ds? = 1, then the admissible 
are qi = Yin(e)d, +: > + yis(e)ds satisfies the relation I[n] S As. 


For such an are y it follows with the use of Theorem 3.1 that 


(4.9) TEILEN eae 
A=1 


KEL 


THEOREM 4.4. Suppose u is an admissible arc such that K[u] =], 
and that there is a positive integer s such that I[u] =As, K[yx;u] =0 
(k=1,: +: *,s—1). Then the functions ui(x) are of class C* and there exist 
functions vi(x) of class C* such that ni = wi, Li = vi is a characteristic solu- 
tion of B for A = As. 


Let N be the greatest positive integer such that Ay == As. For 
N: N 
ni = Ui — Y Yyix(2)Kl[yx; u] = ui — $ yir(z)Klye;u] 
Kzl K=3 


we have K[yx;u] =0 (kx =1,---,N). Now suppose that the functions 7; 
are not all identically zero on ab. Then 


0 < Kin] =1— È (Kly; 0). 


It is then a consequence of the minimizirg property of Ay.ı that 


(4. 10) Ip] > AvaK [a] — Awa {1 — È (Eyes 40), 


1 


On the other hand, since Yir, zie (x =s, * *, NW) is a solution of B for 
A = Ax == As, we have by the use of Theorem 3. 1 that 


(4.11) I] 110] — È (Elyo e)? => (1—É (Ely wd) 


y 
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Relations (4.10) and (4.11) are contradictory since Ayu > As. Hence 


N 
(x) = 0, and the set ui, v: =D) zix(7) K[yx; u] satisfies the conclusion of 
4=3 


the above theorem. 

In closing this section, we shall indicate by simple examples that certain 
important properties of differential systems are not in general satisfied by the 
integro-differential system (2. 4’), (2. 5’). Firstly, it is in general not true 
that for a given A there exists a solution m, & of the equations (2. 4’) 
assuming prescribed initial values at v =a. This fact is illustrated by the 
example: n=1, Q =0, 2o = 7°, M(x, t) =s -+ t, à= 0, 4=0, and b the 
positive root of the equation 2880 —480b — b8 == 0. We have y =£, and. 


b 
(2. 4’) is equivalent to n” — | > (x+ t)}ņn(t)dt=0. It follows readily that 
q 0 


any solution of this equation must be of the form a+ Bx + ya? + 82%, and 
upon substitution it is found that for b a root of the above equation there exists 
a solution y if and only if a and £ satisfy a linear relation. Moreover, 
y = 4b%a? + (40 — 50%) a* is a solution such that y(0) = 0 = 7 (0). 
Secondly, consider the example n =1, Q =0, 2o =? —7?, M (æ, t) =1/4r, 


1=0,4=0, b= 4r, Y=n(0), Y= (b). The system (2.4), (2. 5”) is 


then equivalent to y” + y — (1/4) f. (Edi — 0, 7(0) = 0 — q (4r). The 
0 


integro-differential equation has the non-vanishing solution y=1, yet the 
corresponding functional I[n] is negative for certain »’s satisfying the end- 
conditions, for example, 1 [sin 2/2] = — 32/2. 

It is to be noted, however, that in case M;;(z,t) is of product form 
M(x, t) = pu (De (0) +: + + dig(e) big(t) the general integro-differ- 
ential system. (2.4), (2.5) may be reduced to an equivalent differential 
problem by the introduction of g additional variables. Let 


mu(a) = S bulin (di, (Egh 


Then the functional (1.1) may be written as 


(412) 2Q[n(a),9(0)] + 3 neal) + f olen 9) dz, 


where the symbol y still denotes the original set y,,* * `, m. Now consider the 
resulting differential problem consisting of the Euler equations and trans- 
versality conditions associated with (4.12) and the conditions (1.3), (1.4), 
(1.5) on the functions m,’ *,7m, together with the additional conditions 
Dinos = nse — bis [ 2) qi (2) 0, Pps = yne (a) = 0, (s= 1, > >,9). This 
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system is equivalent to the ofiginal problem. It is to be noted however, that 
for this new problem the norming form (1.5) does not involve all of the 
variables :, * *, mg and hence the associated boundary problem is not of 
the form (2.4’), (2.5’); it is, however, of the form (7.7) considered in 
Section 7. The example of the preceding paragraph is of this type, and con- 
sequently we see why in general for the case of a single integro-differential - 
equation of the second order with the boundary conditions y(a) = 0 =y(b) 
the existence of a non-vanishing solution could not be expected to imply the 
non-negativeness of the associated functional /[y]. 


5. Comparison theorems. A boundary problem B of the type treated in 
this paper depends upon differential forms o(2,7,7), Ba (z; t) (a = 1,---,m), 
- an end-form Q[n(a),n(d)], end-relatioas ¥y[n(a),9(b)] (y= 1, +p) 
and functions Mi;(z,t). In this section we shall prove some comparison 
theorems for such a problem B and a second problem B* involving’ corre- 
sponding quantities w* (a, m, y), a(x, p 7) (a=1,: - -,m), Q*[n(a),n(b)], 
ve. yla), 9(00)] (v=1,---,p*), M*is(a,t). The expressions (1.1) for 
B and B* will be denoted by I[y] and I*[n], respectively. We shall assume 
that B and B* involve the same auxiliary differential equations ®, = 0 
(a = 1,---,m), and that each of these problems satisfies hypotheses (7) of 
Section 2. The set of characteristic values and corresponding characteristic 
solutions of B and B* will be denoted by As, i = Yis (£), Li =26 (3) and 
Mo m = Yio (t), ly = zti (s) (s= 1,2,---), respectively. Each of the 
sets of characteristic values is supposed ta be ordered as in (4.7), and for each 
of the problems the characteristic solutions are chosen orthonormal in the 
sense of (4.8). The classes of admissible arcs &,&*, (s =1,2,*  :) are 
defined for the two problems as described in the preceding section. l 
As indicated in the introduction, when Mi; (x,t) == 0, the theorems of 
this section are essentially those previously given by Morse [16] and Hu [9]. 
So far as the author knows, however, far even the simplest type of integro- 
differential system of the form here considered when the functions M;; are not 
all identically zero, these theorems are new. As indicated by the examples at 
the end of Section 4, integro-differential systems of the type here considered 
do not in general possess some of the well known properties of differential 
‚systems. Hence the fact that such integro-differential systems do possess the . 
same type of comparison and oscillation theorems as corresponding differential 
boundary problems is of significance. In Section 7 the results of the present 
section will be used to prove corresponding theorems for integro-differential 
systems involving the characteristic parameter in a more general fashion. It 
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is to be emphasized that in the proof of the restlts of this and the following 
section, no assumption of normality on sub-intervals is made. 
We shall first prove the following general comparison theorem. 


THEOREM 5,1. Suppose that B and B* have in common (2,7, y) 


(a =]. : +, m), v,[n(e), n(b)] (y ml). ++ , Pp), and that 1*[»] = In] for 
arbitrary admissible arcs y. Then As = às (8 = 1,' °°). ‘ 


` Corresponding to a positive integer s, let d,,- © -, ds be real constants such 
that d? +: - :d3 = 1, and the arc yi = y* id, +> + y*isds satisfies the 
relations K[yx; y] =0 (x= 1,- ",s— 1). The orthonormal relations satis- 

fied by the characteristic solutions of B* imply K [q] = 1, and hence y belongs 
to Gs. The inequalities 
dM, = I [a] SI ly] 2 


are then consequences of Theorem 4.3 and the minimizing property of As. 
The following corollary is immediate 


COROLLARY 1. If the hypotheses of Theorem 5.1 are strengthened so 
that 1*[9] >I[y] for arbitrary non-identically vanishing admissible arcs y, 
then Ay > As (8 = 1,2,° : 0). 


COROLLARY 2. For a given problem B, let B° denote a particular related 
problem involving the same end-form Q and end conditions Y,=0 (y=1, 
+=, p), for which M°,;(x,t) =0, and 20"[z, y, 7] = 20(2, 7 7) — komm, 
where l is a constant such that M[y] S1.K[y] for arbitrary continuous arcs 
y==[m(2)]. If (A) denote the ordered set of characteristic values of B°, 
then rs = A? (s=1,2,* * :). 


Suppose two problems B and B* have in common %,(2,9,9) (@e=1,''',m) 
and v,[y(a),n(b)] (y=1,-**,p). We shall denote by the difference 
problem * D(B,B*) the problem involving these same relations, and the 
expression Al[n] =1*[7] —1[9]. Hypotheses (H,) and (H,) for D(B, B*) 
are consequences of these hypotheses for B and B*. 


THEOREM 5.2. Suppose hypotheses (H ) are satisñed by each of the 
problems B, B*, D(B,B*). Let X= de, ni =Yis (0), Li = zis (0) (s = 1,2, 
- + +) denote the characteristic values and characteristic solutions of D(B, B*), 
supposedly ordered as in (4.7) and orthonormal in the sense of (4.8).: If 
s and t are arbitrary positive integers, then A* yt. = As + Dt. f 


° This terminology is due to Morse [16], p. 100. 
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Let di,‘ * *,desi-ı be rel constants such that the are 
mi = Yr indy + + Yıist-ıdet-a 
satisfies the s + ¿—-2 conditions = 
Kiyen] =0 kl ,s—l), Kiyin] =t (v= 1,-- tl), 


and the relation K[y] =1. Then by Theorem 4.3 and the minimizing 
properties of As and A; we have 


A ert- Z I" [7] == In] + Al[y] = ls + Mz. 


COROLLARY. Under the hypotheses of Theorem 5.2, if hs denote the 
number of characteristic values of D(B, B*) less than As, then A* sin, = As. 


We shall now consider two problems B and B* which differ only in the 
end-forms Q and Q*, Let 


2Q* — 2Q =Rd[n(a),n(b)] 
= dia; sai (a)i (0) + Zdra; sons (a)n (b) + div; jom (b)n (b). 


The problems B and B* involve the same system of integro-differential equations. 
Let r denote the order of anormality on ab of this system, as defined in Section 
2, and suppose q: == 0, £¿ = vin (£) (h =1,: - -,1) are r linearly independent 
solutions of this system on ab. The comparison theorem to be established in- 
volves the number of positive and negative zeros of the determinant 


Qia; jo — pdis dio; jo Wy sia — Vir (4) 
dja; 4b div; jn — pdig Wu; Vin (BD) 
Wy; ja Py; iv Oy Ont á 

= Vjn(@) Vin (b) Om On 


(5.1) Dip) = 


where 4} = 1, ‚nz; yv—=1,---+,p3; n, k =l, r 

The determinant D(p) is a polynomial in p of degree 3n — p — r. It is 
well known (see, for example, Caratheodory [IV], pp. 164-189) that the zeros 
of D(p) are all real, and that if a given value is a zero of D (p) of multiplicity 
q there are exactly q linearly independent solutions of the linear homogeneous 
equations in 2n + p + r unknowns whose coefficients are the elements of the 
rows of the matrix of D(p). Let p Sp: -S pon-yp+ denote these zeros of 
D(p), and let w = wy (=1:':,m +#p+r;g=1 ‚nm —p—r) 
be a solution of this system of algebraic equations corresponding to p = py. 
The solutions may be chosen orthonormal in the sense that WagWag = Egg 


2 


274 WILLIAM T. REID. 


(9,9 =1,: >: ,2n—p—r; o=1,:--,2n)» Moreover, if R is a given 
value such that 0 S R < 2n—p—r, and nia, nin is a set of values such that 


Wy [yes qo] = 0, — vin(a) gio + vin(b) qin = 0 
(5. 2) ; (yv=1--:,p;h=1,---,r), 
Wagnia + Wasi g Nid = 0° i (9 =1,- ` E), 


then 2d[905 m] = pp, Mania + moal. 
We now prove the following comparison theorem : 


THEOREM 5.3. Suppose the boundary problems B and B* differ only in 
the end-forms Q and Q*. Let N and P denote, respectively, the number of 
negative and positive zeros of D(p) defined by (5.1) in terms of the difference 
end-form d = Q* — Q, each zero being counted a number of times equal to its 
multiplicity. Then for an arbitrary positive integer s, A” ey Z As and Ayp = Més, 


There clearly exist constants d,,* * +, ds. such that dy? + + du], 
the are y: =Y* ud, +°- * + y*tewdesw satisfies the relations K [Ye5 n] = 0 
(«= 1,--+,s—1), and the set of end-values (a), m(b) is orthogonal to 
each of the sets [wos] (g =1,* - +, N) in the sense of (5.2). Since the arc y 
is admissible, its end-values also satisfy the other relations of (5.2), and 
consequently 


(5. 3) 2d[y(a),9(01) = py, mt due) + 9 (0): (b)] = 0. 


Finally, since K[y] = 1, the arc y belongs to ©, and by Theorem 4. 3 and the 
minimum property of A, we have 


Mow = I*[q] 1 [1] + 2d[n(0), 0(6)] S in] = 2. 


The remainder of the conclusion of the theorem is a ready consequence of the 

- relation 1[9] =1*[y] — 2d[y(a), y(b)], together with the fact that when the 
difference form d is replaced by its negative the zeros of D(p) are also replaced 
by their negatives. 

If A is a finite interval, either closed or open, of the A-axis, we shall 
denote by V[A] the number of characteristic values of B on A. Corresponding 
to a value L we shall also denote by Vi(Wz) the number of characteristic values 
of B which are less (not greater) than L. The numbers V*[A], V*,, W* are 
defined for B* in an analogous manner. 

The following corollary is an immediate consequence of the above theorem. 


COROLLARY. Under the hypotheses of Theorem 5. 3, for every L we have 
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Vi — P S V*r S Ve + N, We — PS WwW, S Wr + N; moreover, 
| V[A] — V*[A]| SN + P for every finite sub-interval A of the A-azıs. 


Now suppose that two problems B and B* satisfy hypotheses (H), and 
differ only in the end-conditions Y,[7(a),9(b)] =0 (y=1,:::, p) and 
v*,.y(a),q(b)] =0 (v=1,: : :,p*). Corresponding to the terminology 
of Morse ([16], p. 92), we shall say that B* is a sub-problem of B if the 
matrix 


Fy; ja Py; 70 
(5. 4) Wy: ja Uy, jv (y=1,°- p; v=J,- +, p*; h=1,: + :,1) 
— v(a) vin(b) 


has rank r -++ p*. If B* is a sub-problem of B, clearly p* = p. The number 
p* — p will be called the dimension of B* as a sub-problem of B. It follows 
readily that if B* is a sub-problem of B and y is an admissible arc for B*, 
then y is also an admissible arc for B. Moreover, since (5.4) has rank r + p*, 
if B* is a sub-problem of B then in the class of differentially admissible arcs y 
the end-conditions W*,==0 (v=1,* +: ,p*) are equivalent to the p con- 
ditions ¥, =0 (y =1,: - *,p) together with p* — p other end-conditions, 
In view of the above remarks the follcwing results are consequences oi the 
minimizing properties of the characteristic values of B and B*, together with 
the result of Theorem 4.3. Since the details of proof are the same as those 
‚used by Hu ([19], Section 15) to prove tae corresponding results for the dif- 
ferential system he considered, these results will be stated without proof. 


THEOREM 5.4. If B* is a sub-problam of B of dimension p* — p, then 
Asip*-p = N, = As (s = 1; 2, aie 5. 


ÜCOROLLARY. Under the hypotheses oy Theorem 5.4, for every L we have 
Vi — (pP — p) S V*,S Vx, Wr — (p* — p) S Wet S Wr; moreover, 
| V[A] — V*[A]| < p* — p for every finite sub-interval A of the d-azis. 


Let us now consider two problems B and B* which have in common 
w(x, mn), Balz, y 7’), Mis(x, t) but invelving, respectively, the sets 


Qina) a], tlala), 7(6)] (=i 4p) 


and 


Q*[n(a),9(b)], — Y*Ln(a),r(0)] bel:,p*). 


We suppose, as before, that each of the prcblems B and B* satisfies hypotheses 
(H). Let q +r denote the rank of the matrix (5.4). Clearly, q =p, 
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q=p*, E p+p*. There are seen to exist geend-relations Y¿"[y(2), 9(0)] 
(p==1,:* + :,q) satisfying (Hs) and such that the problem By involving 
w, Da, Mis, Q, Pu? is a sub-problem of B, and the problem B,* involving o, Da, 
Mis, Q%, Yp? is a sub-problem of B*, For brevity we shall say that the set of 
end-conditions Ya? = 0 (a = 1,: *-*,q) is the intersection of the sets Yy == 0 
(y=1,:+ + *,p) and v*,=0 (y=1,: : *,p*) relative to the differential 
equations $, =0. In comparing the two problems B, and B*, use is made 
of the determinant (5.1) for these two problems, This determinant will be 
denoted by Do(p), and is seen to be a polynomial of degree 2n — r — q in p. 

The following comparison theorem is the analogue of a theorem proved 
by Morse ([16], p. 94) for the differential system he considered, and is a 
consequence of the preceding theorems of this section. 


THEOREM 5.5. Suppose B and B* have in common w, Ba (a=1,---,m), 
Mi; (a, t) and involve, respectively, the sets Q, Vy (y =1,* + +, p) and Q*, W*, 
(v=1,- - :,p*). Suppose, moreover, that Vu? =0 (u=1,: + -,q) is the 
intersection of Yy =0 (y=1,* - -, p) and v*, =0 (y=1,: - +, p*) relative 
to the differential equations ®a =0, and denote by N, and Po, respectively, 
the number of negative and positive zeros of the determinant Do(p) defined 
above. Then M'gnga-p = As, MosPorao ZA (s=1,2,* * >). 


COROLLARY. Under the hypotheses of Theorem 5.5, for every L we have 


Vi— Po— (q—p) S V*.E Vr + No + (g— p*), 
W, — P — (q—p) S W*r S Wr + No + (q—p*); 


moreover, | VLA] — V*[A]| = Ny + Po + 2q — p— p* for every finite sub- ' 
interval A of the d-avis, and Ny + Po + 2q — p— p* San — r. 


The last conclusion of this corollary is a ready consequence of the inequali- 
ties No + Po S 23n — q —r, gSpt+p*. 


6. Oscillation theorems. Suppose that w(#, 7,7’), Bale, n y) (a =1, 

- - m), Mi; (z, t) are given and satisfy on a <x <b hypotheses (H,) and 

(Hz); moreover, that the end-form Q depends only upon (a), that is, 

Q= Qui sam(a) (a). Let | Pip || PL: g En; i=l, -,n) be 
a constant matrix of rank g, and denote by P the linear sub-space 


(6.1) P: =a, nia? ip = 0 (o=1,***,9) 


in (n + 1)-dimensional (T, nia) space. For a given con a<c=b, let 
B(P:c) denote the normal boundary problem determined by œ, Ba, Mis (z, t), 
Q[n(a)]; and the end conditions 
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(6.2) (a) Pep = 0, fo) =0 (o=L + :,q314=1,"*:,1). 


Corresponding to a value con a <e< b, denote by ro the order of anor- 
mality on ac, and by y; = qa (2) =0, li = ĉan (2) (h =1,: : +e) a linearly 
independent set of solutions of the integro-Jifferential equations of B(P:c) on 
ac. Ifthe matrix | Pip; Lu (a) pe ,‚gh=l,rsi=h''',n) 
has rank q + fe— ke, then -0S ko < q and there are values pr," °°, prc 
(l(c) =q—ke) such that 1 =p; <p<' -< puo < q and the auxiliary end 
conditions Y, =0 (y =1,***,p(c) =n + q— ke) of B(P: c) may be written 


(6.3) (a)Piv =0, lc) =0  (u=p3p2" +, pues t= 1," on). 


It is to be remarked that the coefficients of the end conditions of B(P:c) may 
be chosen the same for all values of c on an interval where re is constant. 

The expression (1.1) for B(P: c) will be denoted by I[y:c]. It is to be 
emphasized that the upper limit of the integrals in 1[y: c] isc. Ifa<c<e=b, 
and q: = u(x) is an admissible are for B(P:c), then the arc U; = u (7) 
(a Ss So, Ui = 0 (eS Se) is admissible for B(P: c) and 
ING: A —=I[U: c] =1[u: c]. 

A value c will be called a focal point a P on the interval ab relative to 
the system 


(6.4) Ir ee: 


for A == ào if: (1) A = à is a characteristis value of B(P:c); (ii) there is at 
least one corresponding characteristic solution q; = yi (£), E&i = (x) such that 
for arbitrary e satisfying 0 < «e < b — c there is no corresponding set of func- 
tions E¿(w) forming with the are ni = yı (£) on ac, y =00mc<r=c+e 
a characteristic solution of B(P:c+e) for A=A. Ha<c<b and cis 
a focal point of P on ab relative to (6. 4) for A = ào then c is a focal point 
of P on every interval ab’ (c < b’ b) relative to the same system. On the 
other hand, for e = b condition (ii) of the above definition is satisfied vacuously, 
and b-is a focal point of P on ab relative to the system (6.4) for àA = ào 
` whenever A, is a characteristic value of E(P:b). Consequently, in general 
«= may be a focal point of P on ab relative to (6.4) for A=X, and not 
be a focal point of P on ab” (b >b) relative to this same system. If the 
integro-differential system (6. 4) is normal on every sub-interval of an ex- 
tension ab” (b” >b), then a point c of a < cb is a focal point on the 
interval ab” relative to (6.4) for A = à -f and only if A, is a characteristic 
value of B(P:c). If y,,2; is a solution of B(P:c) satisfying the above 
condition (ii), we shall say that y = [yı (z)] is an are determining «= c as 
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a focal point of P. The number of such solutions of B(P: c) which are linearly 
independent on ac will be termed the index of c as a focal point. If the linear 
space (6.1) reduces to.the point x= a, nia = 0, that is, if q = n, the corre- 
sponding focal points will be termed conjugate points of «=a, 

We shall denote by {As(c)}, y; = Yis (£: c), Ei = 2is(w@:c) (s= 1,2, *) 
the characteristic values and characteristic solutions of B(P:c), supposed 
ordered and orthonormal in the sense of (4.7) and (4.8). 


Lemma 6.1. As ca, di (ce) > +0. 


In view of Corollary 2 of Theorem 5. 1 it is sufficient to prove this theorem 
for the associated differential problem B°(P:c). For B°(P:c) the desired 
result may be established by the method used by Hu ([9], Lemma 13.1), 
since his proof does not involve any assumption of normality. 


Lemma 6.2. Each of the characteristic values As(e) of B(P:c) varies 
continuously with c, and increases from As(b) to + œ as c decreases from 
b toa. 


Suppose a < cS cS b, and let dı,’ `, ds be constants such that the 
are ni = Yin (ei cjdi +++ ++ yis(wic)ds on ac, p=0 on ce satisfies the 
relations 1 = K[y:c] = K[y:¢]; K[yx(v: e),7:c] =0, (x =1,--+,s—1). 
The arc y thus defined is admissible for both B(P:c) and B(P:c). By 
Theorem 4.3 and the minimizing property of A,(c) we have 


da(e) <I fy: e] = In: c] So), 


that is, As(c) is a monotone decreasing function ona<c=b. 

We shall now prove that As(c) is continuous on a <c =b. Suppose 
a < c< b, and denote by E" [n(a),n(e)]=0 (y=1,-- +, p(e)) the corre- 
sponding auxiliary boundary conditions (6.3) for B(P:e). Let e, > 0 be such 
that for a < e—a S cS e+e <b hypothesis (H,) is satisfied by the end 
conditions Y, [y(a),y(c)] = 0 (y=1,: - -, p(e)), and, moreover, e, is such 
that re is constant on c —e ce. For each c on this interval let B(P: e) 
denote the boundary problem determined by I[n:c]; Sa, W,. The ordered 
characteristic values and orthonormal characteristic solutions of B(P:c) will‘ 
be denoted by As(c), yis(u:c), mis(x:c) (s = 1, 2,- + +). Since the 
order of anormality on ac is constant for e—« See, for such values 
of c the problem B(P:c¢) is identical with B(P:c). If re is also constant on 
e=c=Z0+«,B(P:c) is also identical with B(P:c) on this interval. If, 
however, r, has a discontinuity at e, then B(P:¢) is a sub-problem of B(P:e) 
on ceS cS e+e and, by Theorem 5.4, As(c) = As(c) (s = 1,2,---). 
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It will now be proved that each As(c) is continuous at c=c. Let 
sol £:0] =0 (e = 1,- : :,2n) denote the boundary conditions of B(P:c). 
By the Corollary to Lemma 3. 2 there is e A, such that for con |c—e| Sa 
the differential boundary problem 


(6.5) Li[n,¿]=Li[9,£1 = 0, Lanse ln, t] = dr — 9m, + Ami = 0, sol: c]=0 
is incompatible. Suppose e—« See’ Se-+ a, and consider the non- 
homogeneous system 


(6.6) Lily, é] = 0, Easily, E] =h (2: e), so[n, £: c] = 0 (f=1,- ` ',s), 
where 


hap (aso) = [Ao — Me (0) lyo (0: 0) + [au Hyirltic)di. 
Emrle:o, cd), Gurke: 6, c”) is the solution of (6. 6), we have 
nit (aie, d) =y (2: d), lip (ac, d) = zile: cd). 
For arbitrary constants d; (f =1,---,s), set 
I[d:c,c] = I fnr (2: 6,0’) dy: c], K[d: c, c] = K [nr (T: c, e)dr: c]. 
Using the explicit form of yır(z:c,c’), &ir(w:c,c’) as given by the Green’s 
matrix of (6.5), together with Lemma 3. 3, it follows that the coefficients of 


the quadratic forms I[d: c, c], K[d:c,c’] in the variables dp are continuous 
functions of e, d uniformly on e—a SeS Sep e. Since 


8 8 
Id: d,e] =X Nd, K[d: d,e] = Dae, 


for a given e (0 < e < 1) there is a 8, < e such that if c—a ScS d Sete, 
co —c be then i 
Kld:c,c] = (1—e)drdr, I[d: c, c] S [As(c) + €] : K[d: c e]. 

This implies, in particular, that the furctions myr(z:c,c’) are linearly in- 
dependent on ac. Now the constants df may be chosen so that the arc 
qn mp (x:c,c”) dy satisfies the relations K[yx(w:c) 34: ¢]—=0, (x=1,""",8—1), 
K[y:¢] =1, and for such a choice we bhava % (c) =1[9:c] Sc) +e In 
particular, if 0 5 å S ôe we have 


Ale) + e= ħi (e) + e Z ħ(e— 8) = às (e — 8) = (0), 
Ale) — e =M (6) —eS dle 8) S a(€ +8) Ec), 


that is, | As(e + 8) —As(e)| Se. Since e may be chosen arbitrarily small 
we have proved that A,(c) is continuous et c=e, whenever a < e < b. The 
continuity of As(c) at c = b is proved by the same method, where in the above 


formulas e = b, and the comparison values ¢ are restricted by the inequality 
b u 3} = 14 = b. 
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THEOREM 6.1. The number of focal points of P ona < g< b relative 
to the system (6.4) for a given value A=A* is equal to the number of char- 
acteristic values As(b) of B(P:b) which are less than A*. 


Suppose that there are exactly s characteristic values A;(b) (f= 1,---,8) 
of B(P:b) which are less than A*, and for each value of f let « == cf denote 
the last value on a < v < b for which A;(x) =A*. In view of Lemmas 6.1 
and 6.2 these values cf are well-defined. It will first be proved that if 
a<e<b and g= c is a focal point of P relative to (6.4) for A==A*, then 
c is one of the values cf. For suppose c is such a focal point which is distinct 
from the values c;, and denote by y == [y¿(%)] an arc determining c as a focal 
point of P. We may without loss of generality assume K[y:c] =1. Let N 
denote the largest integer such that Ay(c) <A*. Then Ayı(c) =A*, and 
since c is distinct from the values cp there exists an e>0 such that 
Ayala) =A" on oS a@Sc+e. Now consider an arc y of the form 


m=Yu(0:0)d, ++ + yew (es 0)dy-+ yıla)dnı (aS aS), 


and 4; ==0 on << c+ e, where the constants d,,- > +, dya are such that 
(6.7) .L=K[y:e+e]=—K[yie], K[ye(w:e+ec);y:¢+¢] =0 
(k=1,: °, N). 


In view of the minimizing property of Anı(c-+e) we have I[n:c+e] 
= Avau (c + e). By Theorem 4. 3, however, 


I[nie + e] =1[9:c] S Ava (0) =Avu(e +e). 


Hence I[y: c -+ €] = Ayn (c + €), 0 = di =: + < = dy by (4.9), and in view 
of (6.7) and Theorem 4. 4 there exist functions ¢; such that ys, & is a char- 
acteristic solution of B(P:c-+ e). This, however, contradicts the assumption 
that y is an are determining c as a focal point of P. We have established, 
therefore, that if c is a focal point of P on a< g< b relative to (6. 4) for 
A =A*, then c is one of the values c; (f = 1,- - :,s) defined above. 

It will now be proved that each cf (f = 1,: + ,s) is a focal point of P 
relative to (6.4) for A=A*, and that the index of cp is equal to the number 
of characteristic values Ax (cr) for which «= s andA« (cr) =A*. It is obviously 
sufficient to prove this result for the largest value cs, since each cp may be 
considered the largest; such value on a suitable subinterval of ab. Suppose that 
AF == Ali) = Asi(Cs) => + * = Asg (Cs), and either s — g = 0 or 
As-g(6s) < AF. It is also quite possible that some of the values Ax(cs) with 
x > s are also equal to A*; if this is the case, however, the corresponding Ax(c) 
is constant on cs cb. We shall suppose, for definiteness, that there do 
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exist values Ax (ce) =A* witht x > s, and shall give the proof of the theorem 
in this more complicated case. If Asıı(c5) > A* the theorem is proved in a 
similar manner, but with obvious simplifications. If 


AE Asi (Cs) ise ES Asst (£8), Nester (Ce) > Ar, 
set i 
f qi = Yiu (T: Cs) dy +e + Ysa (2: Cs) Asst 
on acs, ni == 0 on Cb, where the constants d,,* - >, ds. are chosen so that 


(6.8) Klyr(c:b);9:b]=0 (f=1,---,8), 
1= d? +" be + Pay = K [q cs] = Kl[n:b]. 


From the minimizing property of A,ı(b) we have /[n:5] = Ma (b) =A*. 
On the other hand, by Theorem 4.3, I[q: 0] =1[m: ce] S Asie (cs) =A*. 
By Theorem 4. 4 there are functions £; such that y: &; is a characteristic solu- - 
tion of B(P: b) for A =A*. Since the functions yjx(@: Cs) (x =1,**-,8 +1) 
are linearly independent on acs, there are seen to exist at least ¢ linearly 
independent solutions yin éir (J =s-+1,---,s-+4) of B(P:b) for 1A=A* 
with 42220 on 0. Now ni, fi (=s+1,':',s+t) are linearly in- 
dependent solutions of B(P:cs) for A=A* such that no are ys (x) is an arc 
determining c, as a focal point of P. Consequently, the index of c, as a focal 
point is at most g. On the other hand, there are g solutions nix, Lex 
k«=s—g+1:::,5) of B(P:cs) for A==A* satisfying the relations 
Kim; qu: Cs] = Sen, Klm, qe: cs] = 0 (x, p =s — g t+, °-, 8; 
l=s +1, : :,s +t). Each of the arcs determines cs as a focal point of P, 
since otherwise there would exist an e > 0 such that for every con ts & c S ts + e 
the index of A* as a characteristic value of B(P:c) is greater than t. This, 
however, is impossible in view of the definition of cs and since Ass (c) remains 
greater than A* for cin a neighborhood of cs. Hence the index of cs as a focal 
point of P relative to (6. 4) for A=A* is equal to g. 

Corresponding to a given problem B satisfying hypotheses (H), the normal 
boundary problem determined by the I[y], a = 0 belonging to B, together 
with the end conditions y: (a) = 0, (b) =0, will be termed the associated 
null end point problem. Clearly, the associated null end point problem is a 
sub-problem of B of dimension at most 21 — p. In view of Theorems 5. 4 and 
6. 1 we have immediately: 


THEOREM 6.2. If for a given problem B satisfying hypotheses (H) the 
associated null end point problem is a sub-problem of B of dimension d, then 
for a given L the number of conjugate points of æ = a relative to the equations 
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(6.4) of B for A = L, and located on the open interval a <a < b, is at least 
Vi— d and at most Vr. 


7. A problem non-linear in the characteristic parameter. We shall 
now consider a boundary problem involving a parameter A in such a manner 
that for every value of A there is defined a self-adjoint integro-differential 
system of the sort treated in the preceding sections. It will be supposed that 
the functions M;; and the coefficients of the quadratic forms w, Q involve a 
real parameter A, and are continuous in their arguments for a S z, tS b, 
©: €, <A < Ez; the coefficients of $a and Yy are supposed to be independent 
of A. Moreover, it is supposed that for each value of A on © hypotheses (H) 
of Section 2 are satisfied. For brevity, these conditions will be denoted by 
(EN). The coefficients Aij, Bij, laz, Maj occurring in the solution (2.7) of 
the system (2.6) now depend upon A, and we may write the canonical form 
of our integro-differential system as 


Lalo E: A] = o's — Ayla!) — Biu (x: A) bj = 0, 
(7.1) Zu €: A] = Ei — Caz (2A) ay > 
+ 44:95 — fMus(z,t:1)m(1)at=0, 
soln, €:A] = 0, Uy Los OR A 


The boundary conditions sc = 0 have the explicit form (2. 5”), where it is to 
be remembered that the coefficients of Q depend upon A. A value A will be 
said to be a characteristic value of this boundary problem if there exist func- 
tions q: (1), £;(x) of class C1, not all identically zero on ab and satisfying the 
system (7.1). The expression (1.1) for this new problem will be denoted 
by I[y: A]. 

In order to discuss the characteristic values of (7.1) we consider the 
auxiliary boundary problem 


(7.2) Lely, €:A] = 0, Dal, €:A] + eni = 0, soln, E: AJ = 0, 


which involves the parameter „ linearly. In view of the above hypotheses and 
she results of Section 4, for each value of A on © there are infinitely many 
characteristic values pı (A) = pa(A) = + + of (7.2). The corresponding char- 
acteristic solutions y; == Yyis(@:A), Ei = Zia (z; AÀ) are supposed orthonormal 
"in the sense that 


d y 
Yis(3:A)yi(2:4) da = der (s, t=1,2,: * +). 
a 


The class of admissible arcs y such that K[y] =1, Kly(z2:X);n] =0 
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(x= 1,--+,s—1) will betdenoted by G.(A). It follows from Section 4, 
that ps(A) is the minimum of I[y:A] in the class S¿(A). Clearly a value A 
is a characteristic value of (7.1) if and cnly if there is an integer s such that 
fs (A) = 0; moreover, the index of A as a zharacteristie value of (7. 1)-is equal 
to the index of u = 0 as a characteristic value of the corresponding system (7.2). 


THEOREM 7.1. If hypotheses (H^) are satisfied, the characteristic values 
ps(A) of (7.2) are continuous functions of A on ©. 


The proof of this lemma uses Lemma 3.2. In view of the continuity of 
the coefficients of I[y:A] we have that “or a given bounded and closed sub- 
interval 9:9 SAX, of E there exist positive constants k (€) , (©), 
m(€,) such that for A on E, the inequal:ties 


(7.3) f ofide Sm (Co) In: a] +C) Kn], 


(1.4) na] S (Go) [nlan (a) +00) + [7 (oles + nen de}, 


hold for arbitrary differentially admissible arcs y. In view of (7.4) and 
Theorem 5. 1 there are constants ls (Co) (s=1,2,- - +) such that xa (A) <= 1,(E,) 
(s =1,2,:--) for A on ©. ` 

Now let A, à” be values on €, and choose constants d,,- - `, da such that 
the are w = ya (£: A)dı +--+ + Yis(2:X)ds belongs to Ss (A). We then 
have ps(A) S Ifu: A], I[u: X] S p(X). Hence 


pa (A) — me (X) S Iu: A] — I Lu: N] S e (A, X) [us (a) us (a) + u (b)u:()] 
+ es(A, A”) f i (Wiwi + uu) dz, 


where e, (A, A’), ez(A, A”) are independent of the particular arc u, are symmetric 
in (A,”), and tend to zero with |A— X’ | uniformly for A,A’ on Ev. This 
inequality is a consequence of the continuity of the coefficients of 7[y:A] as 
functions of A. Let d(2) =2(2—a)/(b—a) —1. Then ¢(a) =—1, 
(b) =1, | ¢ | =2/(b—a), and | ¢|S1 on ab. Now 


| aus (a) us (a) + us (b)u(b)| < f | Spusu’s + duns | de, 
<f [le lww's+ (161419 Dundas, 
< (wurde + Ms, 


where M, =1 + 2/(b—a). Hence, for es == e + es, es = Mie, + es we have, 
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y b N] 
Ol ERAN Í ward eal X), 


(7.5) < (A,X) fmC u: X] + (Go) ] + N), 
` < € (A, A”) [m (Go) Is(Go) + 1(€0)] + e là, X) 


since I[u: X] S ps (X) = le (Co). As es, es are symmetric in (A, A’), it follows 
that | ps(A) — us (A)| does not exceed the right-hand member of inequality 
(7. 5), and the continuity of us(A) on Gy is immediate. 

We shall now consider a system which satisfies the following additional 
hypotheses : 

(Hè) For A sufficiently near ©, I[y: à] > 0 for all non-identically 
vanishing admissible arcs y. 

(H^) For each integer $, if ps (À) a for A=’, then, nG <0 for 
A>)M2. 

Suppose that B is the ao Aches problem involving w(z, y, 7": A), 
Q[n(a), n(b):A], Mi (a, t: A), bala, 91), Yyln(a), y(0)], that B® is a 
second problem involving o*(z,7,7/:’), Q*[n(a),n(b):A], M*i (r, t: A), 
(2,9%), %*v[n(a),n(b)], and that B and B* each satisfy hypotheses (H^), 
(Hè), (Hs). Let N(L) and P(L) denote, respectively, the number of 
` negative and positive zeros of D(p: L) defined by (5.1) in terms of the dif- 
“ference end-form d[y(a),(b) :1]—Q*[n(a),1(0) : LZ] —Q[9(a),(b) : L]. 
Similarly, the No, Po occurring in Theorem 5.5 are now replaced by N,(L), 
P,(L). By considering the curves u = us (A) it is readily seen that the con- 
clusions of Theorem 5.1, Theorem 5.4 and its corollary, together with the 
inequalities involving Vz, Wr, V*z, W*, occurring in the corollaries to Theorems 
5.3 and 5.5, hold for the above defined problems B and B*, with the under- 
standing that the /[n], 1" [n], N, Py No, Po occurring in the statements of these 
results are now replaced by 7[7:A], 1*[9:A], N(L), P(L), No(L), Po(L). 
Corresponding to the corollary of Theorem 5. 2 we now have under the hypotheses 
corresponding to those of Theorem 5. 2 that if A, exists for B and if he denote 
‘the number of characteristic values of D(B, B*) less than As, then A*s, if it 
exists, is not less than As. It is also readily seen that Theorems 6.1 and 6.2 
hold for a problem B satisfying the above hypotheses. It is to be noted that 
for the above theorems we have not supposed that B and B* have nel 
many characteristic values. 

Applying the results of Theorems 4.2 and 4.3 to the toben (7.2), we 
see that (H;*) holds if 7[y: A] is a proper monotone decreasing function of A 
for all non-identically vanishing admissible arcs y. This latter condition is in 
turn assured if the coefficients of the functions occurring in /[y:A] have 
suitable monotone properties as functions of A. Such conditions are assumed 
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in the classical Sturmian theory for a second-order differential equation, and 
have also been used by Morse-[16].. 

We shall now consider a problem (7.1) which satisfies the following 
condition. 

(HN) There is a function g(X,A) defined for E, <M,A< 6, >N 
which is positive and such that if A > A’ shen 


IEn: A] < g(x, AEn: N] 


i 
for all non-identically vanishing admissible arcs y. 


THEOREM 7.2. If a problem satisfies hypotheses (H), (Hè), (Hè), 
then (H;*) is also satisfied. 


For suppose that for a value A” there is an integer s such that x (A) = 0. 


For arbitrary constants dx (x = 1,- - *,8) the are y = Y Yır(z: A) de is such 
that I[n:] S p(X) =0. By (Hè), for A > each | ot these ares is such 
that I[9:A] < g(4M,A)1[9:11<0. It then follows from the extremizing 
properties of the characteristic values of (7. 2) that pe(A) < 0 for A > X. 

Now consider a problem of the fcrm formulated in Section 2 which 
satisfies in addition to hypotheses (H) the condition that I[y] > 0 for all 
non-identically vanishing admissible ares A. Let B denote the boundary 
problem determined by 


(7.6) — 1[m:A]=1[m] —A | Alnla).y(6)] +f E ETE 
ASS Nu(e, Em(e)m(1) deat }, 


together with the differential equations 9, = 0 and the end-conditions v,=0 
belonging to the first problem. It is to be understood that 2 is a quadratic 
form in [4:(@), (0) ], and that | Ki;(<)||, || Ne; (s, #) || are matrices whose 
elements are continuous with K;;(v)—=Kyi(z), Nij(#,t)—=Nji(t,v). Clearly 
this problem B satisfies (H>) and (HA) on 0 <A<-+ œ. It also satisfies 
(HN) since for A > A’ > 0 and arbitrary admissible arcs y, 


IEn: A] Im: Y= [0 —4)/418U [0:04] —I Ind}. 
Using the notation of Section 2, this syssem may be written as 


Li Ly, E] = 0, Dnata tO] +44 Loto +f Nu(e tju (dt } —0, 


e So[n, ¿:A] = 0, 
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where the boundary conditions are linear in A. Whe above results give oscilla- 
tion and comparison theorems for the positive characteristic values and asso- 
ciated characteristic solutions of (7.6). To obtain corresponding results for 
the negative characteristic values, one need only replace the form 2 and the 
functions K;;, Ni; by their negatives, and consider the resulting system, again 
for0<A<-+ œ. In case the functions M;;(z, t) occurring in I[] and the 
functions N;;(z,t) are identically zero, system (7. 7) reduces to the differential 
system considered by the author [18]. 

We shall now consider the question of the existence of infinitely many 
characteristic values of (7.1). Clearly such a system which satisfies (H^), 
(Hs), (H>) will have infinitely many characteristic values if and only if 
for each integer s there is a value X such that pe(A) =0. In view of the 
extremizing properties of the values ps (A) we have that a system (7. 1) satis- 
fying the above hypotheses will have at least k characteristic values if and 
only if there are & admissible functions yix(2) (x = 1,: > -,s) and a value X 
such that for arbitrary constants (dx) ++ (Ox) we have /[md«: X] < 0. In 
view of the analogue of the corollary to Theorem 5.5, an arbitrary problem 
(7.1) satisfying the above hypotheses will have an infinity of characteristic 
values if and only if there are infinitely many characteristic values of the 
normal problem determined by the null end-conditions 7; (a) = 0 = y: (b), and 
having Mij(#,t:A), o(2,9, 7 :4), alt, y, y) in common with the given 
problem. The following special criterion is readily proved. 


THEOREM 7.3. Suppose that for a problem (7.1) satisfying (HN), - 
(Hò), (HS) there are functions R(A) > 0, P(A) on © such that P(A) > + œ 
as à —> Ez, and for arbitrary admissible arcs y vanishing at x =a and «= bh 
we have l 


. d j : b pè 
(7.8) f 2u(2,7, tindet f f Mule, t:m (2) (8) dedt 
G ae a 
7 
<f BA) [ii — P(A) nin | da: 
Then this problem has infinitely many real characteristic values on ©. , 


It is to be noted that (7.8) is assured if there are functions R(A) > 0, — 
P,(A), P¿(A) such that 


(7.9) 2o(2%, y, 7: A) S BA) [rims — P2(A) nine] 


for arbitrary sets (ms, 74), the inequality 


(7.10) f f ” May (a, t: Aym (2) nj (t)dedt £ R(A)P,(a) f "sine 
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holds for arbitrary continuous functions y: (£), and Pi(A) —P2(A) > — œ 
as A>€2. Using the Schwarz integral inequality, it follows that (7.10) is 
certainly true if there is a function Py(A) 20 such that | Mi;(«,#:A)| 
<= R(NPs(A)/[n(b—a)] for a=x,t<b, à on €, and Pa(A) —P2(A) > œ 
as A—> E. l , 

In conclusion, we shall consider thə question of infinitely many char- 
acteristic values of the problem B given ky (7. 7), where it is understood that - 
the quantities I[y], Q, Ba, U, involved satisfy hypotheses (H) of Section 2, 
and I[y] > 0 for all non-identically vanishing admissible arcs y. For brevity, 
we write 


(1D Rind ff Nule On.) ny (4) de, 
An] =2[n(a),()] + fundo + Rn). 


The following theorem may be proved by the method used by the author 
([19], pp. 846-848) in considering the corresponding result for a differential 
system. 


THEOREM 7.4. Suppose the problem B satisfies the additional condition 
that Rin] > 0 (< 0) for arbitrary non-identically vanishing admissible ares n. 
Then the characteristic values of B are all positive (negative), and.are in- 
finite in number. — 


THEOREM 7.5. Suppose that the quantities I[n], Q, Ba, Y, involved in 
the problem B satisfy hypotheses (H), but not necessarily the condition that 
I[n] > 0 for all non-identically admissible arcs y. If, however, we also have: 
(i) the matriz || Ki; || is positive definite on ab; (ii) 2 [n(a),n(d)] + Ry] 
= 0 for arbitrary admissible arcs y, ther. B has infinitely many positive and 
only a finite number of negative characteristic values. 

Since || K4; || is positive definite, we have by the Schwarz inequality that 


b 
_ there is a constant 1 such that | M[y]| = if Kijninjde. It follows (see Morse 


[15], p. 533, and Reid [18], p. 786) that there is a positive constant Ao 
such that 


b 
0 < IEn] + ro $ Kaneda S I[n] +A [7] 


for all non-identically vanishing admissible arcs y. If I[y] is replaced by 
Iln] + A08* [7], the modified problem is equivalent to the original problem 
by a linear change of parameter. By Theorem 7. 4, however, the characteristic 
values of the modified problem are all positive and infinite in number. Hence 
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the original problem has infinitely many charabteristic values of which only 
a finite number are negative. 

One may also prove for B a theorem EEA to Theorem 6.1 of Reid 
[18], but such a theorem will not be explicitly stated here. 


8. Properties of integro-differential systems. In this section we shall 
state some significant properties of a general integro-differential system of the 
first order. 


er: 
Lely] =y's—Au(2)yi— f Cule udto, 
(8.1) 
sily] = Misys (a) + Nuy (b) = 0 (1j=1,* > :,m). 
For brevity no proofs will be given, since these results may be established 
by a combination of the fundamental theorems of the Fredholm integral equa- 
tion theory and the methods used by Bliss [2] in treating a differential 
boundary problem. It will be assumed that the functions A;;(z), Ca (m, t) 
are continuous on a < 2, t & b, and that the constant matrix || M;;; Ni; || has 
rank m. Throughout this section the subscripts 1, j, k, 1 will have the range 
1,* *,m. It is to be noted that the integro-differential system of Section 2 
is of the form (8.1) for m = 2n and y=[m,* "mm 6° * *>Én]. 


Let px = Prj, qe = Qui (j=1,* > :,m) be linearly independent solutions | 


of the equations Mixp, — Ningz = 0 (¿=1,: : +, m). , In accordance with the 
definition of Bliss [2] for a differential system, we say that the boundary 
conditions t¿[2] == z; (a)P + 21(0)Qj1 (4 —=1,- : ,m) are adjoint to the 
boundary conditions s;[y] =0. Furthermore, the integro-differential system 


(8.2) Mala] =z; + 214j:(0) + Sa went, 2)dt=0, tl] =0 


will be said to be the system adjoint to (8.1). It is to be noted that if y:(z) 
and 2,(2) are solutions of Li[y] =0 and M;[z2] = 0; respectively, then 
Yyi(x2)2,(x) is constant on ab. 


Let || Ms |, | N yy |, | P* |; | 9%; || be matrices such that the matrices 
of 2m rows and columns * 


are reciprocals. Then the expressions 


sy] == M*uy (a) + NW *uy O), tile] = z (a) P¥ 55 + 25 (0) OF is 


Mu Nu 
Me N*i; 


? 


e 
— P* ij z 
0% Qi 
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are such that for arbitrary values of y: (£), 2(2) at e = a and z = b we have 
(Bliss [2], p. 565) 


(8. 3) tt, [ds [y] + te[18*.[y] =z (2)y (2) |. - 


Now let Bij(w) be arbitrary continuous functions such that the dif- 
ferential system f 


(8. 4) Yi — Bij (@) yy = 0, si[y] =0 (1, j=1L:::,m) 


is incompatible. Such functions may be chosen in infinitely many ways. Let 
ys = Yij(@) (¡=1,: : :,m) be a fundamental set of solutions of the dif- 
ferential equations of (8. 4), and set || Di; || = | s:(Y;) ||- We shall denote by 
| G; (x, t) | the Green’s matrix for the incompatible system (8. 4). 

If fı(x) are arbitrary continuous functions and h; are given constants, 


then every solution „=yi(2) (i=1,: : -,m) of the non-homogeneous 
system 
(8. 5) Laly] =f:(0), sily] =A (i=1, <, m) 


is also a solution of the integral system 


(8.6) n(o) = f Eule 00d + P(e), 


where | 
Es (2,1) = Guía, [u (i) — Bud] + f ” Guz, 8) Or; (8, 1) ds, 
Fila) = f Goa fi (at + Yale) Dub, 


and conversely. Suppose that the system (8.1) has only- the identically 
vanishing solution.. Then the homogeneous integral system 


(8.7) ya (a) = f Eule, t)y;(t)dt 


has only the trivial solution y;(w) =0, and there exists a resolvent matrix 
|| Ri; (x, €) || for the system (8.6). It may be shown that if (8.1) is incom- 
patible, then for arbitrary. continuous functions f¿(=) and constants hi the 
system (8.5) has a unique solution given by 


l Bi, N“ 
(28) na) = Sun OF (Oat + cus (Whi, 


where 
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en i d’ roo. 

Bu (2,1) = Gula, t) + f Rala 8) Gus(6, tds, 
(8.9) " N 

ciy (2) = [Yi2(2) f Rin («, 8) Yri (s) ds] Di;. 


Corresponding to the notation of Tamarkin [21] and Jonah [11], the ` 
matrix || &:;(z, t) [| will be called a Green’s matrix for the integro-differential 
boundary problem (8.1). It follows readily that for an incompatible system 
(8.1) the Green’s matrix is unique, and hence independent of the particular 
choice of the matrix | Bi; |. o 

` Using the properties of the ordinary Green’s matrix for the differential 
system (3. 4), together with results of the Fredholm integr al equation theory, 
one may prove the following results. 


THEOREM 8.1. The Amber of linearly independent solutions of the 
homogeneous system (8.1) is the same as the number of such solutions of the 
adjoint system (8.2). l 


THEOREM 8.2. If the integro-differential systems (8.1) and (8.2) are 
incompatible, and || :;(z,t)|| and | Mis(x,t) | are the respective Green’s 
matrices, then Yi (x, t) = — X ¿:(t, x). 


THEOREM 8.3. If the on (8.1) has exactly r linearly independent 
solutions yı =Yiv(x) (v==1,: + :,1), then the non-homogeneous, system (8.5) 
has a solution if and only if the condition . 


(8. 10) E f zi (a) fr(a) de = hit*i[z] 


is satisfied by every solution 2,(%) of the adjoint system (8.2); moreover, the 
most general solution of (8.5) is of the form 


yi = y*i (2) + Yıvla) ev, 
where y*i(a) is a particular solution and the cys are arbitrary constants. 


If the system (8. 1) is ‘compatible one-may define a generalized Green’s 
matrix for this system, using methods similar to those employed by the author 
[17] in considering compatible differential systems. Since, however, no use 
is made of generalized Green’s matrices in the. consideration of the problem 
defined in Section 2, the explicit form of the generalized Green’s matrix will 
not be given. 
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A boundary problem (811) will be said to be self-adjoint if there exists 
a non-singular matrix || T'a; (£) | whose elements are of class (1 on a S g & b, 
and satisfying the conditions 


Tady + AuTy + Ta =0, Tonia) On; (a, t) + Tos (t) Ori (t, 0) =0 
(8. 11) 
Mix Te: (a) Ma — Na LT er (b) N jo = 0 (1j=1,>:>,m). 


This definition of self-adjointness corresponds to that given by Bliss ([2], 
p. 569) for a differential boundary problem. If a matrix || T’;;(x) || satisfies 
the above conditions it follows readily thet for every solution y¿(w) of (8.1) 
there is a solution 2,(z) of (8.2) given by 2:(x) =T;;(e)y;(x), and con- 
versely. In a manner similar to that used by Bliss [2] to prove the corre- 
sponding result for a differential boundary problem, one may establish the 
following theorem. 


THEOREM 8. 4. Suppose the problem (8.1) is incompatible and is self- 
adjoint with respect to the matriz | Ti;(x) |]. Then the functions of the 
Green’s matriz | Bi; (z, t)|| satisfy the relations ' 


(8. 12) Tale) Bus (a, t) + Tes lt) Bulle) =0. 


: As indicated in Section 3, the integro-differential system (2. 4’), (2. 5’) 
is self-adjoint with respect to the constant matrix (3.6). 
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4 
A PARTIAL DIFFERENTIAL EQUATION ASSOCIATED WITH 
POISSON’S WORK ON THE THEORY OF SOUND.* 


By H. BATEMAN. 


Introduction. In his famous memoir of 1808 on the theory of sound, in 
- which he discussed the theory of sound waves of finite amplitude, Poisson * 
also made some important advances in tae theory of sound waves of small 
amplitude. In particular he attacked the problem of solving the equation of 
wave-propagation in three dimensions by using the mean value of a function 
over a sphere; a method which eventually led to a general solution and proved 
very fruitful in potential theory. This method has been supplemented by the 
consideration of mean values around circles on a sphere.” 

To determine the velocity components of the individual particles of air 
Poisson tried to solve the wave equation by means of an infinite series of 
powers of the inverse distance in which the n-th coefficieht is an integral of 
order n. The integrands of the various integrals are connected by a recur- 
rence relation of the first order involving partial derivatives of the first two 
orders. Poisson found that these integrands could be obtained from a generat- 
ing function which in turn satisfies a cartain partial differential equation, 
namely, the one designated as equation (1) below. Incidentally, this differ- 
ential equation also occurs in the above mentioned theory of mean values 
around circles on a sphere. 

Here it is pointed out that the same partial differential equation may be 
derived from the wave equation by a s:mple transformation suggested by 
Poisson’s work. The general problem of obtaining a wave function from a 
solution of (1) is considered. It is found that (1/7) U (w, p, p), where p = cos 6 
and r, 6, $ are polar coördinates, is a wave function provided w is define hy 
equation (6). . 

Equation (1) has particular solutions represented by products of Legendre 
functions. By comparing these solutions with another solution of the wave 
equation expansions involving Legendre functions are suggested. The determi- 


* Received December 6, 1937. 

18. D. Poisson, Bull. Soc. Philon., vol. 1 (1807), p. 19; Journal de PÉcole Poly- 
technique, t. 7, Cah. 14 (1808), pp. 319-392. 

2H. Bateman, Proceedings of the Nationcl Academy of Sciences, vol. 16 (1930), 
pp. 205-211; Annals of Mathematics (2), vol. 31 (1930), pp. 158-162. 
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nation of the coefficients in these expansions reqpires the evaluation of a class 
of integrals discussed in an accompanying paper. 


Relation to the wave equation. The differential equation which forms 


the subject of this paper is 


‘3 0 2 
yo [em loza Hz #0, 


Poisson’s work indicates that the wave equation 


és ew ew ew ew 
Ä e e t y T ae 














has particular solutions of the type 


(3) — = 0 (w, 1, $) 


where U is a solution of (1), p = cos Ó and 1, 0, & are polar coördinates, and w 
is defined by 
- t 

This may be verified by transforming the wave equation by the substitu- 
tion z = pr, 1? = £? + y? + 2, y = tan q after which it takes the form 

PW) _ Pom “lz a ] 
(5) de O (de) i (rw) + 242 =p + = (W). 
Direct substitution of (8) and (4) in (5) then results in equation (1). 

Wher we consider the general problem of finding a function w == w(r, t) 
such that W = (1/r)U.(w, u, p) satisfies equation (5), and hence is .a wave 
function, we are led to the two equations 


Pw Pw 2w dw\? _ WN 1—w? 
at? Or qa? Not dr 72 


co 
If we seek a solution’ of the type w = Y An(r)t" we find that 
n=0 














(6) rw =C(12—8) + D+ 4(1—4CD)3 


where C and D are arbitrary constants. When C = D =0, Poisson’s expres- 
sion w = t/r is obtained, while if C = 1/2a, D = a/2 the value * 


7H. Bateman, loc. cit, . 
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. rP—_P+ a 
do re Sen: 
(7) w dar 
is obtained. 


An expression neh by a soluticn of equation a). The differ ential 
equation (1) has solutions. -of the type- 
U = P, (w) Par (p) 0t 
(8) U =P (w) Qu” (1) cfm? 
where m and n are arbitrary constants. We shall take them to be non-negative 


integers. When we replace » by tanh v, the vortesponding solutions of the 
wave equation are 


W = + Pa (w)P,”(tanh v) eim® 
(9) W= = P, (w) Qu” (tanh v) eine, 


Another solution may be obtained directly from the wave equation by 
assuming that W is independent of z. Upon setting Z = t, X = iz, Y = iy 
the wave equation reduces to Laplane equation which is movi to be 
satisfied by 


pee Z+R 2 72 2 2 
Warp)» RP=X p4 Z. 


The values of X + iY and R? expressed in terms of r, w, v and q, where we 
now take w = t/r, are 


X -H iY = ir sech vei? 
R? = ? — g? — y? = 1? (w? — sech? v) 
and hence the expression above for W asstmes the form 


W=- === 1H hw cho + (oo 03] 


ry w? — sech? y 





where F(— is) = f(s). The ar gument of the function f may be ampses by 
writing ch u = w chv. Then 
1 


W = == 
ry w? — sech? y 


fe"). 


The conjugate complex of this expression is also a solution of the wave 
equation. 
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1 e 
Me ==. pta. 
rv w? — sech? y Fal ) 
Taking fı(s) = s”/2 and f(s) = s™/2 and adding shows that 


imp imp 
rv w? — sech? y r Vw? — sech? y 
is also a solution. Tm(=) is Tchebycheff’s polynomial defined as 
Tm(2) =ch(m ch?2). 


The solution (10) may be expanded in terms of the simple solutions (9). 
For example, when m is even, say m =2k, . ; 
To (a cho) 


Y (4n + 1)P2an(w)Q% (tanh v)/Q e (0) = ——2=== or 0, 
n=0 2 j ay w? — sech? y 
; —1<w<l. 


the first or second value on the right being taken accordingly as w? — sech? v is 
positive or negative. The determination of the cofficients in this series requires 
the evaluation of the integral 


f ý du Pon 5 “) ch (2ku) du 
o 





ch y 


which is discussed in an accompanying paper.. 
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INTEGRALS INVOLVING LEGENDRE FUNCTIONS.* 


By H. BATEMAN and S. O. Rice. 


The preceding paper by one of us :nvestigates the partial differential 
equation 


LO er JH ae 


which occurs in Poisson’s work on the thecry of sound. The integrals derived 
in the present paper are closely associated with this differential equation and 
give some of the ground work for a complete discussion of it. They have 
been evolved gradually from an initial clue suggested by some work of Beltrami 
on symmetrical potential functions, one author making one step and the other 
the next and so on. 


Outline of results. The comparison of two types of integrals, due to 
Beltrami and Laplace respectively, for symmetrical potential functions sug- 
gests the existence of the relations stated in equations (4) and (5). These 
equations may then be verified directly. It is also possible to establish them 
in a modified form by complex integration. 

These identities are suitable for dealing with Legendre functions, and 
when applied to an integral which follows from Hobson’s addition thecrem 
for Qn(z), they lead to the integrals given by equations (10) and (11). By 
analytic continuation of the parameters in these integrals still other integrals 
are derived. Equation (22) was first oktained by applying the recurrence 
relations for Legendre functions to the fcur integrals (14), (15), (18) and 
(19). However, this work is omitted, as here it is more convenient to regard 
(22) as a special case of equation (35). 

Up to and including equation (22) che degree n and order m of every 
Legendre function are integers. A study of equation (22) with the idea of 
extending it to non-integer values of n and m led to theorems concerning 
contour-integrals having Legendre functions in the integrand. An applica- 
tion of one of these theorems leads to the desired extension given by equa- 
tion (35). The theorem also suggests the result given by equation (36). 

The paper ends with the derivation >f an expansion for which (22) is 


* Received December 6, 1937. 
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used to determine the coefficients. In the accompanying paper the existence 
of this expansion is suggested by solutions of the wave equation. 


Potential functions having radial symmetry about an axis. If 2, y, z 
are rectangular coördinates and w = V 2? -+ y? then a potential function sym- 
metrical about the z axis is obtained by integrating the elementary potential 
1/R! 


e F(t) dt 
D r- fige 
where the constant a and the function F(t) are arbitrary and 


R? = w? + (2+ 1t)2, 


Another symmetrical potential involving R may be obtained from La- 
place’s expression for a potential which assumes the value F(z) along the Z 
axis, 


ie JE f(z + iw cos de) dk. 
aw Jo 


Changing the variable leads to 
(2) a ee. 
TY iz 
The similarity of the integrands suggests the existence of a relationship 
between the functions F(t) and f(—1t). Consideration of the potential of 
a circular ring of radius a indicated that this relation is 


i _ (Flat 
(3) a SFE 
That is, when (3) is satisfied, we expect the equality 
ICE ("ici 
(4) fa p =; f 7 A, 


This may be verified by substituting the expression for f(z) given by (3) 
in the right member and integrating after inverting the order of integration. 
If instead of expressions (1) and (2) we start with 


1 This expression is closely associated with Beltrami’s integrals for a symmetrical 
potential. 
Rendiconti Lombardo (2), vol. 11 (1878), pp. 668-680 = Opere, vol. 3, pp. 115-128. 
Bologna Mem, (4), vol. 2 (1880), pp. 461-505 = Opere, vol. 3, pp. 349-382. 
Bologna Mem. (4), vol. 4 (1882), pp. 211-216 == Opere, vol.-4, pp. 45-76. 
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w= SO (2 +12) di/R 


w 





"(e + iw cos k) cos k dk, 
0 


the first of which is related to Beltrami's integrals, we obtain in place of (4) 


(5) yor na (a+ it)dt _ O een 


2-0 


which may be verified in the same way as (4). 

It is also possible to establish these identities, in a modified form, by using 
Cauchy’s theorem. The result may be stated as follows: 

Let g(s) be continuous on the A L in the s-plane and let 





(6) OEM 


s—t 


then, if S(t) = (t— t) (t— tz), we have the relation 


(1) ES Eso f, OPI 


provided D does not cross the line joining t, and tz. The arguments are 
chosen so that 
arg (t — t) = arg (t, — t) =0, 


where @ is the angle which the vector from t, to t, makes with the real axis, 
and ` 
6S arg (s— t) < 2r +0, 0S arg (s — tz) < 2r. 


Under these conditions there is also an analogue of (5), namely 


(8) =f" [— S(t) J] h(t)t dt 
== f soditi, KOT IC) ds. 


271 


; F 1 ¢% 1 
The first step in the proof of (7) is to replace = J, ) dt by a $, ( )dt 


where C is a contour enclosing the points t, and tz which does not cross D. 
Use of (6) and a change of order of integration, which may be justified, leads 
to the integral 
1 [S(+)]3 dé 
Rat Jo s—i 
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which may be evaluated by expanding C until jt consists of an infinite circle 
plus a loop about ts. Only the latter contributes to the value of the 
integral, which is seen to be [S(s)]%. The result stated is then obtained by 
letting C, on the-other side of the equation, shrink to a dumbell shaped con- 
tour with very small loops around t, and ta. 

Equation (8) is proved in an analogous manner. 


Application of the identities to integrals involving Legendre functions. 
The fact that Legendre’s functions of the first and second kinds are related, 
for integer values of n, by 


Qn(t) = 3 [BOS 


t—s 


enables us to apply the identities to these functions. For upon setting 
h(t) = Qa(t), g(s) =—mPn(s) and taking D to be the line joining — 1 and 
+ 1 we see that equation (6) becomes the one just given. To obtain an 
integral of the type used in the identities we note from Hobson’s addition 
theorem for Q,(z) ? it follows that 


Qn(b)Pa(e) == s Qa (bo — (b? —1)#(c? —1)t cos a) da 


where n is an integer and b > c> 1. Changing the variable of integration 
* transforms the integral into 
y 1 ts Qn (t) dt 
9 n(B)Pa(c) == faa 
a ia o T 


—t)(t—t,) 
where 








t = bc + y (6? —1) (c? —1), t = be — V (b? —1) (c* —1). 


Since t: > t > 1, the path D joining —1 and + 1 does not cross the 
line joining t, and t. Also P.(s) is continuous on D and we may apply 
equation (7) to transform the integral in equation (9). Thus noting that 
9 =0 and arg (s—t,) = arg (s— t) = we obtain the known result 











=: P,(s) ds 
a Ve? + e+ s*— 2bes— 1 





2 E, W. Hobson, The Theory of Spherical and Ellipsoidal Harmonics, Cambridge 
(1931), p. 378. In the following work this text will be denoted by Hobson (1). 
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In the same way we obtain from (8) and 


Qu? (b) Px (c) == ("rl — MID Gea) ease da 
the equation 
Fi pa cae (s — be) Pa (s) ds 
Oido) D Vece Vee pe +s? —abes— 1 


which holds when n is a positive integer. 








Analytic continuation applied to the integrals in equations (10) and 
(11). When the integrals in equations (10) and (11) are viewed as analytic 
functions of the parameters b and c, some interesting integrals may be obtained 
by continuing b and c from their original values, which were greater than 
unity, to values lying between — 1 and +1. For the time being we shall 
denote these new values by b, and c, respactively and assume that b, > c,. 

In the expressions for ¢, and t, we first let c decrease to c, along a path 
which lies on the real axis except for an indentation upward at unity. Then 
the corresponding values of t, and t are 


t= be HiV IOa, h =ba— iV I) or) 


When we let b decrease to b, along a similer path we obtain 


kaba ODE, kshu Vota) 


where now both t, and t, lie between — 1 and + 1 and t, > tẹ Incidentally, 
the reason for keeping b, > cı becomes apparent upon letting bı = c, for 
then t: = — 1 and t, = + 1. 

We must take care that in this process neither ¢, nor t, crosses the path of 
integration D of s in (10) and (11). A more detailed examination of the 
paths followed by ¢, and £, shows that t must lie above and t, below D. For 
this reason D is indented downward at s == t, and upward at s = 4. 

Since the path followed by 6 in decreasing to b, was indented so as to 
pass above the point + 1, b, will lie above the cut in the z plane joining — 1 
to + 1 associated with Qn(z). Thus, following the usual custom, we write 
Qn(bı + 10). 

Splitting the integral (10) up into its real and imaginary parts we obtain, 
upon dropping the subscript one, l 











l , [a 2 ds P,(8) 
(12) 200 + 10) Pale) =} $7 ai A 
J ds Pa (8) 
— 4} m — nn _Q_»— ___ __—.——— 
Je Vit tbe big 
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where now —1<c< b< 1. The function Q4(d + i0) may be split into its 
real and imaginary parts by utilizing the definition of Q„(z) when —1<2<1; 


Qn(2) = Qn (2 + i0) + E Pato). 


Equating imaginary parts gives, after a transformation inverse to that used 
in obtaining equation (9), the result l 


Pa (b) Pa (e) <= {"Palbe— (10) (18) cos a] da. 


_ This equation may be readily obtained from the addition theorem for Legendre 
polynomials. 
Setting b = tanh u, c = tanh v and use imaginary parts gives 


(13) 2Qn (tanh uv) P, (tanh v) 


= Ps ria LER dt 
ch u ch v 


T Pol tanh utanh v + A a) a 


ch v 


where it is. assumed that u >v > 0 in the derivation. Since both sides are 
analytic functions of v in the neighborhood of the real axis this restriction 
may be removed by analytic continuation. 

The following are special cases of equation (13) 


(14) Qonsa (0) Panza (tanh 0) =— iR Pas (3 =) at 
(5) Qan(tanh u) Pan(0) = f Pa Ge t) dt 





Qa (tanh u) Pa (tanh u) = f° P, (4 TARA 
„(tanh u) Pa (tanh u) = Y Pal 1—3? iru) ds. 
In the same way equation (11) leads to the analogue of (13) 


(16) 2 Real Part of Q.* (tanh u + 10) Pa (tanh v + 10) 


=P O OREA A ch tdt 
ch u ch v 


-f Po (tanh u tanho + a ch t dt. 
By using the following results ® which hold for general values of m and n 


3 The first two are given by E. W. Hobson, Philosophical Transactions, vol. 187 
(1896), pp. 443-531, equations (19) and (29). The third one is given Hobson (1), 
p. 229. 
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ar) Pat O Pate iy) — eisin me Qa (a +) 


Pa” (z + 10) = guri2p m (x) 
Qn” (a + 10) = g3mri/2 | Qu” (2)—F Pa” (x) } 
where z and y are real numbers, the left-hand side of (16) may be written as 








zer TTI Qu din u)P,„"(tanh v). 
Special cases of (16) are 
(18): — FD Qu (0) Pan? (tanh v) -f/ Pon (3) cht dt 
09) Gat ya RUFEN f, Pew Cu) ae 
(20) — ED Qn! (tanh w) P„'(tanh u) m Pr (1 — ars) ch 2s ds. 


By applying the recurrence relation for the Legendre functions to equations 
(14), (15), (18), (19) and using the expressions * 


n+m—1 
n+ m 2 2 
Py” (0) == 2" agg 


2 E St) a 1) 
ee ae) a! 
2 


n—m 
"a aa 
the following relation may be established 


‘ . chu _ | — Qha” (tanh v)/Qn™"(0), m-n even 
er) J. ý (3 3 eS | — P,” (tanh v)/Pa™ (0), m-+n odd. 








(21) 





Qa” (0) = — 27-1 gin 





In this equation m and n are assumed to be positive integers. 


Further integrals involving Legendre functions. Equation (22) sug- 
gests the problem of determining the value of the integral when m and n are 
not integers. Since none of the foregoing work may be applied when m and n 
are not integers we must search for a different method of attack. A study of 
(22) suggests the two theorems 


t Hobson (1), p. 232. 
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1. If (æ) be a Legendre function of order n, the integral 


(23) = =f sepa ee u 


may be expressed in terms of the associated Legendre functions: 





(4) I = AP,” (b) + BQu"(b) 
where b = V1 — a? and A and B are independent of a, provided the expression 
(25) F(u) = [aV u? — 1 ¢’ (aw) — mp (au) Jexp (m chu) 


has the same value at the initial and final points, both assumed independent 
de(t). g 
dt * 


_ of a, of the path P. The prime denotes differentiation: $'(t) = 


2. The same is true of the integral 


alt 


provided the expression 


(27) G(t) = (P—1) [00L me exp xp (m en 2) | 
where z = Vt? —a?, assumes the same value at the initial and final points, 
which are here also taken to be independent of a, of the path P. 

Although these results were found more or less by experiment, they may 
be verified by straightforward differentiation. Thus it may be shown that when 
I and J are placed in the differential equation for the associated Legendre 
functions we obtain 


BOM Bt (een as, magro 
gas b?) Tyf ant eV ee fat a(t) 


and if F(u) and G(¢) assume the same values at the initial and final points 
of their respective paths the integrals on the right vanish. 

Since m occurs in the differential equation as m? we may change the sign 
of min I and J. Addition and subtraction will then give theorems. concerning 
integrals having hyperbolic cosines and sines in place of the exponential func- 
tions in J and J. In particular we obtain the result that 
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E di 
(28) | K = f, $ (t)ch (m cht Jes 
may be expressed in the form (24) provided 


(29) H(t) = (#—1) + 2) ch (m cha A) u (m ee 5] 


assumes the same value at the initial and final points of P. 

In order to generalize equation (22) we consider the expression (28) 
where (t) =Pn(t) and P is a path which starts at t= 1, passes around 
t = a in the positive direction, and returns to the point t = 1. For the sake of 
convenience we assume that a is real, 0 < a < 1, and arg (t —a)= arg (t + a)=0 
at the starting point. The expression (28) vanishes at both ends of P, because 
of the factor #? — 1, and hence K may be expressed in the form (24). Instead 
of K it is more suitable to deal with L defined by 


(30) | bf" Pa (t)ch ( ch jas 


where the square root is supposed to be positive. 
By shrinking P to a small loop about t = a plus two straight lines joining 
the circle to t =— 1 we see that 





pas 
L= — sk 

and thus L may also be expressed as ` 

(31) L—=AP,.™(Vi—a@) + BQ” VIZ). 


As a — 1, L—0 since ch () > Cand Pn(1) =1. Therefore 


(32) 0 = AP,” (0) + BQx™(0) 


is one relation between A and B. To obtain a second relation we multiply the 
numerator and denominator of (30) by + and use 











tdi UVELI 
VE = a2 A (VP —a?) — Ga ) 
to integrate by parts. This leads to 
; dL 
I sal, 
da Vi—@ 
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When this is placed in (31) after that equatiop has been differentiated, can- 


cellation of the common factor —===== 
vV1— a? 


gives, upon letting a — 1, 





(38) 1=[ 4 ¿Prr(o) + BZ Qm(a) | 


Equations (32) and (33) may now be solved for A and B. If C denotes 
the constant in 


Py" (a) + Qn” (£) — Qr” (2) £ Pa” (a) - 


a" 
The value of L is 


(34) L - [Pa (0) Qu (VIE) — Qu” (0) Pam(VI—@)]. 


The values of P,™(0) and Qn™(0) are given by (21), while * 
n+m—1 ntm\ | . 
n(*- 5) 0 (257) 


C pi 92m = SS A 
n—m— i1 n — m 
= Cr) 
When Hobson’s definitions of the associated Legendre functions for —lL<a< 1 


are used, substitution of the values for O, Pn™(0), Qn™(0) in (34) and the 
change of variable t = ach u, ch v = 1/a in (30) gives for the final result 


(35) J, Ps (5) ch m u du 
0 
Vr H (==) | cos(n + m)= 


Qa” (tanh v) 
gm IT e +2) 


sin(n + m)S 
a P, (tanh v) 


which is a generalization of (22). 
In a somewhat similar manner it may be shown that 


(36) Sta ch u)ch m u du = On” (0 + i0) Qa” (— iva—1) 





= n— m — i1 
hi ue ( = ) gir[m+(n+1)/21 On” (— iva = 1) 

MAL n m 

ame q (22) 


š Hobson (1), p. 232. 
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where R(n + 1— m) >0, R(n+m-+1) > 0, which imply R(n) > —1; 
and arg(Va*—1) =0 when arga=0 and |a|>1. Equation (36) is 
suggested by (28) when $(¢) is set equal to Q,(t) and P is taken to be a path 
starting and ending at + co which comes in and encloses ta. It may be 
readily verified when | a | > 1 by replacing Q,(ach u) by its series expansion 
in powers of 1/a ch u and integrating termwise. 





Expansions suggested by equation (22). Since a function which satis- 
fies Darboux’s conditions * may be expanded in the Legendre series * 


(er) Fe) =È Pals) (n +3) 
where - ' 
(38) me f “OPD, 


and since (22) is of the form (38), it is natural to seek the coyresponding 
function f(z). By setting t = chu/chv, 1= sech v we see that the integral 
in (22) is changed into the integral occurring in (30) and hence we are led 
to set 


f(t) = ch (m ch”! ‘) /VP—@ =Tal(t/a)/VP—@, a<t<i 
=0 » —1<t<a 
where: Tm (2) is Tchebycheff’s polynomial which is such that when 2 = sh u, 


Tm(2) = ch mu. When m is even, say 2qual to 2k, the expansion written 
in full is 





Tox(t ch x 
sechv <t A — È Pat) (2n + 14) Q2% (tanh v)/Q (0) . 
39) . == 0 ot 
` —1<t<sechm 0 — 2 Pena (t) (2n + %)P:,, (tanh v) /P2k (0). 


The first series represents an even function of ¢ whereas the second one 
represents an odd function. When t is negative the sum of the two functions 
is zero. Hence when ¢ is positive the two functions are equal. Separating the 
even and odd portions of (39) gives 





> (4n + 1) Pon (t) QZ (tanh v) /Q2=(0)— — Tmtichv)_ no 
(40) =. V 1? — sech? y 

>> + T(t ch v) 

Y (4n +3) Pans (t) Pak, (tanh 0) /P23 (0) = ne 


°G. Darboux, Journal de Mathématique (€), vol. 4 (1878), pp. 5-56, 377-416. 
TE. W. Hobson, Proceedings of the London Mathematical Society (2), vol.7 (1909), 
pp. 24-39. 
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The first or second value on the right is to be taken accordingly as t? — sech? y 
is positive or negative. The positive value of the RR root is to be used. 
By considering m to be odd the expansions 


Tra ch i or 
(41) Y 1? — sech? y 
x A Torn (t ch v) 
z (án + 3) Pensa (t) Qe (tanh nogo Festa 


y (An + 1) Pon (1) Pam (tanh v) / P22 (0) == 


2n 
oro- 


are obtained. 


CALIFORNIA, INSTITUTE oF TECHNOLOGY. 
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A NOTE ON AN EXTENSION OF BERNSTEIN’S THEOREM.* 
By W. H. McEwen. . 


In a recent paper? the author obtained an extension of Bernstein’s 
theorem for arbitrary sums of characterissic solutions of a general n-th order 
linear differential system 


i L(u) =u™ + P,x(z)ur® +: -4-Pa(2)u+ àu = 0, 
(1) W;(u) =0 . (¡=1,2,* : ,1), 


in which the coefficients P;(x) are continuous with continuous derivatives of 
all orders on (a,b), the boundary conditions are normalized and regular on 
(a, 6), and the complex characteristic values A, (arranged in order of increas- 
ing moduli) give rise to poles of the Green’s function which are simple when 
k is large. 


N 
The sums in question have the form Sy(z) = 3 aju;(x), in which the 
i=l 


a’s are arbitrary and the ws are the characteristic solutions of (1) correspond- 
ing respectively to the first N characteristic values As, Az, * * *,Aw. Assuming 
that | Sy(2) | SL on (a,b) it was found that | S'y(<) |< QNL uniformly 
on any interior interval a + 8 S x S b —8, Q being a constant independent 
of N, and an example was cited to show that this is the best result that can 
be obtained in general. In particular cases, however (as for example in the 
Fourier case or the Sturm-Liouville case), the limit QNL can be applied to 
the whole interval (a,b). In the present paper we propose to investigate 
further the circumstances under which this extension to the whole interval 
can be made. The discussion will be based on results found in a paper by 
Stone? (referred to hereafter as (S)), and the author’s paper? (referred to 
as (M)). 

Let us define, over the range a S y Sb’ Sd, the function Q (a, d”), 
0S (a,b) S+ o, as the “best” constant such that 


|[Sy(2) | S Qw, v) NL 


* Received September 28, 1937. 

1 W. H. McEwen, “An extension of Bernstein’s theorem associated with general 
boundary value problems,” American Journal of Mathematics, vol. 59 (1937), pp. 295-305. 

2 M. H. Stone, “ A comparison of the series of Fourier and Birkhoff,” Transactions 
of the American Mathematical Society, vol. 28 (1926), pp. 695-761. 

3 Loc. cit, ' 
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for “<< 0’, where L is the maximum value of | Sy | onaSeSb. It is 
readily seen that the function Q has the following properties : 
(i) fasad Sd Sb So Sb, then Q(a, 0’) E Qla, b”); 
(ii) Q (a,b) —>0Q(a”,b”) when a’ —a” and Y > 6"; 
(iii) faso SVS Sb, then Q(a, c) = max [Q (a, ms Q(0’, d]; 
(iv) a< SUY <b, then Q(a,d) < + o. 


The first three are implied by the definition of Q as the “best” constant, 
whereas the fourth was established in the author’s earlier paper. From these 
properties it is evident that any further interest in the function Q centers in 
its behaviour as a’ >a or Y —b. 

Wa can assume, without loss in generality, that the interval of x is 
0=rS1, and the maximum value of | Sy(r) | on (0,1) is 1. The 
boundary conditions of (1), being normalized, can be written l 


W; (u) = ul (0) + Bu (1) + a (au? (0) + Bu (1)) =0, 
Gj 32 1, 2," E n), 
in which the kys are positive integers such that n— 1 2 kı Z ka 2+ + im 
and no three kys are the same. Along with (1) let us consider a second 
system of the same type and of the same order n: 


L(u) = =u + Pa (ajud +. = Pate) + Au == 0, 


2) Wy(u) == ju) (0) + But (1) + 2 (aju (0) + Buw (1)) =0, 


(j E 1, 2," ta n), 
and deine 


Hypothests A. ng (1) and (2) are so related that aj = &;, Bj = B; 
-kj = ka (j= 1,2, n). 

Let G(x, y; à) and G(x,y;A) be the Greens functions respectively of 
systems (1) and (2), and let àA = p". The sum Sy(x) may then be written 
as a contour integral 


Sula) = 55 f, So) S'na, y3 pág, 
where T is an arc of the circle | p | = R in the complex p-plane and is defined 
by two adjacent sectors of the set of 2n equal sectors: : 
lr/n S arg p S (l+ 1)7/n (= 0,1,2, : -,2n—1). 
The ralius of T, 2 ~aN, and is adjusted so that the arc remains uniformly 


away from the poles of both G and G when R (or N) is large.t The function 


t Se2 (M), p. 297. 
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2 1 £ 
Sul) =gh f Sue) [108043 0) ady 


will then represent the partial sum of order N of the Birkhoff expansion of 
the function Sw(x) associated with system: (2). Moreover the order N will 
satisfy | N— Ñ| SK so that 0(N) =0(W).. 

We now observe two lemmas: 


Lemma 1. Under hypothesis A, 


f np""1(G— @)dp = 0(1) 
T 
uniformly on 0=x,y<l. 


LEMMA 2. Under hypothesis A, 


e 0 
Í np" (£ =m dp =0(N) 


uniformly on 0S r, y Sl. 

These lemmas are extensions respectively of lemmas 2 and 3 of (M), and 
are obtained from the latter by imposing the additional restrictions contained 
in hypothesis A. A proof of Lemma 1 for the case of a system of odd order 
is given in (S, Theorem XV, pp. 729-730). An analogous argument will 
suffice for the case of even order. The neture of the argument involved will 
be brought out in our outline of the proof of Lemma 2, for the case of odd 
order, n = 2p — 1, which follows: 

From (M, p. 302) we obtain the formula 


a E ; a 
(3) np? (& es 72) = | (Fy, — F°,,) =È gpm; (a-y) mm) i 


(F 1 z) LS portes mm 
p 


u — m 
+ > (pos) eros (E; — Es) E, 5 (poz): eV (E; — Ej), 
je zat 


which holds for values of p on the arc y* (y? is one of the halves of y, which in 
turn is one of the halves of T. See M, p. 299). The functions (F° — Fs), 
(Fia — Fu), m;, M;, Ej, Ej and all the exponentials are uniformly bounded 
on0=xy<1lask=> œ (see M, p.302). Hence the expression { }=0(1). 
On the other hand the summations.in tie last line of (3) are in general 
0(R) =0(N). However, under hypothesis A these also become 0(1), for in 
that case we find that E; — E; = 0(1)/p. 
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To prove this last statement we note that”the summations in question 
arise from the evaluation of the expression i 
(4) . A, a A, _ 
[Jere + [0] [, Jer + [601° 
in which the denominators are uniformly bounded away from zero as R— o, 
and 


oem] . 2. (pajar [1] 015 
[001%] CA [Bion] D, 
¿0 nt 5 Š ; f 
[ano:*"] o... [Bno] Dn 


i= Se pay (1-y) [fiot] mee > cr ao A, 
gal j=p+1 


and A,» is a similar form involving %;, Bj, kj. On expanding each determi- 
nant according to the elements of its first row and collecting terms in (4) 
we obtain the last line of (3). Hence we may write 


O m 11 
= Toere + [60] * [6,]ervu + [60] ’ 


where M,, if; are the cofactors of the j-th elements in the first rows of 
Am, 4, respectively. The effect of imposing hypothesis A, under which 

y = 4, Bi = Bs, ky = ky, is to make 9, = Bo, 6, = b, so that E; and Ej may 
be viewed as two similar forms involving certain bounded exponentials in y, 
with co2fficients in which the leading asymptotic terms are identical. Hence, 
under our hypothesis, E; — E; = [0] = 0(1)/p, and therefore 


aG aG 
n-1 A m mn = 
= E =) oo) 
when p is on y. 


Tke argument is exactly similar for ihe; case p on y”; the only changes 
require] are in the summations of the last line of (3) where the ranges now 
must be (1,4—1), (mr). Hence for p on y, and therefore also for p on T, 


E E, = 


we have’ 


5 Fc a more explicit description of A,(1) see = p. 745 and p. 717. 


where 
° See (S), p. 729. 
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from which we obtain . 


This result holds uniformly on OS @SL . 
The case when n = 2u may be treated in an entirely analogous manner. 
With the help of Lemma 2 we can row establish a theorem concerning 
the behaviour of Q(a’, b’) and the related function Q(a’, b’), associated with 
system (2), when a’->0 or b’—> 1. 


THEOREM I. Under hypothesis A, for fixed b’ the functions Q(a’,d’), 
G(a’, b’) are either both bounded as a’ — 0, or both become infinite in such 
a way as to have the same asymptotic behaviour: Q/Q>1 as a’—>0. 
Similar remarks may be made about the behaviour of Q, Q as V > 1, 


From Lemma 2 we have 


Sy —Sy— f 59) Se: (4-2) Andy = 0(W) 


uniformly on (0£x<1. Hence S'y —S’y +0(N), and, the constant Q 
being the “ best” constant, it follows that for some value « = é and for some 
value of N, 


(Q—1)N S| HH = | Sx (é) +0(N) | SON + | 0) |. 


On adding N to both sides and dividing by N we obtain QS @ + | 0(1) |. 
Likewise we can show that QEQ+|0(1) |. From these results it follows 
that 


where K is a constant independent of N and also of a’, b’. The conclusions 
of the theorem are implied in this last result. 
Theorem I and Lemma 1 enable us to deduce a useful 


CORROLLARY. Under hypothesis A a necessary and sufficient condition 
that Sy obey Bernstein's theorem on the whole interval 0 SeS 1 is that Sy 
obey that theor em on the same interval. 


Tims 1 implies that Sy—Sy—0(1), or, since |Sy|<1, that 
| Sy | = 0(1), uniformly on 0 S21. On the other hand Theorem I shows 
that Q must be bounded if Q is to be bounded as a’ —> 0 and b’-> 1. Bui this 
means that Sy obeys Bernstein’s theorem on (0,1). 
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M 
To illustrate the usefulness of the coroMary we shall now give two 
applicetions: 


I. The Sturm-Liouville case.” Let (1) be identified with the Sturm- 
- Liouvile system 

w”  +(A+l(2))u=0, 

u’(0) — hu(0) =0, 

(1) + Hu(1) =0. 
and (2) with the system 

w”  +2u4=0, 

w (0) =w (1) =0. 


Both systems are normalized and regular and both satisfy the general require- 
ments set forth in the first paragraph. Furthermore, hypothesis A is satisfied, 
for 

a = Ba = 1, Bi = 4, = 0, 1 = k = 1, 

& = f= 1, Bı = & = 0, ky = k =1. 
But system (2) gives rise to sums Sy which are cosine sums on the half period 
(0,1), and these in turn, being even trigonometric functions, obey Bernstein’s 
theorem on that half period. Hence, by our corollary, there exists a constant 
Q such that | S'y |S QNL uniformly on 0S e231. 


II. A general n-th order case. Let (1) be identified with the nor- 
malized and regular system 


L(u) =um + P,(x)ulr® +: +++ Pale)u + u= 0, 
Wi (u) =u? (0) — ul? (1) FS (ayu (0) + Buu® (1)) = 0, 
u (j= 1,2,---,n), 
and (2 with the normalized and regular Fourier system 


um + du = 0, 
wD (0) — uA (1) =0, (j =1,2,: n), 


both satisfying the further requirement set forth in paràgraph 1 concerning 
the poles of the Green’s functions.£ Hypothesis A is satisfied, for aj = @; = 1, 


1 Thə Bernstein extension to this case was proved by Miss E, Carlson, using dif- 
ferent methods, in a paper: “Extension of Bernstein’s theorem to Sturm-Liouville 
sums,” Transactions of the American Mathematical Society, vol. 26 (1924), pp. 230-240, 

8 When n is even the characteristic values of the Fourier system appear as double 
roots of the characteristic equation, but these give rise to simple poles of the Green’s 
function. 
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Bi = Bj =— 1, k; = kj =n ~J. But the sums Sy are trigonometric poly- 
nomials on the period interval (0,1), and as such obey Bernstein’s theorem 
on that interval. Hence, in this case also, there exists a constant Q such that 
| Sw |S QNL uniformly on 0Sr=1. 


The importance of Theorem I for the study of the behaviour of Q(a’, b’) 
as a’ — 0 or b — 1 lies in the fact that it allows us to carry out the study 
for the function Q(a’, b’) associated with a simpler type of system than we 
have in (1). Throughout the rest of the paper we shall identify (2) with 
the system 

L(u) =u™ + du =0, 

W;(u) = aw (0) + Bu) (1) =0, (G=1>-::,m). 
Obviously then hypothesis A is satisfied. We now proceed to obtain an explicit 
formula for the sum S'y(x) when z =0 (and by analogy when g == 1 also). 
It is necessary to consider separately the cases of odd and even order. 


Case 1. n=2p4—1. The function S'y(=) is given by 


Poets a n-i aG . 0 9 
Sato) =p, Sule) [po] Fe 5 a] ede 


where T is an arc on the circle | p | = R, contained on two.adjacent sectors 
which, for definiteness, may be taken to be 


Si: 0S argpSa/n, 
So: — r/n S agp S0. 


The two arcs associated with S,, S2 we shall denote by yı Yz, and the two 
halves of each of these by 71,71, and yz, y”2, respectively. In particular, 
the arcs y’ı, ya are those on which the real part of pwop = 0, whereas the arcs 
y” y”2 are those on which the real part = 0. 

From (S, p. 745) we have, on putting v = 0 and taking b — 1, 


aj. En f; on Tl, Yp) | A, (0, y, p) 
np nf te P*,,(0, y, p) +30 ee ae [60] + ersa[9,] * 
But, from (M, p. 300), 


F'1(0, y, p) = Š oen (du (o) + Bı(y) + pes), 


whereas, by using an argument similar to that given in (S, p. 732), we obtain 
for the last term the formula 


° The notation (4; B} is used to indicate that A is to be taken when »2y, and 
B when wy. 
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A, (0, y, p) Ax, 1 ; 
Piro (9, 8800 up) H eM (0, y, p) Jo 
where i 
ot * Opps 6 POA + e Pen 0 
8,(0, Y; p) = pe | age ee = 
Ano” e Oy Ano Broga "Brand i 
and 


&(y,p) = = EPON) Bo tt — $ eaw, 
jap 


On substituting these values into the integral 


n=f Sy (y) Í, np" B- ; G (0,9, e") | dpdy, 


and expanding the result sufficiently, we obtain a large number of separate 
integrals. These latter, however, are all either 0(1) or O(N}, except those 
involving erst). To verify this statement we note that the integrals in 
question may be identified with the following typical forms: 


hee 


1 l 
(i) f Say) f_estemtpdpdy = (N), j=p +L n; 
7 i Yi 
GD f Sly) fm), e boo un; 
1 
(ili) Í Sy(y) ie eM’ pdpdy = 0(N) ; 
1 
(iv) Í. Sx (y) Í, e**mpdpdy = 0 (N), j=p+ 1, n; 
(v) f Sx (y) E Pa podpdy =0(N),  j=1; nl. 


(i) may be proved as follows: Let po; = Re; then, when j—=p+1,---,2, 
9 will vary over a range (6i, 02) such that —/2 < 0,,0, < 7/2. Then 


| S fe j?erwsvpdpdy |< s f fe R?e-Ry cos 6 Jody 


JIN (1 — eR cos 0) RS, Tas) G 


| cos 8 | 


(ii) is implied by (S, p. 714, Lemma III). The left-hand member of (iii) 
may be written 


2 1 
Sisa $, eat pdpdy =R f` Ente) $, eovat”apay, 
g Yi o Ya 
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where M” =M'(p/R), and lence, by (S, p. 732), it is =R0(1) =0(N). 
(iv) may be expressed in terms of (iii), since er = er (1), 
i=p--1,: : >, and (v) is similar to ʻi). 

As a consequence of the observations which have just been made we see 
that 


B 
og), So) Sie opera) + O(N), 
wg 
where 
; 01)" Op 0 +0 0 
B= aw one Bion Bop 
deco + + Ano Bnop tn + Bro Bro 


and 9, == the minor of the last element of the first row of B. 
The corresponding result for the case when p is on y”, may be worked 
in a similar manner. It is found to be 


i > 
Pr (1 LS f Sy(y) Í an erewpdpdy + 0(N), 
ou, Jo Y"a 


where l 
am “om. 0 ---0 0 
Kara E ES 
on + o Bo + © + Bro Proa le 


and 6, = the minor of the last element of the first row of A. 

Moreover, to carry over these results from the sector S, to the sector 
8, it is only necessary to redistribute the subscripts on the w’s. Using 
“primes ” to indicate the results for the sector S, we then obtain formulas 
P, I”, exactly identical with those for /’., I”, except for the replacement of 


0,0," * *,0n by WWW," * *,0,. Furthermore, with our choice of the 
sectors S,, 82 it. is easily seen that the sequence u”,,w”2,* + +, wn. is to be 
identified with the sequence «1, 03, 09, 05,94, * * "Wa, On- 


We now observe 
Lemma 3. (a) ts opteron pdp + S» persu pdp = 0(N); 
(>) f rermudp + È erde O(N). 
VL Ya 


It will be sufficient to prove part (a). Consider the two arcs on the circle 
| z | = R, in the complex z-plane, defined as follows: 
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Cı : m/2 S argz S r/2 t} 4, 
Cs : 82/2 — oS arg z S 32/2, 


where $ =/(2n). The two integrals in (a) above may now be written 


f zende + f zen) de, 
ey Sa mes 


Let cs be the arc of the circle |2 | = R defined by 7/2 + 6S arg z S 32/2 — 6, 
_and let c, be that diameter of the circle which coincides with imaginary axis. 
Then, on applying Cauchy’s integral theorem, we have 


f era +f zedge | zt da (| zer tu) dz, 
a 02 Cg a ‘ 








But 
as . q, en (-y) wi qye (iu) = eli) gli) 
yA a 1—y (1—y)? 
__ MR cos [2R(1—y) cos p + g]ePovsnd MiRsin [R(1— y) cos $] ¿Run sing 
1—y (i—y)? 


where 2, = R(— sin ġ +1c08s $), z—R(—sing—tcos¢) are the ex- 
tremities of the arc cs. When y=41 this expression is easily seen to be 
0(R)=0(N) as R> o, whereas when y—>1 the expression converges to 
zero for any given value of R. Hence 


f zenn da =0(N). 
© ‘ 
Similarly, : 
R 
f net OW dz = f (it) ett - (idt) 
-R 


Cs 
— 2R cos R(1—y) , 2sinR(1—y) 
A N EN 
Ey “ (1=y)* m 


and thus part (a) of the lemma is established. 


On adding the integrals 1”,, I”, Fo, I”,, and eliminating the integrals 
involving o’, with the help of Lemma 3, we obtain 


` y Y 1 
(5) Baty (0) = (E 2) $ 8x(y) E operta) odody 


wulo 10] A 


= las opha RS 8y(y) S op e pdpody + 0(N). 


‘Case 2. n= 2p. The treatment in this case is entirely analogous to 
that of the foregoing case. We shall merely state the results: l 
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sz BOB \(t,. 
(6) ie (Gr) f. Ev) J zen ply 


A A’ ai 
z Ge 2 u) Sy(y) f opne PHY pdpdy + 0(N), 
D Ya 


7 
Ons wu": 


where B is identical with the determinant B of case 1, 62 is identical with 0 
of case 1, A is the same as B except that m the last column the elements are 
0, Gwin" * +, mon, and B’, A’ and 6, are the corresponding forms 
involving 0,02," * * on. 

The integrals remaining in (5) and (6) are definitely 0(N?). Hence, 
for a fixed value of b’ < 1, the functions O(a’, b’), Q(a’, b’) are bounded as 
a’ — 0 if, and only if, the coefficients of these integrals vanish. Thus we are 
led to state 


THEOREM II. The necessary and suficient conditions under which the 
sums Sy(x) associated with system (1) obey Bernstein’s theorem on the 
interval OS aS’ <1 are as follows: 


(i) when n= 2% — 1, 


B P A 4’ 


a > ie 
(ii) when n= 2%, 

EN Gane Ari 

wd: o pf 2 a: 0u+-02 © 1418" i 


Analogous results may be worked out for the case when # = 1. 
Theorem II may be applied directly zo the Fourier or Sturm-Liouville 
systems to establish the extension of the Bernstein theorem to the pcint 
z=0. On the other hand, in the case of the system w” + àu =0, w’(0) = 0, 
w’(1) =0, W(0) + u'(1) =0, for example, the theorem shows that the 
` extension to the point v = 0 is not possib.e. 


MOUNT ALLISON UNIVERSITY, 
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t 0 
ON THE LINEARITY OF PENCILS OF CURVES ON ALGEBRAIC 
SURFACES.* 


By O. F. G. Scuısuıng! and O. ZARISKI. 


The object of this note is to give an arithmetical proof of the following 
often used theorem: “ If a pencil of curves on.an algebraic surface has a base 
point at a simple point of the surface then the pencil is either a linear system 
or its curves are cut out by hypersurfaces ($ + Ay)”. The essential feature 
of our approach consists in eliminating the difficulties which arise from the 
possible singularities of the curves at the simple base point. The interpretation 
of the pencil of curves as a rational transform of the given surface allows us 
to apply a theorem proved by one of us.? 

Let K be a field of algebraic functions of two variables over an algebraically 
closec. field k. An algebraic surface f in the affine n-dimensional space Sp, over 
k is said to be a model of K in S if the quotient field of klar, + -, an]/p(f) 
whick is determined by the prime ideal p(f) defining the surface f, is iso- 
morpäie with K. Thus f is described by the order k[é.,---,é] =© in K 
where é; = z; mod p(f). The 0-dimensional prime ideals p of k[a1,-- -, 2n] 
whick divide p(f) correspond to the points P of the surface f. A point P with 
the coórdinates {a,,: > *, an) is called a simple point of f if 


(i) the ideal (,— 41, * *,én—0u) is a 0-dimensional prime ideal p 
in the integral closure of © and : 

(11) it is possible to choose two algebraically independent elements, say 
éi, Es among &, €2,* + +, such that the ideal (é —a,, z — 2) is 
divisible by p but not divisible by any primary ideal belonging to p. 


It can be shown'that all elements of © can be expanded in formal power * 


series of u = É, — a, V = é — dy with coefficients in k.’ Hence the elements 
of © are contained in the ring of holomorphic functions { ©, a,;uw?} which 
0 


Liz 
itself is contained in the field of all formal meromorphic functions of u, v: 


* Received February 7, 1938. P 

+ Johnston Scholar of the Johns Hopkins University for 1937-1938. 

20. Zariski, “Polynomial ideals defined by infinitely near base points,” $13, 
American Journal of Mathematics, vol. 60 (1938). 

3D. Zariski, “Some results in the arithmetic theory of algebraic functions of 
several variables,” Proceedings of the National Academy of Sciences, vol. 23 (1937). 
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k(u, v} = { (Zaut) (30,0407) 7}. 


An irreducible algebraic system 3, of curves on the surface f is given by- an 
irreducible algebraic correspondence between f and a 7-dimensional algebraic 
variety V, such that to a generic point on V, there corresponds a curve O C 3, 
on f. A pencil 3, of curves on f is an irreducible algebraic system 3, such 
that there passes through a generic point P of f exactly one curve C in 3,.* 
This definition of a pencil 3, is equivalent to the following: the function field 
K, belonging to the variety V, defining 3, is a rational transform of the sur- 
face f, i.e. K, is isomorphic with a 1-dimensional subfield XK, of K. 

If V+» is a linear r-dimensional space and if the curves of 3, are cut out 


by hypersurfaces $ = y Así = 0, $i being forms in the imbedding space of f, 
i=0 z 


then 3, is called a linear system. In a linear system one usually omits the üxed 
curves which are cut out by all hypersurfeces ¢. 
After these preliminary remarks we proceed to the proof of the 


THEOREM. If a pencil of curves 3, on an algebraic surface f has a base 
point at a simple point of f then 3, is either a linear s gerem or tls curves are 
cut out by hypersurfaces (p + AW)? = 


Proof. Let P be the simple base point of the pencil &,. Since P is 
assumed to be a simple point of the surfaze f, there exist functions u, v in D 
defining a field of meromorphic functions k{u, v} which contains a subfield 
K* =K. Moreover, u=w==0 at P. Consequently, the field K, which 
belongs to the pencil 3, has also an isomorphic map K*, in k{u,v}. Thus 
a(u, v) 


each element a* e K* is represented by a ratio 
E 7 Blu, v) 


tions a(u, v), B(u, v). Moreover, there exists a function 
such that 


of holomorphic func- 


a(u, v) 


B(u, v) 





= Á* e K*, 


a(0, 0) = B(0, 0) =0 


when u and v assume the constant values and 0,0, respectively, at the given 
. point P. The existence of such a function A* is a consequence of the assump- 
tion that P is a simple base point of X3,, i.e. that there corresponds to P the 
whole curve V, under the correspondence besween f and V,. In fact, let us assume 
that the surface f is given in a 3-dimensional affine space k[x,, £a, £3] and that’ 
V, is given in an n-dimensional projective space k[ yo, Y1,* * *, Yn]. Since K, 
is a rational transform of K we have relations of the following type 


* For these definitions see for example O. Zariski, * Algebraic surfaces,” Chapters 
II, V, Ergebnisse der Mathematik und ihrer Grenzgebiete (Berlin, 1935). 
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P (21, To, ©) yi — Qi (tr, To, %)y = 0, (4=1,2,---,n) 


where P(21, Za, 24) and Qi(@, 2,23) are polynomials in Tı, V2, ts. Using the 
imbedding of K as K* in k{u, v} we obtain 


Pilu, v)yı — Qi (4, v) yo = 0 (=1,2, n) 


where P;(u,v) and Q:(u,v) are relatively prime holomorphic functions ‘in 
u,v. These equations can be considered as relations which are contained in 
the ideal € of relations defining the correspondence. The assumption that P 
be a base point of 3, implies then that 


P;(0, Oy: a Q: (0, 0) yo = 0 in K*,. 
We may suppose that yo is different from 0, then 
P,(0, 0) Y —Q,(0, 0) ==0. 
Yo 


Consequently, since at least one function y;/y of the field K*, = K, does not 
lie in %, l 
| P:(0,0) = Q:(0,0) = 0, 


or Yi/Jo is a function having the desired properties. Now we are in a position 
to apply a result of the general theory of valuation ideals stating that for each 
alu, v) 

B(u, o)” ` 
prime, there exists a prime divisor % of k{u, v} which maps k{u, v} upon a 
purely transcendental field k(t) in which the map A* * $ of A* is a trans- 
cendental quantity with respect to %.¿ Consequently, the field K*, == K, is 
mapped upon a transcendental subfield of &(¢). Hence K*, is itself a purely 
transcendental subfield, for the divisor $ acts as an isomorphic mapping on 
K*,, since K*, and its map have the same degree of transcendentality. We have 





function A* == where «(0, 0) = £(0,0) = 0, and a, ß are relatively ` 


K*, =R,=k(A) CK 


P (21; To, La) 
q (1; To, Ta) 
and g(21,%,%;) in k[t, we, 23]. 
We observe that we do not change the nature of the algebraic pencil 3, 
if we use instead of the original variety V, the birationally equivalent curve 
[A] for the definition of 3. l l 
Now it remains to be shown that 3, is a linear system cut out by surfaces 


where A is the ratio of relatively prime polynomials p(%,, Ta, %3) 


5 See note 2, loc. cit., p. 203 
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Aq (#1, To, U3) — P (T1, Lo, T3) — 0 or a: rn of curves cut out by the Bee 
(Aq (a1, a, Za) — P (Ti; Ta, Ta) y =0, p >1. Consider for this purpose the 
ideal i 


= (A(%,, Ta, La) — p(2,, To, 2), f) = (Ap— 9,1) 
in the ring kfz, 22, Ta, A] where (f) = p(f) denotes the prime ideal defining ' 


the surface f. According to a well-known theorem of Macauly the ideal Y is 
unmixed of dimension 2, thus 


A = Lti Jay." °° > qs] 


where the ideals q, are 2-dimensional primary ideals with the associated prime — 
ideals 8;. The contracted ideal Ñ = A n k[t, 22, 24] of W is equal to (f). 
Hence 


A = (f) = [ai Ga i “> Ge] 


where qi = qi N k[t, £2, 2]. This representation implies that one component 
q, must be equal to (f) ; let 7,' be such a component. 
We consider next an arbitrary elemeni F(a, ©, t3, A) lying in qi, then 
gr (a, Lo, Tsy A) =A (a, Ta, Ta, A) (Aq ES p) + B(2,, Ta, T3) . 
‘Since F(2,, £2, Y, A) and Ap — q both lie in q, we get 
B(x, Ta, 23) ES G1; 
consequently 
Ba, Ta, Ta) =( (mod q) 
. = ( (mod f). 


There therefore exists a common exponent r > 0 such that 
QF (2,, Lo, La, A) = 0 (mod A) 
for any element F C qı, because q, has a finite base. Hence 


q =0 (mod q), 
consequently 
` g =0 (mod 02), 


for Y is an unmixed ideal and consequently all colnponents qi have the same 
dimension. Therefore 
q= 0 (mod $a) 
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and also = š 
q= 0 (mod $»). 


Since A = p/q we have gq 7£0(f), thus 
q20(f) and Rolf). 


Therefore Ya D (f), consequently the ideals (»,* - >, qa are 0- or 1-dimensional 
ideals. They must be 1-dimensional, for q2k[%,, ts, #3, A] C qe and hence 


dim q = 2 < dim gkl[rı, 2», La, A] 
= dim qe +1, 
or "dim Ge =1. 


This relation between the dimensions of qa and q. shows that: the components 
d2,* * -qs do not depend on A, i.e. they are extended ideals of da,* * +, Ge 
In geometric terms, the curves q»,* - -, qs correspond to the entire line k[A] 
under the algebraic correspondence. Such fixed components shall be left out 
in the definition of a linear system, and consequently q, = q is the ideal de- 
fining 3,. According to the properties of primary ideals we have 


(Ag—p)?Caq, 


i.e. 3, is cut out by the hypersurfaces (Ag — p)? = 0 where fixed components 
are omitted. 

We remark that if q lies in one of the components qi 54 q then also p C qi 
for Ag—p CW; hence p=q=0 occur among the equations defining the 
correspondence q. ` 
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SOME SINGULAR PROPERTIES OF CONFORMAL TRANSFORMA- 
TIONS BETWEEN RIEMANNIAN SPACES.* 


By VIRGINIA MODESITT. 


1. Introduction. Two Riemannian spaces Va and V’„ are in conformal 
correspondence if their fundamental tensors are related by* 


(1. 1) ii eg; Gel m), 


where o is any function of the z’s.” The purpose of this paper is to investigate 

some geometric properties of corresponding curves and subspaces in Van and V’n. 
From (1.1), it follows that 

(1. 2) g'i = e gi; 


that contravariant and covariant comporents of corresponding unit vectors 
are related by 
(1.3) Nt = opi, Ki = OVS 


and that Christoffel symbols for the two spaces are given by 


(1.4) Lig, kY = (Li, k] + guts + ga — gijon), 
| se i | it \ + dir + Bro; — gino’, 


where o; = d0/0x*, vi = g*"Gm. The bar is used throughout to indicate that 
the components of a vector are not necessarily unit. It is to be noted that o? 
are the components of the congruence of curves normal to the family of hyper- 
surfaces, o = constant. We shall call this congruence the congruence of 
o-curves and the family of hypersurfaces Ho. 

It will also be useful to have the relation between the covariant derivatives 
of unit contravariant components of corr2sponding directions. From (1.3) 
and (1.4), we obtain 


(1.5) At g = F(A 5 F Bj TAE — gta), 


* Received July 17, 1937. 

1L. P. Eisenhart, Riemannian Geometry, Princeton University Press, 1926, p. 89. 
We shall refer to this book as R. G. 

? We shall assume in what follows that the fundamental forms of V, and V’, are 
positive definite and that the function ¢ is not identically a constant. 
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„where the dot is used to denote covariant differeatiation with respect to the g”s 
and the comma to denote covariant differentiation with respect to the g’s.- 

2. Curves with corresponding principal normals. The p-th normals 
of a curve C are given by the Frenet formulas * 
, ae . (p=1,:-:,n—1) 
2.1 mA? == AA 1/pp1) par? 
( ) P pola pàti + (1/pp1) pa ) (1/po = 1/pn = 0), 


where the p-th curvatures of C satisfy the conditions 
(2.2) 1/pp = PA; AP al; (p=1,* +: :,n—1). 


Similar relations in the primed quantities may be written for the normals and 
curvatures of the corresponding curve C”. 
In particular, the principal normals of C” are given by 


(2. 3) PP a pa Wi PER 


Since the tangent vectors of C and C” are in corresponding directions, their 
unit components are related by X? = e7 ,A*. By means of (1.5), it follows 
from (2.3) that principal normals of C and C” are in the relation 


(2. 4) Nip == e?e (At/p + Tk 1A% ¡A! TETY F?) ; 


Hence, in general, the principal normals of C and O” are not in corresponding 


directions. If their directions do correspond, the vector, Sw ıA® ‚A? — 5, must 
either have zero components or else must be in the direction Àt. In the first 
case, O is a o-curve. We shall discuss such curves more particularly in the 
next section and confine ourselves here to the second case,—that in which we 
can write : l 


(2.5) Ai = a dt + ber. 


Let us consider the surface generated by the o-curves at points of a curve 
and cell the V, so formed the o-surface of the curve. From (2.5), it is seen 
that for a curve O of the type we are considering, the principal normals are 
directions in the o-surface of C, and conversely, if ¿A? is a direction in the 
o-surface of C, then C and C” are curves with corresponding principal normals. 

The principal normals of a curve (not geodesic in Va) which lies in a 
subspace Vm of Va, (m < n), may be written * 


(2. 6) 21 /pr = v*/pg +€/R 


*E. G, p. 106. 
«E.G, p- 165. 


p 
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where yt are the unit components of the principal normal of the curve in Vm, 
and £* is the normal curvature vector to Ym along C. 1/pg is the first curva- 
ture of O in Vm, and 1/R is the normal curvature of Vm for the given curve. 

Since, for a curve with corresponding principal normals, the directions 
of these principal normals coincide with the directions of the normals to C 
in the o-surface of O, it follows that 1/R must be zero, i. e., that such a curve 
be asymptotic on its o-surface. Conversely, if V, be any surface generated by 
a one-parameter family of o-curves, and if C be asymptotic on this surface, 
then from (2.6) it is seen that ‚A? is a direction in the V, and hence that 
C and C” have corresponding principal normals. 

If C is geodesic in Va, it is both geocesie and asymptotic on its o-surface, 
Va. It is found from (2.4) that the principal normals of ©’ are: directions 
in V’, and hence that C” is also asymptotic on its o-surface. In this case, 
however, the principal normals of O are -ndeterminate. 

We may now state the theorem: If the principal normals of C and C’ 
are in corresponding directions, (C is not a o-curve and is not geodesic in Vx), 
then C is asymptotic on its o-surface. Conversely, if C, (not a o-curve and 
not geodesic in Vx), is asymptotic on its o-surface, then the principal normals 
of C and C’ are in corresponding directicns. 

Let us assume that any two consecutive normals of two corresponding 
curves C and C”, say the (p—2)-nd and (p—1)-st, ( p > 2), are in 
corresponding directions : 


(2.7) pdt = 7 yA, Ni= 00 ¿Ni (p > 2). 


‘If we write the formula for the (p — 1)-st curvature of O” from (2.2) and 
replace the primed quantities in terms of the unprimed on the right hand side, 
we will obtain 


(2. 8) pp = OTT /pp-s)- 


From (2.7), (2.8), (1. 5), and the Frenst formula for the p-th normal of (”, 
we obtain. 


pnd’) = er (1/pp) zur? + Te pA¥ 1A). 
Multiplying both sides by *A;, summing on 1, gives 


(2.9) | Ga pl —= 0 . - (p>), 
whence it follows that j 


(2.10) pud” = 67 ad, Pole = 0%. 


If, then, any two consecutive normals, „..A? and pà, (p > 2), of C and © 
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are in corresponding directions, all succeeding pormals will also be in corre- 
sponding directions and the ratios, pm/pm, of the m-th radii of curvature of 
the two curves, (m=p-—1,: : :,n), will be equal to the coefficient of 
magnifcation, e”. f 


Similarly, it can be shown that if the p-th and (p—1)-st normals of © - 


and C” are in corresponding directions, then all normals before the (p — 1)-st 
are also in corresponding directions and the radii of curvature of the two 
curves before the p-th will be in the ratio e”, with the exception of the radii 
of first curvature. Since, in particular, we will have At == e% „àt, C and O 
are curves with corresponding principal normals. It follows from (2.2) that, 
for such curves, first curvatures are in the relation 


x 


(2.11) 1/pı = 6% (1/pı — oy 2d*). 


If the normal ennuple of O, ,A*,2A*,: + * ,mA*, be considered as a cyclical 
set of directions, and hence „A? and ‚Ai, ‚A! and .d*, as pairs of consecutive 
directicns, the above results still hold. Consequently: If any two consecutive 
directions of the normal ennuples of C and C’ correspond, where the directions, 
¿A+ == nA*, are considered as a cyclical set, then the remaining directions 
för the two curves also correspond, and the ratios, p’p/pp, (p =2,* * :,n—1), 
of the p-th radii of curvature are equal to the coefficient of magnification, e”. 


3. Properties of o-curves. We have defined o-curves as the congru- 
ence of curves orthogonal to the hypersurfaces Ho. If C is a o-curve, ` 


(3.1). Herr, Her. 

Hence, it follows from (2.4) that the o-curves are curves with corresponding 
prineipal normals.. Equation (2.11) shows that they differ from the curves 
with corresponding principal normals already considered in that first curva- 
tures are related by 

(3.2) 1/4 = e (1/p1). 


_ Since the o-curves fulfill the conditions of the last theorem of section two, 
the ratios of the p-th radii of curvature of C. and C” are also equal to es, 
(p=2,* - :,n—1), and the p-th normals, (p =2,* + *,n) are in corre- 
sponding directions. l 

Conversely, if C and C” have corresponding principal normals, we may 
write, ta ¡Ai + B 241, and if 1/p, = e(1/p1), it follows that 8 = 0 and 
C is a o-curve. Hence: Necessary and sufficient conditions that C be a o-curve 
are 1) that C and C’ have corresponding. principal normals, and 2) that the 
ratio of the radii of first curvature of C and C’ be equal to the coefficient of 
magnification, e°. 
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If directions a? are parallel along a curve C, we have - 
(3.3) Wet. 


Writing the same condition for corresponding directions in V’„, we find by 
means of (1.5) that i 


(3. 4) We o A! — gin plot). 


Tt follows from (3.1) and (3.3) that if directions pê are parallel along a 
o-curve O, the corresponding directions are parallel along C’. In particular, 
if C is geodesic in Vu, from (3.4) for p = ‚A? we may state: A necessary 
and sufficient condition that a curve C, geodesic in Vn, correspond to a geodesic 
in V'a is that O be a o-curve. 


4. Osculating spaces of a curve. 3y the osculating space, Op, of a 
curve is meant the Vp determined at a pcint by the first p directions of the 
normal ennuple of C. As a special case, it appears, from (2.4), that 0”, will 
correspond to, Os if and only if C is a curve with corresponding principal 
normals. 

It can be shown by induction that ‚A can be written as a linear 


combination of the directions, ¿A,* + *,pAt, of, 19,* * p-f, where 
ay’ = panty idl, (k= 2,:-+,p—2), is the k-th associate direction of ot 


along O. If of, 1*,- * -,»-2y are directions in the O, of C, then Op and 0% 
correspond. The converse is also true. We may write the equations 


¿Ni == of 243 + ob At + 200f, 
BÀ t == aa 3A? + gb or! + aC 1At + ado? + se m, 
5 pA t = pl pdt $+» + + pb Ab + peot + pd ant e + pe pon’. 


If any xy? is a zero vector, then +7, (r > k), are also zero vectors. For r < k, 
the es are not zero and under the hypothesis that O, and 0”, correspond, 
equations (4.1) can be solved for ot, m, * + ,x-1m* as linear functions of 
144,* + +A. Hence: If ot and its (p —2) associate directions (which may 
or may not be zero vectors) lie in Op, the osculating spaces of C and © 
correspond and conversely. 


5. Properties of curves in corresponding subspaces. Let C and C” be 
curves in subspaces Vm and V’m, (m <1), immersed in Vn and Vn We 
shall denote by „&, (r—=1,---:,n—«m), a set of (n—m) mutually 


5R. G., p. 143 f. ‘gives a detailed account >f the geometry of subspaces. 
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orthogonal unit directions in Va normal to Yn. Corresponding to each of 
these normals a tensor "Ogg is defined by * 


(5.1) ap = Jit’ ag rf! + [l,j] 9 0% a0" p re (a,B=1: > +m) 


and is related to the corresponding tensor 72’,g formed for the direction 
re? br 
(5. 2) 70’ og = et (7 ‘ap — Gago re"), 


where dag are the coefficients of the first fundamental form of Vm» 

The normal curvature vector of Vm in a given direction is defined by the 
relaticn 
(5. 3) a) Fe "Daß iA? wh ret 


and is related to the normal curvature vector of Vm by 


nu 
(5. 4) ER = e” (E/R — Y Gn rt re), 
, 7=1 
where 1/R is the normal curvature of the V., for the given direction. Since 


n ` 
> Gx rf" Ét — ag"! — Gt, we may also write (5.4) in the form 
T=1 


(5.5) CHR = er (t/R—Gt + Gy EM 
+ ouvir yy? + ee + T mV meia 


where v,,* + *,vim-, are the (m— 1) normals to C in Vin. 

IE Vm contain a congruence of o-curves, from (5.4) it is seen that 
¿i=ewf?, Conversely, if the normal curvature vectors at points of corre- 
sponding curves C and C” are in corresponding directions, from the relation 
(2.6) written for CC”, we find after replacing primed quantities by means of 
unprimed that 
(5. 6) YR=er(1/R— a). 


Since Va contains o-curves, normal curvatures at points of C and C” are 
related by 
1/R’ = e°(1/R) 


and hence asymptotic lines in V» and V’, correspond. Conversely, if asymp- 
totic lines C and C’ correspond, it follows from (5.4) that the Vn contains 
a congruence of o-curves. Accordingly: A'necessary and sufficient condition 
that asymptotic curves in Vm and V’» correspond is that Vm contain a con- 
gruence Gf a-curves. 


°E.G., p- 160. 


y 
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If a curve C be a line of curvature for the normal „£* it will satisfy the 
condition ? l 
(5.7) Tét Ai =p A 
From (1.5) and (5.7), it follows that tae same condition holds for C” and 
the normal ,£'*, i. e., lines of curvature in Vm for a given normal correspond 
to lines of curvature in V”. for the corresponding normal. 

If the normal curvature vector to a Vm (not containing o-curves) at a 
point and in a given direction corresponds to the normal curvature vector at 
the corresponding point and in the corresponding direction, then, from (5. 4), 


‘by means of (5.6), we have 
urn Tab rk 
Multiplying both sides by any one of the Té; and summing on îi, gives 
| (TE) eisen). 


This equation will be satisfied if the vector, 7! = Full! — F$, lies in Vm or if 
the direction o coincide with the direction £i. Conversely, if, for a given 
direction at a point, ot = £? or if 7* lies in Vin, it follows from (5.5) that ¿t 
for that direction will correspond to ¿'+ fo? the corresponding direction in Vm. 
The normal curvature vector to a Vm (not containing o-curves) at a point and 
in a gwen direction will correspond to the normal curvature vector to V'm at 
the corresponding point and in the corressonding direction, if and only if the 
vector 7° lie in Vm or the vector ot coincide with the vector ¢ for the given 
direction. a i 

If normal curvature vectors correspond, it follows from (5.4) and (5.3) 
that 


n-m 
"Daß 14% 148 re =n > Tk ver rei 
T=1 ; 


or, since the ,£* are linearly independent, that 


("Daß — por r&"dag) ¡4% AB = 0  (r=1:::n—m). 


This equation says that if the normal curvature vectors to Vin along C corre- 
spond to the. normal curvature vectors clong C’ FOR EVERY C then Vm has 
completely indeterminate lines of curvature for all normals, ‚ét, and the normal 
curvatures in these (n— m) ‘directions, defined by 


TR.G,, p. 168. 
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Ww 


A "Daß 142 1AF e l » 
BR, Gap 15% ¡Ag i 
are proportional to the cosines of the angles which the normals make with the 
o-curvss, or else Vm contains a congruence of o-curves. The converse also holds. 
The mean curvature of Vm for the normal „é? is defined by ® 


TO — TO gpa? 
and is related to the mean curvature of V’», for the normal 7é* by 
(5. 8) TY = € (TQ — ur). 
The mean curvature normal of Fm is defined by 

El —="Dagar? „Et 
and is related to the mean curvature normal of V’m by 
(5. 9) EN — 0720 (El an bt Tét). 


The mean curvature of Vn is defined as the mean curvature of Vm for the 
mean curvature normal and is denoted by M. From (5.8), we have 


(5.10) W = et (M —aé*). 


From these relations we may state: A necessary and suficient condition that 
mean curvatures of Vm and V'm be related by M’ = eM, is that Vm contain 
a congruence of o-curves. : 

If equation (5.9) is treated as was (5.4), we find that mean curvature 
normals of Vm and V’„ correspond if the direction, uyé*¿t — 7°, lies in Vm or 
if ot coincide with the direction é at a point. From a relation similar to 
(5.5) obtained by replacing £* by é, it is seen that the converse also holds. 
Hence: The mean curvature normal to Vm (not containing o-curves) corre- 
sponds to the mean curvature normal to V’m if and only if the vector, 
opehé? — gi, lies in Vm or the direction ot coincide with the direction Él. i 

The principal normals of a curve in Vm and of the corresponding curve 
- in V’m are related by an equation similar to (2. 4), 


vi / pg = 679 (vi/pg + Gy AT At — 0%), 


where * are the components in V, of the direction o* — arg = a% (0o /öyP) 
in Vm. If equation (2.6) be written for C’ and primed quantities be replaced 
by unprimed, we obtain 


8R. G., p. 168, 
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n-m 


(5.11) ty a oh ab, 


which says that the curves defined by the congruence 5%, called o-curves, are 
projections of the o-curves on the Vm. These #-curves play the same róle in 
the subspace that the o-curves do in Vy. 

From the last theorem of section three and from the fact that the given 
conformal transformation induces a transformation with constant coefficient 
of magnification on a subspace if and only if that subspace lie in the Ho, it 
follows that: A necessary and sufficient condition that a geodesic C in Vm 
correspond to a geodesic in V’„ is that C be a o-curve or that Vm lie in Ho. 

If the Vm contain a congruence of o-curves, a geodesic in Vim will corre- 
spond to a geodesic in V’m if and only if it be a ö-curve. It is to be noted 
that if the subspace contain no o-curves, no geodesic in both Vn and Vm can 
correspond to a geodesic in V'a and V’m. 


6. Properties of curves in corresponding hypersurfaces. Inasmuch as 
there is but one normal é to a V„.ı in a Vn, and this normal corresponds in 
direction to the normal to V’„.ı in Vn, the results of the previous section are 
somewhat simplified in this case. Theorems concerning asymptotic lines and 
lines of curvature may be paraphrased dirzctly. 

In considering the correspondence of geodesics, it is seen that if the Vn 
contain o-curves, the only geodesics which can correspond to geodesics are the 
o-curves. If the Y„-ı be normal to the o-curves, i. e., Ho, all geodesics cerre- 
spond to geodesics. For a general hypersurface, a necessary and sufficient con- 
dition that a geodesic correspond to a geodesic is that C be a s-curve. Since 
principal normals to a geodesic in Vy, are normal to V».,, it follows that a 
geodesic in Vn. corresponds to a geodesic in V’n-, if and only if O and C’ 
have corresponding principal normals. It can be shown further that if C is a 
&curve (i.e, v == €vit, p'g/pg = 67) anc if C and C” have corresponding 
principal normals, from the relation (2.€) written for C”, by replacing the 
primed quantities in terms of the unprimed, then the principal normals of C 
are normal to the V„., and hence C and are geodesics in Vn. and V’n-+. 
Hence: If a curve in a hypersurface Vn. which does not contain a congruence 
of a-curves and is not normal to the o-curves, is a G-curve, and if C and C’ 
have corresponding principal normals, then C and C’ are geodesic in Va and 
Vn- and conversely. Í 


7. Parallelism. From the relation (3.4), it appears that corresponding 
directions are simultaneously parallel along C and C” (not o-curves) if and 
only if ` 
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(7.1) uij A = 0, it, ges Ate = 0, 


i.e. if and only if directions p? are parallel along C and are normal to the 

o-surface of C. 
If we write, 

i Ni = [e ag? 


pi = m“ ag? 


| (7.2) (a—=1-+-n), 


where ag? is the normal ennuple of the o-curves, then the conditions for 
simultaneous parallelism become 


(7. 3a) «me = 0, 
(7. 8b) mi = 0, 
(7. 305 dm%/ds = — y2gmn8, . 


where s is the arc of C and the y's are the Ricci coefficients of rotation for the 


ennup.e agt. 

Differentiating (7.32) and yagmYé =0 with respect to s, and making 
use of (7. 3c), we obtain the following system of- (n 4-2) equations which 
the 2n quantities 1%, m“ must satisfy: 


(7. 4a me (d1%/ds) — y*pyll¥mA = 0, 
(7. 4b) (dl8/ds) y ygmY? — y apy%scem*lAle + ( dy p/ax*) mB ¿gr = 0, - 
(7. 4c) (dm*/ds) + Y,gm71F =0, 
If equations (7, 4a) and (7.4b) are dependent, we find that 
(7.5) Yya=0 Yaa =p 


ise, that ot is a normal congruence, that y0*,: - *,no? are canonical with 
respec; to zo? and that lines of curvature of the hypersurfaces, Ho, are com- 
pletely indeterminate.? Conversely, if the hypersurfaces, Ho, have completely 
indeterminate lines of curvature, the y’s for any orthogonal ennuple, and in 
particular for the normal ennuple of the o-curves, satisfy the conditions 


` 


Yay=0, Yaa = yee 


and a solution of the system (7.4) will involve (n— 1) instead of (n—2) 
arbitrary functions. Hence: If the hypersurfaces, Ha, have completely inde- 
terminate lines of curvature, equations (7. 4a) and (7. 4b) are dependent and 


R.G, p. 126 
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the general solution of equatiqns (7. 4) involves (n— 1) arbitrary functions 
P,- + -,1%; otherwise a solution involves (n—2) functions P, ++,” In 
either case, the solution is uniquely determined by the arbitrary functions and 
a set of initial values satisfying the conditions, 


om! = > Y vB omy olf = 0, 


aX om“ „mt = 1, ad om? ol == 0. 


Every such solution 1°, m“ of equations (7.4) determines a curve on a 
o-surface, along which directions pi are parallel, and such that corresponding 
directions are parallel along C’. 

We shall now consider the geometric properties of curves (other than 
o-curves) which admit simultaneous parallelism. We have already seen that 
the directions parallel along these curves must be normal to the o-surfaces of 


the curves. For the normal ,& toa V, immersed in a V» we have the relation !° 
atid. oe as f (a, B, 8 =1, 2) 

(7. 6) yet A = — Yapari 5 AP + TA pry/p 16? 1a (r, J= 1. n— m) 

where Y 


Bry /B AP = PET SR aA" ob. 
If directions „ét are parallel along C, (7.6) reduces to 
(7,7) l Yapa st 5 A8 = 0. 
Multiplying this by o; and then by Yu gives respectively 


Vap Ao — 0, 


(?. 8) Yap ¡AL ¿48 pa 0. 


Since C is not a o-curve, these equations will be satisfied only when C is a 
doubly counting asymptotic line for the normal „ét. Hence we may state: 
Necessary and sufficient conditions that directions, ét, along C, normal to its 
o-surface, be parallel are: 1) that for the given normal, C be a doubly count- 
ing asymptotic line on its o-surface, and 2) that the (n— 3) vectors prysg 
determined by the given normal coincide with the directions of the normal to 
O in its o-surface, i e. pryjp dF =0, (r= 1,°- -,n—2; ty). 

In three-space relation (7.6) reduces to , 


(7. 9) fg A? = — VO gar Prt 8 1AP. 


10 R.G., p. 168. 
“R. G., p. 160. 
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Hence, if n = 3, a necessary and sufficient condition that directions ,é* normal 
to the o-surface of C, be parallel along C, is that C be a doubly counting 
asymptotic line on its o-surface. 

If we differentiate covariantly the equations 


gis dt yl = 0, guot nf = 0, (&pate on) 


and assume that C is a doubly counting asymptotic line for the normal „éf, 
i. e., that (7.8) hold, it is found that 24? and ot; ,A* lie in the o-surface of C. 
If n = 3, and if ‚A? and o%,, ıA* lie in the o-surface of C, it follows conversely 
that C is a doubly counting asymptotic line on its o-surface. Accordingly: 
in V,, a necessary and sufficient condition that a curve O (not geodesic in Vn), 
asymptotic on its o-surface, be doubly counting asymptotic, is that the associate 
directions with respect to C of the o-curves at points of C be directions in the 
o-surface of C. - . 

Iz C is geodesic in V, and if ot be parallel along C, C is a doubly count- 
ing asymptotic line on its o-surface. Therefore: In Va, if the o-curves admit 
among their transversals a geodesic, that geodesic is a doubly counting 
asymptotic line on its o-surface. l 

From these results we conclude that the only curves in Vg which admit 
simultaneous parallelism are o-curves, geodesics along which the o-curves are 
parallel, and curves asymptotic on their o-surfaces such that the associate 
directions of the o-curves with respect to the C curves are directions in the 
o-surfaces. 


RANDOLPH-MACON WOMAN’S COLLEGE, 
LYNCHBURO, Va. 


SURFACES WHGSE ASYMPTOTIC. CURVES ARE 
TWISTED CUBICS.* f “ 


By E. P. LANE and X. L. iddo: ý 


1, Introduction. The purpose of this paper is to put on record some 
results relative to the problem of determining-all analytic non-ruled surfaces 
whose asymptotic curves are twisted cubics. The problem is reduced to the 
integration of an ordinary differential equation. Some special cases are con- 
sidered, in which interesting results can be deduced from this equation. Some 
examples of surfaces whose asymptotic cu=ves are twisted cubics are discussed, 
and reference is made to Terracini’s work on this subject. i 


2. Analytic Basis. “This section summarizes portions of the classical 
analytical theory of the projective differential geometry of curves and surfaces 
which are used in later developments. In ordinary space, in which a point 
has projective homogeneous coördinates 2 ,- - -, a, the parametric vector 
equation of an analytic non-ruled surface is 


(1) z= 2(UyV), 


the parameters being u,v. If the asymptotic curves on the surface are the 
parametric curves, the coórdinates v satisfy a system of two partial differential 
equations which can be reduced to the form 


Tuu = px + But + Bio, 


2 
( ) Try == QT + ytu + Opty 


(9 = log By), 


subseripts indicating partial differentiation, and the coefficients being functions 
of u,v, which satisfy certain integrability conditions. - 
The parametric vector equation of an analytic curve is 


(3) | z=alt), 


the parameter being t. These coördinates v satisfy an ordinary differential 
equation of the form iv l 


(4) xt + Ana’ + Bpr” + “Apa $ pat = 0 (e = d2/dt,: - -), 
the coefficients being functions of ¢. Let Pa Pa, Pibe defined by the formulas 


` * Received October 25, 1937. 
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Po = pa — p? — py’ e 
(5) P; = Ps — 3P,p2 + 27° = P”, 
P= Pa — 4PıP3 + 6p? p2 — 61’ pə — 3p + 6p pi + 3p”? TS p”. 


Then zwo invariants 63,0, of the differential equation are defined by the 
formulas 


(6) 6, = P — %P', 


4 =P,— 81 5P.? — 2P; + P. 


It is well known that the integral curves of equation (4) belong to linear 
complexes in case 6; = 0, and are twisted cubics in case 6; = 04 = 0. Twisted 
cubics thus appear as a subclass of the class of all curves belonging to linear 
complexes. 


3. Surfaces whose asymptotic curves belong to linear complexes. The 
problera of determining all non-ruled surfaces whose asymptotic curves belong 
to linear complexes has been completely solved. As our method of attack on 
the problem before us consists in selecting from these surfaces the class of 
surfaces whose asymptotic curves are twisted cubics, it will be useful to state 
here scme known results relative to surfaces whose asymptotic curves belong 
to linear complexes. 

It is known that, in case the integral surfaces of equations (2) have the 
property that their asymptotic curves belong to linear complexes, the coefficients 
‘B, y in the equations can be specialized so that 

| vo ya 
(7) am at | (UV 0), 
where 7 is an arbitrary function of u alone, and V of v alone. Moreover, the 
coefficients p, q are given by the formulas 


2p = Bluu — al? — 88ly — Ui, 


(8) 2q == Blov yee 341," E 3Bla ES Vi, 
wherein i is defined by 
(9) l= log ß 
and U-, V, by ` 
DU? + EU + F DY?— EV + F 
a „Hart v, = t 





U’ 3 y’ > 
where D, E, F are arbitrary constants. 


4. Conditions for twisted cubics. Analytic condifions necessary and 
sufficient that the asymptotic curves on a surface not only belong to linear 


eu 


» 
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complexes but actually are twisted cubics can now be computed. If the coeff- 
cients of equations (2) satisfy the conditicns of Section 3, then the coefficients 
of the equation of the form (4) for the asymptotic u-curves can be calculated, 
and are found to be given by the formulas 


2Ppı = Blu, 

6p» = 111,2 — Bluu — 2p — 3BfL,, 

ADs STA 2Pu 2 6plu + LOluluu ar Zaun Ku 38° — 61,° T 6Blals, 
Pa = — Puu + Epulu + Pluu — Bpo — B*q — 8ph? + p* + 8B ply. 


Then the functions Paz, Pz, P, defined by the formulas (5) are found to be 
given by 


(11) 


6P,= 48 + Ui, 
(12) 4P, = YS’ + UY, 
è 4P, ze U2 -+ 30,” (UY a, dU0,/du, .. >); 


where S is the Schwarzian derivative of 7 with respect to u, defined by the 
formula 


+ y” ? uU” 2 

s= (r) (a): 
The invariants 03, 04 defined by the formulas (6) can now be calculated 
for the u-curves. Of course we find 0s = 0. But calculating 6, and setting 


the result equal to zero, we obtain the folowing necessary and suficient con- 
dition that the asymptotic u-curves be twisted cubics: 


(14) 8” + %oS? + ASU: — 14 5U: — 30,” = 0. 
The analogous condition that the asymptotic v-curves be twisted cubics is 
(15) T” + hoT? + ATV, — 1% 5V,—3V," =0, 
where T is defined by 
wen WN? 
i r= (3) —# (7). 
Because of the analogy between equations (14) and (15) it will be suff- 
` cient to confine our discussion to equation (14). This is to be regarded as an 
ordinary differential equation of the fifth order for the determination of U as 
a function of u, and the problem of determining all non-ruled surfaces whose 


asymptotic curves are twisted cubics is thus in effect reduced to the solution 
of this differential equation. 


5. Analytical theorems. A well-krown theorem states that the general. 
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solution of the third-order diferential equation S = 0 is obtained by setting 
U equal to a linear fractional function of u with constant coefficients. In the 
course of our investigation, we have been led.to some theorems of a kindred 
nature, which we have not found in the literature, and which we shall. state 
here. The first three theorems relate to the Schwarzian derivative S defined 
by the formula (13), and their proofs, being immediate, will be omitted. 


THEOREM 1. The general solution of the differential equation 
S=k . (k = const. = 0) 
is obtained by integrating the differential equation 
U’ = PU? + QU +R, ` 
where P, Q, R are constants such that 
Q? — 4PR = — 2k. 


THEOREM 2. An integral of the differential equations 


AU? + BU +0 


8 = 7 


er: (le — const. + 0). 
is 
AU?4+BU +0 ° 

k 


where A, B, C are constants such that B? — 440 == — 2k’, 


U’ = 


THEOREM 3. An integral of the differential equation 


AU? + BU +0 
v 





8 = - Ze const., 


rd 
where A, B, O are arbitrary constants, is | 


AU? + BU + C/U” y” 
a) 2(240 + B) Gr 


ta (EG eye 


(17) 


where c’ is an arbitrary constant. 
It is also easy to verify the following statement: 


THEOREM 4. The Schwarzian derivative S defined by the formula (13); 
and the function U, mee by the first of the formulas (10), satisfy the 
equation 
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(18) U,” + 2807 + S'U, = 0, 
and also satisfy the equation l 
an... U? — 20,0,” — 2078 = E? — 4DF. 


6. Special cases. In certain speciel cases interesting conclusions can 
be drawn from equation (14), either alone or in the presence of the equations 
of Section 5. In particular, the following four theorems can be proved; the 
details of-the demonstrations are so elemensary as not to need to be reproduced 
here. 


Tuxorem 5. If S—0, then U,=D. 
THEOREM 6. If U,=0, then 8”? + Y pS? = const. 


THEOREM 7. If S=k=const.>20, then either ‚=3k/4 or 


U, =—3k/16. In the first alternative we have 

, dr DU? + EU + P 

A ms 2 3 AN O A 

E 4DF = — Yle, U 35/4 P 
and in the second, . 
„_ DU 4+ EU +F 
2 = — Yank? ey nen. 
E 4DF Angle, U 31/16 


THEOREM 8. If U, = const. 4 0, then S = const. A. 
In the special case in which 
PEPINO 
we have D = E == F =0, and U, V can be expressed in the form 








_ au-+b _ av Y M jes 
ada? ¡is OR (ad — be 0, a’d’ — b’c’ 40), 


in which a, b, c, d, a’, b’, c”, d’ are arbitrary constants. Choosing a propor- 
tionality factor for these constants so that 


ad—be-=1, dë —bd =], 


we are able to integrate equations 12) completely in this case and thus to 
prove the following theorem. 


THEOREM 9. The asymptotic curves are twisted cubics, and the directriz 
curves are-indeterminate, on the surface whose parametric ARME aera 
to its asymptotics are : 
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=]; 
ta = (You? + du) — (Helv? + d'o), 
= (Yau? + bu) + (Har? + do), 
Ty = Y (ub + 0%) + (au? + bu) (cv? + dv) 
+ (You? + du) (aw + bv), 


and on every surface projectively equivalent to this one. These surfaces are. 


algebraic and of order six or eight. 
Another interesting special case is that characterized by the conditions 
(20) U, 2 const., S const, U:ı== r8, r= const. s4 0. 
In this case equation (18) gives at once 
SY + 3888" = 0, 


and integration then leads to 
(21) e 28” + 38? = dc’, 


where c’ is an arbitrary constant. Substitution of our expressions for U, and 
8” in equation (14) leads to an identity in 8, from which we conclude that 
c’ == 0 and that the ratio r can have only one or the other of the two values 
r=% or r—%>. Equation (19) yields 


g2 4 S == a . 
If we place 


A=D/r, B = E/r, C = F/r, 
and refer to Theorem 3 we see that equation (17) with c’ — 0 is valid. 


7. Examples. Three examples of surfaces whose asymptotic curves are 
twisted cubics and which have been considered by different geometers, will now 
be adduced. It happens that these examples belong to special cases mentioned 
above. i ‘ = 

The asymptotic curves on the minimal surface of Enneper are known * 
to be twisted cubics. Parametric equations of this algebraic surface of order 
nine, referred to its asymptotic curves, are 


m=], 
= (u + v) [8 + 8 (u — v)? — (u + v)’], 
= (u—v) [3 + 3(u + v)? — (u—v)?), 


2, = 12u0. 


(22) 


2 Darboux, Legons sur la theorie générale des surfaces, second edition, vol. 1 (1914), 
pp. 374-376. . : 
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Application of our general thapry to this surface offers no difficulty. Omitting 
the calculations, we shall merely state that this surface belongs to the special 
case characterized by the conditions (20) with r = %3. 

Wilczynski remarked ? that the surface whose parametric equations, et 
to its asymptotics, are 


m=], T: =u +v. t, = U — V, 


(23) z, = — 2(U’— V’) (u—v) +4(0 +7), 


where U and V are cubic polynomials in w alone and v alone, respectively, 
is an algebraic surface of the sixth order on which the directrix curves are 
indeterminate and on which the asymptotic curves are twisted cubics. Ap- 
plication of our general theory to this surface of Wilczynski shows that it 
belongs to the special case characterized by the conditions § = U, = 0, so that 
U is a linear fractional function of u, and D = E = F =0, 

Enriques has studied * the surface whose algebraic equation is 


(24) (2,2 — T2) 8h = (2%, + Ra? — 32010903)? (k = const.), 


which has also been investigated * recently by Emma Castelnuovo. As Enriques 
pointed out, this surface has not only the property that it admits a two- 
parameter family of projective transformations into itself, but also the property 
that its asymptotic curves are twisted cubics. Parametric equations of une 
surface of Enriques, referred to its asymptotic curves, are 














(25) 14h)? TE» = BEN 
A. +H u? 3 th uo v+ 3 Y un LA g, 
where 
he £ 
è =I 


Application of our general theory shows that this surface is a special surface 


2? Wilczynski, Abstract, Bulletin of the American Mathematical Society, vol. 20 
(1913-14), p. 312. 

? Enriques, “Le superficie con infinite trasformazioni proiettive in sé stesse,” Atti 
del R. Istituto Veneto di scienze, lettere ed arti, ser. 7, vol. 4 (1893), pp. 1590-1635. 
See also Enriques, Intorno alla Memoria “Le superficie con infinite trasformazioni 
proiettive in sé stesse,” ibid., vol. 5 (1894), end Lie, “ Bestimmung aller Flächen, die 
eine continuerliche Schaar von projectiven Transformationen gestatten,” Berichte der 
Gesellschaft der Wissenschaften zu Leipzig, vcl. 47 (1895). 

+E. Castelnuovo, “Di una classe di superficie razionali che ammettono 00%. tras- 
formazioni proiettive in sé,” Rendiconti det Lincei, ser. 6, vol. 24 (1936), pp. 342-346. 
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of Wilezyuski. In fact, the function U of the gegeral theory is linear in u for- 


the surfaces of-Enriques, whereas U is a linear fractional function of u for 
the general surface of Wilczynski. 


8. Terracini’s formulas. Terracini has shown * that if a non-ruled sur- 
„face has the property that its asymptotic curves belong to linear complexes, then 
parametric equations of the surface, referred to its asymptotics, can be written 
in one cr another of the following -three forms, according to the nature of a 
certain quadric, commonly called the quadric of Sullivan, associated with the 
surface: 





m= (1 —U)u +20, 2 =(V' — Uv —27, 





ts = (V — U’)w — 2 (Vu — Uv), | mn =V — U; 

a =(0'—V)ju—20, . t = (0 —V’)v +27, 
(26) >T | 

Ts = RW, . t, = — 2; l 

e = (V — V) (u— v) —UU +V), mm —=0'—V, 

Tm =u +v, ; t=], 


where U is an arbitrary function of u alone, and V of v alone. In all three 
cases the coefficients of the differential equation of the form (4) for the u-curves 
are fourd by actual calculation to be given by the formulas 


(27) 2p = — E, 6p: = — FR’ + B?, Ps = pa = 0, 
where R is defined by placing . 

R Tio 
(28) = Im. 


Calculating the invariant 6, for this equation and setting this invariant equal 
to zero, we obtain the following differential equation: 


(29) 10R”’ — 30RR” -.32R?R’ — 19R'? — AR! = 0. 


There is of course a similar equation for the v-curves. Thus the problem of 
determining parametric equations of all non-ruled surfaces whose asymptotic 
curves ere twisted cubics is reduced to the problem of integrating the dif- 
ferential equation (29) of the third order to obtain the function R, and then 
performing four quadratures on equation (28) to obtain the function U. 


THE UNIVERSITY OF CHICAGO. 
> Terracini, “Sulle superficie le cui asintotiche dei due sistemi sono cubiche 


sghembe,” Atti della Societa dei Naturalisti e Matematici di Modena, ser. 5, vol. 5 
(1919-20). i 
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ON HYPERGROUPS, MULTIGROUPS, AND PRODUCT SYSTEMS.* 


By L. W. GRIFFITES. 


1. Introduction. In this paper theze is considered an abstract system 
whose elements are classes. Each class is an unordered set of marks, selected 
from a fundamental set.3 of distinct marks. The marks in a class are distinct 
if and only if this property is specifically stated for the system. The classes 
are distinct. 

A product system is a system satisfying two postulates. First, the system 
is closed with respect to an addition prozess which is associative and com- 
mutative. Second, the system is closed wita respect to a multiplication process 
which is associative, and which is distributive, on the right and on the left, 
with respect to the addition process. A division system A is a product system 
which satisfies postulate III or postulate III’. Thus, in particular, if a product 
system contains the subset of all classes each of which consists of exactly 
one mark, then for every pair, A and B, of classes in Q there are two classes, 
B' and B”, each in Q, such that BB’ contains A and B”B contains A. 

A T system is formed from a division system which contains © by replacing 
each class in Q by the mark of which that class consists. It is proved that the 
fundamental set 3 in a T system is a hypergroup. as defined by Marty. Con- 
versely, a Marty hypergroup is embedded as 3 in the T system formed from its 
product system. If it is postulated that a T system has a mark in 4 whose 
properties are suggested by those of the identity in group theory, then & is a 
regular hypergroup. If it is postulated that this mark is unique, and that for 
each mark in X there is in 3 a mark whose properties are suggested by those 
of'inverse elements in group theory, then 3 is a completely regular hypergroup. 
A further condition makes 3 a normal hypergroup of Marty.? Conversely, sach 
of these types of hypergroups is embedded in the T system of its products, and 
this T system has the corresponding property stated above. 

It is proved that a multigroup as defined by Ore * is a completely regular 


* Received November 17, 1937; Revised slightly, December 20, 1937. 

*F. Marty, “Sur une généralisation de le notion de groupe,” Särtryck ur För- 
handlinger vid Attonde Skandinaviska Matemctikerkongressen i Stockholm 1934, pp. 
45-49, 

2. F, Marty, “ Rôle de la notion d'hypergroup2 dans l’&tude des groupes non abeliens,” 
Comptes Rendus de VAcademie des Sciences, vol. 201 (1935), pp. 636-638. 

` 20, Ore; “Structures and group theory J,” Duke Mathematical Journal, vol. 3 
(1937), pp. 149-174. 
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hypergroup of Marty for which multiplication by the identity on one side is 
unique. 

If a T system satisfies the preceding conditions for a Marty completely 
regular hvpergroup except that there may be more than one identity element 
in 3, and if there exists a positive integer n such that the product of every pair 
of marks in 3 is a class consisting of precisely n marks, then 3 is a hypergroup 
as defined by Wall.* Converse:y, a Wall hypergroup is a special kind of Marty 
hypergroup, namely one for which such an integer n exists and for which an 
identity and inverse elements exist, and hence is embedded in a T system as 
is a Marty hypergroup. 

A division system which contains 2 particularizes to a group if it is merely 
Q and -f in postulate 111 B’ and B” are unique. Then the embedded hypergroup 
is the group. A division system which does not contain Q does not particularize 
to a group whose elements are marks in 3. However, it is proved in Theorem 7 
that if the classes of such a division system are regarded as marks of a new 
fundamental system 3”, then the product system of 3” is.3’. Hence either.a 
division system contains a Marty hypergroup Q or this division system as 3’ 
is a Marty hypergroup in which multiplication is unique. Thus either a di- 
vision system particularizes to a group whose elements are the marks in 3 or 
it particularizes to a group whose elements are the marks in X’. 


Ix section 7 it is proved that the direct product of two finite groups is - - 


simply isomorphic with a subset of classes in a division system which does not 
contain 2. However, as stated above, this subset of classes is a subgroup of 
product system Y. . 

A division system is a generalization of the abstract system group, since 
it has the closure property for multiplication, since either division is postulated 
or the existence of elements analogous to the identity and inverse elements of 
group theory is postulated, and since it particularizes to a group in that one 
of the two senses explained above which corresponds to that one of postulates 
III or III’ used in its definition. Furthermore, as proved in section 3, if 
further conditions are to be placed on a product system, of a type suggested 
by the usual postulates for a group, a division system is the most general type 
so obtained. f 

Taere is defined a 3 algebra, and therefore in particular a hypergroup 
algebra, which is analogous to the ordinary group algebra. 


2. Postulational definition of a A system and of aT system. Consider 


a set 3 of distinct marks, a,b,c,- - +. Ifk is a positive integer, then a,,* - `, a 


+H. S. Wall, “ Hypergroups,” American Journal of Mathematics, vol. 59 (1937), 
pp- 77-98. 
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is a notation for a finite set of, k of these marks, and a, d@2,- > - is a notation 
for an infinite set. In these sets the marks are not necessarily distinct. BR, 8, 
T, M, and other capital letters near the end of the alphabet represent classes, 
[a,,* © +, a) and {M,@s,' * >}. The marks in a class are not ordered, nor are 
they necessarily distinct. A, B, C, Ax, and other capital letters near the begin- 
ning of the alphabet, with or without subscripts, represent classes each of which 
consists of exactly one mark; thus, for example, A is the class {a}, A, the class 
{a1}. Q is the set of all such classes A. Thus Q is in one to one correspondence 
with 3. The class R may be a class in Q, in particular. A system of classes 
may or may not contain classes in Q. 

Two classes are equal if and only if the set of marks in the one class is the 
set of marks in the other. The class R includes the class S, in notation R > 8, 
means that the set of marks in § is a subs2t of the set of marks in R. ROS 
does not exclude R = 8. 

An addition of classes which is illustrated in sections 4 and 5 of this paper 
is the following. The system of classes allows no repetition of marks in a class. 
The sum of two classes is the class whose set of marks is the set of distinct 
marks among the set of all the marks of the first class and all those of the 
second class. An addition of classes for a system in which repetition of marks 
in a class is allowed is illustrated in section 6. It is the following: the sum of 
two classes is the class whose set of marks <s the set of all the marks of the first 
class and all those of the second class. Each of these addition processes is 
associative and commutative. 

A product system is a system of distinct classes which satisfies the first 
two of the following postulates. 


Postulate I. For every pair, R and $, of classes in the system there is in 
the system a unique class R-+-S. This addition process is associative and 
commutative. 


Postulate II. For every pair, R and S, of classes in the system there is in 
the system a unique class AS. This mulciplication process is associative, and 
it is distributive, on the right and on the left, with respect to the addition 
process of postulate I. 


Postulate III. The system contains Q, and for every pair, A and B, of 
classes in Q there are two classes, B’ anc B”, each in Q, such that BB’ DA 
and B’B— A. B’ is not necessarily unicue, nor is B”. , 


Postulate III’. The system does not contain Q (although it may contain 
one or more classes in Q), and for every pair, R and $, of classes in the system 


~y 


348 L. W. GRIFFITHS, 


there are two classes S’ and 8”, each in the system, such that SS’ D R and 
S’SOR. $” is not necessarily unique, nor is 8”. 


A division system A is a product system which satisfies postulates I, II, 
and III, or postulates J, IL, and ITI’. AT system is formed from a A system 
which contains 2 in the following manner. From the definition of A in Q 
a one to one correspondence of © to 3 is established by 4 <> a if and only if 
A = {a}. AT system is formed from a A system which contains Q by replacing 
each class A in Q by the corresponding mark in 3. For a T system addition 
and multiplication are defined, and postulates I, II, and III stated, by making 
these replacements in the definitions and postulates for the A system. AT 
system is simply isomorphic to the A system from which it is derived, and the 
correspondence is preserved under multiplication and addition. To Q in the 
A system corresponds 3 in the T system. A corresponding A system and T 
system have precisely the same properties. 


3. Related systems. Certain systems are considered having classes whose 
properties are suggested by those of the identity and inverse elements in group 
theory. They are related to A systems in the following theorems. 


THEorEM 1. Ifa system of distinct classes contains Q, and salisfies postu- 
lates I und II, and the following postulates IV and V, then it satisfies postu- 
late III. 


Postuiate IV. There exists a class E in Q such that for every A in Q 
it is true that AED A and HA A. (E is not necessarily unique.) 


Postulate V. There exists a class E satisfying postulate IV such that for 
every A in Q there exist A, and 42 in Q such that AA, D and LADE. 
(A, is not necessarily unique, nor is Az). 


To prove Theorem 1, let A and B be arbitrary classes in Q. Then by the 
associative and distributive laws applied to the equations corresponding to the 
inclusions it is seen that BB,A D EA D A. Therefore there is a class B’, such 
that B’ C B,A and P’ is in Q, and that BB’ A. Similarly there is a class 
B” such that B” is in Q and B’B DA. Hence postulate III is satisfied. 


THEOREM 2. If a system of distinct classes does not contain Q, and if it 
satisfies postulates I and II and the following postulates VI and VII, then it 
satisfies postulate III”. l 


Postulate VI. There exists a class M in the system such that for every 
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class # in the system it is trug that RM > R and ME DR. (Mi is not neces- 
sarily unique.) 


Postulate VII. There exists a class M satisfying postulate VI such that 
for every R in the system there exist two classes R, and R,, each in the system, 
such that RR, D M and R¿R O M. (R, is not necessarily unique, nor is R..) 


To prove Theorem 2, let R and S be arbitrary classes in the system. Then 
if 8, and S, are determined in accordance with postulate VII, by the associa- 
tive and distributive laws and postulate VI, it is true that S,R and RS, have 
the same properties as 8’ and S” respectively of postulate IIT’. 


_ THEOREM 3. If a system of distinct classes contains Q, and satisfies postu- 
lates I, II, VI and VII, then it satisfies the following postulate IIl., and then 
it satisfies postulate III. 


Postulate III). For every pair, R and $, of classes in the system there 
are two classes, 9” and 8”, each in the system, such that SS’ D Rand 88 D R. 
(S” is not necessarily unique, nor is S”.) l 


To prove Theorem 3, let A and B be arbitrary classes in Q. Then III, 
holds as in the proof of Theorem 2. Then by postulate III, there exists a class 
X in the system such that BX D A. Than by the distributive law there is a 
class B’ in Q such that BB’D A. Similarly there is a class B” in Q such that 
BYBD A. 


THEOREM 4. If a system of classes satisfies postulates II and III, and 
the following postulate I’, then it satisfies ITI. 


Postulate I’. The system is closed with respect to an addition process 
‘which is associative and commutative, ani if it contains any class containing 
infinitely many marks then it contains all classes containing infinitely many 
marks. 


` To prove Theorem 4, let R and £ be arbitrary classes in the system. If 
R = A +:--+ Ay, and 8 = B, +: e +--+ B;, and if A, and Bs are arbitrary 
summands in R and £ respectively, then there exist by postulate III classes 
. Ors in Q such that B,Crs D Ar. -Hence the class whose summands are precisely 
all these classes Crs is effective as S’ in postulate III,. Similarly there exists 
a class 8”, if both R and $ are finite classes. If either or both of R and S are 
infinite classes, postulate I is insufficient to guarantee such a sum of classes O 
in the system, but the last part of postulate I’ does insure the sum in the system. 
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THEOREM 5. If a system of distinct classps satisfies postulates I’, IT, IV 
and V and contains Q, then it satisfies postulates VI and VII. 


The proof of Theorem 5 is similar to the proofs of the preceding theorems. 
- Postulate I was insufficient for infinite classes R, while postulate I’ was sufficient. 

Therefore, if a system contains Q and further conditions are to be placed 
on it, of a type suggested by the usual postulates for a group, a more general 
system is obtained under postulates I, II, and III than under various com- - 
binaticns from I or I’, II, III,, or IV and V, or VI and VII. 

Tae following theorem is useful later in relating the properties of these 
systems to those of a Marty hypergroup, to those of a Wall hypergroup, and 
to those of a multigroup. 


THEOREM 6. If a system of distinct classes contains Q and if the addition 
process satisfying postulate I is either of the two addition processes defined 
preceding postulate I, then a multiplication process satisfies postulate II if and 
only if it satisfies the following postulate II’. l 


Postulate II’. For every A and B in Q there is a unique class AB in the 
system. If S and T are two classes in the system, one of which at least is not 
in Q, then ST is the sum of all products AB as A ranges over all summands 
A in § and B ranges over all summands Bin T. For every A, B, and C in Q 
it is true that (AB)C = A(BC). 

To prove Theorem 6, let Æ and S be arbitrary classes in the system. Then 
by postulate II there is a unique class RS in the system. Hence, in particular, 
the first statement in postulate IT’ is true. The proof that the second state- 
ment in postulate II’ is true should be read first under the definition of addition 
for the case that no repetition of summands is allowed, and then under the 
definition of addition for the case that repetition is allowed. Let S =A,++::: 
and T == B, ++: - : be two arbitrary classes, at least one of which, for example 
T, is notin Q. Then by the distributive law ST —SB,+---. IfSisina 
then this is precisely the second statement in postulate Il’. If 8 is not in Q, 
then again by the distributive law ST = (A,B, +") +(ABı +" )-+ 5 
this is precisely the second statement in postulate II’. The converse will be 
proved before any consideration of associativity of multiplication is taken. Let 
8, T, and U have summands Aj, B; and C; respectively. Then by the first two 
statements in postulate IT’ it is true that ST = A,B; summed for all pairs 
with A, in S and B; in T; SU = 34A;C, summed for all pairs A; in S and 
Crin C; S(T + U) = 3A ¡Ds summed for all pairs A; in S and Dx in T a U. 
Then clearly ST + SU =S(T + U). 
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To prove that postulate [I implies the third statement in postulate IT’ 
it is to be noted that, since multiplication is associative for all classes under 
postulate II, it is so in particular for all classes in Q. Conversely, if postulate 
IT’ holds then it is proved as follows that multiplication for all classes is asso- 
cative. For, by the preceding, multiplication of classes is distributive with 
respect to addition. Then, with the notations already introduced for 8, T, and 
U, it is true that (ST)U = [3(4,B,)]U = 3[(AiB;) Cx] where the first sum- 
mation is with respect to all pairs A; in S and B; in T and the second summation 
is with respect to all triples A; in S, 3; in T, and Cs in U. Similarly 
S(TU) =3[4:(B,C;)] where the summation is with respect to these same 
triples. Since the class A;(BjC;) is the class (A,B;)C; by postulate IT’, it 
follows that (ST)U =S(TU). This completes the proof of Theorem 6. 


4. Relation of a T system to a Marty hypergroup. Consider a T system 
derived from a A system satisfying postulates I, II, and III and allowing no 
repetition of marks in a class. Then 3 is a hypergroup as defined by Marty. 
For the letters A, B,C,-- - in Marty’s notation mean the marks a,b, ¢,- - * 
in this paper. He explicitly states postu-ate III, and the first and last sen- 
tences of postulate IT’. No explicit definition is given of the expression (AB)C, 
for example, nor is it explained why from AH > A it follows that AEB D AB. 
But an analysis of the proofs indicates that the matter can be treated by intro- 
ducing classes and class addition, and by defining the product of two classes 
as in the second statement of postulate 11”. No explicit statement is made by 
Marty that no repetition of marks is allowed in ce However this is 


implieit, for the finite case at least, in the proof that z a¢4 = n, since it is 


not permitted that 7 be greater than n there. Hence, by Theor em 6, the X of a 
T system derived as stated in the first statement of this section is a hypergroup, 
and conversely a Marty hypergroup is embedded in the T system of its own 
product classes. 

It follows immediately that, if a systern satisfies the hypotheses of Theorem 
1 with # unique and A, = A», the set 3 in the derived T system is a Marty 
completely regular hypergroup; and that a completely regular hypergroup is 
embedded in such a system of its product classes. If ZA = A and AH = A, 
then & is a Marty normal hypergroup. 


5. Relation of a T system to an Ore multigroup. The letters By, Ba,*-* 
in Ore’s notation mean the marks b,, b2,--- in this paper. Repetition of marks 
. in a product is not allowed, since the marks in a product constitute a subset 
of the elements of the multigroup, that is, of 3. In the example of a multi- 
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group given by the co-sets of a group with respect to an arbitrary subgroup 
addition is used, but addition is not explicitly used in the general definition 
of a multigroup. Postulate II’ is explicitly stated, with the word “sum”. 
replaced by “subset.” Postulate IV is stated, with E unique and one of the 
inclusions an equality; postulate V is stated, with A, = A». Hence by Theorems 
6 and 1 an Ore multigroup is a completely regular kypergroup of Marty for 
which multiplication by the identity on one side is unique. Hence if ar 
system satisfies postulates IV and V with these extra conditions on E and Aj, 
then 3 is a multigroup, and, conversely, a multigroup is embedded in such a 
T system of its products. 


6. Relation of a T system to a Wall hypergroup. The letters a, b, c, 
- - ir. Walls notation mean the marks a, b,c,: + + in this paper. Repetition 
of marks is allowed in products. Addition is explicitly used, although no 
formal postulate is stated. Postulates 11”, IV, and V with A, = Az are stated. 
There is introduced a positive integer n such that, in my notation, every 
product AB is a sum of exactly n classes in Q. The bracket product is the 
class of all distinct marks in the ordinary product. Hence a Wall hypergroup 
of dimension n with bracket product multiplication is a Marty hypergroup 
with the condition of dimensionality imposed, and as such has the relation 
to a T system. stated in section 4.. A Wall hypergroup of dimension n with 
ordinary product multiplication is embedded as a set 3 in a T system of its own 
product classes. An n(, is a Wall hypergroup for which Z is unique, and for 
which 4, = A, and is unique for every A. The scalars, if existing, are a sub- 
set in a Wall hypergroup, and hence a subset in the 3 of the T system of the 
product classes. - 


7. The T system of a A system. The direct product of two finite 
groups embedded in a A system. The classes which constitute a A system 
may be regarded as a new set 3 of marks. Since the product of two classes in 
a A system is a unique class in the A system, the product of two marks in 
3 is a unique mark in 3, and the system of product classes is merely the set 
Q’ of all classes each of which consists of exactly one mark of 2°. Hence postu- 
lates I and II hold for ©. If the A system does not contain 2, then by 
postulete III’ for the A system it is true that postulate TIT holds for 0’. Hence 
the T system of the A system 3 is precisely 3’, that is, a Marty hypergroup in 
which multiplication is unique. This is a group, as Marty proved, if and only 
if in postulate III’ for the A system it is true that every 8° is unique or every 
S” is unique. Hence the first part of Theorem 7 is proved. 
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THEOREM 7. If a A system does not contain its Marty hypergroup Q, 
then the T system of this A system is this A system, and hence a Marty hyper- 
group in which multiplication is unique. If a A system contains Q but is not 
equal to Q, then the T system of this A system is this A system if and only if 
postulate III, holds for this A system. If a A system is Q, then it is a Marty 
hypergroup in which multiplication is unique. 


The second statement in Theorem 7 is true, since postulate III holds for 
3 if and only if postulate III, holds for the A system. 

The direct product of two finite groups, G with elements 4,,* * `, dm and 
H with elements bı, ` + *,Ddn, is simply isomorphic with a set of classes em- 
bedded in a A system. Thus let 3 be a,° * +, am, Bi,‘ * +, bn; it is no limita- 
tion to assume that a, is the identity of G and b, the identity of H, and that 
as marks a, and b, are distinct, although G and H might be subgroups in 
another group as elements of which a, and b, are the game. Consider the set 
of all classes each of which contains at least one mark from among 4,,* ` `, dn 
and at least one mark from among b,,* + -,6n, with no repetition of marks 
allowed. This set of classes satisfies postulate I with addition defined as stated 
for the case that no repetition of marks is allowed. The number of these 
classes is finite. If R and S are two of thase classes then RS is defined as the 
class whose marks are the distinct ones among all products aja; and bybs as 
a; ranges over all the marks among 4;,- * *, dm appearing in’R, a; ranges 
similarly over those in S, br ranges over all the marks among bı,’ ` `, Dn 
appearing in #, and bs ranges similarly over those in 8. Postulate II is satis- 
fied. In fact multiplication is commutative. This system of classes does not 
contain Q. It is seen as follows that postulate III’ is satisfied. Let R and 8 
be arbitrary classes. Let a and b be two arbitrary, fixed marks in $. For each 
mark a; in S there is a unique mark a; such that aa; = a; ; for each mark br 
in $ there is a unique mark bs such that bbs — br. Define S” as the set whose 
marks are these a; and these bs as a; and b, range over R. Then £” is such 
that SS’ OR. It does not follow that S’ is unique. Similarly a class 8” can 
be found. 
Hence this set of distinct classes is a finite A system which does not con- 

tain Q. The subset of all classes {a,b} is simply isomorphic to the direct 

product of G and H. By Theorem 7 the T system of this A system is this 
A system; this T system is a Marty hypergroup containing the direct product 
group. , 


8. Definition of a 3 algebra; a hypergroup algebra. Consider a set of 
classes satisfying postulates I and II, but not necessarily postulate III or IIT’, 


y 
í 
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that is, a set of classes which is a product system, but not necessarily a A system. 
Let the product system contain 3, by the process described at the end of section 
2. Hence every class in the system is a sum of marks in 3. Hence if, for 
every class R in the system (and hence in particular for every mark in 3) 
and for every positive integer k, the notation kR means R- -+R in 
which # is a summand k times, and if Ek = kR, then every class in the system 
is a sum, in one and only one way, with coefficients which are positive integers, 
of marks in 3. In particular, the product of two marks in 3 is such a sum. 
Hence the marks in 3 can be used as the basis of an algebra over an arbitrary 
field, for which the multiplication table of the basis elements is the multiplica- 
tion table of the marks in 3 in the product system. This algebra may be called 
a > algebra. If the product system satisfies postulate III, then by section 4 
the 3 algebra is an algebra whose basis elements form a Eypergroup. Conversely, 
if an algebra is defined with the elements of a hypergroup as basis elements, 
then this algebra is such a 3 algebra. Such a 3 algebra may be called a hyper- 
group algebra. If the product system is in fact merely a group then the X 
algebra becomes a group algebra, since 3 is in fact a group. 

The properties of elements of algebras are therefore in particular proper- 
ties of marks in 3, and hence in particular of elements of a hypergroup. For 


example, the matrix representation of hypergroups, as presented in section 5. 


of the paper by Wall, is a very special instance of a standard elementary 
property of algebras.’ 
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MATRICES NORMAL WITH RESPECT TO AN HERMITIAN 
| MATRIX , 


By Jonn WILIIAMSON. 


Introduction. A square matrix A with elements in the complex number 
field is said to be a normal matrix, if it is commutative with its conjugate 
transposed matrix, i. e., if 

AA* = A*A, 


where A* == A’ is the conjugate transposed of A. In particular every hermitian 
matrix and every unitary matrix is a normal matrix. A necessary and suffi- 
cient condition, that a matrix A be'a normal matrix, is that A be equivalent 
under a unitary transformation to a diagonal matrix. In other words a matrix 
A is normal, if, and only if, there exists a unitary matrix V, such that 


ay” VAV*¥=D, | 


where D is a.diagonal matrix, i.e. a matrix all of whose elements not in the 
leading diagonal are zero.* 

If dı, da," + +, dm are the distinct latent roots or characteristic numbers 
of D and «q; is the principal idempoten; element of D associated with di, 
i=1,2,: ‘+ m,° 


D = dy. + dopa ++ + + Amen. 


Since ¢; is a diagonal matrix, all of whose elements are zero or unity, $*; = 6; 
and consequently 


(2) D* = didi + dade +: p  Imbm. 


As 6; is a polynomial in the matrix D, so that $; = 6: (D), it is a consequence 
of (2) that i i 


(3) D* = digi (D) + dogo(D) os + dm m(D) =g(D), ; i 
and of (1) and (3), that l 


(4) A* =g(4), 


* Received February 1, 1938. 
* Aurel Wintner, Spektraltheorie der unendlichen Matrizen (1929), p. 24. 
2J. M. Wedderburn, “ Lectures on matrices.” Colloquium Publications (1934), p. 29. 
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where g(x) is a polynomial in x. Hence, if A is a normal matrix, the con- 
jugate transposed of A is a polynomial in A. Conversely, let A* = g (4). 
Then we may so determine the unitary matrix V in (1) that D is a triangle - 
matrix, in which all of the elements below the leading diagonal are zero.? f 
‘Since V is a unitary matrix, D* = g( D) and consequently each element of D*, 
which lies below the leading diagonal, is zero. As D* contains no elements, 
which are different from zero, above the leading diagonal, D is a diagonal 
matrix. Hence A is a normal matrix. We have therefore proved, 


Lemma 1. A necessary and sufficient condition that a matric A be a 
normal matrix is that A* = g(A), where g(x) is a polynomial in z. 


By taking the conjugate transposed of the matrices in.(4) we see that 
(5), A= g(A*) =f (4*), 


where, if g (z) = S aizi, f(x) = j (£) = > āzi. We have therefore, on com- 
4=0 4=0 
bining (4) and (5), i 
(6) A=f{f(A)} = 9{9(A)}. 
In particular, if A is hermitian, f(x) = and, if A is unitary, f(z) = ¢ (£), 
where (4) = A. 
Let A be a normal matrix, so that A satisfies (5) and (6). If P is any 
non-singular matrix and if i 
B=PAP*, 
then 
A==P4BP and A* = P*B*(P+)*, 


Therefore, as a consequence of (5), 
PABP — [(P*B*(P=)*) — P*f(B*) (P3)*, 


and accordingly 


(7) BH = Hf(B*), 
„where . 
(8) H= PP. 


The matrix H, defined by (8), is a positive definite hermitian matrix. It is 
now natural to make the following definition: if H is any non-singular her- 
mitian matriz, and, if BH = Hf (B*), the matriz B is normal with respect to H. 


3 Wintner, op. cit., p. 22. 
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A matrix normal with respect to the unit matrix is therefore a normal 
matrix. The matrix f(B*) if commutat:ve with B*. Further, if C is com- 
mutative with every matrix, which is commutative with B*, C is a polynomial 

in B4 Hence we have the alternative definition; if BH — HC, where C is 
commutative with every matrix, which is commutative with B*, the matrix B 
is normal with respect to the non-singular hermitian matriz H. 
Let B, be any matrix similar to B so that 


B=R"B,R. 

Then, 
RAB,RH = HR*](B*,) (R*)7" 
and therefore 
BiH, = Hy (B*,), 

where , 
(9) H, = EHR*. 
Consequently we have 


Lemma 2. If B is normal with respect to H and B= R"“B,R, then 
B, is normal with respect to H, = RER*. Moreover, if BH = Hf(B*), 
B,H, an H,f(B*,). 


Accordingly the theory of matrices, normal with respect to an hermitian 
matrix H, is similar to that of matrices, normal with respect to any matrix H,, 
which satisfies (9) and which is therefore equivalent to H under a non-singular 
conjunctive transformation. In particular the theory of matrices normal with 
respect to a positive definite hermitian matrix is similar to that of normal 
matrices. i 

The canonical form of a normal matrix under unitary transformations is 
- exceedingly simple; in fact, as remarked earlier, it is a diagonal matrix. Since 
a unitary matrix is a conjunctive automorph of the unit matrix, representative 
of all positive definite hermitian matrices, it is interesting to consider the 
corresponding problem for matrices normel with respect to an hermitian matrix 
H, which is not necessarily positive definite. Therefore, in what follows we 
discuss the problem: what are the possible canonical forms for a matrix B, 
normal with respect to an hermitian matrix H, under similarity transforma- 
tions by matrices, which are conjunctive automorphs of H; i.e. what are the 
possible canonical forms for a matrix l l 


(10) _ C—=RBR" 


‘Turnbull and Aitken, Canonical Matricea, Blackie and Sons (1932), p. 150. 
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where : 
(11) RHR* =H + 
and ‘ 

BH = Hf(B*). 


For brevity we shall call two matrices B and C, which satisfy (10) and (11), 
H-equinalent. It is therefore an immediate consequence of Lemma 2 that, if 
B is normal with respect to H and if B and C are H-equivalent, C is also 
normal with respect to H. 

From the remarks following Lemma 2 it.is apparent that it is not to be 
hoped to obtain satisfactory results, when H is a general hermitian matrix, but 
only when H is a suitably chosen representative of a class of conjunctively 
equivalent hermitian matrices. This is in fact what happens and we therefore 
only desermine canonical forms of matrices normal with respect to H under 
H-equivalent transformations when H is suitably chosen. From the canonical 
forms we immediately deduce necessary and sufficient conditions that two 
matrices normal with respect to H be H-equivalent. The particular cases, when 
f(A*) = A” or f(A*) = (4*)”, which correspond respectively, in the theory 
of normal matrices, to A being hermitian or unitary, are considered in section 5. 
These two cases have already been treated separately as quite unrelated prob- 
lems. However, the methods employed in their solution are very similar and 
it was this similarity that suggested the discussion of the more general problem 
now under consideration. 


1. Let A, and A» be two similar matrices, which are both normal with 
respect to the same non-singular hermitian matrix H. Then A, and A, are 
both similar to the same matrix Q and there therefore exist two non-singular 
matrices P, and P, such that 


(12) A, = Pi OPi, (t= 1,2), 
and 
(13) S; = P;,HP*,, (i =1,2). 


Further by Lemma 2 the matrix Q is normal with respect to both of the her- 
mitian matrices S, and S2. We now prove a theorem which greatly simplifies 
our problem. 


THEOREM 1. Necessary and sufficient conditions that two matrices A, 
and A», both normal with respect to H, be H-equivalent is that there exist a 
non-singular matriz K such that 
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(14) KQ = QK and ES,K* = 82, 
where Q, S, and S are any matrices, whch satisfy (12) and (13). 


First, let A, and A, be H-equivalent. Then there exists a non-singular 
matrix R satisfying 


(15) i RAR” = A, 
and 
(16) RHR* = H. 


Let K == P,EP,”. Then 


KQ = PRP Q = P,RA,.Pı" by (12), 
= P,A,RP,* by (15), 
= QP.RP,* by (12), 
0. 
Further, 


KSıK* = PRPS, (P*,)7R*P*, == P,RHR*P*, by (13), 
= P,HP*, = S, by (16) and (13). 


Conversely, if a matrix K exists, which satisfies (14), and if E = P,“KP,, 
R satisfies (15) and (16) and consequenzly A, and A, are H-equivalent. 

Hence in determining the possible canonical forms of a matrix A, normal 
with respect to H, under H-equivalent transformations we may proceed as 
follows. First we let Q be a suitably chosen canonical form of A under simi- 
larity transformations and let S be the corresponding hermitian matrix, con- 
junctively equivalent to H, with respect to which Q is normal. Then we 
determine a canonical form for S under conjunctive transformations by matrices 
which are commutative with Q. In other words we need only determine a 
canonical matrix W such that 


(17) KSK* =W and KỌ = QEK. 


We shall call such a transformation (17) by the matrix K an admissible 
transformation. 


2. As mentioned at the end of the previous section we may take Q to be 
any matrix similar to A. We therefore chcose Q to be the diagonal block matrix 


(18) Q = [91 Q2,* * *,Qul, 


where the latent roots of Qi are all equal to Ax, and A; Aj, If 174 j. Since A 
is normal with respect to H, by Lemma 2, Q is normal with respect to S, so that 


(19) QS = Sf(Q*) = SM, 
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where M is the diagonal block matrix x 


M = [M,, Ma, + +, My] 
and 
M: =f(Q*:), (1=1,2,- "+, k). 
Let : . 
8 = (843), (i j} =1,2, : “s k), 


be a partition of S similar to that of Q in (18); i. e. Si; is a matrix with the 
same number of rows as Q, and the same number of columns as Q;. It now 
follows from (19) that 


(20) 2:94 = Si My, (i j = 1, Byes k). 


The latent roots of M;, being f (A;), are all the same. Hence, either no latent 
root of M; is the same as a latent root of Q; or all latent roots of M; are the 
same as those of Q¿. Since, when i=4 j, A; £ àj, for a üxed value of ¿in (20) 
there is at most one value of j, for which the latent roots of M; are the same as 
those of Q;. But there must be at least one value of j, for which the latent 
roots of M; coincide with those of Q;, as otherwise 8;; would be zero for all 
values of j and S would be singular. There are therefore only two possibilities : 

I. The latent roots of M; are the same as the latent roots of Qi, Si; = 0 
when j 41, and : i 
(21) ; 9:84 = SuM. 


Since § is non-singular the matrix S¿; in (21) is non-singular. 
II. The latent roots of M; are the same as those of Q; but t is different 
from j. Then Si, = 0, if h-j. Since $ is hermitian 
ent, (hj); 


and sinze 5 is non-singular $;; and Sj; are both non-singular. In place of 
(21) there are the two equations 


Qi = Si My; and Qu = KaM. 


Since Si; and Sy; are non-singular the latent roots of M; are all equal to A; 
and those of M; are all equal to Ay. 

Accordingly after a re-arrangement of the rows and the same re-arrange- 
ment of the columns of the matrices S, M and Q, we see that S becomes a 
diagonal block matrix. The blocks are of two distinct types; 


I. Sia = S“ Qiu =8:M;, Mi =f(Q*;) 
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and 
TI 0 Sy Qi ) 0 Sa) (9 Sa) (Mi 0 
i Ia 0 J? \0 QG \8a 0) Sa 0 0 M5]? 
Siz = SF. 


It so happens that blocks of type IT are very much simpler than those of type I. 
Accordingly we first consider the reducticn of type II. Let 


i E 9 
x=( e 


where E is the unit matrix of the same orler as S;;. Then, since 
Xie Qi) X* = [Qs SHOSi:] = [i Mi] = [03 (0%) ], 
[Qu Q;] is similar to [Q:,f(Q*:)]. Further 


0 Sil ya [0 E 
x(5, 0 )x -6 ‘a 

Since, in Theorem 1, Q is any matrix similar to A, in Q we may replace 
[Qi Qi] by [Qi f(Q*:)]. I£ this is done, S is a diagonal block matrix and 

the block es takes the place of the block ? a Hence we have 
EOQ Sp 0 
RESULT a. If A is normal with respect to H, so that AH = Hf(A*), and, 
if there are two latent roots A; and à; of A, such that Aj = f(^i), then 
Mi= f(À;). The diagonal block matrix Q contains the block [Qi,f(Q*:)] 


and the corresponding block of S is le ob 


If A; is any latent root of A and A;s4f(X;), there must exist a latent 
root A; of A such that 
(22) A = f (i), M= f). 


Hence, if, for no latent root A, of A, is An =f(Ax), corresponding to each 
latent root A; of A there is a latent root Aj, such that (22) is true. Then, as 
all blocks of Q are of type II, it follows that A is of order 2m and from result a 
that H has signature zero. By re-arranging the order of the blocks Q; in (18) 
we obtain a matrix F, which is similar to Q and has the form 


= [Fa fi), 


where F, is a square matrix of order m. If Q is replaced by F, and this, 
by Theorem 1, is always possible, 
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0 Em 
I (z. 0 )» 
where Em is the unit matrix of order m. We have therefore proved 


TEROREM 2. Let A be normal with respect to H and let AH == Hf(A*). 
If MÆ f(a) for all latent roots M of A, then there exists a non-singular | 
matrix R such that RAR" = [F,,f(F*,)] and RER* -( E e) The 
m 
matrices A and H are accordingly both of even order and the signature of H 
is zero. 


The matrix F, is not unique but may be replaced by any matrix similar 
to it. If, however, F, is taken in the classical canonical form, the matrix 
[F f(P*1)] is uniquely determined by A. Accordingly, if A is normal with 
= w) and, if no latent root A; of A satisfies the equation 
f(A) = Au, A is S-equivalent to a unique canonical matrix [F,f(F*,)]. Asa 
consequ2nce we have 


respect to S == 


COROLLARY 1. If A satisfies the hypotheses of Theorem 2 and A is 
similar to the matriz B, which is also normal with respect to H, then A and B 
are H-equivalent. 


3. Before considering a further reduction of the blocks of type I we prove 
three lemmas, the first of which is 


Lemma 3. Let Q = [Q:,Q2], M = [M,, M2], E= (Su), (j= 1,2), 
be similar partitions of three matrices Q, M and S, which satisfy (19). If 8 
is hermitian and 8, is non-singular, there exists a non-singular matric K such 
that KQ = QK and KSK* == [S,,, 022]. 


As a consequence of (20) 


SI = SoM Sit = [ASS 


Hence, if K = ( = ‘i A i where E, is the unit matrix of the same order 
— 8281 Lo 


as Qi, KQ = QK. Further, 


rsr — ( E 0 ve =) Gs 35) _ Gs ) | 
EB . — SaS Er Sa Boz 0 E, D Saz — SS. 


and the lemma is proved. 
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‚Let U be the ey unit matrix of order n and V the ey unit 
matrix of order m.’ We now Consider the matrix equation 


(23) `. $(U)D=D4(7), 


where l 
n-1 ; m-1 , 
$ (zx) Da > bast, y(x) = > cg and bic Æ 0. 
a=1 B=1 
If D = (dij) (t= 1,2,- + +, 03 j= 1,2," ++, m), (23) implies 
m-l m-i = í . k 
(24) 2 Dadari,; =2 Cpdi,;-8, (i = 1,2, +, n; J =l, hot, m). 


It is of course to be understood that in (24) dasi; = 0, if a + i > n, and that 
di j-p = 0,if j—pBEO. 

Let us now suppose that drs =0 for all values of r and s, for which 
s—rSk. Then, if ¡—1=k-+ 2, equation (24) becomes 


(25) . ; bidisi,j = di; 
or, when j = 1, i i 
bildiri, = 6,049 = 0, 


so that diz. = 0. However (25) is valid only when ¿> 0 and, therefore, if 
j = 1, only when ¿—1%0, i.e. when k- —2. Hence, if k S —2, dre =0 © 
for all values of + and s, for which s—r<Hk-+ 1. On the other hand, if 
i=n, (25) becomes . 

Cıdn,;-ı = bidan, i = 0, 


so that dn, j-1 =0. Since — n = k +2 and j S m, ks Emit 2. Hence, 
if k S m—n— 2, drs = 0 for all values of r and s, for which s —r<k + 1. 
Therefore, by induction, drs = 0, if s —r = {maximum of m — n — 1 and — 1}. 
When m > n, 0S m—n—1, so that dı = 0 and the first column of D is 
zero; when m < n, m — n S — 1 and the last row of D is zero. We have 
therefore 


. LEMMA 4. If D is a matriz satisfying (23), the first column of D is zero, 
when m > n, and the last row is zero, when m < n. If m==n, D is non- 
singular if, and only if don is diferent from zero. 


I£ D is a square matrix, so that m = n, E follows from the aboye con- 
siderations that, 


(26) ET ii 


ë Turnbull and Aitken, op. cit., p. 142. 
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$ 
"~ 


where the only non-zero elements of D; are those drs for which s —r = j. id 
Equation (23) may now be written in the form 
n-1 ni n-1 rn 
(27) 2 040% X D; = È D; > cgU?. 
a=1 je j=0 B=1 
Equation (27) and the nature of the matrices D; imply 
8 8 i 
(28) Y baU De-a = X CDs. 0%, (s=1,2,: : -,n— 1). 
a=1 a=1 
If D, = E and D, = D; =: + -= D, = 0, it is a consequence of the first 
r of the equations (28) that 
(29) i bi = ci, g y (1=1, 2, -"- or). 
If in addition brs; = Cra; = 0 for all j > 0, the (r +1)-th equation in (28) 
becomes à l 
(30) b,0D, + bry" = 0,D,0. 
When (30) is satisfied, the remaining of the equations (28) may be solved 
successively for Dyy1," * +, Da-ı.° We have therefore 
Lemma 5. If equation (30) is satisfied there exists a matriz 
D = E + Dy + Dra +: “+ Das 
such that 
r-1 r+1 
DS 04U2D — Y baU’. 
azl ; a=1 
4. The matrices in a block of type I satisfy (21) where the latent roots 
of Q; all have the same value M. Accordingly we temporarily drop all suffixes 
+ or, what is equivalent-to this, assume that all the latent roots of A have the 
á 


same value A. We may therefore take Q in the classical canonical form 


Q = KUT Q>, ls Or]; 
where 


(31) Qi =A (E: + Ui), 40; Qi = Ui, = 0. 


In (31) E; is the unit matrix of order e; and U; the auxiliary unit matrix of 
the same order. The elementary divisors of A — xE are therefore (s — A)*, 
(i=1,2,'  ',k). We further suppose that e, =e, =--* =e, The matrix 
M = [M,, Ma, - -, Mx], where 


‘H. W. Turnbull, “ Power vectors,” Proceedings of the London Mathematical 
Society, Series 2, vol. 39 (1934), part 2, pp. 106-146. ` 
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g-i €j 1 
(32) — Mi=ME.+ 2 a400),1 40: Mi= È 030%, A=0, 
j=1 j=l 


Since M; == f(Q*;), the a; in (82) are determined uniquely by the polynomial 
f(z) and are independent of 4. 
Let 
S= (815), (i j = 1,2, + +k), 


be a partition of $ similar to that of Q. Then as a consequence of (20) we have 
ej-1 

(33) DSi = Sey X MUA, (i, j = 1,2, * -,k). 
k=1 


Equations (33) are the same whether A is or is not zero. If T4 is the secondary 
unit matrix of order ej” 
T; = E; and T;U’; = UT). 
Hence, if B 
T = [Ta To," +: Tr] 
and 
§ = DT = (D.,T;), (1j=1,2,* : +,k), 


equations (33) become 
š $ ej-l ej-1 
U,DijT; = D¡T; > a Ut = Di > aU ;*T; 
k=1 k=1 
or 


37-1 ' 

(34) U¡Ds; = DiS AU ;#. 

Since M is similar to Q, a, 7540 and equations (34) are all of the type (23). 
If e, > ez, by Lemma 4 the last row of D,; is zero except when ¿=1. Since 
S is non-singular D is non-singular and the last row of Di, is not zero. The 
only element in the last row of D,,, which is different from zero, is the element 
in the last column and therefore, by Lemma 4, Dı is non-singular. If 
l1 = b2 =" == be > Coy and Diiis non-singular for some value of 7, 1 Sie, 
by a suitable re-arrangement of the rows of D and the same re-arrangement 
of the columns we may move Di: into the place of D,, without disturbing 
Q or M. Accordingly we may suppose in this case that D,, is non-singular. 
There only remains the case, in which Di; is singular for all values of 2, 
1=1i=c. Let di; be the element in the last row and the last column of Dij > 
Then 

(35) di = 0, : (i= 1,2, ++, 6). 


? Turnbull and Aitken, op. cit., p. 11. 
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Since D is non-singular, for at least one: valye ofi 1<tSe, dy 40, as 
otherwise one row of D would be zero. Hence without any loss of generality 
we may assume that dı: = 0. Let E be the unit matrix of order e, and e be a a 
complex number. Then 


E «E ve En E«eE\* (Ku 2) di 0 ) 

0 EJASz2z 82/\0 EJ \Ka Ke 0 TıJ’ 
where Ku = Dy, + «Do, + ¿Dis + Dos. The element in the last row and last 
column of Ki is brai = das + edaı + ¿dro + edas = dar + Edis by (35) . Since 
e is arbitrary, for at least one value of e, ki 5 0. The matrix E e) is 


commutative with [Q,, Q2] and therefore the above transformation is admissible. 
Hence by Lemma 4, if ku >40, Ki, is non-singular. We may suppose then. 
that such a transformation, if necessary, has been made, and that Dı, and a 
therefore S,, is non-singular. By Lemma 3 there is therefore an admissible 
transformation which reduces S to the form [81,0]. By repetitions of the 
above rrocess we finally reduce § by an admissible un to the 
diagonal block form 

S =[8,, 82° - +, Se], 


where ©; is of the same order as Q; and 
(36) l 98: = Sif (Q*i) = SMi. 


If A—zE has the single elementary divisor (£ — Aà)”, (19) coincides 
with (35). Hence we need now only consider this particular case, in which 


CPD), ete, darin 
+ ni ‘ n-1 d 
M=AE +E a0), 140; . M= Sa, 1-0, 
ja jal 


we 
Zee 


and 
S=DT 


where E is given by (26). The equations that correspond to (24) are 
n-i 
disi = X, apdi, j-p 
B=1 
and in particular, when 7 = îi + 1, - 
(37) . f diari > a,di. 
Since S is hermitian, D;T is hermitian and in particular so is DoT’. Therefore 


(38) 3 ` On-in-i = dusi 
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As a consequence of (37) and (38) a, is of unit modulus. H n = am re 1 and 
t= m, (38) becomes 


dara mis = mima = ep? : 
where p is real and e = E 1. It now follows from (87) that 
Do = ep*[ar™, a M, > art, jayt t, am, a,”]. 
Let b be a particular one of the square roots of a, and K be the matrix 
K= po”, pra 31,07, 0 ++ bm]. 


Then, since b = Va, and |a | =1, > =b and consequently KT =TK*, 
Therefore, 
(39) «KD TR*=—KDKT=f, +1, 


while a simple calculation shows that 
(40) KUK =.bU. 


If, however, n == 2m, (37) and (38) imply that dam = dmim Hence, if 
dmm = ple%%, where p is real, a, = 3, Since et? is determined by Ümm 
if b is a definite square root of a,, et? = zb, e= + 1. Therefore 


D, ER e [b mm, pena), : ` oy ba, b, Een ie yema, bem], 
If 
K = pr [b Om 2, or, di, bi, or, bIt2m-1)/21], 


equations (39) and (40) are again valid. Moreover as a consequence of (40), 


(41) (K+) *U'K* = EU’ = U’ fb. 
We now prove 


‘Lemma 6. There exists a non-singular matriz R such that 


n-i 
RUR” = J, b;U? and RSTR* =P, 
4=1 : 
where bı == b and e = +1. 


We shall prove this lemma by induction and therefore assume that there 
exists a matrix W such that 


(42) WUWA—Nb0: ard WSW=DT, 


é=1 


aes «where D is given by (26) and 
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" (43) D, = D, Dı = D; = + += Dey = . 


- + We first note that the matrix K, which satisfies (39) and (40), is a matrix W 


satisfying (42), when r== 1. Since US = SM, where M => aU”, 
P J=1 


WUW-=W8SW* = WSW*(W*) "MW 
and by (42) 


S UDT = DTS «U 
4=1, ¿ 


or. finally = 

J r -1 

(44) © b: UD =D5 c,U*. 
4=1 4=1 


Equation (44) is of the form (23) and it follows from (43) that (29) is, 
true and ° 
(45) biU Dr = bD, U + ery. ' 


Tf bra = Cr41/2, (44) becomes 


ADi 
2 


=D 


3 U 








0.0 + Dry = by 
This last equation is the same as (30), if D, is replaced by — D,/2. Therefore 
by Lemma 5 we can determine matrices Frs, F'ri2,* * +; n+, where F; has the 
same form as D;, such that the matrix - 

N = cH — D,/2 + Fra +: ce + Pra 


satisfies 


r “pad . 
.(46) E NY b UN = Y bU’. 


4=1 d=1 


Since DT is hermitian D,T —TD*,, and therefore 


(4%) NDTN*= (E-—D,/2 + Pea +: > + Fra) 


X D(eE — Dr/2 + Grma +: f + Gna)T, 


where @; has the same form as D;. On multiplying out the right hand side 
of (47) we find that 


(48) NDTN* = Do + Era +" + Hna, 


where H; is of the same form as D;. Equations (42), (46) and (48) imply 
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that (42) and (43) are true when r is replaced by r + 1 and W by N W.. Oug* a 


induction is now complete and the lemma proved. 
By (45) 
(UD; — D,U)T — UT. 


Since D,T is hermitian, _ 


naar = TD*,U’ —TU'D*, = D,UT — UD,T 
= — (UD,— D,U)T. 
Hence Sar is anti-hermitian and therefore c,,,/b is a pure imaginary 
quantity. Since br, = Cr+1/2 we have 


(49) bra = 101 Br41, 


‚where Brat is real. Further, since the c, in (44) are determined uniquely, 
by the polynomial f(z), in terms of bı, bs,‘ + +, br it follows that the 6; in 
Lemma 6 are determined uniquely, apars from the sign of b,, by the poly- 
nomial f(x). If R is the matrix of Lemma 6, 


n-1 5 n-1 
se E ae A 0, RQR? = ZU", A= 0, 
(BSR = A + E 000), 10,  (B*)*MR* = Ss UY, X= 0, 
RSR* = «T. 
We have now proved 


ResuLT b. Let A be normal with respect to H, so that AH = Hf(A*) 
and let X; be a latent root of A such that f(Aj) =M. If (1—A)% is an 
elementary divisor of A—zE, the matrix A is similar to a diagonal block 
matriz Q, which contains the block 


e-l 
(50) ` Qis = A (Er + 550% + iba; 2 BrsUx"), Aj 7% 0, 
erl 
= bi; Uk + ibi; Y BrjUk", Aj = 0. 
j=2 


The corresponding block in the matriz S. with respect to which Q is normal, 
ts ejx1 r, where exe = +1. In (50) bı; is of modulus one and each Pr; is real, 
By combining results a and b we have : 


THEOREM 3. If A is normal with respect to H, there exists a non-singular 


matriz P, such that PAP“ = Q and PHP* — 8, where Q and S are diagonal 
á y 
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= ‘Block matrices. Corresponding to each pair of, latent roots of pa II Q con- 


. tains a block [Qi f(Q*:)] given in result a and S the block E F: corre- 
sponding to each elementary divisor (x —Aj)*% of type I Q contains the block 


Qiu given by (50) and S the block x T%. 


The matrices Q and S of Theorem 3 are canonical forms for A and H. 
Apart from the ejm, which have the value +1, everything in the canonical 
forms is uniquely determined by A, H and f(x). If (2—A,)* occurs exactly 
t times among the elementary divisors of A — xE, with this elementary divisor 
are asscciated teja each of which has the value + 1. The number of positive 
ejx is called the index associated with the elementary divisor (s —A;)®*. We 
now justify this terminology by showing that the index associated with each 
elementary divisor, as defined above, is uniquely determined by the matrices 
A and Y. 

Le; 9, Sı and Q, S, be two canonical forms for A and H. Then by 
Theorem 1, there exists a non-singular matrix K commutative with Q such 
that KS,K* = Sa Since K is commutative with Q, K is a diagonal block 
matrix partitioned similarly to Q in (18). Consequently we need only con- 
sider the ease in which all latent roots of Q are the same and of type II, since 
S, coincides with S, as far as blocks of type I are concerned. Let _ 


Q = [Es Qo, or is Or]; Sı = [eT eTa, tte , eL y), S: = [eT poll's, ve spl, 
where e; == + 1, pı = + 1 and Q; is of the form (50). 
K = (Ki), (j =1,2,- £ yk), 


isa partition of K similar to that of Q, 


i , 
(51) > Kiatal aK” ja EA dijpiT a, 
de a=1 
where 8;; is the Kronecker 8. If k; is the element in the top left-hand corner 
of Ki; and le- > leo = lo = "= Ca > Cd, (51) implies ® 
a = 
(52) > kiatakja > dpi, (4, j == (, e+ 1, mcrae å). 
= Per 


Since K is non-singular, | k:; | 0, (t,7-=0c,¢-+1,---+,d) and by (52) 
[ec, een; * `, ea} is conjunctively equivalent to [po, Per,‘ * : pa]. Hence the 


8 John Williamson, “ The equivalence of non-singular pencils of hermitian matrices . 
in an arbitrary field,” American Journal of Mathematics, vol. 57 (1935), pp. 484-485. 
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index associated with (v —A)fe in the canonical form Q, 8; is the same as that l 
in the form Q, 82. Consequently we have ` 


THEOREM 4. If A and B are normal with respect to H, A and B are 
H-equivalent if, and only if, the two matrices A—zE and B—xE have the 
same elementary divisors and if the indices associated with each elementary 
divisor of type I are the same for both matrices. 


If H is positive definite each elementary divisor is of type I and is linear 
while each index has the value one. We have therefore the well known 


COROLLARY 1. Two normal matrices which are similar are equivalent 
under a unitary transformation. 


5. Special cases. Let f(x) = z, so that 1(4%) = A*. A latent root of 
type I must now be real. If A; is real, we have from (50) 


0% = Ay (Be + bUn — ij 2 prun ri = àj (Er + 150%, + ti; = Bri). 
Therefore b,; is real and 8r; = 0. Since bı; has modulus one bı; = + 1 and 
can therefore be taken as + 1. The matrix 


Qin = Ex + AGU x. 


Since AH == HA* =(AH)*, the matrix H, = AH is hermitian. IfPAP*=—Q | 
and PHP* = 8, PH,P* = 8, = QS. The matrices S and 8, = QS are there- 
fore canonical forms for the pair of hermitian matrices H and H, under con- 
junctive transformations. From Theorem 4 we can therefore deduce necessary 
and sufficient conditions for the conjunctive equivalence of two pairs of her- 
mitian matrices.? If f(z) =—«u, a latent root A; of type I must be pure 
imaginary and bı; = i, £r; =0. This cculd of course have been deduced from 
the previous case, since if A = A*, (14)* =—-1A. 

Let f(A*) = (4%)”, so that A is a conjunctive automorph of H. Ifa 
latent root A; is of type I, A; =—1/Aj, so that AjAj = 1 or Aj = =e, On 
dropping all suffixes j we have from (50) 


H. W. Turnbull, “On the equivalence of pencils of hermitian forms,” Proceedings 
of the London Mathematical Society, vol. 39 (1935), pp. 232-248; M. H. Ingraham and 
K. W. Wegner, “The equivalence of pairs of hermitian matrices,” Transactions of the 
American Mathematical Society, vol. 38 (1935), pp. 145-162; G. R. Trott, “On the 
canonical form of a non-singular pencil of kermitian matrices,” American Journal of 
Mathematics, vol. 56 (1936), no. 3, pp. 359-3€1. The methods used in Trott’s paper are 
very similar to those of this paper. 
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(53) Qn — (E + 0,0 + bi 8,0") 

and ` E : 
FQ) = (On) HE + BU" + bai Y 8,0”). 

Therefore ` f = 

(54) (Qa) =e "(E + bU — Bi Y B-T"). 


On multiplying (53) and (54), the coefficient of U on the right is b, + b, and 
on the left is zero. Hence b, =i and we have 


e-1 
(55) E=U? + (B—S 8,0"). 
r=2 
ET $ 
If 2 = > B,-U* and U = z, (55) may be written in the form 
ra 
(56) (1 — 2). =1—a?. 
Therefore 


(1—2) = (1-2), 
(57) 240° +4044: > 1-35: - (2% —3) 08/21 >, 


Consequently (53) becomes 


(58) Q= er (E4+40—JU2—F0%—---—1:3-5->>(2k—3) U/ML. 


The canonical form obtained from Theorem 3 by giving Q;r the value (58) 
serves as an alternative to one found in a previous paper for the particular case 
now under consideration.?° 


` 6. Tf A is normal with respect to H so that AH — Hf(A*), the poly- 
nomial f(z) is, as remarked in the introduction, by no means a general poly- 
nomial. If A has no latent root of type I, the nature of f(x) can be deduced 
from Theorem 2. We now consider the nature of f(x) when A — zE has the 
single elementary divisor (A— x)". By (50) 


Q—= AB + bU + bi 2 BU") 
end l pa | 
-F(Q%) — MB + bU + di Y 8,0”) 


and 


1 John Williamson, “ Quasi-unitary matrices,” Duke Mathematical Journal, vol. 3 
(1937), no. 4, pp. 720-722. : 
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= - => 2” 
Q* = AGE + b,0’ — bi È BU”) E 


AÑ 
If g == =n 
1 
while 
(60) es uid po 


Equation (60) may be solved for U’ as a power series in y by an inductive 
process and therefore by (59), f(Q*) is determined as a polynomial in Q*. 
If all the latent roots of A have the same value A, f(Q*) remains unchanged 
even if A — xE has more than one elementary divisor. The general case follows 
from the above by replacing Abın by the principal nilpotent element of Q* 
associated with A. 


7. The matrix $ in the canonical form of Theorem 3 is determined by 
A and H and not by H alone. The blocxs of S are of two types 


EOQ 


It is possible to determine conjunctive transformations which reduce both types 
to diagonal form and therefore to find a matrix W such that 


WSW* = [Es — Ei], 


Type I T}; Type II E ae 


where F; is the unit matrix of order j and s—£ is the signature of H or $. 
The matrix 
WOW1=R 


can then be calculated. The matrices & thus obtained give unique canonical 
forms for all matrices normal with ressect to [Es, — Et] under similarity 
transformations by matrices which are ccnjunctive automorphs of [E,, — E+]. 
If ¢ or s is zero, we obtain the result from which we started; every normal 
matrix can be reduced to diagonal form by a unitary transformation. We have 
not carried out this reduction as the canonical form R is not nearly as simple 
as that of Q in Theorem 3.*? 


THE JOHNS HOPKINS UNIVERSITY. 


11 Wedderburn, op. cit., p. 29. 

12 Reductions of the type mentioned have Seen carried out in special cases. See (10) 
and John Williamson, “On the normal forms of linear canonical transformations in 
dynamics,” American Journal of Mathematics, vol. 59 (1937), no. 3, pp. 614-617. 


SUBRINGS OF DIRECT ’SUMS.* 
By Nzat H. McCoy. 


1. Introduction. If K is any ring, a direct sum of rings K is under- 
stood to be the ring of all functions with values in K, defined on some finite 
or infinite set M. In a recent paper? the following criterion was established 
for determining when a ring is isomorphic to a subring of a direct sum. 
A necessary and sufficient condition that a ring R be isomorphic to a subring 
of a direct sum of rings K is that for every element a= 0 in R there exists a 
homomorphism h of R into a subring of K such that h(a) 540. 

In the paper referred to, this theorem was used to show that if every 
element « of a commutative ring R satisfies the conditions a? == a and pa = 0, 
where p is a fixed prime, then RE is isomorphic to a subring of a direct sum of 
Galois fialds GF(p). This is, in itself, a generalization of a theorem con- 
cerning Boolean rings, proved by Stone in a different manner?” The primary 
purpose of the present paper is to establish several extensions of these results 
as well as some other theorems of a related nature. The method used in 
establishing the existence of the necessary homomorphisms is believed to be 
somewhat simpler than those used previously. 


2. Preliminary definitions. Let R be a given ring, and a any non-zero 
element of R. If there exists a positive integer n such that na — 0, the least 
such n will be called the order of a, this coinciding with the usual definition of 
order in the additive group of the ring. If every element of R is of order n, 
then n must clearly be a prime p, and we may say that R has the characteristic 


* Recrived June 25, 1937. 

1N. H. McCoy and Deane Montgomery, “A representation of generalized Boolean 
rings,” to appear in the Duke Mathematical Journal. I am indebted to Professor 
Montgomery for several helpful suggestions during the preparation of the present paper. 

Note added February 23, 1938. The paper just referred to has appeared in the 
Duke Mathematical Journal, vol. 3 (1957), pp. 455-459. In a more recent paper, which 
has been submitted to the same journal, it is shown that every commutative ring without 
nilpotent elements is isomorphic to a subring of a direct sum of fields. However, this 
general result does not give much or any information as to just what fields are involved 
in such a direct sum representation of a given ring. It will be noted that Theorems 2, 
3 and 5 of the present paper furnish this information for the case of suitably restricted 
rings. : 

2M. H. Stone, “ The theory of representations for Boolean algebras,” Transactions 
of the American Mathematical Society, vol. 40 (1936), pp. 37-111. 
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p- If no element of R has finite order, we say that Æ has characteristic 0. 
In the sequel we shall refer t a ring of characteristic k, it ial understood 
that & is either 0 or a prime p. 

The commutative ring R will be called an algebraic r ing if every element 
a=<0 of R satisfies an equation of the trpe 


(1) falt) = mor" + mar? +---=—0 l , (ma 0), 


the coefficients m; being integers. If R has no unit element, it is of course 
assumed that this equation has no constant term. 


3. Imbedding theorem. We now prove the following theorem. 


THEOREM 1. An algebraic ring R of characteristic k, without.a unit ele- 
‘ment, may be imbedded in an algebraic ring R’ of characteristic k with a unit 
element. If R contains no nilpotent elements, then R contains no nilpotent 
elements. 


The proof is perhaps best divided into two cases according as k 0 or 
k= p. Suppose first that k = 0." Consider the ring consisting of the pairs 
(a,n), where a is in R and n is an integer, with addition and multiplication 
defined as follows: * 


(an) + (b,m) =ta+b,n+m),. 
(a, n) (b, m) = (ab + nb + ma, nm). 


By (a,n) = (b, m) we mean that a =b and n= m. It follows at once that 
this is a ring of characteristic 0, with unit element (0,1), and with a subring 
isomorphic to RR, namely the subring consisting of those elements of the form 
(a; 0). It will be noted that this procedure shows the possibility of adjoining 
toRa ring element e having the following properties: (i) ae = ea = 4 for 
all elements a of R, (ii) e? —e, and (iñ) a + ne =b + me implies a = b, 
n==m. The desired ring R’ is then the ring R[e] whose elements are of the 
form a + ne. Clearly e is the unit element of R’. 


If f(x) =0 is the equation (1) ‘satisfied by a, then by Taylor’s theorem 
we find that 


f(a) = f(—ney + P(—ne) (a + ne) 
+ (1/21)f"(—ne) (a + ne)? +: + = 


Thus an arbitrary element a ia ne of R’ satisfies an algebraic equation with 


®J. L. Dorroh, “ Concerning adjunctions to algebras,” Bulletin of the American. 
Mathematical Society, vol. 38 (1932), pp- 85-83. 


376 NEAL H. MCCOY. 


integral coefficients, and R’ is an algebraic ring. If Æ has no nilpotent ele- 
ments, clearly no element a + ne of R’ can bé nilpotent, and the theorem is 
established for this case. 

Suppose, now that R is of characteristic p, and let the elements of GF ( p) 
be denoted by 0,1,---,p—1. Consider the ring of pairs (a, ñ), where a 
is in R and ñ is in GF (p), with addition and multiplication defined as follows: 


(a, ñ) + (b, m) = (a +b, ñ + m), 
(a, ñ) (b, m) = (ab + nb + ma, im). 





This riag is of characteristic p, with unit element (0,1), and containing 
the subring of elements (a, 0) which is isomorphic to R. We may now pro- 
ceed in a manner entirely analogous to that used above. The details will . 
therefore be omitted. 


4. Principal theorems on subrings of direct sums. Let Py denote the 
prime field of characteristic k. Thus P, will be the field of rational numbers, 
and Pp will denote the GF(p). Let C, be the essentially unique algebraically 
closed, algebraic field in which P; can be imbedded.* We shall now prove. the 
followirg theorém. ; 


- TEEOREM 2. Every algebraic ring R of characteristic k without nilpotent ` 
elements is isomorphic to a subring of a direct sum of fields Or. 


In view of the preceding theorem, it is sufficient to limit ourselves to the 
case in which Æ has a unit element e. Let Z denote the subring of R con- 
sisting of the integral multiples of e. Thus if k = 0, I is isomorphic to the 
ring of rational integers, while if k= p, I is isomorphic to Pp = GF (p). 
We may clearly consider the coefficients in f(x) given by (1) as elements of I. > 

If D is any ring, we denote by D[z] the ring of polynomials in an:inde- 
terminete x with coefficients in D. We now establish the following lemma. 

Lemma 1. Let D be a subring of Ox, and M an ideal in D[x] containing 
no non-zero element of D. Then there exists an element p of Cy such that 
glp) =0 provided g(x) =0(M). 

Since D contains no divisors of zero, it may be imbedded in a quotient 
field D’ C Cy. Let h(a) be an element of M of minimum degree (= 1). 
If g(x} is in M, then in D'[x] we may write 


g(2) = q(2)h(2) +1(0), 


t See B. L. van der Waerden, Moderne Algebra I, p. 199. 
5 van der Waerden, op. eit., p. 46. ; 
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the degree of r(x) being less than the degree of h(s). This equation may 
now be multiplied by a properly choser. non-zero element d of D such that 
dq(x) and dr(x) have coefficients in D. It then follows that dr(x) =0(M), 
and being of degree less than the degree of h(x) therefore vanishes identically. 
Thus 


dg(z) = dq (z)h (z). 


and for the p of the lemma we only need to choose an arbitrary root in Cz of 
the equation h(x) = 0. 

Before proceeding to the proof of the theorem, we establish another 
lemma. If $ is a subring of R, and a an element of R not in S, then by S[a] 
we mean the ring generated by elements of S together with a, that is the ring 
of polynomials in a with coefficients in £. 


Lemma 2. Let 8 be a subring of E containing the unit element e of R, 
and h a given homomorphism S —> D, where D is a subring of Cy. If a is 
an element of R not in S, then the homomorphism h may be extended * to a 
homomorphism h : S[a] > Di, where D C D, C Cy. 

The elements of S[a] are expressibl2 as polynomials in a with coefficients 
in 8. Suppose by the given homomorphism h, an arbitrary element s of 8 
corresponds to the element 5 of D. To the element 3s;«a? of S[a] we may 
now make correspond the element 35:2? of D[x]. The set of all polynomials 
of D[w] which thus correspond to the zero element of S[a] forms an ideal M 
in D[z]. A polynomial 3 ız thus belongs to M if and only if there exist 
elements s; of 8 such that sa? = 0 and si —> 5, by h. We proceed to show 
that M contains no non-zero element of D. 





We wish to show that if 5 wat = C, 5 = 0 (k0), then 3p=0. For 
%=0 


m 

convenience, let us denote I sa” by A. From the equation (1) satisfied by a, 
=0 

it follows that 


Moa” = — (mE +: > > + mar). 
Thus mar, mylar?, -> are also expressible as linear combinations of 
é,a,:-*,a@°1, with integral coefficients. Hence if / is a positive integer 


>m—n, we may write 


m £ 
moltiatA = $, wm tatti (i =0,1,: - -,n— 1), 
k=0 . 


è By this we mean that under h’ the elements of S have the same image as under 
the given homomorphism h. j 
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then rep_ace m'ta% (for k -+i = n) by linear combinations of e, a,* - +, a", 
and collect coefficients of the different powers $f a. We are thus led to the 
following equations: 


AE n-1 $ 
(2). mo*tatd = Y bijai = 0 ((=0,1,* > -¿n—1), 
j=0 


where the òs; are linear combinations of the s, with integral coefficients. From 
the metkod of formation of the bej, it follows that bi; == mo'*#sy + b'i, where 
Wii is a linear combination of the sy (k540). Also, if 174 j, bij is a linear 
combinasion of the x (540). It follows that ` 


(3) | bis | == mos? + B, 


where u is a positive integer and B is a homogeneous polynomial in the sy 
with intəgral Beingiene: every term of which contains at least one s other 
than so. 


by c; and add, thus showing that !|b;;|=0. By the homomorphism h, it 
follows that mo*3."-+ B=0. But since = 0 (k£0), it is evident from 
the form cf B that B=0. Thus m,” = 0, and hence 5) = 0. l 

. We are now in a position to complete the proof of the lemma. By the 
first lemma, there exists an element p of Cy such that gto) = 0 provided 
g(x) = 0 (M). The correspondence 


(4) 3 sat > 3 Sip? 


then defines the required homomorphism h’: S[a] — D[p] = Dı. For if 
I sa? = 3 riat, then X (5, — Fi) ct == 0(M), X Sipt = 3 fiot, and thus the cor- 
respondence (4) is actually independent of the manner in which an element of 
S[a] is expressed as a polynomial in a with coefficients in 8. It then follows 
readily that (4) defines a homomorphism, and in fact an extension of a as 
required. 
In view of the theorem stated in the introduction, we shall establish 
Theorem. £ by showing the existence of a homomorphism of R into a subring 


of Cy, taking any prescribed element a= 0 of R into a non-zero element of Or.. 


Let (e, a) denote the subring of R generated by a and e, the elements 
are therefore polynomials in a with coefficients in J. The set of polynomials 
Znz? in I[x] such that 3 n;at = 0 is an ideal N in I[#] which clearly con- 
tains no non-zero element of J. We remark also that N contains no element 
of the form ne” (ne540). For, if the contrary were true, then na” == 0 
and since it is assumed that R has no nilpotent element it would follow that 


Now let c; be the co-factor of bio in | bis |, multiply the i-th equation (2) - 
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a==0. Thus there exists, by Lemma 1, an element c #0 of Cr such that if 
9(2)=0(N), then g(c) =0.* It now follows that the correspondence 


3 nat > = mo? 


is a homomorphism h of {e,a} into I[o] — Or, by which a—> o £0. Except 
for showing that we may choose e 34 0, it will be noted that this is merely a 
special case of Lemma 2 in which $ is the ring Z. 

It is now clear how to proceed. We assume that the elements of E are 
well ordered, with the first two elements as e and a respectively, where a is an 
arbitrary element of R other than zero. Let fe, a) be the S of Lemma 2 and 
suppose 6 is the first element of R not in {e,a}. Then the homomorphism 
h: {e,a} > I[o] can be extended to a homomorphism (e, a, b} > I[c, 8] E Or. 
We now may apply the lemma again with {e, a, b} replacing the S. By trans- 
finite induction it is readily shown that h zan be extended to a homomorphism 
of R into a subring of Cy.’ There thus 2xists a homomorphism of R into a 
subring of Cy which takes the arbitrary element «>£0 of R into an element 
o 0 of Cx. The proof of the theorem is therefore completed. 

It will be noted that the p introduced in the proof of Lemma 2 is a root 
of the equation fa(z) = 0, since. fala) = 0 and therefore fa(w) =0(M). 
Let us now assume that R is of characteristic p, and that every element of R 
satisfies the equation <” — v =—= 0. It is readily verified that every element of 
the ring R’ introduced in Theorem 1 also satisfies this same equation. By the 
above construction of a homomorphism of R into a subring of Cp, the only 
subrings of Cp which enter are those obtainable from J = GF (p) by adjunc- 
tion of roots of the equation 7" — zx == 0. But the roots in Op of this equation 
are precisely the elements of the Galois field GF (p"). We have thus established 
the following theorem. 


THEOREM 3. If the commutative ring R has characteristic p and every 
element satisfies the equation =" — x = 0, then R is isomorphic to a subring 
of a direct sum of GF(p"). 


In the statement of this theorem it is not necessary to assume that R has 
no nilpotent elements, as it is readily verifed that a” = 0 is incompatible with 
ar". — a unless a = Q. 

This theorem will be seen to be a generalization of a result obtained in 
the joint paper with Montgomery, referrsd to in the introduction. In par- 


7 See Stone, loc. cit., p. 102. 
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ticular, if we choose p = 2, n= 1, this is equivalent to the theorem of Stone 
which states that a Boolean ring is isomorphit to an algebra of subclasses of 
some class, addition of classes being carried out modulo 2. 


5. Rings with all elements of finite order. Let S be an arbitrary ring 
all of whose elements are of finite order, and denote by £, the set of elements 
of © whose orders are powers of the prime p. It follows easily that Sp is an 
ideal in S and that if p + q, Sp and Sq have no element except zero in common. 
From this it follows that the product of an element of Sp by one of Sy is 
always zero. 


Let a be an arbitrary element of S, and n = p,%po™- > + py its order. 
Then the numbers n/p,%,- * -,/px% are relatively prime and there therefore 
exist integers Bi, - >, Bx such that 


Bnp" + = + Ban pi — 1. 
From this it follows that if ap, = (Bin/pi*)a, then ap, is an element of Sp, 
k 
anda=Na,. Thus each element of S is expressible as a sum of a finite 
¿=1 
number cf elements belonging respectively to Sy (p=2,3,5,* ' ‘). In fact 
it may be verified that each element can be so expressed in a unique way. 
Now let P be the set of all primes p. In accordance with the concept 
of direst sum used above we shall define the direct sum of the rings & 
(p = 2, 8,5,- : +) to be the ring of all functions defined on P, such that on 
p the values of the functions are in Sp. In this connection we have the 
following theorem. 


THEOREM 4. A ring $ all of whose elements ars of finite order is iso- 
morphis to a subring of the direct sum of the ideals 8, (p == 2, 3,5,: + -).8 


Te establish this theorem we need only to exhibit an isomorphic ring of 
functions of the required type. If a is an arbitrary element of S we make 
correspond to it the function f.(p) defined as follows. If p is not a divisor 
of the order of a, then fa(p) = 0, while if p is a divisor of the order of a, 
then fa(p) = a, as defined above. The set of all functions fo, where a ranges 


8 It will be noted that 8 is in fact isomorphic to the ring of all functions defined 
on P, such that on p the functional values are in §,, with the restriction that all func- 
tions differ from zero on only a finite number of points of P. From our point of view S 
is therefore a proper subring of the direct sum of the 8, although from other points of 
view S might well be called the direct sum of the 8,. See, e. g., Leo Zippin, “ Countable 
torsion zroups,” Annals of Mathematics, vol. 36 (1935), pp. 86-99. 


SUBRINGS OF DIEECT SUMS. 381 


over the elements of S, is readily shown to be the required ring. For the dis- 
cussion above shows that fau(p) =falp)io(p) and fas(p) =falp) + fo(p). 
That the correspondence a — fu is actual:y an isomorphism follows from the 
fact that if a>£0 then fa(p) 350 for some p. 

Let us now assume that S has no rilpotent elements. Then the order 
of no element can have a square factor. For if kla = 0, klas40, then 
(kla)? = 0, contrary to the assumption that there are no nilpotent elements. 
It follows that the ring S, has characteristic p. From Theorems 2 and 4 we 
then obtain the following result. 


THEOREM 5. An algebraic ring R without nilpotent elements, all of whose 
elements are of finite order, is isomorphic to a subring of a direct sum of fields 
Cy, where p ranges over the primes. 


6. Ideal arithmetic in rings of characteristic p. We conclude with a 
brief study of ideal arithmetic in a ring of characteristic p. Let R be an ` 
algebraic ring of characteristic p with no nilpotent elements. If a is an arbi- 
trary element of R, the subring {a} generated by a is a finite commutative ring 
without nilpotent elements, and is therefore a direct sum of finite fields of 
characteristic p, say GF (p!) (i= 1,2,- --,k).® If nis the L. C. M. of the 
ni, then every element of {a}, in particular a itself, satisfies the equation 
2 —¿—0, 

Let N be an ideal in R, other than the unit ideal R itself, and consider 
the quotient ring R/N. This ring is a commutative ring of characteristic p, 
every element of which satisfies an equation a?” — x — 0, for proper choice of 
n. It follows that R/N contains no nilpotent elements and thus by Theorem 2, 
there is a homomorphism of R/N into a subring of Cp which takes any pre- 
scribed non-zero element of R/N into a non-zero element of Cp. We may now 
prove the following theorem.*° 


THEOREM 6. Let R be an algebraic ring of characteristic p with no nil- 
potent elements. If M and N are ideals in R such that N is not a divisor of 
M, then there exists a prime ideal P in R which is a divisor of N but not of M. 


Let a be an element of R which is in M but not in N, and denote by & 
the image of a under the homomorphism R > R/N. Thus 434 0, and by the 
above discussion there exists a homomorphism R/N —> Op, where 0”, is a sub- 


ring of Op, taking @ into an element of Cp different from zero. Thus the 


° van der Waerden, op. cit., IL, p. 163. 
10 Stone, loc, cit, p. 105. 
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correspondence R + R/N > O'r defines a homgmorphism of R into 0’, taking, 


a into a non-zero element. This means, however, that there exists an ideal P 
in E such that R/P =C',. Since ee C Cp has no divisors of zero, it follows 
that P is a prime ideal. 

It is now easy to establish the final theorem.! 


THEOREM 7. Let R be an algebraic ring of characteristic p with no nil- 
potent 2lements. Then in R every ideal other than the unit ideal is the product 
of all its prime ideal divisors. 


Let K R be an‘ideal in R. Then K is not a divisor of R, and'by the 
` preceding theorem there exists a prime ideal containing K, so that K actually 
has prime ideal divisors. Let L be the product (intersection) of all the prime 
ideal divisors of K. Then clearly K CL. If L were not contained in K, 
there would be a prime ideal containing K but not L, contrary to the definition 
of L. Thus LC K, from which y we conclude that L = K, and the theorem 
is proven. 


SMITH COLLEGE. 
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METABELIAN GROUPS AND TRILINEAR FORMS.* 


By Ropert M. TERALL. 


1. Introduction. H. R. Brahana has shown‘ that every metabelian 
group, @, composed of operators all except identity of prime order p, which 
contains H (an abelian group of order p and type 1,1,1,-- +) as a maximal 
invariant abelian subgroup and is generated by H and m independent per- 
mutable operators 4,,* * *,%m from the group of isomorphisms of H, determines 
a trilinear form with coefficients in the @F[p]: 


F(a, y,2) = Y anijtnyi2;, 
Rrisj E 


and that conversely every such trilinear form determines a metabelian group 
having the above properties. We may suppose that @ is generated by 


H = {s,' A “y Sky Ti" 5 “TL ti" é > trx-t} 
and U = {Ur * >, Um} where {1,°-:,71, b,* * *,¢n-x0} is the central, 
K = {r> ' <, Tı} is the commutator sukgroup, and S = (s,,* - >, 8%} has no ` 


operators invariant under U. Then @ is the direct product of @ = (8, U} 
and T == {t'> +, tna}. It is evident that classification of the groups G” 
implies the classification ofall the groups G; so it is sufficient to consider only 
the groups G’, and, henceforth we shall do so, (but will for simplicity in 
notation drop the primes). 

The trilinear form F(z,y,2) which has for dai; the exponent of ra in 
the commutator of s; and u; is completely determined by the choice of genera- 
tors of K, H, and U. A different chcice of generators would in general 


determine a different form W. For instance, if new generators wi : ‚un 
of U are defined by the relations u; = un + ++ Wmtim (i=1,: +: -,m), 
Æ would be obtained from F by applying the transformation 

Yi = Gs +: * + Omigm : (t—1,--+-,m) 


i. e. by applying the contragredient transformation on the ys. Similarly changes 
of generators in S and in k would imply tae contragredient transformations on 
the z; and a, respectively. 


* Presented to the Society, April 9, 1937. Received by the Editors May 24, 1937. 
. Duke Mathematical Journal, vol. 1 (19351, pp. 185-197. The results of this article 
will be used throughout the introduction without further reference. 
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Given a three-way matrix M (am;) there are six ways in which sets of 
variables z, y, z can be associated with the elements arı; to give ‘trilinear forms, 
these changes corresponding to interchanging the röles played by the sets of 
variables a, y, z in the form F(x,y,z). Each of these six interpretations of 
the matrix defines a.group G. Of these six groups not more than three are 
abstractly distinct, since in G the subgroups § and U play abstractly the same 
röles and hence can be interchanged without giving a new abstract group G. 
However, if 1, m, k are all different at least three of the six groups @ are 
distinct, since then there are commutator subgroups of three different orders: 
pi, p”, pr. ‘ 


2. Equivalence of trilinear forms and isomorphism of related groups G. 
We shall say that two forms F,(x,y,2) and F,(z,y,2) are conjugate or 
equivalent if, and only if, it is possible to transform F, into F, by means of 
linear transformations with coefficients in the GF[p] on z, y, and z separately. 
A form i (a, y, 2) together with all the other forms conjugate to it will be said 
to constitute a class of equivalent forms. If F, and F, belong to the same class 
we write F, ~ PF. 

If €, is defined by F, (zx, y, z) and G is defined by F»(x, y, z), then G, is 
simply isomorphic to G, if either F.(z, y, 2) ~ Fi (x, y, 2) or 


F(z, Y, z) ~ P(g, Y, z) = F, (z, 2, y) 


where F”, has as its h-matrices ? those of F, with the rows and columns inter- 
changed. We define r as the operation of interchanging y and z or in terms 
of the groups as the operation of interchanging £ and U. 1f either 
F,—F(z, y,2) or Fy ~ F (z, y, 2) =F (2, 2, y) we will write F, ~ F and the 
totality of forms so related to a given one will be called a r-class. It is evident 
~ that the groups corresponding to the forms of a r-class are all simply iso- 
morphic, and conversely if G, is simply isomorphic to G, and if the isomorphism 
can be.exhibited by new choices of generators in 8, U, and K and perhaps also 
use of 7, then the forms F, and F, belong to the same r-class. 
Two groups G, and G are simply isomorphic if, and only if, generators 
{8'1,° °°, Sy Wr, Um} of Go and {771,- : -,7’1} of K: can be chosen so 


1 
that if susu; = J] ra in G then spw ris jwi = Ur y, i.e., if generators | 
: j ban ; j 
n=. 


of G, and K, can be so chosen that the trilinear forms of G, and G, are the 
same. We associate with a given group G a collection # of forms, one form 
for each set of generators of G which satisfy our initial conditions as to 


2 Ibid., p. 190. 
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maximal subgroups etc. Two groups are ‚simply nn if, and only if, 
the two collections which they define are the same.? From the preceding 
discussion it is clear that if one member of a r-class D is in a collection E, 
then the whole 7-class is in E. If D coincides with E for a group G, then G 
is only isomorphic to other groups having the same r-class. However, in 
general D does not coincide with E. For the numbers m and k previously 
defined, considered as an unordered pair, are invariants of a 7-class but are not 
necessarily invariants of the group G which defines the z-class. For instance, 
the group G = (8, U} of order p?**** defined by sw "su == 41, 81 Ue "Sie = 12, 
82 Ug SUs = Tg, So Mg S24 = 145 the oparators otherwise permutable, is like- - 
wise generated by the subgroups S’ = {s-, us, us} and U’ = {s,, Ur, us} which 
also satisfy the hypotheses of the first paragraph (§1). From the first 
definition of G we get m = 2, k = 4 whereas from the second we get 
m=k==383. But in any case a collection E can be written as a sum of 
(distinct) z-classes, so a determination of r-classes is a first step toward the 
classification of groups G. We proceed along this line postponing the more 
general problem of classification of collections Æ. 

We first consider the changes induced in the matrix M (am;) when 
the variables x, y, and z seule separate linear ER. Let 
1) Zi = Šaj’ (j=1, 2,° -,k). Then 


F(a, y,%) = Y may; = Y A mvt v 
hy inj hot 
where 
Aniv = D Ong Gyr. 
-j 


Now consider the two dimensional matrix 


My = a CrijUn) . 


Under 1) this matrix is replaced by Me: (av). Similarly if 2) y; = 2 Buil p 
(1=1,2,* < :,m), F becomes F = 2 Uapilay pi where An; = > Busnes; 
hit 


and Mo is replaced by (Bus) ' Mo. Evidently Ms completely defines u (Aris) 
and conversely. Under changes in y and z, Me may be replaced by any matrix 
PM.Q, where P and Q, of ranks m and k respectively, are any non-singular 
square matrices with elements in the GF[p]. Under r the rows and columns 
of M, are interchanged. If m and k are not equal, two forms (l, m, k) which 


® Brahana’s statement (loc. cit., p. 189), concerning isomorphism of groups defined 
by two forms is incorrect and should be replazed by the above. 
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belong to different classes will also belong to different r-classes. Hence, in this 

case, we need only consider the classes (l, m, k) where, say, m > k to obtain 

the r-classes (l,m,k). Maz = (Damian) =D (Gne3) tn. If we replace x by Y 
h h 


where S = 2 ya, we have Me =) (anuj) * 2 yan’) = z (111), where 
h 
a’ = Y yman; That is, the h-sections of M(anij;) are replaced by linear 
h 


combinations of themselves under changes in x. The minors of Ms, poly- 
nomials in x,,- + -,%1, are replaced by linear combinations of themselves under 
changes in y and z, and r. And under changes in x these polynomials are 
replaced by polynomials conjugate to them under linear transformations on =. 
Hence, the projective invariants of the “invariant factors” of My will be 
invariants of the class or r-class to which Mz belongs. i 

Ar analogous argument will generalize the results of the two preceding 
“paragraphs to M, and Mz, the arguments being identical in the case of classes 
but differing somewhat in the case of r-classes. or 

We now generalize the concept of h-sections. We say that Ms for a fixed 
value a of x (i. e. a, = a, A = i 2, + -, I) is an z-section of Ms and likewise 
of M (an;). We denote this by M,(a). The h-sections are then 


Ms (1, 0,- i *,0),* i ` , M,(0, 0, i *,1). 


We nots that the rank of an x-section is unchanged under changes on y and z, 
‚and 7. But evidently the totality of z-sections is unchanged by linear trans- 


formation on x. Hence, the number of x-sections of any given rank is an ` 


invariant of Mo and also of M (am;). Similarly the numbers of y-sections or 
z-sections of any given rank are invariants of M (amj), and of the r-classes 
aside from the possibility of interchanging the numbers for y and 2 under r. 

If m = k, F(a, y, 2) and F(x,2, y) might be equivalent. Hence, we find 
the classes with invariants J, m, m, and then combine such of those as are 
equivalent under 7. Furthermore, for m = the matrix Mz is square, and its 
determinant, the only m-rowed minor, is a form f(z) of degree m in the 
l variables z. The projective invariants of f(x) will be invariants of the 
z-class to which Mz belongs. This gives particular interest to the forms and 
groups having m == k, and the major portion of this discussion will be devoted 
to the case m == k = 8. 

We propose to classify the groups G and related forms F by classifying 
the matrices M, under multiplication on left and right by non-singular 
matrices with constant elements, linear transformations on e, and rif m = k. 
This scheme will give each abstract group G once for each r-class that it 
defines, and hence each group at least once. In the case m == k = 3 we shall 


e 
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l complete the classification by finding the groups that can be defined by more 
than one r-elass. s i 

That a matrix M, should correspond to a group @ imposes certain 
restrictions on it. First, there must be one element in each row of M, different 
` from zero, since no u; is permutable with every s;. Similarly there must be 
one element in each column different from zero. This must be true not only 
for Ms but also for every M’, in the same r-class as Me. (We say that Ms 
and M’, are in the same -class if the forms corresponding to them belong 
to the same r-class). 

Brahana * has shown that no one‘of the numbers I, m, k can be greater 
than the product of the other two, and that there is just one group when one 
of the numbers is the product of the other two. 


3. Apolarity of trilinear forms. Let us write r; == uts tus; The 

mk commutators r;; generate K, of order pl, and hence satisfy mk —1 

independent relations which can be expressed in the form Thee =], 
tj Y 


v=1,* + :, mk — l, or replacing the sukscript i, j by A= (i — 1)k + j this 
becomes [J rym = 1, w = 1,- - -,‚,mk—1. For these relations to be inde- 
x 


pendent the matrix (av) must be of rank mk—1. In the group G* with 
l = mk the commutators r;; satisfy no relations and can always be taken as a 
set of independent generators for K. That is, in this group the expression _ 
for any operator of K in terms of the ri; is unique. 

We shall show that any group G with K of order p! is a quotient group 
of the group G* with l = mk, where p” and p* are the orders of U and S in 
G and G*. Consider the quotient group of G* with respect to an operator 


F= [I 7. (F is in the central since G* is metabelian). This group G*/F 


has 7 = mk —1 and the relation satisfied by its commutators is [J nA = 1. 
E À 
The quotient group G*/R where R = {*,,- > -,Fme-i} Tr = TNA v= 1, 
X a 


© +,mk—T has its relations given by tke rows of the matrix (fv1). As the 
By are at our disposal they may be chosen as the a of the relations connecting 
the commutators r, of the given group F. And as two groups whose com- 
mutators 7, ==1:; satisfy the same relations are certainly simply isomorphic, 
the theorem follows. Further, the quotient group G*/R can be obtained by 
taking successive quotient groups of index p, i.e. first G,—G*/*, then 
- Ga = G,/fi, and so on until we reach Graz 1 = G*/R (where ñs in G, corre- 
sponds to # in @* ete.). Hence any group G with K of order p! is a quotient 


t Ibid, p. 191. 
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group of at least one group G with K of order pe (provided 1 < mk). These 
successive cuotient groups could just as well have been taken with respect to 
any set of generators of R (and the operators corresponding to them in the 
successive quotient groups). If these new generators 7, are given in terms 
of the # by the relations 7, == [J 7," and hence in terms of the 7, by the 


relations 
Tan =I ( TI ria) Ya = TT LOS 
. v A A 


where (a'ra) = (ym) (an), the matrix (a'm) defines the same group G as © 
(a). Further, if we let av = avj and on, nj, where as’ before 
A = (i—1)k + j, then the forms 


F(a, Y, 2) = DovegCpy iZi and P = ZE mjt 


belong zo the same r-class. Choice of a new set of generators in U and 8 
corresponds as before to linear transformations on y and z; so if a form F 
describes the relations satisfied by the commutators rj; then any other form 
F” 2 F will describe the relations of a group G’ simply isomorphic with G. 

Thus we have the group G defined by two sets of forms: the one giving 
the relations satisfied by the commutators 7, == rı; and the other, the original 
one, giving the expression for the r;; in terms of any given set of generators 
of K. We shall establish certain “ apolarity ” relations between these two sets 
of forms (or rather between their matrices) which wiil cut in half the work 
necessary for determining the r-classes, and hence, the groups G, with 
numbers 1, m, k. 

Suppose’ that a given group G is defined in the two above ways by the 
‚relations 1) II Tos = ], v =1l,: - -, mk — l, and 2) ry = 1 Finas, 

K2 1 kong 
pal e> a ie *;,k. Substituting 2) in 1) we have 
I ( II Fy 214) Does == Il posers SA 


ag h=1 hel 
But since the #1 are independent this requires 3) > amjbv = 0, h=1,' ‚1; 
39 
= 1,: : -‚,mk—I. Two matrices satisfying 3) will be called apolar; likewise 
` the two r-classes defined by them will be called apolar. , 

Since the apolarity condition is symmetric in the two matrices (a;¿) and 
(brij) we may by interchanging their rôles obtain a new group G” of order - 

pmk-tmek which group we will say is apolar to the initial group GQ. It is 

> 1 


* If neither a given r-elass nor its apolar r-class implies that one of (8, K} and 
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evident that the classification of the groups @(l, m, k) implies the classification 
of the groups G(mk — 1, m, k) and herce that for purposes of classification 
we never need consider / larger than mk/2. 


4. General theory for the groups and forms (l, 3,3). We shall sum- 
marize the preceding argument by applying it to the case m = k = 3, 


i=0,1,---,9. The matrix Ms becomes Mz = ( 2 Gnijtn) Where we need 


consider only 1 = 0, 1,2,3,4. Under caanges of ata in U and in $, 
Mz is replaced by PM.Q where P and Q are non-singular constant three rowed 
matrices. Under r, Mo is replaced by its transposed. Under changes on x 
the element az; of Mo is replaced by ai; = 2 A'ya a where ay = z uz, and 


Cri = Y lmz Further, | Me | = f(z), a cubic form in 4,---+,a, is 
h 


replaced by f,(x”), a form conjugate to f(x) under the given transformation, 
So, first, we classify cubic forms in I variables. ‘Then choosing a particular 
form from each projective class we-ask how many r-classes can have this cubic 
for | Ms |. Given two matrices Ms and M'a with | Mz | = | W'a | = f (T) the 
forms F and F” are equivalent if PM¿Q = M'e. If f(x) =g(2’) = sf (1) 
we say that the transformation from z to a’ is an automorphism of f(x). The 
totality of such transformations constitates a group A, called the group of 
automorphisms of f(x). Ms and M's are equivalent if, and only if, 

"Q = Ws where Mz is replaced by M”, under some automorphism of 
f(z). MoM’, if either M,~M’, or Me~ M’,-transpose. (In what 
follows we shall be concerned chiefly with Ms and will drop the subscript, 
using M(x,,* + :,%1) instead of Mz(a,:--,21). We shall continue to use 
the subscripts in M,(y) and M,(z).) 


5. I= 0. Classification of commutators. For 1=0 the only r-class 
is the null class. It defines the abeliar group {S8,U} of order pë which is 
not a group G, (see footnote 5), and tae group G* = {S, U} of order p°* 
which is as we have seen the only group @ with the numbers 9, 3,38. As the 
other groups G (l, 3,3) are all quotient groups of this group @* with respect 
to subgroups of K an analysis of the nature of the operators in G* will throw 
light upon the group -theoretic meaning of the invariants of the r-classes. 
The succeeding arguments given for the case (1,3,8) are capable of direct 
generalization to the general case: (1, m, x). 


{U, K} shall not be maximal abelian, the two groups defined by it are both groups €. 
Otherwise it may happen that one (or both) of these groups will not be in the set of 
groups €, although it will be the direct product of a group @ and an abelian group 
of order pa and type 1,1, 1. - 
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In a group @ we say that the commutator of uY (i.e. Uuu) and 
st is a commutator of the first kind. An operator in K which is not a com- 
mutator of the first kind but which is a product of two commutators of the 
first kind will be called a commutator of the second kind. Now any operator, 
T, in G can be written as ws*r?, The commutator of T and any other 
operator T” = wt's?'r*", TT’ TT’, is 

JURA «yoo! er > gripal — (UV UIS ) S? (y Y str Ss?) ses 
= (ws yes”) (uv sus). 


Hence, every commutator in a group G is of kind 0, 1, or 2. In general 
these do not include all of the operators of K, and we shall say that an 
operator of K is a commutator of the v-th kind if it is a product of v but of 
no less than y commutators of the first kind. (In a group G(l,m,k) no 
commutator is of kind greater than the smaller of m and k.) 


The general commutator of the first kind in the group @*(9, 3, 3), that 


of w and s*, has as its matrix ? 


Yızı Yızz Yızs y 0 0 1 1 1N/z 0 0 
| Yok: Ye Yala |=|0 yo 0 1 1 INO z 0 
Yatı Yala Yaa 0 0 Ya 1 1 1 0 0 23 


and hence is of rank one provided that neither uw’ nor s* is identity. Con- 
versely, cny operator in K with a matriz (aij) of rank one is a commutator 
of the first kind, since, then, there exist numbers 71, Yo, Ys} 21, 22, % such that 
Gij = Yi" Zj. . 

If +? is a commutator of the second kind in G*, its matrix (a,j) will be 
the sum of the matrices for the commutators of the first kind of which it is 
the product. If (o%;;) were of rank less than two, r* would be of kind less 
than two, and since the sum of two matrices of ranks k, and k is of rank 
le, + ke at most, we have that the matriz of a commutator of the second kind 
in G* is of rank two. Conversely, an operator in K with matriz of rank two 
is of the second kind. For if (a3) is of rank two there exist non-singular 


000 


1 0 0 0 0 0 
(a) = P{0 0 0)9-+PI0 1 0]Q 
0 0 0 0 0 0 


° Identity is said to be of the zero-th kind. 


” The element in the i-th row and j-th column is the exponent of r; j in this com- 
mutator. Every such matrix defines an element of K. 


100 
matrices P and Q such that («:;) =rlo 1 ) Q, whence 








ah 
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is an expression of (&;;) as the sum of two matrices of rank one, giving 1 as 
the product of two commutators of the first kind. Similarly, a necessary and 
suficient condition that an operator in E shall be a commutator of the third 
kind is that its matrix be of rank three? In G* we have therefore as many 
non-commutators in the commutator subgroup K as there are three rowed 
matrices of rank three. The ratio of this number tothe order of K, approaches 
the limit one as the prime, p, becomes infinite.’ 

‚Now consider a commutator + = JI rutu in a group G(mk —I,m, k). 


For 1 > 0 the matrix (aij) is not uniquely defined by r°. For identity in G 
corresponds to the invariant subgroup R= {JJ ij}, h=1,---,1, in 
G* (mk, m, le) and if r° corresponds to a motala commutator 7%” in G* 
then it also corresponds to those and only to those commutators in the coset 
Rr”, each operator of which defines one of the p! matrices (a;;) which will 
represent 7%. If (a,;) is any particular matrix which represents 1 the others 
which represent it are of the form (a,;) + M(#), x arbitrary. 

If 12 is a commutator of the v-th kind then it must correspond to at least 
one commutator of the v-kind in G* (and to none of kind less than v} and 
therefore can be represented by at least one matrix (aij) of rank v. Now 
suppose that the maximum rank of the matrices representing 1? is v+ v. 
Then we shall say that 12 is a commutator of the v-th kind and extent Y. 

Two groups G, and (f, are isomorphic if and only if R, and A, are 
conjugate under some isomorphism of @*. But in any isomorphism of @* 
with itself, a commutator cf the v-th kina corresponds to a commutator of the 
v-th kind, for the rank of its matrix is urchanged by new choice of generators 
in 8, U, and K. So the number of commutators of the v-th kind in G* 

' corresponding to identity in G is an.invariant of G. 

If two commutators r,,r, in ( give rise to non-isomorphic quotient groups 
G/r, and G/re, we are justified in distinguishing between 7, and rf, in G. 
The following theorem gives such justification to the definition of kind and 
extent. 


THEOREM. If in a group G two commutators * r, and r are such that 
G/r, and G/r, are isomorphic, then 1, and ra are of the same kind and extent. 


$ An obvious generalization to all groups @ with l= mk is: A necessary and suffi- 
cient condition that an operator in the commutator subgroup be of the v-th kind is 
that its matriz shall be of rank v. 

2 It is of some interest tc contrast this rasult with early conjectures with respect 
to the existence of non-commutators in the zommutator subgroup. See W. B. Fite, 
Transactions of the American Mathematical Society, vol. 3 (1902), pp. 331-353, in 
particular pp. 332 and 339. 

19 For simplicity we shall call any operator in K a commutator, recalling, of-course, 
that it is not a commutator in the ordinary sease if its kind is greater than two. 
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Let r; be of kind v; and extent y’. Let identity in G/r; correspond to 
{R,r’;} in G*, where 1%, is of kind v; and GYR=G. Then if 1541, say 
vı < va, {2,17} has more operators of kind v, than {R, 12}, for as a consequence 
of the definition of kind no operator in {R,r’,} can be of kind less than vz 
unless it is in R. Hence n hist Next suppose vı = vz, but Y, 72 v2, say 
vı <v Then {R,r,} contains an operator of kind vı +», whereas no 
operator in {R,r‘,} is of kind greater than vı + Y,. Hence, the isomorphism 
of G/r, and @/r, implies vı = va and Y, = v'a. l 

The converse of this theorem is not true as is illustrated by the groups 
represented by the forms M,.(z) and Ma(s) (§7). These are both quotient 
groups of M, (§6) with respect to commutators of the second kind and 
extent zero. 


6. r-classes (1,3,3) and related groups. For /—1, M(x) = (4,4321) 
and the r-class is completely defined by the rank of (a1:;) ; so we have three 


a 100 106 100 
r-classes, represented by M, ={ 000], M.=| 0 1 0 Jand M¿=[010] 
000 000 001 


Interpreted for ? = 1, the first two do not define groups G. M, does give a 
group G, the only one for 1, 3,3. Interpreted for 1 = 8 we get three groups G, 
say G1, Ge, Gs, where Gu = G*/r2, 12% being a commutator of the ¿th kind 
in @*, which gives a differentiation of the groups G according to the pre- 
ceding theorem. 


7. -classes (2, 3,3) and related groups. For l= 2, M(x) = «(a¢;) 
-+-2,(ß;;) and a complete classification is given by the theories of invariant 
factors and of binary cubics. For M(x) we may have: 1) an irreducible 
cubic, 2) a cubic with one real root, 3) a cubic with three distinct real roots, 
4) a cubic with two roots, one repeated, 5) a cubic with a triple root, 6) a 
cubic ičentically zero. 

It has been shown? that all cubies f(x) belonging to and irreducible 
in the GF[p] are conjugate under'the group of linear transformations on 2, 


i @, Ta 0 
and zə». Hence 1) gives just one -class represented by M, (£) =| 0 2 zz 
- AL To Tı 
where 2,3 — arı2.? + ag is irreducible. For 2) it is evident that we may 
take f(x) = q, (21? — yz), y + square, giving the single r-class represented 


1H. R. Brahana, Bulletin of the American Mathematical Society, vol. 39 (1933), 
pp. 962-969. 
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Ti Ta 0 Tı 0 0 
by M(x) =[0 «a, a], of if we prefer by Ma(x) =|0 «a, a}. For 
0 Yta Za O ye Ba 


3) we may take f(z) =2,32(%, + £2) giving the r-class represented by 


2,0 0 

M;(z)==(0 zz 0 . For 4) we may take f(x) 2,22, and have 
00 a+, 

two r-classes distinguished by their invariant factors, represented by 


zt, 0 0 % Zz 0 
Mx) =| 0 a, 0 JandM;(x)=[0 z, 0 |. Ford) wetakef(c) =x,? and 


0 0 m 0 CG t Tı Za 0 
have (since x, must appear) the two r-classes represented by M6 (x) -( x, 0 
2, La 0 0.02% 
and M¿(x) =| 0 a, =) (If x, did not appear we should have the case 
09 a 


1, 3,3 instead of 2, 3, 3). 
For 6) f(z) ==0 we list the following representatives of r-classes with 
descriptive invariants sufficient to establish their distinctness: 


Tı Ta 0 Ti Ta 0 
Ms(z) = | yt. 7, 0}, y square; Mala) =| 0 a, z |; 
0 0 


0 00.0 
0 0 Lı Tz 0 

M (z) = ( Ly a); Mu(z) -( a 0 ) 
00 000 
z,0 0 tw, 0 0 

M(x) -(° Ly a); M (2) -( Le o) 
0 0 0 0 0 0 


Ti Ta 0 
My,(«) = 0 0 0 . 
0 0 0 


Every z-section of M,, is of rank one, which is sufficient to distinguish it 
from the others. Mı has two z-sections of rank one; M:s and My, each one; 
and Mio, Mo, Ms no z-sections of rank ore. M,, and M,2 differ in that Fi, is 
free of both yz and zs, whereas FP, is free of yz but not of z}. Similarly Fa is 
free of ya and 23; Fo is free of ya; and F,, involves all of the variables. The 
completeness of this list of r-classes for f(x) == O follows from Brahana’s 
analysis of the cases: (3,2,3), (2,2,3), (2,2,2), (2,2,1). 


12 American Journal of Mathematics, vol. 56 (1934), pp. 490-510. He omitted the 
group corresponding to M ¿ and listed one non-existent group @(2, 2,3). 
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Interpreted for 1 = 2, M,,-- *, Mı and My, give the eight groups G with 
numbers 2, 3,3 and the other forms do not give groups G. Interpreted for 
> L= Y we get the fourteen groups G with numbers 7, 3, 3. 


8 l= 3; theory and method of attack. For l= 3 in addition to the 
ternary cubic | M (s)| we have also the ternary cubics | M, | and | Me | (where 
M, and M, are defined by the y- and 2-sections of M (aai;) just as M (x) = Mo 
is defined by the z-sections). , 

First, we shall classify the forms according to the projective invariants 
of f (#1, z2; 23) = | M (x)|. A. D. Campbell has ** given a projective classi- 
fication of ternary cubics with coefficients in the GF [gp]. To determine the 
represenzations of a given cubic f(x) as | M(x)| we shall first represent a line 
section cf it, say f(z 0, 03), as a determinant according to the methods used 
for the case | == 2, giving M (s, 0, xa) such that | M (a, 0, 23)] = f(a, 0, as). 
Then we shall consider M(x) = M (a1, 0, t3) + (a;;)z, where the ai; are to 
be determined so that | M (x)| = f(x). For f(x) we take in turn a repre- 
sentative from each projective class or set of classes of cubics (making several 
. additions and corrections to Campbell’s list). Aside from class 20 and the 
class f(z) =0, f(a1,0,¢3) is one of the following binary cubics: fı = 2°, 
fo = 212 (a + 2), fe = 217s, fa = 1, (0? — 3?) ; and so we may suppose that 
M, (21, 0,23) is one of the following seven matrices: 


Tı La 0 o, Ta 0 
M,=|[0 2 0 J, M=|0 zı ta] from f,; 
E 0 | ( 0 -) 
zı 0 0 Li La 0 
m—(° By 0 ) 1 (s Ly 0 from fo; 
00 “+2; 00 m +2 
200 Tı Tz 0 
u—(° x 0 ) u—(s Ly | from fa; 
0 0 2 i 00% l 
Tı 0 0 l 
“(6 Lı +2 Jn fe: 
0 0 T3 
We now give the expansions of | M¿(x,, 0, £a) + (aij) 22 b t—=1,---,?, 


and determine the conditions on (a;;) for 


| M(z) | = f (T) = aya? + az? + 0yu + lata + 058,2? 
+ leti Ts + 072,03? + datada + Moog? + 10 Les, 


1% Messenger of Mathematics, vol. 58 (1928), pp. 33-48. 
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where the av are given. 


| Mi (t, 0, La) + (G43) 2 |= TR k= L la = — ae = ay = ag es 0, gives By: 


1) ay + a22 + Ogg = Oy . 8) | as; |=% 
2) iloz + liss + A2033 — A120221 — Fins — Unze = ls 
4) 23031 — 121433 == Un E 5) — Ae, = Qro 


| Mo(x,, 0, 23) + (as) | =fle),  =1, ds = ae = m = 0, gives Ba: 1), 
2), 3) same as in B,. 

4) — ogs + Goats: + rola — Qalsa = = flg 

5) Q31 == (io 6) — G3, — Aza == Ayo 

| Ma (z, 0,23) + (aij)t2 | =f (£), m = de = 1, as = 44 = dy = 0, gives By: 
1), 2), 3) same as in By. 

4) 011022 — Azıdız = Os 5) dur + laz = dio 

| Malan 0, 23) + (055)22 | = f (£), m = te = 1, % 4 = 0, gives B,: 1), 
2), 3) same as in B ` l 

4) Qila — Arzlzı 4 Ogg — 21033 == lg 


5) — Qe == lg 6) Arı F a2 — Un == Ayo 

| Ms (21, 0, 24) + (413) 22 | = f (£), ae = 1, m = a, = a; = dy = 0, gives Bs: 
1) da =a, ` 3) | lij | = lla 

2) Arıllag + Uzglzz — Apzlgz — Ugg, = Os \ 

4) Q114g2 — 012021 == Ag 5) dar + Gen = Mo 


| Mo(21;0, 23) + (as) | =f (2), de = 1, a, = a = t =0, gives Be: 1), 
2), 8) same as in Bs. 

4) 11022 + A233 — Arzo — 21433 —.Qs 

5) — lir == lly 6) 33 — (22 = Aro 

| Mr (21, 0, T3) + (aij) 2 | =f (0), a, =a = 1, as = ae = 0, gives B,: 1), 
2), 3), same as in By. - 

4) — Orillas + Gries + 12021 — Oggi == Os 
5) — 411 = g 6) Gg 








(22 = Oro. 


Two solutions M(x) and M’(«) of | M(«)| f(x), such that M (z,,0 ss) 
== M’ (z1, 0, £2), belong to the same r-elass if M= PMQ, which implies 
PM (ay, 0, 23)Q = M (x1, 0,23). We must therefore determine the ae of 
matrices P and Q such that PM; (21, 0, La 1Q= M, (a1, 0, £3) for i=1,: - :,7 
To show that PM; (x,, 0, 13)Q = = M; (21, 0, z) identically in z, and gs, it is 
sufficient to show that it is true for any independent pair of number couples 
(21, 0,23). Proceeding thus we find that in each case Q =P". Let P; be 
the most general constant non-singular matrix permutable with M¿. Then a 
simple computation (which we shall omit) gives: 
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Qir Xiz Zia : Xir Aye Xiz Zi %z 0 
rs O11 a (> O31 = no(a Coe ); 
O G32 Rss . 0 0 a 0 0.0 
G11 Oz 0 %1 % 0 Z Qua 0 
Pe={ 0 &ı 0]; P; =| %1 Ge 0 |; Pe=[ 0 a, 0 5 
- 0 O Ga 0 0 Ass 0 0 a 
%1 0 0 , 
P: =( 0 ae 0]; 
0 0 aes 


the elements in each matrix being arbitrary, eee for the negative restriction 
that none of the matrices be singular. 
Tha matrices P, form a group (under matrix multiplication) generated by . 


1 m 0° 10m 100 
Tia (r) -( 1 o); Tis (m) = E 1 ) T's.(m) -( 1 o) 
i 001 001 Omi 
10 0 

01 
0 


md 9 
T(m) -( ) rom (‘ m o) 
00m 00m 


m arbitrary in each generator. Transformation of a matrix (æ) by T:¿(m) 
effects 1) adding m times the i-th column to the j-th column and 2) adding 
— m times the j-th row to the i-th row. Let lt; (m) represent this operation 
of transformation. Transformation of (a3) by Ta(1/m) effects: 1) multi- 
plying the i-th row by m and 2) multiplying the ith column by 1/m. Let 
tis(m) represent this operation of transformation. Transformation by T(m) 
effects no change. Then the group Ti = {tie(m), tıs(m), tao(m), taa (m) } 
(m arbitrary in each generator) completely expresses the transformations of 
(&;;) by the group P,. Defining T», - + +, T, in the same manner, we have 


T's = {ti2(m) - ta (m), tis(m)}; ı Ts = {tu (m), tee(m), (m), ta (m)); 
= {tsa (m), ta(m)}; Ts=T33 T=T; T= {tu (m), tz (m)}. 


We separate the matrices M(x) having a given determinant and a given 
a-section Mi (a, 0, 23) into sets such that the members of any given set include 
all the matrices equivalent to any single member under the group T; just 
defined, and +. Then we shall consider the automorphisms of f(x). Let 
> v be an automorphism of f(a). We have then f(z) = g(x) = mf(a’) 
and hence f(21, 0,23) = mf (2’1, 0,'2’,). Let M (a1, Za, 23) —> M’(a’,, 82, 2's). 
Then | W (a1, 0, £a) | = mf (a, 0,73). Now M’ (z, 0,23) may not be one of 
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the canonical w-sections M¿(w,, 0, zs). If it is not we can find constant 
matrices P and Q such that M” (s) —PM’(z)Q where M” (a, 0, 23) is one 
of the canonical w-sections. We say thas M(x) is replaced by M” (s) under 
the given automorphism. The sets of solutions including M (s) and M”(x) 
are in the same r-class, and, conversely, if two of the above sets of solutions 
are such that for no automorphism is zny.member of one replaced by any 
member of the other, then the two sets are in distinct r-classes. 

Summarizing, to determine the complete set of r-classes for l= 3, 
m == k = 3: 1) select a representative Írom each projective class of ternary 
cubics and determine its automorphisms; 2) determine a canonical set of 
aw-sections M;(«, 0,23) such that | M: (21, 0, 23)] = f (£1, 0,23) and the pairs 
of constant matrices P and Q such that PM;,(x,, 0,23)Q = Mi (a1, 0,2) ; 
3) determine the matrices (a;;) such thet | M;(2,, 0,24) + (tij) | = f (£), 
and separate these into sets whose members are equivalent under the pairs 
P, Q, and 7; 4) combine such of these sets as are equivalent under the auto- 
morphisms of f(x), this final combination giving the r-classes 3, 3,3 (and 
6, 8,3). We shall insist throughout that no «-section be of rank zero as that 
implies 1 < 3.14 


9. 1=3; actual determination of r-classes (3, 3,3). We shall now list 
the r-classes (8, 3,3) for each class or set of classes of. cubics, giving the com- 
plete computation in certain typical cases, and in others merely indicating 
the procedure. 

Class 1) f(x) = T,” —a,°x;. The group of automorphisms, A,, is gene- 





1 0 0 
rated by | 0 1/a 0 |. Here we use M, and M,. With M, we have equations 
0 0 a) A 
B, with d, = ds = de = (10 =0, Gg =—1. Equation 5) gives a, =0 and 
this in 4) gives loza, =— 1 whence Gzsđsı 76 0. Now supposing that we 


had a solution of equations B, with dz2 740, we would have after using 
tir(— 4g2/431) an equivalent solution w-th ay = 0. For 


G11 Gig dig 
(aij) =| 0 az das 
G31 Q32 Ass 


1 There is an obvious generalization of this paragraph for the cases l = 3, m = k 
for all values of m. But for m > 3 the difficulties of computation become very great, 
especially for the first of the four steps indicated. The methods indicated here will 
work not only for the GF[p], but for trilinear forms in any field. If, however, one is 
working in:an algebraically closed field somewhat simpler methods will apply. The 
author is now working on the 3, 3,3 case for the complex number field. 
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becomes 


0 Qog l Gog 
31 0 33 


i li Giz + (oo — 411) (32/1) ig + (GegMg2/As1) 
(u) = i ) 


Hence we lose no generality in supposing ag, == 0 in equations By. Similarly 
using ¢:3(— dss/ds:) we have a’;,==0. Then applying tss(1/as:) we have, 
in view of 4), a’3,==-1—a’zs. Then ts2(do2) tıs(— 022) gives a's = a's 
= Ya = #2 = 0. Substituting in B, we have: 


1) u=0; 2) —~4isds, = 0 whence tı = 0; 3) — t =0 


00 0 i 
giving (a;)=| 0 0 —1 | and representing the only r-class for 
- 10 0 E 
M(z,, 0, £a) = M. 


Now from M, we get equations B, with a, = 45 = az = dy = tho = 0, 
as = — 1. Substituting 5) ası = 0. and 6) — 42, — as: = 0.in 4), we have 
sa (033 — 011) = — 1. Hence a3,5£0. Operating with 


tie (— U33/032) * tes (— 433/42) 


we have 0 ¿g = 0, 0,1740. Now tig (— 012/011) gives a”, = 0 and B, becomes: 


1) a1 + Geo == 0 OF Qz = — tn; 2) Aril — Colas + Ay2lg2 = 0; 
3) — Ayıdaslge == 0, hence az, = 0; 4) Orts == 1; 
giving 
-/1/a 1/a® 0 
(aij) = m(a) =| —a 1/a 0]; a0. 
0 a 0 


Now we use the automorphisms of f(x), and r to investigate the possibility of 


./1 0 0 
m(a) = m(a’). The automorphism ( 1/a 0 } a 740, gives m(a) ~ m(aa) 


0 0 æ 


0 10 
Classes 2) and 3) f(@) == T° + 2%. —yuézo. For class 2) y= 1, 


T/10 ON | Cc: 0 1 
A, = 01 0}, |. —9c/4 —2c —3/4 | where c? ~— 1/3 +; 
L\0 0-1 —1 0 c i 


: 1 10 
and therefore the single -class given by m(1) a — 1 o) 
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and for class 3), y + square, a 


10 0 4 o 12 
A=- {01 0 |, | —9 —8 — 9 | where p= 6k + 5, y =— 3 p. 
i 0 0—1 4 0—4 


f(a, 0,23) = 2,3 and since there are terms in z,? in f(s) we must have 
M(0,0,1) of rank two; hence we need only consider M, giving B: with 
dy = 1, dg = — Yy, Os = Oo = Ug = ho = 0. There are for each of these two 


000 
classes of cubics (p + 3)/2 r-classes represented by m,(a) = (= i o) 


100 —ya0 
mía) Em(—a); and m = 000]. 
—y00 : 
Class 4) f(x) =P + az? + Tilts, a ~ cube, whence p= 6h + 1. 
Campbell +° lists this as set 4) giving a cubic with parameter « as equivalent 
to another with parameter al —k*« for any k. He failed to consider inter- 
changing the two tangents at the double point, which gives cubics with 
parameters a and @ in the same class if a = k°a?. But if « cube, any other 
not-cube in the GF[p] is one of the forms k’a or k'a? for some k. A, is 
100 

generated by {0 w 0 |, œ = 1. e? does not appear in f(x); so we have 
0 0 a? . 

cases with both M, and M.. From M, we get the single r-class represented 


0 0 —«a 
by n(-: 0 0), and from Mz the (p—1)/2 r-classes represented 


01 0 
0 0 —a/a(1 + a) 
by me(a) =| —1--a 0 0 , a#0,—1; mala) Em. (—a). 
0 0 0 


Class 5) f(a) = z + an? + Tts + 82t, p=6k +5. A is gene- 


1 3 0 

rated by — 1 1 0). Campbell’s result differs some- 
(a, (—30—9)/4 >) 

what from this due to a mistake in calculation. On p. 851° the flex equation 

should be yac? — 8c? + 3y?ac — y = 0 instead of yac? + 30? — By?ac— y =0 

as it is there. Then his conditions on « and p that the set exist become 

— (3/y) = square or since y +4 square; — 3 square, p = 6k + 5; and 


15 Loc. cit., p. 35. 
18 Loc. cit. 
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a (E) for any Bin the GF[p]. ¿Since y is any particular not- 


square we take y =— 3.) Further 1 + ay*/?, a 40, is a cube in the GF[p*] 
for only (p —5)/3 values of æ. The other (2p + 2)/3 will not give cubes 

. 2 — ' 
and are therefore not of the form 8 (E=) 

98?— i 
The reducibility of g (z, a”) = ys? + 3y?a”x +32 ya”, a = E wee i 
Pp 
is the condition that f(w, a) be equivalent to f(s, + «’) i.e. if using either 
one of o” and — Y” gives the cubic g(z,«”) reducible, then f(x, «) is equiva- 
lent to both f(a, a”) and f(2,— «). But the reducibility of g(z,«”) implies 
; a 
=p (E=) for some 8. That is, a” is one of the set B of (p -+ 1)/3 
numbers (including 0 and oo) giving cubics f(x, a”) with flexes; conversely, 
: e ro g —a E a” — a 
if @” is any such number, from a” = ee have a’ = po where 
f(a, a’) is equivalent to f(s, «). As a” takes its (p + 1)/3 possible values, 
a” takes (p + 1)/3 distinct values (including «). Now if — a’ is not in this 
set for each (or any) « we have (2p + 2)/3 distinct numbers giving equiva- 
lent cubics f(x, +0). But the set A of numbers « giving cubics f(a, a) 
- without flexes contains just (2p + 2)/3 numbers. . Hence, in this case all of 
the cubics with acnodes but no (real) flex points belong to one projective 
class. We shall show that — o” and o’ are never in the same set defined by 
wf i 

api for fixed « in A, a” varying, as above, in B and hence that there 
is always just one class. 





PE ld 
Foz suppose that of = ag nd —a= A a” and p” in B. 
Then 
H 24 
E G + 77) 
Sl: a 
( + 77) 


which implies that 20/(1 + «%y*) is in B. Further since « can be taken as 
any one of the (2p + 2)/3 numbers in the set A, 2a/(1 + a”y*) must be in B 
for every « in A. Buta=2%a/(1-+ a?y*) cannot have more than two solu- 
tions a for any a Hence as « takes every value in A, 2a/(1 + a?y*) must 
take at least (p + 1)/3 distinct values, and being always in B must fill it. 
But since 0 is in B this implies 0 2a/(1 + æy’), or a = 0 or a == oo for 
«in A. But 0, œ are not in A, giving a contradiction to the supposition that 


¡$ 
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of and — a’ had the above representations, which completes the proof that all 
such cubics are projectively equivalent. f(s, 0, Te) = T1? (£, + Ts) so we 
need to consider both M, and M, From M, we have the single solution 


013 ' = 
m = (- 30 ) and from M, the (p+ 1)/2 r-elasses given by 


100 
ge a? 
ad ge E 
m2(a) = 0 «a 3a? |? tm, (a) = m(— a). 
1 0 0 


Sets 6) and 7) f(x) = 2,(%, — 22) (a, — a0) — ya; y = 1 


10 01 1-1 ON 
(set 6), y>Asquare (set 7). As = A; = 01 0),[0—1 0 
0 0 —1 0 0 v—1 


1o0 
if « = 1/2, ( o ) (wo? = 1) ifo?—a—1=0 p. Here we need only con- 
, 000 ¡E ; 

, —1—aua-—oa b —b?/a 
sider M, giving the solutions m (a,b) = 0 a —b where 
— 0 0 
b= (— a/y) («+ a) (1 +a) and of course values of a for which b would not 
be real are discarded. For all values of a, m(a,b) = m(a,-——b); if a = 1/2 
and p = 4k + 1, m(a, b) > m(—1—a,b). If #2 —a+1—0, 
m(a,b) + m(oa+,b). Aside from these cases any two values of a for 
which b is real give distinct r-classes. 
Sets 8) and 9) f (£) = £1 (01? —az,t, + aay?) — yLatz?, a? — 4a 4 square, 


10 0 
y=1 (set 8), ys square (set 9). a (o 1 o) } We have 


0 0 —1 
` —a—ab —b*/a 
only M, to consider giving the solutions m(a, b) = 0 a —b |, 
—y 0 0 
yb? =—a(a? + «a +a), m(a, b) > m(a,—b). There is a r-class for each 


a giving b real. 
Set 8a) (two classes) f(s) = T, (2? — a2?) — TT, a=y or 1/y, 


i 10 0 1 0 0 
y>“square. (Campbell omits this set.) As =- [01 0] {0—1 0 q 
l 00—1/ \o ov—i 


—ab &—a 
The r-elasses are given by m(a,b) = Oa b y  ——a(a—a), 
i —1 0 0 i 


10 
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with m(a, b) I m(a,—b) and if —1=square m(a, b) "m(—a, V— 1b) 
Otherwise values of a for which b is real give distinct r-classes. 

Sets 10) and 11) f(T) = 2? — axa," + aay? — ytt, y—1 (set 10), 
y > square (set 11). Ay = An = As. The r-classes are given by 


—ab (a —a)/y 
m(a,b) = 0a —b ‚y®=a—oa-+o, m(a,b) Tm(a,—b). 
—y0 0 
Set 12) f(a) = m? — ax, — 2323”, a4 cube. 


10 0\ /w 0.0 
Ai, = 0 1 0 > 0 1 0 (wo? =1) a 
00—1/ 1001 


—a b a? 
The r-classes are given by m(a,b) -( 0a—b ) b? =0a-—a?, where 
—10 0 


m(a,b) = m(va, — b). 
Sets 13) and 16) f(u) = 21° — 2203? + ax Lg. 


w 0 0 a 0 0 — g? 0 1 
Ars == 010]|(u=1),0 : 0 —1], 0 o 1 ; 
001 : 0 — a 0 0 — g af 


Ax, same as As except that there may be additional automorphisms obtained 
by taking for 2’, = 0 any other line of flexes. (Such transformation will give 
either automorphisms or equivalent cubics in the same form but with different 


—ab a? 
values of a). The r-classes are given by m(a,b) -( 0a ~ia) 
b + ab + aë = 0, where the two roots 6 for a given a give equivalent solu- 


tions, and m (a, b) ~ m(oa, b). 
Sets 14) and 15) f(x) = t, + 222; (2, — ate 





Za). 


10 0\ 1 0 0 
=| 0 0 1/29], | 1/a —1 — (1/8) l. 
0% 0 0 0 1 


Ais = Áı, plus automorphisms that might arise from taking for a, =0' 


another of the twelve flex lines. Campbell’s discussion as to values of a giving 
“set 14), ie. just three real flex points, is incomplete. He gives!” sufficient 
but not necessary conditions on «a, and makes a numerical. error in the 
calculations that he does give. He solves z = ay + bz simultaneously with 


17 Loc. cit., p. 43. 


¿0 
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f(a, 9,2) = az? + vy (z — s — y) = 0 and requires that the result be a perfect 
cube. This gives a rationally in terms, of b and c where b? —6 + 3ac — 0 
and c is airoot.of 3e® — ®—3c—3—0. The discriminant of this cubic 
is a square multiple of — 3. Now if a and b are real the curve f(a, y, 2) = 0 
has four, and therefore nine, real flex points. But then there must be six 
distinct real’solutions b, which implies that the cubic in c has three real zeros. 
But the cubic has three real zeros only when — 3 == square and « is of the, 
form (c? + 3c + 3)/3c*.18 Otherwise, i.e. — 354 square or — 3 == square, 
a Æ (c? + 3c + 3)/3c*, the curve f(z, y,2) has just three real flex points. 
The representation given above is readily derived from this one. The r-classes 


—a b a — b i i 
are given by mía, b) > a reinen the two 
—10 0 ‘ 


roots 6 for a given a giving equivalent r-classes. 

Sets 17), 18), 19) f(x) =zı?0 + 2,22? + avery? + aye, + bET, 
a—-1,b——£ (set 17);a=0,b=1 (set 18); a=b=0 (set 19). For 
sets 17), 18), and 19) the computations involved in determining the classes 
and then the complete group of automorphisms seem too involved to be worth 


0a0 i 
doing. For sets 18) and 19) we list the automorphism 00 z) and for set 


100 100 
19) the further automorphism { 0 w 0 |. The +-classes for set 17) are given 
- 00. 
—ß —b/a—1 . —ab—1—B 
by m,(a,b) =| —a 0 b š 
i 1 a 1 


(ab) a? + (a + aß + Bb)a— (1/a) (a + b)? = 0, the two roots a for given b 
1 —b/a ”) 


giving equivalent solutions. For set 18) m; (a, b) =| —a 0 b 
1 a 0 j 
(ab)a? + (a — b)a— b?/a = 0, the two roots a for given b giving equivalent 


0 —b/a —ab— 1 
solutions. For set 19) ms(a,b)=| —x 0 b 3 
ik 1 4 0 
(ab) a? + aa — b?/a = 0, 
the two roots a for given b giving equivelent solutions and also 
me(a, b) — m: (wa, wd). 


“LE Dickson, Bulletin of the ica Mathematical Society, vol. 13 (1906), 
pp. 1-8. : 
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Class 20) A cubic without real points. L. E. Dickson ?® proved the 
existence of such cubics showing that they were all conjugate under the 
collineation group and that each such cubic consists of tliree imaginary lines. 
We give here another proof of the existence of cubics of this class. 

Consider any binary cubic F(z) = t? — U3,’ 8a — 420,22? — Agt? be- 


01.0 
longing to and irreducible in the GF[p]. The matrix T = ( 0 r) has 
G3 üz Gy 
for its characteristic equation —F(z,1) =0. The matrices in the GF[p] 
permutable with T are all powers of some matrix whose characteristic de- 
terminant is a primitive irreducible cubic, and of which T is a power? 
This can be seen by transforming T into the irrational canonical form 


'p 0 0 ` 
T* = | 0 p? 0 ] where pis a root of F(x,1) =0. Ifo is a primitive mark 


00 pr oc 0 0 \n 
in the GF[p*] we have p=0". Then T*=|[0 o 0 | and is therefore 


00 oF 
a0 0 
permutable with the powers of T*¿=| 0 o 0 |. There exists a matrix S 
0 0 oF 


such that To = S“T*,8 is in the GF[p]. Then ST*S is likewise in the 
GF[p] and has for its rational canonical form, T, and so there exists 8’ such 
that 8’1(S77*8)S’ =T. Then the p? —1 distinct powers of ST¿8” are 
permutable with 7. We complete the proof by showing that there are just 
p? —1 matrices permutable with T and will further exhibit their form. If 
(ai) T = T (ai;) we have 


Asis Xia + oig Qis -F Q103 
Azdoz Xor + Agog Aza + Aras 
Gg0%g3 Xar + logs Aaz F Maas 


Gor Goo Gas. 
= Q31 Ose G33 
g11 F Aoao, + Msi GaGa + aga + Maso Agis + org + Ars 


giving (aij) =%:1 + o27 + 0:7”, where the «ıs are arbitrary (in the 
GF[p|i. There are just pP —1 such matrices and they are therefore the 
p? — 1 powers of the matrix ST oS. — 

Ncw consider 


19 L. E. Dickson, Bulletin of the American Mathematical Society, vol. 14, ser. 2 
(1908), pp. 160-169, ; 
20 Compare with Jordan, Traité de Substitutions (1870), 128 ff. 
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A 1) ‘ 
f(a) = | ef + aT +27 | = 22 + 005%, — 090,07 + 003° 
. + 0,03% — Ag lg Los” + ago? + (202 + a2) 21205 
+ (a2? == A143) 21%? + (— 3a3 — 4107) T,¡T¿Tg. 


F(T Ta, 3) = 0 implies x = tz = T; = 0, for otherwise some power of a non- 
singular matrix would have a zero determinant. 

Now suppose that F(x) is primitive. Then M (s) =a, + tT + 2,7 
gives a form whose determinant is the imaginary cubic. We now search for 
the general solution of | ul + 2T + 23(2,;)| =f (x). We get the following 
equations, Ba: 


1) 011 + Gaz + las = Ra, + a? 3) | Qi | = (ig? 
2) Ayıllaa + (11033 + Agollgg — Urolto; — Aızlisı — Aoghg2 == a? — dts 
4) — lols + Ugglg1 + Gills, — G114g2 + Uglyaoz — Mglighe2 + Ugg ar 


— llls + 0111032 — 0-1 9091 == — lzäg 
5) ar + Ashlie + Ugaz — Mody — O 091 = 0103 
6) Arloz — Oleg — Ugo — Oo, — aglis = — 33 — Uy a. 


Now eliminating ss, @s2; ası from 2), 3), and 4) by means of 1), 5), 
and 6) we have three conditions remairing, two quadratic and one cubic, 
on the six elements of the first two rows of (ai). We cannot have 
411 = h2 = Gig = 0. For any other of the p° sets of values for 4,1, 412 and 
@s we have at most twelve solutions of 2), 3), and 4) in do, des, and deg and 
hence at most 12(p* — 1) solutions for the system of equations. 

Now let A = (aij) represent any solution of Bs not a power of T. Then 
T-a (2,1 +T + 2,4) T* gives an equivalent solution (2,1 42.7 +2,T-*AT*). 
Since A is not a power of T' and since A belongs to'the exponent (p° — 1) /2 
(having the same characteristic polynomial as T?), the equation TAT“ = A 
implies a == k(p? + p-+-1). Hence the solutions A, not powers of T, can be 
grouped into sets of p? + p + 1, the members of ia set being in the same 
r-class. 

Now if A is a power of T, say A = T°, since it has the same characteristic 
polynomial as T? we must have A = T°, T? or T*”, for if a matrix P has an 
irreducible characteristic polynomial the orly ones of its powers conjugate to it 
(i.e. having the same characteristic polynomial) are P”, B=0,1,* - 

(00a; 
Now it is readily verified that 7’ = (: 0 r) is an automorphism of f(x) 
Cla 
replacing f(x) by azf(x”), and our solution by 


(2, T + 2.4 + ¿(al + aT +04A)). 
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Now multiply on the right by T> giving 
(aT + ATA 4 [a T? + aA + 4,AT+]). 
Now 
| aI + tT | = | aI + AT2 | 


so if A is a power of T, AT must be conjugate to T and hence AT == 

T? or TP giving A = T?, T?* or Tr, -This combined with the above restric- 

tions on A gives A =T”. f 

= Hence, we have at most pad Vso ee 12(p—1) r-elasses with the 
i P+p+1 : ei 

determinant f(x). Od these we have proved the existence of at least one. 

It is worth mentioning here that the scheme of classification being 
followed gives complete results in all cases save sets 15-19 (where we listed 
all possible’ solutions but could not prove them, all distinct) and class 20 
(where we have been unable to. list all possible solutions). 

Class 21) f(x) = 2? + 2,224, gives M, and Mo. (We shall not list the 
automorphisms for the reducible cubics.) The r-elasses are: 


000 001i\ 
m =| —1 00]; Mm, =| —1 0 0 
; 000/ . 000 
from M,(a1,0,%,) and y 


0 0. oH. e 
ma(a) =|a 0 0) a(a+1) 40, ma(a) > mi(—1—a); 
‘\O —1—a 0 


004 E 
mala) =| —1 0 0], a540, m¿(a) ~ m.(ada) —m(aa?), 
000 3 


a arbitrary, from M2(a%41,0,%3). | .G 
Class 22) f(z) = 2 (0° — T? + ey The r-classes (all from 
M, (T, 0, £a) ) are: 


+ 


E 


01 A E 
ine) =| 00 —y], mı(a) > m, (—a), m (a) — m, (a) 
01 0) * : = 





where Pa ; 
‚_ _ be + 1)a— (2e—1) (¢ +1) ae eee 
TRETEN) Re + 1)’ Nee 
00 0 0 matar E 
m, =| 0 0 —y |; ms(a) = A 0 á , mala) ~ m (— a). 
01 0 ; | 


1 —a 0 
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peri 
b(2e-+1) 


` Eliminating b, from this and yb? = P 1 we get the cubic equation 


The values a such that m, (a) — m,(0) are given by a = 





C) e —¿c— 1 c+ = 0. For m,(a) ~m,(0) it is necessary and suffi- 
cient that C) have a root c such that & is real. The discriminant of C) is 
2 12 > : ` 
(— 3y) pe] . If itis a not-square i. e. if — 3 = square (p = 6k -+ 1) 
C) will have one and just one real root, c, for every-a 4 0, a and —a giving 
the same root.” Then the values of a for which b is real and different from 
zero ?? will give p— 1 values a=£0 for which m,(a) ~ m. (0), © and therefore 
just one r-class for p == 6k + 1. 
If m, (a) —m, (a) for more than one value of c we have 
b (20 + 1)a— (20—1) (+1) _ V (20 + 1)a— (2e —1) (e’ En 1) 
(e+ 1) (2—1) (@/y) —bRe+1) ADD) — 020 +1) 


‘ 





which implies : 
oiy (2e—1)(e +1) _ 2—1) ("+ 1) 
b(2¢ + 1) . BP (2e + 1) 


or in other words that C) shall have two and therefore three real roots. 
Furthermore it is evident that if c, b, and c’ are real, then b’ must also be 
real, and hence that if C) has three real roots. either none or all of them give 
b veal. Thus for —3>£ square the (¢—1)/2—2 values of c aside from 
+ 4 for which b is real and different from zero will give (p —5)/3 distinct 
values a3£0 for which mı(a) ~m,(0). For a0: c=1; c=—¿, 
b = + V— 3/4 give m (a) ~ m(— Ye), and c = — 1; c = 4, 
b = + V— 8/4y give m (a) ~m,(—2). Now suppose that & is not one 
of the (p—2)/8 values a (including G) for which m, (a) —m,(0). Then 
the above mentioned (p—-1)/2—2 values of c for which. 6 is real give 
(p—5)/8 distinct values @ which with — 4 and y/— 4 give 


(p—5)/3+2=(p+1)/3 
‘values a for which m,(4/) —m,(4). Since , 
(p—2)/3 + (p + 1)/3 + (p+ 1)/3 =p 


there are for p == 6k + 5 just three r-classes given by the solutions m, (a). 


21 L, E. Dickson, Bulletin of the American Mathematical- Society, vol. 13 (1906), 1 ff. 
- 22L, E. Dickson, Linear Groups, Chapter IV. 
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Class 23) Fe) = 21°G, + Tto The r-elasses (all from Me(z,, 0, 23) 
are given by 


000 000 
mi=|—100]; me =| —1. 0 0]; 
000 010 
000 0 — 1 — i 
mMm, =| —1 0 04; mMm, =| — i1 0 1 
100 1 1 0 


Class 24) f(x) = 2182s. The r-classes are given by: 
2,0 0 12,0 0 Tı 0 Za 
(1) C a, 0 |; (2) 0 za Za |; (3) 0 za m |; 

C 0 2 0 0 z 0 0 z 


\20 Ta 


Ti 0 0 Ti Tg 0 
(4) [0 mam j; (5) 0 00, Tı |, %A0,1;aand (1—a) 


(1—a)tz 0 % 


giving the same r-class; 


Tı Tz Ta 
(6) 0 de m |. 
0 0 z 


Class 25) f(x) = T123 — y2 Te, y square. The r-classes are given by: 
0 

ma = 1 

0 


—a 0 0 
mz(a) -( 04 e=} miska) ~ m,(—a), from M,(21, 0, a). 


oon 


0 Oy 0 
0); and m2z=|[ 1 0 0] from M,(z,, 0,25) ; 
0 100 

and 


10 0 


Class 26) f(z) = 2,(%, + 23) (2, — z). The r-classes (all from 
M: (a, 0, £3) ) are given by 


23 For the computation in this class we used f, (7) = x w, (7, + @,) and then trans- 


formed the results back to f(x) = 20,2. 


e 
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Class 27) f(a) = 21 (2, æ- yz), y 3 square, We have two r-classes: 


00y\ | 000 
m, =| 0 0 0 |) from M,(x,, 0, 23), and m2 =| —1 0 y | from M2(2, 0, 24). 
100 í 010 


Class 28) f(z) = x, (£1 + 22). The r-classes are given by: 


000 i 001 
E m¿=| 010]; Mm =| 010]; 
i 000 000 
00y 000 
m9== 01 0]; Mio =| —1 1 0]; from M,(z,, 0, 23). 
000 010 


Class 29) f(a) =x,?. The r-classes are given by: 


001 col 000 
m, ={0 0 04; me =| ( 00]; ms =ù{ 0 0 0]; 
000 C10 100 
from M,(x,, 0, v3); and 
000 
Mı =| —1 0 0 
010 


Class 30) f(x) = 2,3 — agız? + ar? an irreducible cubic.2* There is 
no r-class from M, (Tı, 0,23); from M2(21, 0,23) we have the single r-class 


0 0 — a 
given by m, ={ —1 0 —a ]. 


from. Ms (21, 0, Lg). 


01 0 


2! Campbell's class 31) is included in class 30). 
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In treating-f(z)==0 we may obtain forms F(s, y,z) which have 1= 3 
but one or both of m and & less than 3. We may in such cases suppose m Z k. 
No such case will give a group G with 1 — 3, m = 3, k = 3, but it might give 
a group G with l= 6, m = 3, k=3, The groups @ for k < 3 have been 
classified.” Interpreting these results for the forms here under consideration 





l Bo Tı Ta Tz .. 
we get: for 3, 3,1 one r-class represented by ( 00 which does not give 
000 
a group G for either 1=3 or i=6; for 3,2,2 two r-classes represented by 


00 0 000 
from those for M,,: : >+, M; and Mio (87) by interchanging the variables s 
and z. 
For l = m = k = 3 we list the following: 


0 Tı Ta . Tı Ta Lg 0 % Ta 
MOV (z) =| 2, 0%) M(t) —=[a.0 0) M(x) =( 2,0 0 
La — 2 0 zz 0 0 00 


M(x) has v x-sections of rank one, v = 0, 1,2, and the three r-classes are 
therefore distinct. We now show that these are the only such r-classes. If 
‘ M(x) has no z-section of rank one and |M(z)|=0, M (£, 2,0) may evi- 
dently be taken as Ms, My or Mio for l —2. If 


E co 0 
[Ms] : || ya 2, 0 + (a1;)23| =0 


Tı `£ 0 Lı Ta 0 i 
0 2. 0 Jand| zz z 0 ]; for 8, 3,2 we get eight forms which can be derived 


00 0 
we may by the automorphism 2; = (11% + %; Y2= 019%, + 2, obtain 
di = 013 = 0. Since vTr, cannot appear diaz = 0. For sit? and zeta? not to 
appear we must have 42343: +4 Gis@sx = 0 and YAıslea + Mzglls, = 0 which 
requires (since y 34 square) either a3 = 433 = 0 Or ası == dg. == 0 both cases 
being excluded as they give a row or column of zeros. If. 


%ı 22 0 i 
3 [Mo] : 0 Dy La + (455) 23 =( 
: 00 0 


we may as before suppose das = dog = 0. Then from the terms in 2,7, 27s, 
and 205%, we get das = azı = lsz = 0 and hence.a zero row, which excludes 
the case. If 


25H, R. Brahana, American Journal of Mathematics, vol. 56 (1934), pp. 490-510. 
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a0 0 - 
[Mio] gr 0 Ly Le I+ (453) Ls == 0, 
00) 


we may supposegas—=4,==0. Then the terms ina, ands’; give d33—=Gi2 = 0, 
and the one in 2,0% gives 43 = — Gy. Then | hij | = — (13071 = 0 gives 
Qo, = 0 for otherwise M(0,0,1) is of rank one. Now let 2’, = 41323, giving 
@y3 = 1. Then the terms in 2,23? and 2,23 give 411 == (31 == 0. Interchenging 
the first two rows gives M (2) representing the only r-class with no x-section 
of rank one. 

A similar consideration of M,,, Mio, Mis, and M, shows that MY and 
M“ represent the only other r-classes with f(z)=0 and actually belonging 
to the case (3, 8, 3). 


10. Uniqueness properties of r-classes corresponding to groups 
G(l, 3,3). We have in sections 4-9 determined the 7-classes (1, 3,3), 
i= 0,1,2,3 which derivation carries with it, as we have seen in section 3, 
the classifications for l= 9,8,7,6. The case 1=4. would involve among 
other things a classification of quaternary cubic forms and will not be treated 
here. i 

In section 2, we saw that certain groups @ define more than one r-class. 
But a group G is completely defined by a single r-class g. Hence the possi- 
bility of defining G by a second r-class g must be property of the r-class g 
itself, entirely aside from its relation zo the group. This, indeed, is merely 
another way of saying that a collection E of forms is defined by any single 
form in it. 

Suppose that the r-class g defines G with generating subgroups J ar U 
with the required properties (81). In looking for generating subgroups 8’ 
and U’ of G which might define anothar r-class yg” we need not consider sub- 
groups obtained from S and U by means of operations under which the r-class 
is invariant, viz. isomorphisms of @; new choices of generators in S, U, and 
K;and 7. The generators of $” and U’ may be written in the form r#uvs® 
where we may, by means of isomorphisms of @, drop the r”. Suppose now that 


Sl = {yy 52 Ps pres gary and TV famosa, TEN agen? gS" 


gives the r-class g’. The changes induced on the variables and coefficients 
‘of the trilinear form will take a form in g into one in g’. The induced change 
‘will therefore be a linear transformation on the variables y and z taken 
together, and of such a nature that the derived form is still linear in the new 
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sets of variables y and 2’. Then the problem Stated in terms of forms alone 
: (1) under what circumstances will transformations of the form: 


m x : 
yı= 2 diss + È iimis (t= 1,2,- > :,m); 
j= j= 
A m Sek E 
Zi = Y Qism, iYi + X, Gim, jami, (i s=1,2,°°°; k), 
ja ja i 


where (a;;) is non-singular, replace a given, trilinear form in variables 2, y, z 
` by another trilinear form in variables z, y”, 4? (2) under what circumstances 
when (1) is possible will the derived form belong to a different r-class from 
that of the initial form? We shall not attempt to answer these questions in 
general but will examine the 7-classes (1,3,3) and answer question (2) for 
them. As an aid in this we introduce the concept of separable groups (ond 
forms). 


Derinirion. If generators of a group G(l,m,k) can be chosen so that 
riy=1, (t> m,7 S kı) and (tS m, j > kı) we shall say that G is separa- 
ble into the components 


G = (us, ty Um Si) ° Sig} and Go {tngers* Um Sixty‘ * * > Se} 


The groups G, and G, are also groups “ G” and may themselves be separable. 
If so we may continue the separation process until we have in @ the non- 
separable or inseparable component groups Gi, Ga, : +, Gr no two of which 
have in common operators outside the commutator subgroup, and such that 
G == {G Ga +, Gr). Such a separation will be called a complete separa- 
tion of G. 

The separable groups (l, 3,3) are equivalent to the following three: ' 


Til 1 1 À Tii i i 1 Tie Tis 
Go == 1 T22 1 3 GO =, 1 192 Tas b Ga =| Ya 1 1 > 
1 1 7a 1 7 133 Ye 1 1 


where the r;; may or may not satisfy further relations. 

Given G = {$ı, S2, $3, U1, Us, Ug} and a 7-class g defined by this representa- 
. tion of Q we ask if there can exist subgroups 3 and T in G satisfying our 
hypothesis for generating subgroups ($ 1) and such that the r-class g’ defined 
by the representation G = (3, T') of @ is different from g. This might be 
possible for some r-classes and not for others. If 3 is of order p” and T of 
order p we must have m + kh’ —6; for m+-k-+-1 and J, and therefore 
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m + k are invariants of G. We may express any generator of 3 or T as r*u¥s* 
where, as we have seen, we lose no generality in suppressing the 1”. 

First suppose that %(0,, 02,03} is 0? order p*. Then T = {yı ya, ys} is 
likewise of order p°. Let oj ug; y = ut Sh; i= 1,2,8. Now if 
the s” generate S we may write a) G = {3, U} and the commutator structure 
_ will remain unaltered since ws? has the same commutator as s* with w. 
Similarly if: b) G=(T,U), c) G={S,3} or d) @ = {8,T} there is no 
change in the defining relations. Any change in the +-class then would have 
to come in the second step when the other of the new generating subgroups is 
introduced. Given G.== (3, U} we may express the y; in terms of the generators 
of 3 and of U, thus having the problem: given (+= (8, U} to find T so that 
G={8,T} etc. But then the u7” mus; generate U and the 7-class remains 
unchanged under the replacement. 

The, only case then that we need consider is that in which none of a), b), 
c), d) above are possible, i.e. 3 and T 2ach contain at least one operator in 
common with S and U. By new choice of generators in the four subgroups 
we may suppose 3 = (s,, ws", us}, T = {Un uY's”, so). We first require that 
G be non-separable. Now one of ze and 22 is different from zero. By at most 
change of notation, we may suppose Z: = 0. Then a new choice of generators 
gives s* = $} Now for 3 and T to be abelian we must have T13. = Ty = Tg = 1; 
If y's 34 0 we have also 723 = 1 and @ is separable. Hence, we suppose y’, = 0. 
Then z242 0 since 3 and. T generate G. But this gives 112 == ra, = 1 and 
G is again separable. Hence, if G is nen-separable it can belong to only one 
r-class (l, 3,8). ne 

Next suppose 3 of order p*. Now if (s*”) — 8, some operator from U 
in X would be permutable with S contrary to hypothesis on G. Hence, we 
may choose generators in S, U, and 3 so that X == {s1, S2, Us, ue}; which 
requires u = ta = Ta = 22 = 1. Now let T == {uvse™, se}. Since 


ys? ys 
20 ya 





G = (3, T} we cannot have 





= 0 so we may suppose ul’ == ug 


and then ya = 0, s¿% 0 and by new choice of generators we may suppose 
T == {u,s®®, uv Ps) where 2, — ys = 0. Hence rs, = 1 and G is separable 
and isomorphic to one of the groups 7, listed above. 3 of order p* is 
evidently impossible for G separable or inseparable. 

Now consider G separable. The groups G® as we have just seen can be 
defined by r-classes (1, 2, 4) and hence cannot be isomorphic to the groups GY 
and (GP unless they can likewise be thus defined. But in neither G nor ` 
G® are there pairs of permutable subgroups of order p? one each from $ and 
U. Further the groups G“ are the only ones which would be found among 
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the groups G (l, m, k) for two different solutions of m + k = 6. These groups 
were classified by Brahana.** Since there.is at „most i one Tess for each value 
of 1, the groups G present no uniqueness problem. 

' The groups G and G® are readily distinguished by various ee 
(characteristic subgroup structure etc.) and so none of them can be defined 
by two different 7-classes. Our conclusion then is that except for the three 
groups (GP for | == 2,3, 4 each group G(1,3,3) defines just one 7-class. 


11. “Deep -lying nature of group theoretic properties derived from 
trilinear form invariants. For an interpretation of some of the form in- 
variants in terms of the groups suppose that 1,,* +, generate K and that 
wiss; =11 rs. Now we ask conditions on z so that s* will be per- 


mutable with some operator in U. For this it is necessary and sufficient that 
the commutators of s* with u,,* * `, Um generate a group of order less than p”. 


ee z . ts 
u; and s? have the commutator TI +,7%*%. Hence, for these commutators to 


h 


be related we must have 2 ‘such that the matrix M: = ( > Gnij2;) with m rows 


and l aldis be of rank less than m. For 1 < m this is true for all z For 
I = m == k = 3 we have as our condition | M; | = 0, i.e. z is a point on the 
z-cubic related to the form. It will be permutable with uY where y must be 
on the y-cubic. If M, is of rank two s* will be permutable with just one 
subgroup w”. If Me is of rank one's? will be permutable with a subgroup of 


order p? in U. If no z-section is of rank less than three evidently no y-section * 


could be of rank less than three, for if so some w” would be permutable with s* 
and hence M, would be of rank less than three. But M, is symmetric in z and 
y. Hence, if | M, | = 0 is a cubic without real points, then f(x) = | Ma | = 0 
is a cubic without real points and conversely. So for m == k = l = 3 we have 
as a necessary and sufficient condition that no operator in S be permutable 
with any operator in U that f(x) be the “imaginary” cubic. (Class 20). 
Proceeding similarly we could obtain numerous theorems of this character. 
However, from the complexity of the considérations involved it seems unlikely 
that we will be able to express in ordinary group theoretic terms the non- 
isomorphism of many of the groups which we have ‘proved non-isomorphic 


by the above.algebraic considerations. For instance, consider the two groups . 


defined by the matrix 


Tı Tg 0 0 0 0 
Ma(z) =|.0 ‘a a, |/+afa - 0 0 
00 a 0 —1—ao0 


A i , 
26H: R. Brahana, American Journal of Mathematics, vol. 57 (1935), pp. 645-667. 
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for two values a, and da of a, ai #0, —1; tı +42 +4—1. We have proved 
that these groups G, and @, are non-isomorphic. Let us review the properties 
which these groups have in common. They are metabelian groups of the same 
order, p*; both conformal with the abelian group of order p? and type 
1,1,1,-- :; each contains maximal invariant subgroups of order p° which 
with an abelian subgroup of its group of isomorphisms will generate the whole 
group. Generators of G, and G, can be so chosen that the totality of opera- 
tors s* permutable with operators in U is the same in each case and also the 
totality of operators w” permutable with operators in S is the same in each 
case. In both groups every commutator different from identity is of the first 
kind and extent two. Furthermore the subgroups are the same in the sense 
that if we consider all of the subgroups of G, isomorphic to a given one there 
will be the same number of subgroups in @, isomorphic to the named one. 
The quotient groups are similarly related. The difference between the two 
groups lies in the different arrangements relative to each other of the sub- 
groups. 

This situation is somewhat analogous to the projective classification of 
sets of five (no three collinear) points in the plane. Two such sets may be 
projectively non-equivalent and yet the subsets of the two are projectively 
equivalent. ' ; 

A complete classification of the groups G then from a group theoretic 
standpoint must involve the introduction of new group theoretic conceptions, 
perhaps an extension of the “type” anc “extent” defined above. 
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- BIHARMONIC FUNCTIONS IN ABSTRACT SPACES:* 
By A. E. TAYLOR. 


1. Introduction. In classical analysis there is a remarkable parallelism 
between the theory of analytic functions of a complex variable and the theory of 
harmonic functions of two real variables; the source of this relationship lies in 
the Cauchy-Riemann equations. When we consider analytic functions of n 
complex variables there is a corresponding parallelism with a class of functions 
of 2n real variables. This class is usually designated by the name biharmonic; 
it is much more restricted than the class of solutions of Laplace’s equation in 
2n dimensions. In fact, a biharmonie function of %,,:**, En, Yrs? © "> Yn 
satisfies the system of n? equations.» — 


Ou Pu Pu Pu 


(1) 0Lp0Ly 0Yu0Yv = 02p0Yy N Oxcvdyu = 


It has been shown elsewhere that the Cauchy-Riemann equations may be 
generalized to meet the needs of the theory of analytic functions on one normed 
vector space to another.? It is the purpose of this note to make the natural 
extension of the notion of a biharmonic function which is suggested by the 
` generalization just mentioned, and to prove a fundamental theorem pertaining . 
to such functions. As an illustration we consider real-valued biharmonic 
functions of the doubly infinite set (a1, %a,* * *5Y1,Y2,* * *) Where each of the 
sequences £ = {2n}, y = {Ya} is taken to be a point of the Hilbert space (l2), 


00 
that is, > | a|? is finite, and similarly for {yn}. 
1 


2. The Cauchy-Riemann equations. Let E, E’ be real, Banach spaces. 
With E we can associate a complex space #(C) of couples of elements from E. 
If (x=, y) is such a couple, and a, b are real numbers, we define 


(21, Y1) + (2, Y2) = (8ı + 22, Ys + Y2) 
(a + ib) + (a, y) = (ax — by, bx + ay) 
l(a, yl = Cle [? + ly 19%. 


* Received September 28, 1937. 
1W. F. Osgood, Lehrbuch der Funktionentheorie, vol. II, 1 (1929), pp. 22-23. 
2 A, E. Taylor, “ Analytic functions in general analysis,” Annali della Reale Scuola 
. Normale Superiore di Pisa, (in press) $8. We shall refer to this as paper (A). See 
also Comptes Rendus, vol. 203 (1936), pp. 1228-1230. 
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Two couples are regarded as equal if and only if their corresponding members 

are equal. If we write x. for (2,0) we may also write (x, yy =«-+ iy, as 

_ with complex numbers. We shall denote x + iy by the single letter z. Clearly 
E(C) is also a Banach space (complex). ‚In.a similar fashion we construct 
B(C). 

We may also form a real space of these same couples, ‘defining the product 
a(z,y) only when a is real: a(x, y) = (ex, ay), and norming it in the same 
way. This space, which we denote by £*, is likewise complete; as a metric 
space it is indistinguishable from E(C). 

Let f(z) = fi (x,y) + ife(z,y) be a function defined on an open set D 
of E(C), its values being in E'(C). It is said to be analytic in D if it is 
continuous there and possesses a variation at each- point of D2 I£ f(z) is 
analytic the essential properties of the functions f,, fe may be stated as follows 

. (Theorem 17, paper (A)). 


THEOREM 1. In order that f(z) be analytic in D it is necessary and 
sufficient that fı, f. be continuous and admit continuous first partial variations 
satisfying the equations 
5 fly) nly) 

Sefa (e, y) = — flr, y) 


at all points of D, for an arbitrary element ¿of E. Both fı.und fs then admit 
continuous total Fréchet differentials of all orders in D.* 


3. Biharmonic functions. Let us first recall an important symmetry . 
property of Fréchet differentials:. if F(z) is afunction on one complete 
normed vector space to another which is defined in the neighborhood oi to, 
and possesses continuous first and second Fréchet differentials there, then 
dy dy, F (£) == dy dy F (x) at each point of the neighborhood.’ If we apply 
this to the functions fı, f2 of $ 2 we find symmetry relations of the type 


° A function F(a).is said to have a variation at a, if it is defined in the neighbor- 


: P(e tty). 5 2 
hood of v, and if 5 oF (ay) = lim —_______.. exists for every y. The variable ¢ is real 


t>0 ` 
or complex according 'as the spaces are real or complex. 


t By the total diferential of fila y) is mant the differential with respect to the 
composite variable (w, y), an element of the space H*. The partial Fréchet differentials 
of f,(#,y) exist also, and coincide with the partial variations, so that the total dif- 
ferential is 

de 2D Flo, y) =0 af, (a, 9) + Buf, (2,9). 
See T. H. Hildebrandt and L. M. Graves, Transactions of the American Mathematical 
Society, vol. 29 (1927), pp. 136-138. We use tae Latin d for Fréchet differentials. 
5M. Kerner, Annals of Mathematics, vol. #4 (1933), p. 549. 
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 dnPderf,(m, y) = dedo? f, (x, y), arde y) = detent y) 


and certain others which need not be written down because of their Sey, 
Making use of these, we find upon differentiating unas (2) that the 
functions fı, fe must satisfy the conditions 


(3) Ande fue, y) + didol, y) =0 
: dnde fi (z, y) = dde fa (a, y) =0 


at each point of D, for each element (£, y) of E?. These equations are evi- 
dently a generalization of (1), and are equivalent to the latter if E and E” 
coincide with the real, Euclidean n-space. Accordingly we lay down the 
following definition : 


| (k = 1,2) 


Definition. A function u(x, y) which is defined in an open set D of B°, 
with values in E”, is said to be biharmonic in D if it is continuous in D and 
possesses first and second total. Fréchet differentials which are continuous in 
D and there-satisfy equations (3). 

In order to be assured of the appropriateness of this terminology it is 
necessary to show that a biharmonic function is derivable from a suitable 
analytic function on E(C) to Æ (C), of which it is the ‘real’ part. We shall ' 
do this. First we must consider an existence theorem for what may be called 

“exact differentials.’ = l 


THEOREM 2. Let D be a simply connected * open set in the space B. 
Let P(x, y,€), Q(z, y, €) be functions with values in E”, defined when (zx, y) 
is in D and £ is in E; furthermore let P and Q be linear in $, and possess 
continuous Fréchet differentials with respect to (x=, y) such that for (x,y) 
in D, &,& in E 
f de? P(a, Y, é) = de, °P (2, Y, é2) 
(4) - A Y) É1) = dev Q (2, Y, &) 
dY P (z, Y E) = de,°Q (2, y, É) j 


Then there exists a function F(a, y) on D to E’, unique apart from an 
additive constant, whose total Fréchet ‘dapereniies exists and is a ecisely 


P(x,y, €) +0(s, y, 7). 


- This theorem is an immediate consequence of a theorem of Kerner.” By 
means of it we now readily establish our principal result: 


. “We use the definition given by Kerner, loc. cit., p. 555. 
1M. Kerner, loc. cit., p. 555, Theorem 3. 
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THEOREM 3. Let u(x, y),be biharmonic in a simply connected open set 
D of the space B?. Then there exists a second function v(x, y) which is also 
biharmonic in D, and such that the couple (u,v) = u + iw, regarded as a 
function on E (C) to E (C), is analytic in D. The function v(x, y) is unique 
apart from an additive constant. 


Proof. Consider the functions 


P(e, Y, é) ad dgu(z, y), D(z, y, 7) = dute, y). 


They satisfy the hypotheses of Theorem 2 by virtue of (3) and the properties 
of Fréchet differentials. Therefore ther3 is defined in D a function v(z, y) 
with the continuous differential — dew (<, y) + dn"u(z,y). But also, the 
differential of v(x, y) is de*v(a, y) + dyw (s, y). Hence u and v are con- 
. tinuous, and together satisfy the Cauchy-Riemann equations (2); therefore 
u + iv is analytic in D. From this it follows that v is also biharmonic. 


4. Biharmonic functions of an infinite number of variables. Let E be ` 
the Hilbert space (l) and Æ the real number system. Then. #(C) is the 
complex Hilbert space Ho analagous to (l»), and HH? is the space of couples 
(x=, y), where t= (%,,t2,* * -), y= (Yu Y2,° * *). The typical element of 
Ho is z = £ + iy = (t, + Y, G2 + Mo," ++). Let D be an open set in Ho . 
` . (we may also regard it as an open setin (12)?). If f(z) =f.(x, y) + Af. (x, y) 
is a complex function defined on D the conditions for analyticity may be stated 
as follows. 


THEOREM 4. In order that f(z) be analytic in D it is necessary and 
sufficient that f(z) be continuous in. D and possess first partial derivatives 


0 i 
ua (v == 1,2,: * +) at each point of D. Stated in terms of fı and fa the con- 
v 


ditions are: fı and fz shall be continuous in D and possess continuous first 

partial derivatives with respect to each of the real variables av, yv, and in 

addition, the equations 

(5) Of Af. A ___ 
dv OY dyv dx, 

must be satisfied. 








(v=1,2,- >>) 


Proof. We consider the conditions on f(z) first. They are clearly neces- 
sary. They are also sufficient. It is enough to prove this for an open set D 
of the type ||z|| <r. Corresponding to each z of this set and each positive 
integer n we consider the function f„(2) — f(z), where 


ge TE (2, Ža, ` + Zm 0,* i a 
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Since | 2 || = || 2 || these functions are contiyuous in D, and hence analytic, 
for it is easily seen that they possess the variations 


bu fa (2) -> fey (2 ) wv (tz, = e) í 


The analyticity of f(z) in D is then a consequence of the fact that as n tends 
to infinity, fa(2) > f(z), the convergence being uniform in each compact set 
extracted from the closed sphere | 2 || S#r (0 <#<1). For let Œ be such 
a compact set, and let e > 0 be given. Denote by G’ the set consisting of all 
points of G together with all points z™ (n=1,2,: + -) where z is in G. 
Then it is not difficult to see that G’ is compact and lies in the same closed 
sphere with G. Now f(z) is uniformly continuous in the compact set @ 
(paper (A), Theorem 4). Let us choose 8 so that || 2’—z|| < 8 implies 
| F(Z) —f(z | << whenever z, z’ are in G’. Fréchet has shown ® that cor- 


Y 
responding to the compact set G” there exists a convergent series X; ay? such 
1 


x co 
that Y |» |?< Y a? for all n and all z in 6°. Hence if we choose N so 
vzn-l v=n+l s 


oo 00 
that n => N implies Y av? < 8? we shall have | 2% —2 |= > | 2v |? < &, 
vzn+l 


v=n+l 


and | f(z) —fn(2) | <e for all z in @ whenever n= N. f(z) is then 
analytic, by an extension of a theorem of Weierstrass (Theorem 13 of paper 
(A)). Since it is known that the variation of an analytic function is analytic 
and is, in fact, its Fréchet differential, we are able to infer that the partial 


oo 
derivatives of f(z) are analytic, and that du’f(z) = Y a, The remainder 
B yal v 


of the theorem is now deducible by classical methods. 
Finally we consider conditions analogous to (1) which will assure us that 
a real function u(z, y) defined on an open set D in (la)? is biharmonic there. 


w 


THEOREM 5. Let u(x, y) be defined and continuous in D, and possess 
continuous first and second partial derivatives with respect to the variables 
Lv, Yv. Let 

du Pu Fu 
Te’ On? ee Dy yy 


and suppose that: 


8M. Fréchet, Rendiconti dell Circolo Matematico di Palermo, vol. 30 (1910), 
pp. 18-19. 
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(i) the series > (= iy + FA 3 converges uniformly in each compact set 
yal v y 3 


contained in an arbitrary closed sphere in D;? 


Gi) each of the series- ep, So po, Sc (u = 1,2, > +) converges 


v=1 
according to condition (c) in D; 


(ii) for each éin (la) each of the sequences 


a cw a oo 
Y | > apé |’, È | > bwé |’, > | y Cvév |? 
BEL pl wel pal MEL pal 
converges according to condition (c) in D; 
(iv) the equations . 
i Quv + Ch = 0 buv — byy = 0 


are satisfied at each point of D (compare with (1) of $1). Then: u has 
continuous first and second total Fréchet differentials satisfying (3) of 83 
in D, and hence is biharmonic. 


Proof. We can at once infer, by methods due to Hart,” that the first 
differential exists, is continuous in D, and given by 


(6) dem Pule, y) = So dv + t m) . 


This all follows as a consequence of the Be on u and its first partial 
derivatives. The next thing is to prove that the function 


$ (2, Y, é, 7) E dıe,m ye, y), 


when &,n are fixed, has these same properties. The existence and continuity 
of the partial derivatives of ¢ in D follows by classical methods, because of 
(ii) and the symmetry of the matrices {apv}, {buv} and {cu}; {buv} is sym- 
metric, by (iv). We have 


° We shall then, for brevity, say that the series converges according to condition 
(e) in D. 

19 W., L. Hart, Transactions of the American Mathematical Society, vol. 23 (1922), 
pp. 30-39. Our assumptions, though somewhat weaker than Hart's are equally effective, 
for by them we are enabled to show that the series in condition (i) defines a function 
which is bounded in each of the compact sets in question, and continuous in D; similarly 
for the function in (6) when ¿, 7 are fixed. 
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ap oo © 

= do Aunty + 2, bury 
ap 
2 3 bundy + > Guay . > RE 
f 2 
- from which it follows rather by (iti) that the series = se dr 2) + ($) ] 
v ‘ B 

converges o condition (e) ‘in D, for each & From (iii) it also 
follows, by a theorem of Hellinger and Toeplitz,'* that the matrices {ar}, 
{bur}, {cpv} define bilinear forms which are, at each point of D, bounded in © 


the sense of Hilbert. By-repetition of the reasoning already referred to in 
obtaining Hie first differential of u(z, y) we see that 


de q) VY p(T, Y, é, n) — > ve! péy 
kıv=l 


+ 5 Du’ po + a, bna pés + 2 Cpr pay - 


Kwi 


The remainder of the-theorem then follows at once by use of en (iv) 
and the definition of.biharmonicity. f 
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1t Mathematische Annalen, vol. 69 (1910), pp. 321- 322. See also M. H. Stone and. 
J. D. Tamarkin, Duke Mathematical Journal, vol. 3 (1937), p. 298. - 


NORMAL COORDINATES FOR EXTREMALS TRANSVERSAL TO A 
MANIFOLD. - 


By STEWART $. CAIRNS. 


1. Introduction. Consider a positive definite regular calculus of varia- 
‘tions problem defined on an n-dimensional manifold R throughout a neighbor- 
hood of a point go. A normal coórdinate system * with origin qo is a system 
(y) in terms of which the extremals with g, for initial point can be represented, 
near the initial point, by linear equations y! —Ays (0 Ss < so). 

In the present paper, we first obtain normal coórdinates under hypotheses 
weaker than those heretofore used. We then define a new kind of coördinates, 


(2) = (#,---,2"), called normal coörainates with respect to M near qo, 
where M is an m-dimensional manifold cn R passing through qu. In terms 
of (z), M is defined near qo by the equations 2 ==: + : == g” — 0, and the 


general extremal cut transversally by M et its initial point, near qo, is given | 
by 2t = q (t==1,--+, m), zf =Ass (j =m +1, +, n) (OSs < so) where 


n 
s represents are length and where > AjA; = 1. 


j=m+ 

Underlying much of our work is a study by Morse? of the extremals cut 
transversally at their initial points by a manifold M. The subset of these 
extremals consisting of all those with a given initial point g covers an (n — m)- 
manifold which is differentiable near q save, in general, for a conical point 
at q. We obtain necessary and sufficient conditions on our calculus of varia- ' 
tions problem that this manifold be differantiable even at q, independently of- 
the particular manifold M. . 


* Received June 18, 1937; Revised July 26, 1937. This paper was written while the 
author was on leave of absence from Lehigh University and was a member of the 
Institute for Advanced Study at Princeton, N. J. 

+ An existence proof for normal coórdinates is partly given in Duschek Mayer, 
Lehrbuch der Differentialgeometrie, vol. 2, ch. V, §§ 5, 6, and is completed by J. H. C. 
Whitehead, “On the covering of a complete space by the geodesics through a point 
(§2),” Annals of Mathematics, vol. 36 (1935), pp. 679-704. The original relevant 
investigations both of the extremals with given initial point and of transversal ex- - 
tremals were made, in the case where R is euclidean 3-space, by Bliss and Mason, “ The 
properties of curves in space which minimize a definite integral,” Transactions of the 
American Mathematical Society, vol. 9 (1908), pp. 440-466; “Fields of extremals in 
space,” Transactions of the American Mathematical Society, vol. 11 (1910), pp. 325-340. 

2 Marston Morse, “ The calculus of variations in the large,” American Mathematical. 
Society Colloquium Publications, vol: 18 (1984), p. 111. 
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2. ‘Definition of the metric. By an n-manifold (n=1, 2, - +), we 


mean a connected topological space which canebe covered by a denumerable set - 


of neighborhoods, each the homeomorph of an open region of euclidean n-space. 


Let coördinate systems (2), (y),- > - be introduced, by homeomorphisms, on 
the neighborhoods of such a set. The manifold is said to be of class C” in 
terms of the coördinate systems (2), (y),: : :, which are called admissible 


systems, if every transformation between two of the systems is given by func- 
.tions zi (y) of class? O” with a non-vanishing jacobian. Any further coördi- 


nate system is admitted if the transformations between it and the original’ 


systems are all of class C” with non-vanishing jacobians. 

We suppose that R is an n-manifold (n > 1) of class C?. Let qo be a 
point on R and let (xo) denote the coördinates of go in some. admissible system 
(x). Consider a calculus of variations problem whose basic function,* F(z, 1), 
is defined for (+) in some neighborhood of (sọ) and for (r) 0. We suppose 
that F and Fr are of class C1, that F is positive homogeneous of the first 
order in (r), and that 


(2. 1) Far) > 0, F,(&,r) 40 | when (r) 40, 
where J’, is defined (Morse, op. cit., p. 112) by the identity 

Mri Ui ; 
(2.2) A P, (2, 1) [rus] [rv]. 








Our variations problem defines a metric, ds = F (x, dx), on any region 
of R throughout which the above conditions are fulfilled. 


3. Normal coördinates with origin qu. By a unit contravariant vector 


(p) at (x), we mean one satisfying the equation 
(3. 1) Fa) =1. 


There is a unique extremal tangent at a given initial point (xo) to a 
given vector (7o). We fix the parameter, t, on this extremal by requiring that 
F(a, 2) = F(a, ro) and that xi(0) = x,t. The extremal, with its parameter, 
is then determined by the following system of equations, in which (po) denotes 
the unit vector in the same direction as (19) : 


Lp, (2, 2) — Fst (x, 2) =0, 
(3.2) (0) = 20, Ti (0) = rt = Tpo*, 
= F(z, È) = F (to, Tpo) =rn f 


3 That is, continuous along with all derivatives of orders = v. 
1 For the laws of transformation of this function, see Morse, loc. cit. - 
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The parameter ¢ is related to the arc length, s, measured from (so) by the’ 
identity . ; 
(3.3) — s = rt = F (2, o) t. 


Following a method to be found in Morse [op. ctt., Ch. V, § 4], we next 
consider the system o 


(8.4) LA +NF+(0,5)] rd) =0, Fed) =e (1>0), 


where 7 is a constant. If, in a solution [2*(t), A(€) ], we have A(0) = 0, then 
A(t) is identically zero. [For proof, see Morse, loc. ctt.]. 
When F = r, we have 


DR FR] F, 


(3.5) Im 0 


=— FP, #0. 








It is therefore possible, by the implicit function theorem, to solve the equations 
(3. 6) (14+ MF, (2,1) =v, Flar)=r 

for (rt, + +,1*,A) in a neighborhood sf A=0. The solutions, 

(3.7) ri = 1i (@, v, T) = rr (2, v, 1), A=A(2, v, 7) 


- are of class C*. 
In place of the system (3.2), we shall use the system 


det a ee 
Zn (2,0,0) = ort (x, v, 1), 

(88) M_ qi(2, 0,0) = Fet(2, 1 (2, 0, 0)) = oqi (2, 0,1), 
zi (0) = tof, 


vi (0) = Vio = Fr (£o, 10), 


where o is a positive constant, We write the general solution for sê in the 
system (3.8) as follows: l 


(3.9) vt = hi(t, a, Zo, Vo). 


In the case where e == 7 = F (zo, o), the system (3.8) is equivalent to (3. 4) 
with the initial conditions [x (0) == z4, à (0) = 0] and is therefore equivalent 
to (3.2), since A(0) =0 implies that A(z) is identically zero. Hence, the 
extremals with go for initial point are given by 


at == hi (t, T, Lo; Vo) 
(3.10) = ht[t, F (Xo, 19), Lo, Fri (Xo, 10) ] = $7 (t, Lo, To). 
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‘In view of identity (3.3), these equations can be written in the ‘form 


| at = $? E > Lo, px) 
(3.11) . ES | 
ER > Lo, ra) == yi (8, Lo, To). 


‘The functions yt are solutions for (x) in the system (3.8) read for the special 
case where (ro) is a unit vector and o = 1. * 


(A) The above method reveals the class C* character of (p*,y*) and 
(pet, pa?) near (x), since the functions rt in (3.7) and (3.8) are of class ar. 
We note i following properties: 


$ (0, To, ro) iat, yi(0, To, To) = Lot, 
(3.12) $14 (O, Lo, To) = Tot, 
yst (0, To, fo) Ean pot. 


Let so > 0 be so small that the representation (3.11) is valid OSs <5 
for all (po). The representation (3.10) is then valid 0=St<so/r. With 
(20, po) held fast, + and r, can be so restricted in (3.10) and: (3.11) that 
t= F(a, To) satisfies the condition 0 7 < sọ This will result in no loss 


` of generality in the results we have in mind. Under this restriction, the point . 
: where ¢==1 is on the domain of (3.10). Since it coincides with the point 


where s = r, we have the identity u 
(3. 13) y’ (s, To, To) = ¢*(1, Lo; pos) (0 <s< So), 


which holds on each extremal with (z,) for initial point. Hence, if we make 
tke definition ¢*(1, £o, 0) = %', we can write the equations of all the I 
with qo for initial point i in the form 


a 14) ab p (1, £o, pos) = g' (ao pos) (OSs< So). 


We now [ef Mayer, loc. cit.] define the normal coór -dinates (y) with 
origin go by the transformation 


(3. 15) at = g (o, y). 


This transformation is continuous throughout some neighborhood of (ao). 
With the possible exception of the point (xo), the partial’ derivatives exist 
and are continuous throughout such a neighborhood. The existence of these 
derivatives at (xo) with the values 


A. 
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ag? epee 3,3 
3.16 — 1 
( ) Oy | (=) 
is established as follows. Let pu) denote either of the unit vectors at go with 
all (x)-components equal to zero save the j-th.. Then at (zo) 














(8.19) lim ELS lim $e Spur) — 9" (20, 0) 
Ayo Ay? 390 Sp? <i) 
loa dg* pia 
= lim === = 31, 
nd Pin ? 

To establish the continuity of 0g*/dyi at <y) = (0), we first note that 

: di, fag | 
(3. 18) ds == Po (4 > 


since equation (3.15) is obtained from (3.13) by the substitution (y) = (pos). 
But dgi/ds is the same as Ys*(s, Zo, To). Hence 


dg? hig 
(3. 19) (Een). 


The continuity of dg?/dy at (y) = (0) follows readily from (A) together 
with equations (3.16) and (3.19). Furthermore, the jacobian | 0g*/0yi | has 
the value unity when (y) = (0). 


(B) The transformation (3.15) to normal coördinates is therefore of 
class C+ with a non-vanishing jacobian in some neighborhood of (y) = (0). 
In terms of (y), the extremals with qo for initial point are given, near qo, by 
yi =pts (OSs < so), where s is arc length and (p) ranges over all the unit 
vectors at qo. : 


4. Transversal vectors. Let M be an m-manifold (0 < m < n) of class 
C? on R. This means that M is intrinsically of class C?, and also that, if 
(£) = (zt, + -+,a") and (a) = (a?,- --,o™) are admissible coördinate sys- 
tems on & and M respectively, having soma point go common to their domains, 
then, in a neighborhood of qo on M, we have 


(4.1) at = p (a) (i=1,: "+, %), 


where the ¢’s are of class C? and the funesional matrix | d6:/0 | = | ¢;*(«)| 
is of rank m. 

If (r*) and (r) denote contravariant vectors at (x), then we say that 
'(1*) is transversal to (r) if the invariant equation ` 


(4.2) Pa (e, rjr == 0 
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holds. If (æ) is on M and every vector (r*) tangent to M at (x) is trans- 
versal to (1), we say that M is transversal toe(r) at (x). The condition that 
M be transversal to (r) at (x) can be expressed in terms of the ¢’s as follows: 


(4. 3) F.[ (a), rior (a) = 0 ; (hk =1,---,m). 


‘The solutions (+) of (4.3) will be called the transversal vectors at (a). 
In the space of the vectors (7), the equation 


(4. 4) F(a,r) =1 


represents a closed convex * (n— 1)-dimensional manifold of class C?, called 
the indicatriz of our calculus of variations problem in the point (x). The 
following statement gives a geometric interpretation of transversality. 

(A) Let (p) be a unit vector at (x) ==[¢(a)], and let 8,1 be the 
indicatrix in the point (2). Let (rm) denote the m-plane tangent to M at 
(a). Then (p) is a unit transversal vector at (a) if and only if the (n — 1)- 
plane-tangent to Sn-ı at (p), where (p) is now interpreted as a point on Sys, 
contains an m-plane parallel to ru. 

(B) Let 0 be the origin in the space of the vectors (r) at (æ) and let 
Sn-m-i(tm) be the set of all points on Sy. at each of which the tangent 
(n — 1) -plane to Sy, contains an m-plane parallel to rm. Then the rays from 
0 through Snm-1(tm) form a cone, referred to hereafter as the transversal cone, 
whose elements give the directions of the transversal vectors at (a). 


5. The polar coördinates (a,A,s). We next establish the following 
result. 


Turorem. The transversal cone is the homeomorph of an (n— m)-plane. 


Proof. We first define unit covariant vectors at q near qo with reference 
to a set m; P (q) (j = 1,: * :,n) of n covariant vectors, arbitrarily selected 
subject to the restrictions (1) that they be independent at each point q in 
some neighborhood of qo and (2) that their components be class C1 functions 
of the («)-codrdinates of q. A further restriction will be imposed later. By a 
unit covariant vector m; at q, we will mean any vector of the form 


(5. 1’) mi = Agri? (q) (¿=1,: - -,1), 
where 


(5. 1”) AA = L. 


$ Cf. C. Carathéodory, Variationsrechnung (1935), $$ 289-293. 


te 


EXTREMALS TRANSVERSAL TO A MANIFOLD. : 429 


The symbols (pê, 7:) will be used for unit contravariant and covariant vectors, — 
respectively, and (ri, p;) will be used for general contravariant and covariant 
vectors. . l 


Lemma. The equations 
E A Fine art Ces aay 


in which (m) is a unit covariant vector at (x), can be solved for x and the p’s, 
thus: 


(5 3) Kk =x (T, + Dj 0° m) 


pP = pP (T, A "ph; Ty: *, Tn) 


where the functions x and pi are of class C* and the correspondence (5. 3) is 
one-to-one between the totality of unit contravariant and covariant vectors (p) 
‚and (m) at (x). 


For a proof of essentially this lemma, see Morse, op. cit., p. 241. ` 
(A) Let functions ri (x, p) be defined by the identities . 
(54) > am) —rpH(2, 7) (1>0), 
(7) being a unit covariant vector. Then 
(5. 5) © i= t(s, p) 


is a one-to-one correspondence between all the covariant and all the contra- 
variant vectors, (p) and (1) respectively, at (x). This correspondence agrees ' 
with (5.3) when (p) is a unit vector. l 


Now consider the correspondence (E. 5) for points (x) —=[$(a)] on M 
-and for vectors (p) which satisfy the linear homogeneous equations 


(5.6) pipit (a) 0. © (h=1,:° m): 


(B) We restrict the vectors q‘? (q) used in the definition of unit covariant — 
vectors [cf. (5.1)] by the requirement taat, when q is at (a) on M, the first 
(n— m) of these vectors constitute a set rP (a) (¡=1,: * -,n—m) of 
independent solutions of (5. 6), so sélectad as to be of class C* in (a). 

The unit covariant vector solutions of (5.6) for fixed (a) are 


(5.7) a(t) = Ami (a), Ad; = 1, (j= Lee n— m). 


This set of vectors is topologically equivalent to an (n— m — 1)-sphere. The 


. 430 i STEWART S. CAIRNS. ` 


general solution of (5.6) is p;(«) = Am (a) as r ranges over all positive 
numbers. - From the above lemma, together with equations (4.3), (5.6), and 


(5. 7), we see that the transversal contravariant vectors (r) at (a) are the. 


vectors $ l 
(5. 8). ri=r[g(a),747P (2), —AM=1 (r>0), 


and our. theorem follows at once. 
. We will say that an extremal [cf. equations (3. 12) ] 


(5. 9) at = gi (To, pos) 


is cut transversally by M at its initial point, or issues transversally from M, 


if (zo) is on M and (po) is a unit transversal vector at (a). The set of all 
extremals issuing transversally from M is given, near qo, by the equations 


| at = g'[p (a), sr (Q, Ay? (a) )] 
. (5.10 
EL = glg r (g 9], 
where ' : : 
(5. 11) . AjAj = 1, Ss < So 


So being a sufficiently small positive quantity. 


`. (C) The quantities (a, à, s) = (d,' ++, a", Ay" > g Anm, S) are a 
coördinate system near qo. For a fixed set of values (a), the quantities (A, s) 
constitute a polar coördinate system on the (n— m)-dimensional cone whose 
elements are the extremals issuing transversally from M at (a). A set of 
values (a, A) specifies one of these extremals, on which s is the are length. In 
terms of (@,X,s), the equation of M near qo is s=0. The transformation 
(5.10) between (x) and (a, A, s) is of class Ot save when s = 0. 


6. Flat transversal cones. A point q on M is generally a conical point 
of the (n— m)-manifold covered by the extremals issuing transversally from 
M at q. In certain important special cases, which we now investigate, this 


(n— m)-manifold has ‘no conical point at q but has there a unique tangent . 


(n— m)-plane. This is equivalent to saying that the transversal vectors at q 
lie in’an.(n — m)-plane. vu 


THEOREM. Given m, the transversal vectors to every differentiable m- 


manifold at any point where the conditions of $ 2 are fulfilled: will always lie 


` in an (n — m)-plane if and only if the following condition is satisfied: (1) in 
. case m = n —'], that l 
(6.1) F(a, r) = F(z, — r), 
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(2) ù in case 0<m< n—1, that F be of the en 
(6. 2) == F(z,r) = Va;(z)rr. 


With the aid of the geometric interpretation of transversality [§ 4, (A) 
and (B)], we see that this theorem is a consequence of the following lemmas: 
applied to the indicatrix, Sn-.. We prove the first ‘lemma in a somewhat more 
general form than necessary, because of its geometric interest. - - 


Lemma 1. Let Sa, be a differentiable (n— m)-manifold in an affine 
` n-space: Suppose every ray from a certain point; O, meets Sn: in a single . 
` point. Suppose further that, for a given positive integer m < n and for every - 
m-plane tm through O, the point set Snm+(tm) [For this notation, see $ 4 (B)] 
is the intersection of Sy. with an (n— m)-plane Enm(tm) through O. Then 
Sua is symmetric in O and, if m < n— 1, is a hyperellipsoid. 


Lemma 2. In the same n-space, if Sy. is a closed convex differentiable 
(n — 1)-manifold, symmetric in O, then So(tn-1) is, for every tn-1, the inter- 
‘section.of Sn. with a line through O. If Sn, is a hyperellipsoid, center at O, 
then Sn-m-ı (rm) is always (m=1,: ---,n—1), the intersection of Sna with 
an (n—m)-plane through O. 


Proof. We prove only Lemma 1, since Lemma 2 presents no difficulty. 
We give the proof with the aid of six aba results, of which (I)-(IV) 
are in the present section. 

(I) If the hypothesis of Lemma I holds for a given value m < n— 1, 
then it holds with (m + 1) in place of m. 

For, let rm. be- any (m -+1)-plane, and let (mm, tm) be two non- 
parallel m-planes on Tm. Then Sñ-m-2(7m+1) is the common part of Sn-m-1 (Tm) 
and Sn-m-ı (rm!) and is therefore the intersection of Sn. with the linear space 
E in which En-m(Tm°) and Enm(rm*) intersect. It is easy to verify that 
Suma (7m+1), as the’set of points where the tangent (n—1)-plane to Sn: 
contains a parallel to tm, is of dimensionality at least (n — m — 2). Hence 
E is of dimensionality at least (n — m — 1). We must also show that E is. 
of dimensionality at most (n — m — 1), in other-words that En-m(rm") and 
Enm(tm?) do not coincide. This follows from the fact that, if En, is an 
(n —1)-plane containing rm” and not containing rm*, the points where the 
tangent plane to Sa, is a to En» belong to Bam (rm!) and not to 
i Sn m- 1(7m°). 

(II) Asa al of result O, it is sufficient to prove Lemma 1 
- in the two cases m =n — 1, n — 2. 
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The following statements are easy to verify. 
(III) Under the hypothesis of Lemma 1, for any (n— m)-plane, Buom, 
through O, there exists an m-plane, tm, through O such that 


(6. 3) En-m =P n-m (Tm) . 


(IV) Let S*, be the curve in which Sy. is met by an arbitrary given 
2-plane, E»; through O. Lemma 1 will follow in all its generality if we show 
that S*, is symmetric in O and, in case m = n — 2, is an ellipse. 


We first note that no (n —1)-plane, r„-ı, through O can be tangent to ` 


' Sna For, by the hypothesis of Lemma 1 in the case m = n — 1, So(ru-1) 
consists of exactly two points. 'The tangent planes at these points can be 
obtained by moving an (n— 1)-plane, keeping it parallel to rn-ı, in either 
direction from ra-ı to the last positions in which it meets Sn... Hence neither 
point of S¢(rn-1) lies on ru... It follows that no ray from O can be tangent 
to Sn- For if Q were a point of tangency of such a ray, then the (n — 1)- 
plane tangent to Sy. at Q would contain the ray and hence pass through O. 
We can accordingly represent the curve S*, in terms of polar coordinates (p, $) 
_ on Ez with the pole at 0, by an equation 


(6. 4) p= K(¢), 
where K(¢) is differentiable. Furthermore, 
(6.5) 0 K($ + 2r) =E (9). 


From the hypotheses of the lemma it follows that the tangents to S*, at the 
opposite ends of any chord R O are parallel. This condition can be 
- expressed in the form 


(6. 6) log K($) =F be KE (6 +). 


i 


From equations (6.5) and (6.6), it follows that K(ẹ) is periodic of period 


m, hence that S*, is symmetric in O. 
Lemma 1 is now established in the case m == n — 1. 


7. The case of an ellipsoidal indicatrix.* The present section completes 
the work of $6 by establishing § 6, Lemma 1, in the case m — n—2 ef. 
§ 6 (II)]. In this case, En 3) becomes 


The work of this section is largely a generalization -of a proof in the case 
(m,n) = (1,3) by W. Blaschke, “ Räumliche Variationsprobleme mit symmetrischen 
Transversalitätsbedingungen,” Leipzig. Berichte, vol. 68 (1916), pp. 50-55. 
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(7. 1) . E, = E, “tn-2) 
and, by our definitions, ` . 
(7.2) ae 8%, = Si (7-2). 


Let 7”, , be an (n— 1)-plane containing ru... By § 6 (I) and the lemma for 
the case m == n — 1, the points where the tangent plane to S,.. is parallel to 
Tn-1 are the end points (P, Q) of a chorc of Sn, through O. 

(V) Let rn. be the (n — 1) -plane parallel to r°,-ı through a variable 
point, O”, of the chord PQ. Then the intersection, Sn, of Sn, with m1 
satisfies, in the space taa, the hypothesis > $ 6, Lemma 1, with (n—2,n—1) 
in place of (m,n) and with O’ in place of O. 


Proof. We first regard tn- as free zo assume any position through O on 
the fixed (n—1)-plane 7%... Then H.(7-2) always passes through (P,Q). 
Conversely, if F, = Ez(rn-2) is any 2-plane through (P, Q), then rn-2 Crna. 
As a consequence of our definitions, the intersection of 8, (rn-2) with Sn is 
the set of points where the tangent (n— 2)-plane to Sn.. is parallel to 7n-2. 
These are also the points in which Sn-2 is met by the line common to r„.ı and 
Eo(ra-2). For the complete establishment of result (V), it remains only to 
show that this line, as r„-ı varies, always meets Si(7n-2) in just two points 
(A,B). When ra. is at 7x1, this follows from the definition of Sn... As 
Tn-ı moves from 7r°n-1, towards P for example, (A,B) may be thought of as 
varying continuously. If there were a first position in which the line AB met 
` 81 (rn-2) in a third point, C, we should than have AB tangent to I, (tn-2) at C. 
But O would then be a point where the tangent to Sy is parallel to ra. and, 
by $6 (I) and Lemma 1 for n— m = 1, (P,Q) are the only such points. 
The proof of result (V) is now complete 
(VI) In the case m = n— 2, S¥; = Sı (Tn-2) is an ellipse. 


Proof. From the proof of (V), together with § 6, Lemma 1, in the case 
n — m = 1, we see that each chord of the set AB of parallel chords of 8; {tn-2) 
is bisected by PQ. We refer to PQ as a ine of symmetry and to the common 
direction of. the chords AB as the corresponding direction. Now, keeping tn-2 
fixed, let r°n-. adopt every position such that 7°, m2. Then PQ varies 
correspondingly and adopts the position of every line in E, through O. Ac- 
cordingly, every such line is a line of symmetry of S;(tn-2). Let (u,v) be a 
coórdinate system in Fz, origin at O, such that the u-axis is in the corresponding 
‚direction to the v-axis, regarded as a line of symmetry. Let (L, I’) be a 
second pair of lines through O, where L/ is in the corresponding direction to L 
and where (L, L’) are of positive and negative slopes respectively with reference 


12 
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to the (u, v)-system.' By a compression in the v-direction, we can transfer to 
a new coördinate system (u, o”), in terms of which L and I” have negative 
reciprocal slopes. Let £ be the inclination of L, figured as if (u,v’) were a 


- „ rectangular cartesian coördinate system, and suppose L so chosen that £ is an 


irrational multiple of x. Let (p,¢) be the polar codrdinate system superposed 
in the usual way on (u,v). Then, using p—K(¢) to represent Sn): 5 
` we have, by symmetry in the lines $ = 7/2 and $ =£, 


(7. 3) E($) =K(r—$), Ki) = K(%&—8). 
Hence ` f f 
(7.4) K($) =K(r— +8). 


But K(¢) is also periodic of period =, and the periods m and r— 2¢ are ‘not 


rational multiples of one another, Hence K is a constant and 8, (Anz ) isa -> 


circle about O in terms of the (u, v”)-system. Therefore, in our affine n-space, 
8%, =8, (a2) is an ellipse. By §6 (IV), this completes the proof. 


8. Normal coördinates with respect to M. (A) IfF(z, n=, ~r), 
‘then, in the notation of (5. 5), 


(8. 1) rap) == r(x, — p). 
IPP (x,1) =V ai; (x) rir), then 1*(2, p) is linear homogeneous in (xp,,***,Kpn), 
where x is the. function « of equations (5.3) figured for the unit covariant 
vector at, (x) in the direction of (p). 
Result (A) can be directly verified in equations (5. 2)-(5. 4). 
- Our normal coórdinates (2) with respect to M near qo are defined by the 


transformation 
(8. 2) : xt = Gi(2),' 


where G#(z) is obtained by substituting (2*,- - -,2”) for (a,- © +, a") and 


(2, + +2) for (sdy,‘ * *>SAm=m), respectively, in the functions g? of 
equations (5..10). _ : ES 


(B) In general, the functions Gi(2) are of class! C! save when 
gmt =: > —2 0, If the condition of §6, Theorem, is fulfilled, these 


functions are of class C* without exception and have a non-zero jacobian l 


© throughout some neighbor hood of qo. 


The first part of (B) follows from the work of § 5 and the | part 
follows from (A) above. 


? Or of higher class, if we strengthen the differentiability assumptions on (M, R, F). 
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In terms of the normal coördinates (2), M is defined near go by the 
equations 8 
(8. 3) Pi ee), 


and the extremals issuing transversally from a point (2)= (a+,:--, a”, 0,--+,0) 
of M near qo are defined, near M, by the equations 


q =a © (i=: cm), 


(8. 4) ¿ui == dys (OSs < so) © (j=1, ++, n—m), 


where s represents arc length and where 
(8.5): , AjAj = 1. 


If the condition of $ 6, Theorem, is satisfied, we have the reversible case, and . 
all the extremals which are cut transversally by M, not necessarily at their 
initial points, are given near qo by equétions (8.4), with s permitted to take 
on negative as well as positive values. If the condition of § 6, Theorem, is 
not satisfied, then in general an extremal cut transversally by M at a point q 
will be of class C? in terms of (z) save for a corner at q, and one of the two 
parts into which q divides it will be a ray in (z)-space. 
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PROBLEMS OF CLOSEST APPROXEMATION ON A TWO. 
` DIMENSIONAL REGION.* 


By DUNHAM JACKSON. 


1. Introduction. The theorems of Markoff and Bernstein on the deriva- 
tives of polynomials and trigonometric sums can be made to serve as basis for 
a theory of the convergence of certain types of polynomial and trigonometric 
approximation to functions of a single real variable." It is fairly apparent 
that similar methods can be applied to functions of two variables. In the 
carrying out of this process there are so many possible variations and com- 
binations that it would not be profitable to enumerate the resulting theorems 
systematically, still less to discuss them successively in detail. Nevertheless, 
the extension involves some adjustments which are not entirely automatic or 
superficial, and it has been thought worth while to present below some typical 
results illustrating the differences between the one-dimensional and two- 
dimensional formulations.? l 

There is occasion first to develop two-dimensional versions of the Markoff 

‘and Bernstein theorems themselves. 


2. Theorems of Markoff and Bernstein for polynomials. Let P(x, y) 
be a polynomial of the n-th degree € in the variables x and y together. (It is 
then of the n-th) degree in each variable separately; on the other hand, an. 
arbitrary polynomial of degree n in each variable is of degree 2n in both 
together, and the discussion as given is applicable on replacement of n by 2n.) 

If | P(x,y) | S L at all points of a straight line segment of length h in 
the (x, y)-plane, and if 0P/0s denotes directional differentiation along the line, 
ôP 


Pl In? L 
Os 


—= h 











* Received November 23, 1937. 

1 See for example D. Jackson, “ Certain problems of closest approximation,” Bulletin 
of the American Mathematical Society, vol. 39 (1933), pp. 889-906; “ Bernstein’s theorem 
and trigonometric approximation,” Transactions of the American Mathematical Society, 
vol. 40 (1936), pp. 225-251. 

2 See also E. Carlson, “On the convergence of trigonometric approximations for a 
function of two variables,” Bulletin of the American Mathematical Society, vol. 32 
(1926), pp. 639-641; E. L. Mickelson, “On the approximate representation of a function 
of two variables,” Transactions of the American Mathematical Society, vol. 33 (1931), 
pp. 759-781. 

2 This expression will be understood throughout to mean “ of the n-th degree at most.” 
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on the entire segment, and A 


nL 

Sm) P. 

at a point of the segment whose distance from the nearer end is 6. For a 
transformation of coördinates by translation and rotation to a new system with - 
one axis along the specified line reduces P(x, y) on the line to a polynomial 
of the n-th degree in a single variable, having L as an upper bound for its 
absolute value on the segment, and having 0P/0s for its derivative with respect 
to the variable, so that the upper bounds for | 0P/0s | are given by the standard 
forms of the Markoff and. Bernstein theorems respectively. 

If | P(<,y) | SL throughout the square —1 Ss S1, —1Sy£1, 

application of Markoff’s theorem to the polynomials in one variable obtained 
by holding the other variable fast gives | 0P/0% | S wL, |0P/0y | S nL on 
the square. If 9P/0s is the directional derivative at any point of the square 
in a direction making an arbitrary angle a with the z-axis, 


6P op 
ds de 











cos a+ yo sin a S pL] cosa | + | sin a [) S9wz, 











(Here and in the next statement it is sufficient, as regards the degree of ` 
Pla, y), that it be of the n-th degree in each variable separately.) Ata point 
of the square whose shortest distance from the boundary is 8, Bernstein’s - 
theorem similarly gives +, ` 


op nL 


ee 3, nL 
de |= RS” 


P| _— aL 
= peA 


dy | 7 [8(2—8) Jt? - 
It is perhaps not necessary at the present stage to formulate the corresponding 
statements for a rectangle of arbitrary size, shape; and orientation. 

Suppose that a point D lies on two mutually perpendicular line segments, 
on each of which | P(z, y) | $1, the length of each segment being = h. 
If E, y are coördinates with respect to a pair of axes along the two nee 


[0P/0|<20*L/h,.  |0P/0 | S2n*L/h 


ôP 
ĝs 

















_ at the point D, and if 6P/as is any directional derivative at the eae 
| OP /ös | = eo 


* In case the horizontal and vertical distances from the boundary are diferent it is 
to be notes. that if 0< ô< 01, ` 


f : a(2—8) < x (2—8'), . 
the expression 5(2—5) as a function of ô having its maximum for ö=1. 
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More generally, suppose that the segments are oblique to each other, and 
let y denote the magnitude of the acute angle “formed by their lines (even if 
the segments themselves terminate at D and form an obtuse angle there). 
Let €, y be coördinates referred to a pair of rectangular axes with origin at D, 
the é-axis extending along one of the given lines, let Py denote the result of 
differentiation along the other given line, and let P, be an arbitrary directional 
derivative at D, in a direction making an angle « with the é-axis. Then, with 
an appropriate choice of the sense of differentiation on each line (the discussion 
being concerned: essentially only with the magnitudes of the derivatives), 


| Pe | < L/h, | Py | E L/h, 
Py = Pg cos y + Posiny, ° Pn=[—Pg¿cos y + Py]/sin y, 
Ps =Pgcos a + Pr sin a = [Pe sin (y — a) + Py sin a]/sin y, 
| Pe | S 4n?L/(hsiny). 


Let R be a closed region (more generally, any point set) for which there 
are two positive constants h, y such that each point of R lies on two line seg- 
ments belonging- entirely to R, each of length = h, their lines making with 
each other a minimum angle > y. If | P(#,y) | SL throughout R, 


| 0P/0s | = 4n?E/(h sin y) 


at all points of R (including the boundary), for all directions of differentiation. 

If | P(z,y) | E L on two segments which cross at D, the length of each 
being = h, and the angle between them y, as before, and if D is at a distance 
= 8 from each end of each segment, 


ôP | 2nL 
ds | = [8(h — 8) J sin y 


for differentiation in any direction at D. If |P(x,y)|<ZL throughout a 
region R of the sort described in the last paragraph, and if 0 < 8 S $h, 
(1) holds for an arbitrary directional derivative at any point of R whose 
‚minimum distance from the boundary is 6. ' Somewhat less explicitly, 
| 3P /ðs | < CnL/8, where C depends only on h and y. If R, is a closed point 
set interior to R, there is a constant C” for Rand R, such that | 9P/0s | S C’nL 
throughout R. 


(1) 


IA 





3. Theorems of Markoff and Bernstein for trigonometric sums. In 
the preceding discussion repeated use has been made of the fact that a trans- 


5 Both hypothesis and conclusion with regard to P(#,y) are such that if they hold 
at interior points of Æ they necessarily hold on the boundary. 
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formation of coördinates carries a polynomial of the n-th degree into a poly- . 
nomial of the n-th degree. This property is not shared by trigonometric sums 
in two variables, and for application to such functions the argument has to be: 
- reconsidered accordingly. 

‘Some conclusions, to be sure, which involve no rotation of axes, can be 
obtained immediately from the corresponding theorems in one variable. Let 
T(x, y) be a trigonometric sum in x and y which is ofthe n-th order (i. e., 
of the n-th order at most) in each variable separately. If | T(=,y) | EL 
for all values of z and y, | 0T'/0x | S nb, | dT /dy | E nL, and | 9T'/ös | < nL 
for differentiation in any direction at any point. If | T(x,y) | = L through- 
out a rectangle with sides parallel to the coördinate axes, | 07'/0s | < Cn*L 
throughout the rectangle, the constant C depending only on the dimensions 
of the rectangle,° and | 07'/0s | has a constant multiple of: nL as upper bound 
in any closed region interior to the rectangle.’ l 

Suppose now that T (x, y) is of the n-th order in the two variables together, 
and that | T(x, y) | = L on a line segment of length h with rational slope p/q, 
the numbers p and q being integers and relatively prime. Let (£o, Yo) be a 
point of the segment, let (p° + q?)?==r, and let 


é = (9/1?) (2 — zo) + (p/1?) (Y — yo); 
q = (p/1?) (a — zo) — (9/17) (y —Yo)- 
The. given segment lies in the line y = 0. The inverse transformation is 


z = Lo + qÉ + py, 
Y = Yo + pé— Qu. 


A trigonometric sum of order n in z and y is for J= 0 a trigonometric sum 
of order np, in &, if po is the larger of p and q; a term cos m2 cos nay, for 
aD, where nı + ne = n, becomes l 


cos 1, (£o + gé) cos ae +. 28) 


of. order ng + nap S npo If As denotes distance in the (z,y) plane, 

As == (Az? + Ay’)? = rAé on the line y = 0, and the difference. between the 

_ values of é corresponding to the ends of the given segment is h/r. Consequently ® 
as 


107 
r a 











de | = Gnl, = = en 


° See for example D. Jackson, Transactions, loc. cit., p. 230, Theorem 2. 
7 Ibid., p. 227, Theorem 1. 
3 Transactions, loc. cit., Theorem 2. 
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- when G, and @ depend only on h and r (sine po <= r). Ata point of the 
segment whose distance from the nearer end as measured in the (2, y) plane 
is not less * than 8, 

l Gyn 

= [8(4 —8) Jt? 


thie constant G, also depending only on h and r. As h—8= $h it may be 
omitted from the denominator, with a corresponding change in the value of G. 

-The derivative in an arbitrary direction at a point common to two seg- 
ments making an angle with each other, on each of which | T (a, y) Sh, 
can then be dealt with as in the polynomial case. 

Let R’ be a region (or more general point set) for which there are three 
constants h > 0, y > 0, ro such that each point of R’ lies on two line segments 
belonging to R’, each of length = h and with a rational slope p/q satisfying 
the condition that p? + q? E ro?, while the lines of the segments make with 
each other a minimum angle Zy. If |T(z,y) |SL throughout PF, 
| 0T'/0s | < Cn?L for differentiation in an arbitrary direction at any point of 
R’, the constant C depending only on h, ro, and y”; since the hypothesis admits 
only a finite number of pairs of values of p and q, and so a finite number of 
values of (p?-+ q?)? =r, the various constants @ of the second. paragraph 
preceding which correspond to a fixed h and different values of r can be 
replaced by a single one equal to the largest of them. At a point whose 
minimum distance from the boundary is 2 6, 0 < 8S $h, 








| ôT /as | < CnL/8, 


with a value of C, depending only on h, ro, and Y. As in the second para- 
graph preceding the manner of dependence of the constants G and G, on-h 
was-left wholly unspecified, it is to be noted that under the present hypotheses 
any segment entering into the discussion whose length is greater than h can 
be replaced by a segment of length h exactly. If R, is a closed point set 
interior to R’, there is a constant C’ determinate for R’ and R, such that 
10T/0s |S C’nL throughout Ry. _ . 

The conditions imposed on R in the preceding section and those on R’ 
here will be satisfied by any region R for which there are two positive constants 
h, y such that every point of È is vertex of a circular sector of radius =h 
and angle = y, belonging entirely to R. A value of ro meeting the require- 
ments in the case of R’ can be associated with any value of y < y. 


* Ibid., Theorem 1. 
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Some of the results obtained above will be used in the following section, 
while others have been inserted’ here merely for purposes of comparison. 


- 4. Approximation by trigonometric sums and polynomials. Trigono- 
metric approximation over the entire plane for a function periodic in both 
-variables has been treated from the point of view of the present article by 
another writer’? The ordinary form of Bernstein’s theorem in a single 
variable, applied with respect to z and y separately, can be used to justify the 
following assertion : l 
If f(x, y) is a continuous function which is of sed 2r in each variable, ` 
if T,(w, y) is a trigonometric sum of the n-th order in each variable (not 
necessarily of the n-th order in both together), if 


Ins -f ow) — Tale, 9) |? dzy, 


s being any positive exponent, and if there exists a trigonometric sum in (2, y), ` 
of the n-th order in each variable, such that 


` | f(a, y) — ta (£, y) |S en 
everywhere, then 


| He, y) —Ta(a, y) | = 4(4n*Gns) "8 + Ben 


for all values of x and y. 

The proof is closely parallel to that of a en M proposition in one 
variable, the most notable difference, ziving rise to the factor 4n? inside the 
parentheses in the last inequality, being that an interval | £ — zo | E 1/(2m), 
of length 1/n, which enters into the proof in the case of one variable, is to be 
replaced here by a square | z — zo |=1/(4n), | y — yo | S1/(4n), of area 
1/(4n?). (More generally, if the trigonometric sums are of order m in one 
variable and of order 7 in the other, n? is to be replaced by mn.) If Tn(a, y) 
is chosen among all trigonometric sums of the order indicated so as to mini- 
mize the integral Gne, the fact that Gus does not exceed the corresponding 
integral with Tn(z,y) replaced by in(z,y) implies that Gns S 4r*%en3, and 
| f(a, y) —Tn(=, y) | consequently doss not exceed a constant multiple of 
n’/%en, This in conjunction with theorems establishing the existence of trigono- 
metric sums tan(x, y) giving a specifiel degree of approximation *? leads to 
conclusions as to the uniform convergence of the minimizing sum T,(z, y) 


1° See E. Carlson, loc. cit. 
1 See D. Jackson, Bulletin, loc. cit., pp. 899-900, Lemma 5. 
12 See E. L. Mickelson, loc. cit., $ 4. 
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toward f(x,y). The conclusions can be generalized by the introduction of a 
weight function and by the use of Hölder’s inequality in connection with the 
integral to be minimized.’® Similar remarks apply to other propositions which 
are to be formulated below. 

If the property of periodicity is dropped, and the hypotheses are made to 
refer to a rectangle a S s S b, e Sy Sd, the trigonometric sums T',(z, y) 
and i,(z,y) being replaced by ee Px (z, y) and pu(z, y), of the n-th 
degree in each-variable, with 


uf" f | f(z, y) — Pa (2, y) [? dedy, 
it is found that 


Gn 1/8 
| fe, y) — Pala, y) = genen; Er er + den 


throughout the rectangle. The factor n* in the right-hand member of the 
inequality, in place of n?, results from the use of Markoff’s theorem instead of 
that of Bernstein. 

Let the domain of integration more generally be an arbitrary closed region 
R possessing the sector property described at the end of the preceding section. 
Let f(x, y) be a function continuous throughout R, let P. (w, y) be a poly- 
nomial of the n-th degree in the two variables together, let 


auf fon Ploy) |’ dedy, 


s being a positive exponent, as before, and let it be supposed that there is a 
polynomial pn(z, y), of the n-th degree in the two. variables together, such that 


ey) — pa (2, Y) | Sen 
at all points of R. 
Under these conditions the corresponding form of Markoff’s theorem 
obtained in $ 2 is applicable. To give the proof in this single instance in some 
detail, let: ' 
Hz, y) — Pa (2, y) = fa (T, y), | Ta (T, y)| = en, 
Pale, y) — Pr (2, y) = mi (2, y), 

so that 
f(a, y) —Pa (2, y) = tn(@, y) — mn (2, y). 


Let yn be the maximum of | (2, y) | in R, taken on at a point (zo, yo). 
At any point (x,y) which belongs to the sector associated with (£o, yo) by the 


13 See e.g. D. Jackson, Bulletin, loc. cit., pp. 901-902, Theorems 9, 10. 
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hypothesis, and is distant from (£o, Yo) ky not more than hy = h sin y/(8n*), 
since | dr, /0s | S 4n*pn/ (h sin y) throughout R and the entire segment joining 
(e, y) with (o, Yo) belongs to R, 


| To (2, y) — mn (£o; Yo) | = Pnr R, | mn(@, y) | = pn/2. 
If pn = den, which means that | n(x, y) | E pn/4, 
| tn (a, y) — rr (7, y) | = pn/4 


at the same points. As this relation holds at least throughout a sector of 
radius hn, angle y, and area yh„?/2, belonging to R, 


G > yhn? Bye _ Wy sin?y (Y? <4 128n*Gne \* 
Teg ri 128nt Ve)? = *\ hey sin®y 


Otherwise pn < 4en. AS pm certainly can not exceed the sum of the two 
alternative upper bounds, while | ,(x,y) | S pn and | talag y) | S en, it is 
true in either case that 


j : <4 12801 Gns NE 
(2) | f(t, y) — Pale, y) | = | ra (2, y) — m (2, y) | S 4 mn + den 
throughout R. 


Theorems on the existence of pintar polynomials pa(z,y} with 
specified upper bounds of error, to be sure, are for approximation over a. 
rectangular region.** For direct applization of those theorems it is to be 
assumed that f(x, y) satisfies the requisise conditions of continuity or differen- 
tiability on a rectangle containing R, or at least that its definition in R can be 
so extended that the conditions hold throughout such a rectangle. 

In the analogous problem of trigonometric approximation on a region R 
having the sector property the conclusion corresponding to (2) is that 


r | f(z, y) E Ta (x, y) | = Os (n*Gus) 78 + Ben, 


where Cs, though not so easy to calculate explicitly as in ee polynomial case, 
is again dependent only on. A, y, and s. 


Let the phrase “mixed sum” be used to describe a function of z and y 
which is a polynomial with respect to one variable and a trigonometric sum 
with respect to the other. Let f(x,y) be a continuous function of the two 


u See D. Jackson, Über die Genauigkeit der Annäherung stetiger Funktionen . . 
Dissertation, Göttingen, 1911, pp. 88-95; E. L. Mickelson, loc. cit., $ 5. 

15Tn this connection see Hassler Whitney, “Analytic extensions of differentiable 
functions defined in closed sets,” Transactions of the American Mathematical Society, 
vol. 36 (1934), pp. 63-89. 

The problem of minimizing €, can be regarded alternatively as that of minimizing 


the integral over a rectangle containing R, with a weight function equal to 1 in R and 
equal to 0 elsewhere. 


“> 
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variables for a= <= b and for all values of y, of period 24 with respect to y, 
let Un(z,y) be a mixed sum which is a polynomial of the n-th degree in x 
and a trigonometric sum of the n-th order in y, and let 


| 116 y) — Dalz, y) |" dedy. 


Suppose that there exists a mixed sum Un (T, y)» of the n-th degree i in z and 
of the n-th order in y, such that 


| f(y) — Un (2, y) |= = En 


for ab and for all values of y. By the use of Markoff’s theorem (in a 
single variable) for differentiation with respect to x and of Bernstein’ 8 theorem 
for differentiation with respect to y it is found that 


Be 16? Gy, Yer 
Ha) Une | S4 (22) +5 
throughout the strip of the (x,y) plane under consideration, the factor n* 
being associated with Gas here instead of n? or nt. Theorems are available ** 
on the existence of approximating sums u. (z, y) corresponding to specified 
orders of magnitude of en. 


A trigonometric substitution can be used in connection with polynomial - ` 


approximation in the same manner as in the one-dimensional case!” to 
_improve the order of magnitude obtained for the upper bound of error in the 
interior of the domain of integration. The substitution can be applied either 
to one variable or to both. In the hypotheses of an earlier. paragraph relating 
to ‘polynomial approximation over a rectangle, let the rectangle be taken for 
simplicity as the square —1S 251, —1 SyS 1. Let N be the smallest 
integer = 1/s. . By setting © = cos 6, y = cos 6, and using the results obtained _ 
above for trigonometric approximation over the entire plane, it may be shown 
that 


isos o = 4[16(n + N) Gns]? + Ben 
(3) MEN — Palay) IS A= aa pr: 


The significant difference between this and the earlier result for polynomials 
is the replacement of n* by a factor of the order of n?, with compensating 
introduction of a denominator which vanishes on the boundary of the square. 
If the substitution is made for just one variable, say y == cos p, and combined 
with the conclusion of the last paragraph for approximation by mixed sums, 
it is found that 


10 E. L. Mickelson, loc. cit., $ 6. 
_ Y See e. g. D. Jackson, Bulletin, loc. cit., p. 905, oe 8. 
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8 1/8 
| f(x, y) —Pn(z,y).| = TUE + NY ETA N a ui 
This inequality, with a factor of the order of n°, is effective on two sides of 
the square as well as in the interior. I; appears then, as far as the evidence 
of the present reasoning goes, that the factor n* is required at the corners of 
the square, a factor of the order of n® at points of the sides other than the 
corners, and a factor of the order of n? in the interior. Either of the last two 
inequalities can be adapted to a rectangle of arbitrary dimensions with sides 
parallel to the axes by linear transformation of the variables separately. 
Expressed in terms of the degree of the polynomials in the two variables jointly, 
they can be carried over by. rotation of axes to a rectangle of arbitrary 
orientation. 

For a square of side 2h with middle point at e Yo) the inequality (8); 
evaluated at the middle point, becomes 


| F (05 Yo) — Pn (Tos Yo) | S 4[16(m + N)2Gns/h?]2/° + ben 


If the hypotheses are stated for a circle of radius ô and center (Toyo), with 
Gns now representing the value of the integral over the circle, 


(4) | f (20, yo) —Pn(20, Yo) |< 4[82 (n + N)*Gmo/ EY + Ben . 


«since the circle contains a square of sice 243 with sides parallel to the axes. 
If the definition of Gne and the other hypotheses are formulated for an arbi- 
trary closed region R, it follows that the right-hand member of (4) is an upper ` 
bound for | f(z, y) —Pa(z,y) | at any point of R whose minimum distance 
from the boundary is = 8. For the dependence of the quantity in brackets 
on n a factor of the order of n? is thus sufficient at any interior point of R. 
The significance of this observation for the theory of convergence of poly- 
-nomials of closest approximation is brought out more explicitly by the following 
inference from it: 


If f(x, y) is continuous throughout a closed region R, and if P„(z,y) is 
determined among all polynomials of the n-th degree in each variable so as to 
minimize the integral 


Gns ror SS | F(a, 3 y) — Pa (z, y) [$ dedy, 


Paz, 5 will converge toward f(x,y) at every interior point of R, uni indy 
throughout any closed region interior to R, as n becomes infinite, if there 2 exist 
‘polynomials pn(x,y) of corresponding degree such that 

| f(z, y). — Pal e, y) | s En 
throughout R, with lim „>o nen = 0. 


446 DUNHAM JACKSON. 


This statement, like others of similar character, can be generalized by > 


introduction of a weight function. 
For an arbitrary interior point of an arbitrary rectangle a =wZ b, 
¢ Syd, with sides parallel to the axes, (3) takes the form 


Col (Gre) 8 + en] 
[B =D) @ a) (dy) (yo) TR 


where Cs depends only on s and on the dimensions of the rectangle. By 
successive applications, after the manner of a corresponding proof in one 





an) —Pa(s, y) |S 


dimension,'* this can be made to yield a theorem of similar form with regard. 


to trigonometric approximation. The four overlapping intervals of the argu- 
ment in one variable are to be replaced here by sixteen overlapping rectangles. 
It is to be supposed that f(z,y) is continuous throughout a rectangle 
assed, cS yd, where 0 <b—a < 22, 0<d—c< 2a, and that 
there exists a trigonometric sum t,(x,y) of the n-th order in each variable 
such that | (2,49) —t(z,y) | S eu throughout the rectangle. Then if 
Ta (2, y) is an arbitrary trigonometric sum of similar order, if s is an arbitrary 
positive exponent, if | 


pa pa 
Guam fs f f(y) — Talay) | dedy, 
e ` 
and if N is the smallest integer = 1/s, the conclusion is that 


Om) +]. 
| f(z, y) — Tn(2, y) | =[0—s) @—a (dyg A” 


at all interior points, with a new Cs which again depends only on s and on 
the dimensions of the rectangle. 


As in the discussion of polynomial approximation just preceding, this 


result can be interpreted in particular for the middle point of a square, then 


for the center of a circle, and so ultimately for the interior of an arbitrary 


closed region. 

It is clear that the conclusions that have been formulated above are 
merely illustrative of a very large number which could be obtained by similar 
methods. 


THE UNIVERSITY OF MINNESOTA, 
MINNEAPOLIS, MINN. 


18D. Jackson, Transactions, loc. cit., pp. 246-248, Lemma 6. 
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ON MULTIPARAMETER EXPANSIONS ASSOCIATED WITH A 
DIFFERENTIAL SYSTEM AND AUXILIARY CONDITIONS 
AT SEVERAL POINTS IN EACH VARIABLE.* 


By CHESTER C. Camp. 


1. Introduction. ‘In 1916 C. E. Wilder presented problems in the theory 
of ordinary differential equations with auxiliary conditions at more than two 
points." It is the purpose of this paper to extend the theory in two directions. 

First by starting with the partial differential equation 


(1) S La(u) + Au=0 


and the auxiliary conditions 
(a = Ulu) = 0, 


one is led by Bernoulli’s method of solusion to what may be called a multiple 
Wilder system in terms of which one may expand a function f (21, To," * *, Tp) 
in a multiple Wilder series. Here the coefficient of each new parameter A, is 
unity as in Wilder’s differential equation the coefficient of A is one. 

Secondly is considered the system 


p > Y . 
(3) : X'i + [È Maj (as) 14, = 0, - (j= 1,2, 3 52) 
with the auxiliary conditions 
(4) Xala) + cp 5 (025) +: + Cey- (ar13) Fl) = 0, 


where 4, 540, (¡=1,2,* * :,p). 

Here the coefficients of the parameters A; will be assumed not to change 
sign but to maintain their average values in each subinterval. A properly 
restricted function f will then be expansible in a series of characteristic solu- 
tions which will converge almost everywaere to f. 


* Presented to the American Mathematical Society, in a different form, August 29, 
1929. Received by the Editors, August 17, 1937. 

1 Transactions of the American Mathematical Society, vol. 18, pp. 415-442 and 
vol. 19, pp. 157-166. 
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‘The system (3) may also be extended to the more general form 


(8.1) Xy+ LÈ nanle) +0 Gehen); 


which is considerably more general than the system considered in a previous 


paper by the author.?. 


; 2, Multiple Wilder system. As in the authors earlier work on Multiple 
Birkhoff Series * one is led from (1), (2) by a simple transformation to a 


system of p ordinary differential equations of order na, (a =1,2%,*  ,p) and 
p boundary systems l l 
(5) La (Ua) + Aaa = 0, Meslus) =0, +" (8=1,2,* ++, Ma). 


"The boundary conditions (2) can be so formulated that, for a particular a, 
(5) will constitute a Wilder system,* where auxiliary conditions are imposed 
at ka > 2 points. By proceeding as in the article referred to, one may set up 


multiple series in terms of principal solutions of (5) directly, without reference 


to (1), (2). In extending the convergence proof from the case of one to p 
independent variables one may employ the extension of the contour integral 


method.? Although the work is a more arduous piece of routine it can be: 


accomplished in a similar manner * without unforeseen difficulties. One may 
therefore state 


'THEOREM I. Given f(z1,%,° * +, Tp), any real function, which together 
with its first va” partial derivatives with respect to ta (or tf va < 1, with its 
first partial derivative) is continuous in the region (da, ba), (= 1, 2,°--,p)3 
then the multiple Wilder expansion converges to f at every interior point of 
this region, if the-auviliary conditions are such that-for each « certain’ determi- 
nants of the matria of constants do not vanish and if the dag are such that the 


2Camp, “An expansion involving p inseparable parameters associated with a 
partial differential equation,” American Journal of Mathomatios, vol. 50, p. 259, 
equations (5). ` 

` 3 Camp, “ Expansions in terms of solutions of partial differential equations,” Second 
Paper, Multiple Birkhoff Series, Transactions of the American Mathematical Society, 
vol. 25, pp. 338-342. 

* See Wilder’s Theorem for restrictions on certain “ie tea in W aß Wilder, loc. 
cit., vol. 18, p. 433. i 

5 Camp, Multiple Fourier Series, Transactions. of the American Mathematical 
Society, vol. 25, pp. 131, 132. 

$ Cf. the three articles by the author cited above. 
™ See the statement of Wilder’s theorem, loc. cit., p. 433. 
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intervals (aza ba) and (Ga; Gig-1) are longer than any of the other subintervals 
of (Ga; ba) included between ang two of the points aap, (B=1,2,* > >, ka). 


3. Generalized first order system. Consider the system (3), (4). If 
one stipulates that Xj(a;) shall be continuous, then for each j one may de- 
termine a system of conjugate auxiliary conditions by the use of the integral 
of Lagrange’s identity * allowing Y;(z;), the solution of the system of adjoint 
differential equations, l | 


(6) — Y" + [È Mala] =0, E 


to be discontinuous at each interior auxiliary point aij, (i == 2, 3,--*,kj—1). 
This system as a whole will be unique; it can be written in various forms, 
one of which is the following: l 


(7) | Ci,Y 5 (44) + Y¿(b5) = 0 
i cjY¿(a3) + Filur) — Yim) =0,  (1=2,8,: > +, ey — 1). 


Write a solution of (3) in the form 


t 


` p i 7) 
(8)  X;(z;) =1/exp 2 MAs (2) where A;(2;) = Í aji (2;) de;. 
z aj 


A solution of (6) may be written 


u 
(9) Y; (aj) = Ki; exp 2 MÁs (7), ag < Tj < Vinay, 


(t==1,2,- + -,k;¡— 1) ; where a; is defined as aj, and az, as bj. If one takes 
arbitrarily K,;= 1, then the conditions (7) will determine the other K’s in 
succession. The first equation in (7) will determine K;,.,; independently, 
which will be consistent with the other determination provided equation (4) 
is satisfied. Clearly then the principal parameter values for both systems are 
the same if they exist. In order to investigate their existence it is expedient 
to make the following transformations : 


K P by 
(10) v; = 2 MÁs where A ji -f aji (zi) dz;/ (b; —a;), (¡=1,2,* > *,p). 
i= a 


The new parameter v; is the average value of the coefficient of X; in (3) 
over the interval (a;,6;). In order to solve backwards we must now assume 
that the determinant | Aj; | does not vanish. If in addition we assume that 
each a;;(x;) maintains its average value over each subinterval; i. e., 


® Wilder, loc. eit., vol. 19, p. 162. 
13 
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: = a: er 
(11) ; Í ayes) day/ (ior io) aie y : 
i 2 Gij Ed 4 
(i= 1,2,3,- -,k;— l1; j= 1,2, pm: Pp; 


then (4) in view of (8) becomes 


(2) Wily) 1+ rn (=p), 
If a;;(a;) is real and integrable then by a theorem given by Langer? - 
and due-to Wilder and Tamarkin the solutions of '(12)' lie within a strip 
| R(v;)| < K and in any rectangular portion of this strip the number of roots 
, m is limited by the relation 


—n +0) =n(1) En +0) 


where yı, y2 are two values of the imaginary part of v;, R(v;) denotes its real 

part, and C is the absolute value of the numerically largest coefficient of vj 

in (12). $ 
In case the subintervals are commensurable with the whole interval 

(ay, b 5), W;(v;) reduces to a polynomial of degree pr in exp av; and its zeros 

are of the form `” 


(13) vj = [2mai + log &]/a, (k =1,2, ++, pa; m=0, £1, = 2>), 


provided the zeros occur at points for which exp av; = é? 

In either case when v; is uniformly bounded from the roots of (12) then 
Wy (vj) is uniformly bounded from zero. 

The Green’s system may be written ; 


MY, OL (o) (b; — a) ]/| Aja |, s3 < zs, 
(14) =! yoia l (j= 1,2,- 2) 
l Å [X;(2;)Y; 0) 1, (v) WiC) (b,—a3)1/| Aji A S> Uy, o. 
(j = 1, 2," ` 2 p); , 
«where: Yj(sj) is, the discontinuous, solution defined by (9), dnd beta the 
individual factor 1/W(vs) in the first form of G in (14) is to be replaced by 


(1— Wi (vw) /Wi (vi) for every independent variable s; whenever ‘s; > Ti. 
Ifo one wishes to expand a function f(%,, 2, ` `, 2p) as 


°R. E. Langer, “On the zeros of exponential sums ahd integrals,” Bulletin of ‘the 
American Mathematical Society, vol. 37, pp. 218-219. See his references to Wilder and 
Tamarkin on p. 239. 7 5 f 

10 Cf. Langer, loo. cit., pp. 214-215. : os 
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(15) Tan pe Y Com asm EXC) |, 
> g es o Mjm = t 


i Gala: 39) 3, 
where the ere denotes a principal solution, an 


16) Cn. „=f? y ya loa) esse = se) F" 0/0 
where i 
Oe of, =]; Laute) LEO PAGO 


Ifa double star indicates a distinct set of principal paremoter values, one 
has the conjugacy ade ; 


as) ay an a 4% ¡asen! NET LOL =0. 


Moreover. the residue at a simp set of principal parameter values v*; 


“of the function: «>. ; a 


(19) Sl pm aa a) lena) LO Hh a | 


will give the corresponding term of (15) ` since Q can be shown to take the form 


(20) Q= | Aye | TL bs — a) Wr). 


The convergence proof for the series in (15) is made by the extended con- 


. tour integral method * and the use of the following lemmas. 





Druma L. 
ae 1 1 dz ; i ; 
ra Fy A Bm er a 
a ant J Cz W;(2) z 2 Cj,x, F 0, Gj E 2, > p) 3 
Lema II. > 
1 [er] dz 





sie Bt Jeg Wile) OS BSB} 

where O+ is a circular contour with center at z = 0 uniformly bounded away 
from zeros of W;(z). In case W;(z) contains the factors 1 — e and 1 — ef 
where a and 8 are incommensurable it may be necessary to use a sequence of 
circles C¿ of non-uniformly increasing radii as | z|-> ©. The corresponding 


1 Cf. Camp, American Journal of Mathematics, loc. cit., pp. 262 sqq. 
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expansion series will be arranged. accordingly in’groups of characteristic solu- 
tions in order that it may converge properfy. With this proviso one may 
enunciate the l i 


Turorem II. Let f(x, 2»: `, 2p) be made up of a finite number of 
-preces, each real and. possessing a continuous partial derivative in each argu- 
ment in the region 8: aj Sa; Sb, (¡=1,2,* +, p); let each aji(x;) be 
integrable and either identically zero or of constant sign a; S z; by; let the 
average value of az;(x;) over the subinterval. di = 2; < tinj be Asi the same 
_ for all the subintervals; and let the determinant | Aj; | be different from zero. 
Then the expansion (15) will converge at any interior point of S to the so- 
called mean value of f. If the terms of (15) are grouped appropriately the 
series will converge uniformly. to f at an interior point. of S at which fis 
continuous. In the case of a multiple characteristic: value it is to be under- 
stood that the corresponding term of (15) is to be replaced by 


Toa by de bp : á 

(21) Sof SU Hose: > tss) lentos) | BT doy 
a a2 a * e 

where R* is the residue of the Green’s function in (14). 
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CONCERNING SOME BOLYNOMIALS ORTHOGONAL ON 
A FINITE OR ENUMERABLE SET OF POINTS.* 


By Morris J. GOTTLIEB. 


. 


1, Introduction. Let £o < £, < £ə<' -+ be a monotonically increas- 
ing sequence of points on the real axis, and jo, fı, ja," * * a sequence of positive 
numbers. Then a system of polynomials {p,(x)} can be defined such that 
Pa(v) is of the exact degree n, and the orthogonality relations 


0,n 54m, 


In (n, m = 0,1,2,° * *) 


(1) Sipma) =} 
hold. These polynomials are uniquely determined except for a factor of + 1. 
This follows from the general theory of orthogonal polynomials. 

In the “finite” case, in which only a finite number of points u < x 
<< ay, and positive values, jo, f1,* * *,Jw are given, a finite system, 
pola), Pi(%),* + +, py(x), can be defined with the analogous property. 

Some special cases occur in the literature. We mention the following: 

(a) Tehebychef [10] investigates in detail the “finite” case with 
j=j =: 5 -= jy = 1. 

(b) . Tehebychef [11] and Ch. Jordan [3] consider the “ finite” case of 
equidistant points with fo == jr => > -= jy = 1. The corresponding poly- 
nomials represent a finite analogue of Legendre polynomials. They go over 
by a proper limiting process into Legendre polynomials. 

(c) Krawtchouk [4] considers the finite case, with equidistant points, 


say ty =y, and iv (7) pgs”, (v= 0,1,2,---,N). Here p> 9, g >0, 


p+q=1. He obtains a set of polynomials, which by a suitable limiting 
process, go over into the Hermite polynomials. 

(a) A well known case is that of the Poisson-Charlier polynomials first 
investigated by Charlier [1]. Here, we have a sequence of equidistant: points 
2” = y, and pet, (+=0,1,2,* © +), where a > 0. 

(e) In this paper, we are concerned with the case of equidistant points, 
Ty =v and jo=e Y, (y=0,1,2,- -:34>0). The relation of the corre- 
sponding polynomials to the Laguerre polynomials is similar to that in case 
(b) to the Legendre polynomials. An indication of this distribution is given 
by Stieltjes [9], in his classical paper on continued fractions. However, he 
does not seem to devote any further discussion to these polynomials. 


* Received Octoher 29, 1937. : 
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The derivation of the usual formal properties of the polynomials (e) 
presents no difficulties. We mention these formulae in Section 2 without proof 
and turn our attention in Sections 3, 4 and 5 to the questions of the asymptotic 
behavior for polynomials of large degree and of the development problem. 

In Section 6 some remarks on the cases.(c) and (d) are also made. 


.. 2, : Polynomials of the ‘‘ Laguerre, type.” . Definition and formal 
properties. We can show by Abel’s transformation (summation by pate) 
that the polynomials, In(a), defined by the formula 


(2.1) ely (a) an f ge G) bo u (A> 0), 
satisfy the orthogonality and normalization relations: . 
5 Ns . nÆm, , 
(2.2) Èa = men, nem m=: =), 
This is ah the case mentioned in § 1, (e).. 
The highest coefficient in In(z) is of the sign (— 1)”. We notice that 


Si = > er = (1— ed), 


By use of Newton’s. series, we obtain 


2.3) h(a) em ¥ (1 ay Ye), i 


_, The polynomials 1, (x), may be represented by certain Jacobi polynomials., 
Using the notation of Pölya-Szegö [6, vol. 2, p. 93] we find 


(2. 4) í o a(t) =P, 2-0 (2er — 1). 
If s= 0,1,2,- :, a symmetry property analogous to that of the 
Poisson-Charlier polynomials * is observed from (2.;3) ; namely, 
(2.5) . e, (a) = l (n), "(a 7 0,1,2,0). 
In the usual way, the recurrence formula l 
(2.6) ` KR + Ya) — {(n +1) +n (er — Yallıla) 
+ ney. (2) = 0 
follows. This is valid forn = 0, 1, 2,: : +, with arbitrary definition of 1, (2). 
We notice the following difference equation : 
(2. D - e(a + 2)A7l, (x) + 
mo — {(1— e)s + (n— 2) — MA 
-+n(1—e Ml, (2) =0. E y 


For later purposes, the generating function 


+See, for instance, [2]. 


- 
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ot 


(2.8) G(#,w) = È ISS (1 —w)*(1—e*w)"1,. (]w|<1) 
is important. 


The polynomials, la (£) = =1, (a; A) are connected with the Laguerre poly- 
nomials by the following limiting relation: 


(2.9) 2 Lim ly E a) = Ln (x), 


where for the eee polynomials, the notation of Pölya-Szegö [6, vol. 2, 
p. 94] has been used. This follows immediately from (2.1). 

3. Asymptotic formula. By use of the classical method of Darboux 
we can readily derive an asymptotic formula for I,(x) which is uniformly 
valid for large n in a fixed bounded region of the complex 2-plane. 

The second factor ¢(w) = (1— e*w)-*" of the generating function 


(2. 8) is regular in | w | < eò; it may be developed in a Taylor's series around 
w == 1, so that 


k 00 
G (a, w) = È pr(1 — w) 423 p (1 — w) 
(3. 1) v=0 path 
= Si(w) +r(w). 
H k : @™ (1) 
ere k is a fixed integer, and fp» = (— AO : 


Let now |x| So, («> 0); we choose k >w. Then r(w) is bounded 
with its first [k + 1 — o] derivatives in |w|=1. Hence, if we write 


co 
(3. 2) r(w) =s 5 Cn10”, 
n=0 
we have , we 
(3.3) Cn = O (n-e), 
If now, k is chosen so that k > 2w + 2 we find? 
(3. 4) he) = (—1)"(1 ay () + O{n-Ria)-2} 


uniformly in |1| Se. 

The same method leads readily to a complete eles expansion of 
Me). 

4. Location of'the zeros. The asymptotic formula (3.4) yields some 
information concerning the location of the zeros of 1, (s) if n is large. - From: 
the general theory of orthogonal polynomials it follows that the zeros of In (a). 
lie on the positive, real axis; more exactly, there are exactly n open intervals 


of the form, v < a<v-+1, v= 0,1,2,- : *, each containing one zero in its 
interior.? 


2 Here, R(x) denotes the real part of =. 


3 This is generally true in the case of the polynomials defined by (1. 1), replacing 
» by æ, See [7]. 
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‘From the asymptotic forinula (3.4) it is spparent that for any fixed 
positive integer v, and an arbitrarily small 8, 0< 8 < 4, an n(8) may be found, 
so that for n > n(8), l. (x) has an odd number of zeros in y — ô < g < y + ô. 
Because of the property mentioned before, there is, then, exactly one zero in 
this interval. — fe. 

- 5. Development theorem. E: Schmidt [8]: has obtained very complete 
results on the development of an arbitrary function (defined for non-negative 
integer values of the argument) in terms of the Poisson-Charlier polynomials. 
His method can be taken over with slight modifications’ to discuss the analogous 


question for our polynomials. : 
Let f(x) be an arbitrary function defined for «= 0, 1, 2, . We discuss | 


“Fourier development ” 


u S, 
(Bay Ha) ~ Seals a) 
where the “ Fourier constants,” Cn, are defined by 
(5.2) cn =e (1-0) $ eef(a)l, (0). (See 2.2.) 
. z=0 


The question is: Under what conditions, regarding f(x), do the expres- 
. sions Cn have a sense and does the series (51) converge and represent f(x) ? 
The first Sais means that the series (5.2) is IB for each n, 


n = 0, 1, 2,- 
The answer can ke stated as follows: È Peon condition that the 


development (5.1) exists (i. e., that the constants Cn have a sense) is that 
the analytic function 


Fa) = Sto)" 





2 — ITA’ and have bounded 





i 1 
; al y 
be regular in | z| < e*, and in ira < = 
derivatives of all orders interior to both circles. If F(z) is regular at z=e*, 


then this condition is also necessary. 
The proof follows closely the discussion of E. Schmidt. The essential idea 


is the use of the symmetry property (2.5), which is analogous to a similar 
property of the Poisson-Charlier polynomials. 
6. Some remarks concerning ‘Poisson-Charlier polynomials and the ` 
polynomials of Krawtchouk. . 
(a) The Poisson-Charlier penne [case (d) of $1] can be repre- 
sented in the form : 
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(6.1) pala) (eier). (a >0) 


ef. Doetsch [2]; they have the following generating function, [2]: 


(6. 2) H(z, w) =$ mle) Fe (1 +2); ((w] <a). 


By Darboux’s method, the following asymptotic formula for palz), —> ©, 
valid uniformly in a fixed region of the complex x-plane is readily anda 
from the generating function * 


(6.3) pr(2) = earn! & + an! Ola), 


As in the case of the polynomials (1,(x)) treated above, it follows 
that for sufficiently large n, pn(=) has exactly one zero in each interval 
v—8<e<v-+5 where v is fixed, v=0,1,2,: - -, and 8 is arbitrarily 
small with 0 <8 < 4. 

(b) The Krawtchouk polynomials have the following explicit repre- 
sentation, [4] 


(6.4) TOSE ye (AT jm 


Here, p > 0, q > 0, and p +q=1. The polynomials defined by this formula 
` have a sense also for n > N, although they then cease to satisfy the normaliza- 
tion conditions, since they vanish for s = 0,1,2,---,W4. 
For these polynomials also, an asymptotic formula can be' obtained by 
Darboux’s method, valid uniformly for large n, in a fixed region of the 
complex z-plane. We start out from the generating function, [4], 


(6.5) K(z,w) — Sha(2)w" — (1+ gu)? (1— pw)", mM < min z) 


It is necessary to distinguish three different cases according to different 
values of the constants p and q. In case p < q, the asymptotic formula is 


(6.6) la(s) =q f orm (8) + Olaias) } 


By interchanging p and q, x and N— x, w and — w, the asymptotic 
. formula for p > q is obtained from the previous case: 


* Doetsch [2] mentions the possibility of obtaining the asymptotic formula in this 
way, without discussing it further. Cf. also the preliminary communication of Obrech- 
koff [5]. 
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(6.7) kale) =p» oe y (ET) Lograr). 


In the. case p= q = 3, the asymptotic formula obtained by Darboux’s 
method is - 


(6.8) nl) =m f (24 (— ner ("7 *) +00 $, 


where = = ‘min (Río), N—R(z)). ; 
All three formulae are valid noir in a fixed region of the a 


a-plane. The same method leads readily to a complete asymptotic expansion 
of kn(x). 


WASHINGTON UNIVERSITY, * 
‘ Sr. Louis, Mo. 
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"ON THE FOURIER- STIELTJES TRANSFORM OF A SINGULAR 
FUNCTION.* 


By PHILIP HARTMAN, and RICHARD K ERSHNER. 


It is a rail nom consequence of the N Jemmia that the 
Fourier-Stieltjes transform, of 


(1) 5 L(t;0) -f> BEN 

- of an absolutely She distribution function o (x) satisfies. . : 

(2) z © L(tjo) =0(1). > t+ œ. 

On the other hand, if s is any’ dio function for which 
L(t;o) =0(|t |), too, 


for some e > 0, then o(z) is necessarily absolutely continuous. 

Tf o(z) is a purely singular distribution function, then (2). need not hold.* 
The first example to the effect that (2) may. hold when t runs through ‘integral 
multiples of Ar, even when o(). is purely singular, was given by Menchoff ? in, 
the analogous case of Fourier-Stieltjes coefficients of a periodie.function. .A 
somewhat simpler example of a purely singular distribution function o(z) for 
which not only (2) held but 


Gj oS 1050) = 0007 ED, tow 


for a certain positive y, was given by one of the authors.® More recently, ` 
Littlewood * has given a very complicated example of a purely singular dis- 
tribution function o(s) for which . 


* Received August 17, 1937. 

1 An example to this effect is the Cantor function. | : 

2 D. Menchoff, “ Sur Punicité du développement ba uae a Comptes PR 
vol. 163 (1916), pp. 433-436. . 

3R. Kershner, “On singular Fourier- -Btieltjes transforms,” American Journal of 
Mathematics, vol. 58 (1936), pp. 450-452. . 
i 43, E. Littlewood, “On the Fourier coafficients of funetions of boundeð variation,” 
Quarterly Journal of Mathematics, Oxford. Series, vol. 7 (1936), pp. 219-226. Actually, 
Littlewood constructed, a. function f(a) ‚of period I, which is continuous for all # and 
of’ bounded variation in. 02251, such that. if e, n=0,+1,.-.- are the Fourier 
coefficients ‘of f(e), then a, =0(|n |--e). This funetion was or the type filo) 
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. (4) ` L(2m; 0) = 0(] n |=), n= o Mn l=) 


for some positive c. In all the above cases, “the distribution functions treated 
were not only purely singular but, in fact, almost everywhere constant, i. e., 
in the language of distribution functions, their spectra : were zero sets. 

The object of the present note is to show that (2) and, in fact, (3) may 
hold in the case of a purely singular distribution function the spectrum of 
which is an interval. It may be mentioned that, for the example to be given, 
it is certain that (4) does not hold. 

Let on = on (z) denote the distribution function 


on(z) =0; +0 <r); noe 
on(z) =3 (141%); . 0< #5 ($); (n==1,2,- + >); 
on(2) =l; , : ($) <r < F O 


Let r(x) denote the infinite convolution 
7(2) =o, “02%: cc. 


This Poisson convolution is absolutely convergent * and represents a continuous ê 

purely singular * distribution function. Furthermore, the spectrum of 7(%) 

is the interval 0 s < 1, so that in this interval t(x) is strictly increasing. 

‚With the above notations it will be shown that the purely singular dis- 

_ tribution function r(x), whose spectrum is an interval, has a Fourier transform 
_L(t37) which satisfies u: 


(7) .  L(t37r) =0(log*|+t|), a co 
_ and also : = u: 
(8) > L(t;r) =Q(log4|#|),° too. 
Obviously, ` 
(9). (tion) =3(14 wh) + $ (1 nA) exp (12-90): 


Hence, by the multiplication rule of Fourier transforms, 
(10) Zi) =I [L + 4) + 4(1 —m3) exp (iat) ], 


=0(0) —e, 0S2=S1, where o(s) is a purely singular monotone function such that 
` 0(0) =0, (1) =1, Now, o(a) may be considered to be a. distribution function if one 
places (m) =0 for —o<acs0 and er =1 for 1So < +œ. It is clear that ` 
‘a, = (Zrin)-1L(— 21m; 0). 

5B. Jessen and A. Wintner, “ Distribution functions and the Riemann zeta func- 
tion,” Transactions of the American Mathematical Society, vol. 38 (1935), pp. 48-88. 

° P. Hartman and R. Kershner, “On the structure of. monotone functions,” A LGI 
Journal of Mathematics, vol. 59 (1937), pp. 8095922. 
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so that . 
| L(é57) |? -Ï [4 n) +4(1— nt) cos 2-94] 

or j 

(11) | E(t; r) |? = il [nt sin? 2-*-1¢--+ cos? 24], 


Now let A denote the set of all points t > 0 which are within a distance 7/6 
of an integral multiple of 7, so that there exists a positive 8 < 1 such that’ 


- (12) [1 sin? t + cost] <8 <1, n>1, iE 


Also let pn denote the set of all points + > 0 which are within a distance 2-"1/6 
of an odd multiple of 7/2, so that 


(13) | cost | S274, tt Cm. 
Now let ¢ = 2r be fixed and let m (21) be the unique integer such that 
p (14) Zm = t < Dmt.. 


Suppose that k (0 S k S m) of the m values 1, 2,- -> m of n are such that 
21¢ isin A. Suppose that these & values of n consist of y (1 & j & k) sets gi, 
(¿=1,2,* * *,7), each composed of l; (k = l; 21) successive integers, so that 


(15) en f D1, =k. 


Let the groups gi be ordered in such a way that the integers contained in g: 
are less than those contained in gia (i= 1,2,---,j7—1). Thus the integers 
n; immediately following the group of successive integers g; satisfies 


(16) > medb+1 
r=1 

and 

(17) 24 Can. 


Thus each group g; of integers consisting of indices of large factors of the 
product (11), proves the existence of an integer n; such that, by (18) and (17), 


(18) “na? sin? 2814 + cos? mt <L ngt 4 QA), 


This inequality (18) is used to majorize j of the factors of the product (11) 
with indices among the m — k values of n (n=1,2,: - -, m) for which 2%. 
is not in A. The remaining m — k — j (= 0) factors of this set are majorized 
by (12). Finally, all other factors are replaced by 1. Thus 
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| L(t; r) |? Sars Il (not + 2210) 
mo ia ea 


or, using (16), 


(19) ; | L(t;r) [3 < $m-k-j Ü [a + ¥1,)4 + guaro”, 
Nox ‘ i zu it 43 ral 
(20) [1 +1) 422007 [1+ + lo) 4 22] 
En <Y6(1 +h + la) + gaceta (1 J L) + eo, 
Also, clearly, 


a) em HC HUHN Holt +h, 
so that, by (20), (21), TR 


(22) [A +4) 4 22] (I +2 +1) 4 2200] 
<(1+14+ la)” + Bas 2) 


By GER use of the praia (22), formula ( 19) becomes 
|L) <a Sh) 0210], 
: . 4=1 
or as 
(23) : | L(t;7) |? < 827k, m—k—j2Z0,jSk. 
If k < m/2, then, by (23), 
| L(t; 7) |? < [4(md”)/ (2k8%)] (1/m) = O(1/m). 
On the other hand, if k = mi/2, 
© [Lr < 89° 2- meras lm): 
Thus, in either case, (7) follows from the definition (14) of the integer m. 
To prove (8) let t = 2", a by UD, 7 


| Le (293 r) |? = m. it [nt sin? ae + cos? amt], 


n=m+ 


so that, neglecting the first term in each factor 
, at ed u 
|L(2%r;7)? > Cm [C = [I cos? (27/2) > 0]. 
y n= n 
This completes the proof of the italicized statement above. -: :: 
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LIOUVILLE SYSTEMS AND ALMOST PERIODIC FUNCTIONS.* 
By AUREL WINTNER. = 


Since the Staude-Stäckel theory of conditionally periodic systems has been 
made standard through Charlier’s textbook. on celestial mechanics (1902; also 
1927), and since Charlier’s presentation follows closely that of Stäckel’s paper 
of 1891, it is usually overlooked that, as pointed out by Stickel himself (1905) 
and by Hadamard (1911), this simple and general theory leads to several diffi- 
culties. These difficulties of the standard theory are quite serious, since the 
objections of Stickel and Hadamard, until they are met, prohibit any applica- 
tion of the Staude-Stäckel theory. In fact, the difficulty observed by Stickel 
[7] is this: while the standard theory assumes that a‘ certain Jacobian is dis- 
tinct from zero in the whole domain under consideration, it turns out that this 
condition is necessarily violated even in the simplest possible cases (e. g., in 
the case of geodesics on a surface of Liouville type). The difficulty pointed 
out by Hadamard [5], being not of a local nature, is still more fundamental 
and concerns the usual introduction of the uniformizing variables into the 
(real) inversion problem of the Abel-Jacobi type; the possibility of defining 
these uniformizing variables, i. e., the problem of the monodromy group, being 
considered as settled by the local non-vanishing of the Jacobian involved. 

In order to legitimize the procedure of the standard. theory, Hadamard 
[5] has indicated direct topological considerations which, by proceeding from 
case to case, enable one to verify that the difficulties mentioned above can be 
disposed of. Furthermore, Stickel [7] has shown by a detailed analysis of the 
uniformization belonging to bounded geodesics on surfaces of the Liouville type 
that-in this particular case the local vanishing of the Jacobian, which is a 
necessity, cannot influence the correctness of the final result. Needless to say, 
such direct discussions can become quite involved, aif one wants 9 take care 
of all the possible cases. 

It will be shown in what follows that a straightforward atid rigorous 
treatment of an extended class of separable systems can be based on Bohr’s 
theory of almost periodic functions in such a way that no explicit discussions 
are. needed when the theory is applied to concrete cases. While the class of 
systems to be considered does not include the most general separable system, 
it contains practically all of the classical integrable problems in the dynamics 


* Received December 23, 1937. 
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of particles, since it consists of the systems usually associated with the name 
Liouville. (Actually, there is no restriction at all in the fundamental case of 
n == 2 degrees of freedom, since it is known that in this case the most general 
separable system is a Liouville sysiem, if one allows a coördinate transformation 
of the trivial type 


= F, (2) +Pa(y),. g= G(s) + Gly). 


and assumes, as ‘usual, that the system is reversible; cf. Stackel [7], where 
further references are given.) That the problem of uniformization can be 
. treated directly by means of the theory of almost periodic functions, is due to 
the fact that, in. the case of Liouville systems, the inversion problem of the 
Abel-Jacobi type’ reduces to that of a synchronization of n given uniformizing 


parameters along n one-dimensional closed manifolds whose product space is 


the n-dimensional torus of the separable system. 

Denoting by dots differentiations with respect to ¢, the general conservative 
Lagrangian function of the non-relativistic dynamical type and of n degrees of 
freedom is 


x. : te d . . . y tt 
(1) L= L(x, t) SG Igat + 3 fits 40, (3=3), 
where git = Qui, fi, € are functions of s = (%,° © *, 2n) which have continuous 


partial derivatives of the second order in the z-domain under consideration, 
while the matrix'| giz || is positive definite in this domain. The reversible case 
is characterized by the identical vanishing of the n functions fi (£). Whether 
this condition is or is not satisfied, the Lagrangian equations have the energy 
integral - 

(2) 133 gin(v) Lit, — e(z) =h (h = const.). 


In order to extend Liouville’s type to the irreversible case, suppose that the 
Ann +1) +n +1 functions giz = gri, fi, e of the n variables %,,* - *,tn 
can be expressed in terms of n seis of 4 functions 


(3) vgl), fie= fili), e = e(t), di = di (21) 


of the single -variable Zi, Where ¿=1,- + :,n, in such a way that the La- 
grangian function (1) becomes ł l l 


t The content of the assumption (4) becomes clearer if one replaces the velocities 
a, by the momenta y, = @L/4, and L by the Hamiltonian function H. In fact, it is 
easily verified that (1) has the particular structure (4), (5) if and only if His 
representable in terms of n pairs H,*, H,? of functions of the two variables Ti Yi in 
the symmetrical form i 


Hiz,- cora Ype Ya) =YX H} (a, Y) : 2H,?(a,, Yi) 


a 


ey 


x 
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(4) L=L(x, 4) o Ende VE ES 
= Fr(x,, Page > tn) 3ga (2i) T + Sfi (i) ti + Zei (24) /r (Er mE z ytn)>. 

where -> ont 

(5) . u . _¢ T =r (T Shey fe se) = 3d, (24). 


Then the positive definite matrix || gi || is the diagonal matrix formed by the 
products (ty °°, 5) gu (ti), and so 


(6) rm 0) >0; (>, G=, n), 


if the notations are chosen in a suitable way. - 
According to (6,), one can introduce ine any. en solution path 
z= v(t) a new time variable, £*, by placing 


(7) Perf‘ dijr(z (i); - 30), ie, i =1/r, v=, 


where the prime denotes differentiation with respect to m. X the energy con- 
stant of v = g(t) is h, put. : 


(8) L* =L* (2, 7 ;h) = pgr a Ifi: + Mes + hadi. 


The energy integral of the Lagrangian equations. belonging to (8). is 


(9). #9; (2) 0? — (Se; (2) + h3di (as) } = he a (h* = Br 


Now, those solutions c= a(t) of the Lagrangian equations belonging to (4) 
which have the energy h are, in virtue of the time transformation (7) or its 
inverse 


(10) | t=t(1*) = fra, ¿e , 2a (P)) dí, NZ 


identical with those solutions x = 2 (t*) of the Lagrangian equations belonging 
to (8) which have the energy 2 
(11) i : h* = 0. 


In order to see this, it is sufficient to observe that the Lagrangian function of 
the pe principle belonging to ( 1) is 


A(z,&;h) = [(e +h) (B3ginvite) Ye + u hi 
ae in view of (4), (5) and (6,), (6. >, 
[ Y = [(230 + h) (r2gi2?) = [ (Bee + h2d,) (agas); 


while A(x, dz; h) = gA(2,%;h) for every q > 0, and so, in particular, for 
g=rorg=r | 
14 
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The Lagrangian function (4) seems to be more general than a usual 
Lagrangian function of the Liouville type, Since in (4) ‘the terms linear in 


the velocities are not missing. Actually, one can‘ omit the term Sfi(ai)ai ` 


without changing the Lagrangian equations, since Sfi(ai)dai is a complete 
differential. Thus, in contrast with the integrable irreversible dynamical sys- 


tems investigated for n= 2 by Birkhoff .([2], pp. 206-210), one can. put: 
(a) == 0 without loss of ee Then the function (8) can be written- 


as SL, where l 
(12) Dig) + Ulah); (12) Tale) +h: (a). 


Hence the system ofn Lagrangian equations [L*]s, = 0 splits into the n 
Lagrangian equations [L:]s, — 0 each of which has, in view of (12,), a single 
` degree of freedom, and, correspondingly, an energy integral . l 


(13), - Inka)? Ui (ti; h) =h (h; = const. ). 


However, the choice of the n integration constants hs is restricted by the > l 
condition K i 
(14) ; Shi = 0, 


this condition being identical with (9), since Sh; = he in-view of a, am 
and (9). 
` According to (62), one can write (13) in the form 
Ulak) + ha 
291 (2) 
And x; = v(t") follows from (15,), where z’; = dz;/dt*, by the inversion of 
` a quadrature. Since z;(¿* —+t,) is, for every solution zi(t*) of [Li]e,=0 
and for every constant ¢;, a solution of [Zi]a, = 0, the integration constant 
introduced by the quadrature can be omitted, so that the motion is, in the 
main, determined for every + by the energy constant h; alone. In this sense, 
it is permissible to denote the general solution by ` ' 


(15,) «2 = Fy (243 hih); o (15) F= 


(16) E a = ti (të; hi h), 


where one can add to ¢* different arbitrary constants for different values of i. 

we simplicity, that the 2;-space is the whole space —o < z: < +00, 
where i = 1,-.-.-,n, and assume that if F: (ai; ha, h) > 0 for large Ti = 0 or 
liage — t > 0, uo 


a Fi (4:3 ha, h)? dz = + œ (e.g, | Fi | < const. 22). 


aos 
x 
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Since, from (151), g : 
E 2; 
an. (= f (Pi (ihah)? dt; 


the greatest lower bound, a:, and the least upper bound, Bi of (16) for 
— œ < t* < + œ are two subsequent roots 


(18) ns ` Ti = 0 == 4 (hy h), er h) 
of the equation l 
a Flash) =0 


of Hill's manifold of zero velocity [cf. (15,)], where it is understood that 
a, = — co and/or Bi = + co in case such roots do not exist, and that a; = fi 
if and only if (16) is independent of ¢*. If (16) is for some ¢* between two . 
subsequent distinct multiple roots (18) of the equation (19), then the in- 
` tegrand of (17) becomes infinite in a non-integrable order (21) when 
Ti >0 +0 (or 4 —>Pß;—0), and so (16) tends to a; (or ß;) either when 
¢* —»— œ or when ¢*—»-+ œ or when #*—> + œ. These asymptotic cases 
will be excluded in what follows. Then there exist two subsequent simple roots 
` (18) of (19) such that a, is the minimum and £; the maximum of (16) for 
— © < ł* < + œ, the integrand of (17) becoming infinite at s: = a; and 
© = B: in the integrable order 4. Thus, from (18) and (19), 


(20) Ash nee (a <A), 
where, by (154), 
(21) AS Gi (ti; hh) >0 for a; Sri S Bi, 


and G; remains continuous at 2; = Qi, Bi ‚Let h and hy be fixed for a fixed 4, 
so that (16), (20), (21) reduce to 2;(t*), F¿(x;), @:(2;) respectively. 

It is easily. inferred om (17), (20), (21) that (16) is periodic with the 
primitive period 


(22) | “ae af? (5) dix. 


One can uniformize the relation (17) between ¢* and a; in the usual manner 
(Abel, Hill, Weierstrass) in terms of a uniformizing time variable u; which 
varies with t* from — co to + oo and reduces to the eccentric anomaly-in case 
of Kepler’s motion (where n = 1, x: = x, = radius vector, t* = time and the 
degree of freedom is reduced to n = 1 by considering the true anomaly. as a 
eoördinate which is ignorable in the sense of Routh). This uniformization 
of (17) is. : 


(231) ti = $ (fi + ze — HB — 2 cos ui; (23) t* = um + Pi(us), 
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where 7; is the fixed period (22) and the function P, (u) is such that 
(241) dt* /du; >0; de ` (242) Pi (us + 2) = Pi(u); 


“(it is essential that in. (24,) the sign of equality, which would be compatible 
with a strictly increasing function (232) of ui, is excluded: for every ui). For 
let the derivative (24,), considered as- a function of ui, be defined .a8 the 
positive square root of the function which one obtains by substituting the 
function (23,)-of u; into the positive continuous function (21) of a. Then 
the function (24,) of u; has the period 2x and over this period a positive mean 
value, say yi, Hence, t* = yu; + Pi(ui) holds for a function P;(us) which 
satisfies (24,).. In order to see that this implies- the uniformization of the 
relation (17) in the form (231), (232), where — «o <u < + 0, it is sufi- 
cient to compare (20) with the representation (22) of the period of: (16), and 
to observe that (23, ) is equivalent to (dx;/du;)? = $ Pte — 25) (es: — ra), while ` 
min as (t*) = Qi, Max aj (t*) = Bi. |. f 
The.n periods r; with respect to ¢* are, in view of as); (20) and (22), 

continuous functions of the’ integration constants hi, hand are,- therefore, 
- incommensurable in genéral. - Hence the’ uniformization of the ‘solutions 
xı = xi (t) of the unseparated.system of the original Lagrangian equations 
[L]o; = 0 is not an elementary task. For in order to obtain the n functions * 
Ti = a(t) , Where —- œ < t< + o, one has to eliminate the n +1 inter- 
mediary time variables wi, t* between’ the 2n +1 equations (23, ), (232), (10). 
This non-local elimination will be carried out by using a theorem’ ón almost 
periodic functions, almost periodicity being meant in thé original sense of Bohr. 
- Tip=—o(t*), — 0 <t* < + 00, is a real almost periodic function which 
has a derivative ¢’ es *, then, $(1*) being bounded, the 
function t= 1* + $(t*) of t* varies with is from — oo to + œ in a-strictly 
increasing manner. “This does not imply that the almost periodic function ` 
¢ — ¢* of £* is an almost periodic function of t. If, however, the assumption 
ea (t*) is replaced by the sharper assumption: that there exists a ® for 
which _ : l Be en Ae 
(25) —1<—0< ¢’(t*), where = const. ae —o<tt<+o, 





then, on placing 


(26) dd v(t), where ¢ = $* #4 6(t*), 


the almost periodicity of @(¢*) implies the almost. periodicity, of. TOF e 
more, the moduls determined by the frequencies of o (t*) and y(t) are identical 
(cf. Bohr [3], where it is assumed that |g ws = =o $: 1, za actually (25) . 
‘is sufficient; cf. Bohr and Jessen [4]). 


7% 
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Returning to the uniformization (23,), (232), where 7; is a positive con- 
stant and the correspondence between — œ < uj < + œ and — oœ < t* < -+œ 
is topological, it is clear thee the inverse of the function (232) can be written 
in the form 


(2%) m= oit* + Q(t); O (h) he 
where, in view of (24,) and (242)... 


(281) wi > 0, ie, Qe) > Ti; (282) QuE + Ti) = Qi(t*). 


Since z; (e +) = m (i) and since the functions (3) depend only on Ti, 
one has 


(29). ©. dy (#*® +74) = di(t*), where d; (os ) =å (vi (t*)). 

Hence (5) is a sum of n furictions of 1% which have the periods Pe 
respectively, so that 

(30) r(t*) = Xdi(t*) 


is almost periodic. From (10) and (30) one has 


(31) teil) = f ar = 3s (t*); (81a) str) = $ "ram. 


Let, as usual, M{f} denote the mean value of an almost periodie (e. g., con- 
tinuous periodic) function f, i.e., the constant term in the Fourier expansion 
of f. Iti is clear from (31;) and (29) that the difference of si(t*) and ¢*M {di} 
has the period zi. It follows, therefore, from (31,), (30) that, if p= 2M {ds}, 
one has 

(33) fmt Hol). (BB) (E) = 3p: (t*), 

where l 


(381), PU + re) = p(t) =si(09) — Msi); (83) p= Mfr). 


Since (5) is, by (61), everywhere positive, and since (5) is a continuous 
function of the position in the space z= (2,- ` *;tn), it has on every bounded 
subset of this space a non-vanishing greatest lower bound. On the other hand, 


(29) shows that (30) is obtained by substituting into the function (5) of 


(%,,* : ., tr) the functions 2; == s: (t*), functions which are continuous and 
periodic, hence bounded, for — œ < t* < + œ. Consequently, if m denotes 
the greatest lower bound of the almost periodic function r(¢*) for — œ < 1* 
< + œ, then m £0, i.e, m >0. Since mS „in view of (33, ), it follows 
that a > 0. Accordingly, one can assume e without loss of generality that pol 
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(correspondingly, one could have modified the ‘definition (7) of ¢* by writing 
cr instead of r, where c is an arbitrarily positive constant). Thus ` >- 


(84) 0<m=finintr(t*) S Mir) =p=1. 


‘Let .¢(#*) denote the function (322) in case of me normalization p= 1, so. 
that, from (321), 


(35) _ . t=t(i*) Le EIO). 


' According to- (831), (322), the function $(t*) =v(t*) is almost periodic and 
- has frequencies: contained in the modul of the n (not necessarily linearly 
independent) numbers o; which are defined by (27). 

It follows that one can deäne for — œ < t< + œ a unique function 
W(t) by the requirement (26), and that this y(t) is almost periodic and has 
frequencies which are contained in the modul generated by the oi. In fact, 
Y (t*) =r(t*) by (10), while ¥ (t*) = 1 + $ (t*) by (35). Hence one can 
be written in the form’ 


(36) 7 0 < mat + fining g(t) 51, 


Now there are m cases possible RE as m er 1 or m= 1. If mel, 
then, from (36), - 


m — 1.— fin inf $” (*), where —-1 <m—1<0. 


This means that (25) is satisfied by é=1—m, and so one can one the 
general theorem concerning the inversion (26) of (85). If, on the other-hand, 
m = 1, then (34) ‘reduces to 


.1 — fin inf r(t*) =H), 


so that r({*)==1 by the. uniqueness theorem of almost periodic functions. 
Hence it is seen from (10) that the exceptional case m = 1 belongs to the 
trivial case where y(t) in (26) is a constant. i - 

“ Since, from (271) and (26), ' , 


tn = oit Hop (t) + QUE + (8)), where Qué +9 (0) hr) = Q:l G), 


and since the frequencies of the almost periodic function y(¢) are contained in, 
the modul generated by the e; = 21/r;, where ¿=1,- + +, n, it is clear from 
(23,) that each of the n components a%(¢) of the solution of the original 
Lagrangian system [L]s, = 0 is an almost periodic function whose frequencies 


LIOUVILLE SYSTEMS AND ALMOST PERIODIC FUNCTIONS. 471 


are contained in the modul of the o;. In other words, the w(t) possess an 
anharmonic Fourier analysis of the form i 


(37) zift) = ®; (t/n,° $ `s t/t), (i==1,- s a), 
_where the 
(38) 0; =0;(0,, ° y "s On) (i =1,: E sn), 


are continuous functions of the position on the n-dimensional torus 
Shai 0S hL, 


while the r; = 27/04 are the positive constants defined by (22). This is the 
desired result. 

It is, in this connection, natural to ask whether or not the continuous 
function O == ®(#,,- > -,0,) on the torus is necessarily regular analytic when- 
ever it belongs to an almost periodic function s(t) which is regular analytic 
and bounded in a strip about the t-axis and has n linearly independent fre- 


_ quencies. This problem seems to be quite difficult, since it is, in the main, 


a generalization of the (unsolved) problem of Poincaré-Denjoy in the analytic 
case (n = 2). The solution of the problem would be essential also for Levi- 
Civita’s recent theory [6] of conditionally periodic systems, since, in general, 
nothing is known about 0(0,,* + *,0n) except for its continuity, so that not 
even Birkhoff’s formal approach [1] to the Weierstrass preparation theorem 


` is applicable. 


As mentioned in the introduction, Stickel [7] has found that a’ certain 
Jacobian cannot be distinct from zero for every t. A comparison of the pro- 
cedure of the present paper with the calculations of Stäckel shows that the 
vanishing of the Jacobian in question is obvious without any particular calcula- 
tions, since it is nothing but a manifestation of Hill’s‘manifold of zero velocity. 
Correspondingly, the calculations and verifications of Stickel [7] can be 
avoided by realizing that Hill's manifold of zero velocity cannot be reached by 
a path in a direction distinct from the transversal direction.t 
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7 This fact, well known in case of the restricted problem of three bodies (a case 
in which the transversal is the normal, the metric being Euclidean), holds in the 
general case (1) and can be proved as follows: Let the initial conditions 2°, a assigned 
to t=0 be such that the vector x’ vanishes, so that 2° is, by (2), a point of Hill's 
manifold e(#) + h=0 of zero velocity belonging to h =—e(#*). For typographical 
reasons, differentiations with respect to t are denoted by primes instead of by dots. 
Tn order to exclude the case of an equilibrium solution æ (t) = const. represented by the 
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4 
single point 2 = 2», ‘one has to assüme that grad e(w) does not vanish at æ =a, Then 
the hyper-surface e(« 2) + h= =0 has at o = g’ an orientable normal and Z 
: MS 23 gira") e, (0) e,, (2°) > 0. 


Transversality- being meant with’ referende to the Riemannian geometry of the Ile) 
which: determine the quadratic part of ( 1), 0 one has‘ to prove that 


iota EEA (t)e, ET 
lee, Or a (t) 32 Orgu aTe, (a°) e, (2°) }8 
where w(t) ‘is the solution for which z(0) =w%, œ (0) = æ = zero vector. Since 
lg | = [gg 12, ‘it follows that it is sufficient to prove the relation 
a (t). =tPyt(0) e, (2%) +0(|t]), where >30. 


Now a’, (¢) =o", (0)+ + ol t|), by Taylor’s theorem. Hence it is sufficient to prove 
that 


æ”, (0) =Z git (a°) e, (2°), i e, e,, (2°) =z gy (0°) a", (0), where i=l,... .,n. 


And the truth of the last relation follows by placing t=0 (hence 2’,°=0) in the 
Tagrangian ‘equations belonging to (1). In fact, these equations are easily found’ to be 


>l as TSEN 


Pona" o FRE Taita joy, + E ay a, — ey =0, * C (i=l. yn), 
where ‘the. a jk =T Br are the Christoffel symbols - of the first, kind belonging to the I 
while. the 1, p= H,, are the components of the alternating derivative (curl) of the 


‘covariant vector, An sh): 


ai 


abs 
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“| er oe e : E 3 : “By AURBL Wiwrxen. 


It is, ns that’ among all attraction laws in- ich the force is H 
portional, ; to a- fixed, say the f-th, power of the distance, the case, 8 = 
is exceptional. in many respects. For instance, in the case of two bodies a 
non-circular solutions lead,, if ß=—3, on the one hand to a collision and. on 
the other hand to.a recession to infinity. In the case of three bodies, Lagrange 1 
has shown that in Newton’s-case B=—2 all homographie solutions are: 


coplanar solutions; and this holds, according to Banachiewitz,? for every 


BA —83 but not for 8 =— 3. ‘The. object of the following considerations 
is a general elucidation of the exceptional behavior of the inverse cubic law of 
attraction. @ - . E 

- Since, the ten classical integrals do, not depend on the choice of the law of 
attraction and are due, according to Jacobi and Lie, to the infinitesimal trans- 


* Received J anuary 17, 1938. 
' 4 This' is the main theorem of Lagrange concerning the homographic solutions -of 
the problem: of three bodies; cf., the concluding remarks on p. 292 of vol. 6 (1373) of 
Lagrange’s collected works. A ‘simple proof of the theorem is due to Pizzetti (“Casi 


particolari del problema dei tre corpi,” Rendiconti della Reale Accademia dei Lincei, 


ser. 5, vol.:183, (1904), pp. 17-26), who also proved the more general theorem that every 
homographie ‘solution of the problem of n22 bodies is either coplanar or homothetic. 

This method of Pizzetti was rediscovered by Müntz: (Mathematische Zeitschrift, vol. 15 

(1922), pp. 169-187) and recently by Carathéodory (Sitzungsberichte rag Bayerischen , 
Äkademie der ‘Wissenschaften; 1933, pp. 257-267). 

"27, Banachiewitz,'“ Sur un cas particulier du problème des trois corps,” : Comptes 
Rendus, vol. 142 (1906), pp. 510-512. The discussion of geometrical compatibility. is 
not carried, out. by Banachiewitz but becomes quite easy by using, the important fact, 

apparently ‘not observed, that the non-planar re of Banachiewitz are isosceles, 
(but not equilateral) solutions. For let (@; b; 0) be the initial values of the bary- ‘ 
centric coordinates (2,9,2,) of the mass m,, gol i= 1,2,3, and let r; denote'the 
initial length [ (a, —a,)” $ (b; — b;,)7}4 of a side of the triangle formed by the three 


bodies. Banachiewitz assumes that the three pairs (a;,b¿) satisfy the conditions 


Z mab, = 0, Zmar; Ema, =0, 2 mib; =0, 


and that the three points (a; b;) of the initial plane are neither collinear nor such that 
r)=r,=r, Now, it is easily shown either by a determinant calculation’ or by an 
equivalent. geometrical consideration that these conditions cannot be satisfied..unless 
at least one of the 3 + 3 numbers a, b; vanishes, in which case direct substitution of 
a, ==0 into, the above conditions shows. that r. =r, (and d, =b, m =m,). Since 
the olution’ is homographic, it follows that the triangle ` is isosceles not; only’ at t= == a 
but for every t. po : : Sn 
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formations which generate the Galilei group,* it is clear that in the case of 
suitably chosen laws of attraction the group of*transformations of the equations 
of motion is larger than the Galilei group. (If, for instance, 8 = 2, the 
problem of n bodies can be split into n vectorial harmonic oscillators and 
admits, therefore, certain continuous groups of orthogonal substitutions which 
it does not admit in case of another attraction law).. Of course, this cannot 
be seen from the usual introduction of the Galilei group, since usually it is 
merely stated, but not proved, that the Galilei group exhausts the automorphic 
transformations of the Newtonian problem of » bodies. It will be seen that 
this implication concerning the completeness of the Galilei group, while (in 
the main) correct, is by no means so evident as to need no proof. In fact, it 
‘turns out that if the attraction were proportional to the —3rd, instead of 
the —2nd, power of the distance, the Galilei group would be only a subgroup 
of all “inertial ” transformations involving the time. 

Without assuming the existence of any of the ten classical integrals, 
consider a system of k(=3n) differential equations of the second order, 
zi” = fi, where ’ = d/dt and i—1,---,h, and suppose that the % given 
continuous functions f; are independent of ¢ and are homogeneous, of some 
fixed degree ß, in (zı, + ',2%). For instance, 8 = — 2, 1, — 1 in the cases 
of Newton, Hooke and a logarithmical potential respectively. It is natural 
to seek pairs of fixed functions u == u(t), v= v(t) which have the property 
that 2, = v (t)æ: (u(t) ) is, for every solution x = z; (t) of 2,” == fi, again a 
solution (“dynamical similarity”). It will be assumed that the solutions of 
zi” =— fı are uniquely determined by the initial values and that u(t), v(t) 
have continuous second derivatives w”, v”, finally that v and the first deriva- 
tive of u are positive on the t-interval under consideration. In particular, 
one can introduce u — u(t) instead of ¢ as an independent variable, so that 
t == t(u). ; 

Since the f;(21,- : `, %4) are homogeneous of degree 8, it is found by 
direct substitution that if v; == «;(t) is a fixed solution of 2,” = fi, where 
x= x,/dé?, then v; =v(t)2,(u(t)) is again a solution if and only if 








peri e) = See de d(vai) at 
de \du) "ae du du du? 


is, in virtue of ¢ =t(u), an identity in u. It follows, therefore, by comparison 
of the coefficients of dix,/dul, where j = 0, 1, 2, that the two functions u, v 


3 Cf, F. Klein, Vorlesungen über die Entwicklung der Mathematik im 19. Jahr- 
hundert, vol. 11 (1927), pp. 53-59. 
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_ of ¢ will have the desired property with reference to every solution s; = s; (t) 
of q” = f; if the two functions t, v of u satisfy the three conditions 


ver, W—d-0, vi—iv—0, 


where the dots denote differentiations with respect to u. The third of these 
conditions means that ù/Ż is a constant, say c. Hence, on differentiating the 
first condition with respect to u and substituting. the representation of Ë, thus 
obtained, into the second condition, it is seen that the three conditions can 2 be 
written as follows: 


(I) Bent, (M Bi (GB; (HI) v= 


Since v > 0 and Å > 0 by assumption, (I) implies that (II) is satisfied if and 
only if either 8 == — 3 or ù = 0. 
_, Suppose first that 0==0 (for which 8 — 3 is sufficient but not neces- 
sary). Then (II) is an identity, while (III) is satisfied by c == 0 (and, since 
¿> 0, only by c= 0); so that the three conditions reduce to (I). Now 
v=0, i. e., vis a (positive) constant, say A. Hence, the single condition (I), 
where ¢ = dt/du, gives u = M(6-D4 plus an additive constant (which is un- 
essential, since ¢ does not occur explicitly in a” =f,). This determines the 
most general pair u(t), v(t) (=à), if 674—3. Choosing, in particular, 
B= — 2, it follows that x; = As: (X"%2t) is, for every positive constant a 
and for every solution 2; = x; (t) of the problem of n(= $k) bodies,-a solution 
of the problem of n bodies. l l 

This trivial transformation group, while not contained by the Galilei 
group, does not lead to an eleventh integral, a failure which, for reasons 
explained by Engel, * does not contradict Lie’s integration theory. 

Now let'8 ==—3. Then (II) is, in virtue of (I), an identity also when 
. % £0, so that one can choose the constant c of (III) distinct from 0. Thus . 

` the three conditions (1), (II), (III) for the function pair u == u(t), v = v(t) 

reduce to the pair of conditions w? = v4, w/t = ct, or, since 8 = — 3 and 
t>0, tow =v, v = c; so that l 


u= u(t) =f, (E+ b)*di +a, om 0(1) ot +5, 
where a, b, cl DE are e arbitrary AEAN In particular, z; = — ta; (1) is, 


*F. Engel, “Nochmals die allgemeinen Integrale der klassischen Mechanik,” Göt- 
tinger Nachrichten, 1917, pp. 189-198. _ í 
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for every. solution x; =z;(t) of x,” = fi, again a solution,’ and so the group 
of inertial transformations is essentially largef than the Galilei group. 

This result seems to be of interest also because it explains why Jacobi was 
able to find, for the problem of n bodies in case of inverse cubic attraction, 
two new first integrals.* These allowed him to reduce the rectilinear problem 
belonging ton = 8 to a quadr ature.’ g 
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ë This fact corresponds -to the results of Cunningham'and Bateman concerning the 
invariance of Maxwell’s equations under certain transformations by reciprocal radii; 
ef. F. Klein, loc. cit., pp. 78-79. 

` o Jacobi, Gesümmelte Werke, Supplementband (1884), p. 27. : ; 
? Jacobi, loc. cit.*, vol. 4 (1886), pp. 481-484 and pp. 533-539. a 


INTERIOR TRANSFORMATIONS ON SURFACES.* 
_ By G. T. WEYBURN. 


A single valued continuous transformation T (4A) = B is said to be in- 
terior? provided the image of ‘every -open set in A is open in B; and such a 
transformation is said to be light? provided the inverse set of every point in 
B is totally disconnected. 

Stoilow has analyzed light interior transformations mee the assump- 
tion. that both A.and B are regions on a sphere or plane. Thus in this im- 
portant case we have an analysis of interior light transformations from one 
(open) 2-dimensional manifold to another. -In the present paper the principal 
theorem to be established (see $2) is to the effect that if A.is.a compact 
2-dimensional manifold (with or without boundary curves), so also is any 
light interior image of 4. Thus the 2-dimensional manifold:character of a set 
appears as an invariant, under light interior oO. and accordingly 
it need not be assumed for the image set. 

“Various applications of our principal theorem “al follow in 88 3 and 4, 

Notably, i in case A is a sphere, it is shown that any light interior image of A 
is necessarily either a sphere, projective plane or 2-cell; and furthermore each. 
true cyclic element of any interior image of A (whether the transformation is 
light or not) is a sphere, projective plane or 2-cell. 


1. Preliminary lemmas and theorems. Ail sets considered are > assumed 
to lie in a separable metric space. - We begin with 


(1. 1). Lemma. If M is a locally connected locally compact continuum 
having no local separating point, each point pe M is contained within an mo 
gpr of M which does not separate M. 


“Proof. There exists * an uncountable aggregate X of arcs [pa] in M each 
pair of which intersect in just p. Since the aggregate of disjoint connected 


* Received January 13, 1938. 

"1 See Stoilow, Annales Scientifiques de PEcole Normale Supérieure, vol. 63 (1928), 
pp. 347-382 and Annales de VInstitut Henri Poincaré, vol. 2 (1932), ‚PP- 233-266. 

*See my paper in the Duke Mathematical Journal, vol. 3, (1937), PP- '370- 381. 

* See G. T. ‘Whyburn, American Journal of Mathematics, vol. 53 (1931), pp. 305- 
314; see also an abstract. by Zippin in the Bulletin of the American Mathematical 
Society, vol. 36 (1930), p. 805. : 
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subsets [px — p} of the connected set M — p is uneonntable it therefore con- — 


tains‘ an uncountable subaggregate Y such that for each set py—p, in Y, 


(M — p) — (py — p) has at most two components and every such component - 


is bounded by the entire set py — p. On any one such arc py choose an interior 
point q. Then clearly Af — pq = (M — p) — (pg — p) is connected. Let Z 
denote the collection obtained by omitting from Y the set containing g. Then 


since Z is an uncountable collection of disjoint connected subsets. of the con- ` 


nected set M — pq it therefore contains at least one element, say pz— p such 
that (M — pq) — (pz — p) has at most two components and each of these is 
bounded (rel. M— pq) by all of pz—p. Let r be any interior point of pz. 
Then clearly ` 


~ (M — p4) — (pr— p) =M— (pq + pr) = M — qpr 
is connected. 


(1.2). Let T (4) —B be interior and light where A is connected and 
locally connected and is locally a cantorian manifold * of dimension = 2. Then 
B is also locally a cantorian manifold of dimension = 2. 


Proof. For suppose some connected open subset Q of B is separated by a - 


compact 0-dimensional subset X’. Then X” contains a closed subset X which 


irreducibly separates Q between some two points a and b. Let ye X, we T(y) 


and let V be a connected neighborhood of œ so chosen that T(V) CQ and 


F(V):TA(X) =0.8 (Note T-*(X) is of dimension 0 since T is continuous _ 


and light.) Let S =V-—V:T-1(X). Then § is connected and open and 
hence so also is its image. But.7(S) C Q — X and since T(S ) must intersect 
both the component of Q — X containing a and the one containing b it follows 
that X does not separate a and b in Q. Thus we have a contradiction and our 
zeit is proven. 


(1.21). CoróLLARY. Let T(4) = B be continuous and light where A 
is locally connected and is locally a cantorian manifold of dimension = 2. 
If.T is interior at the point ze A, then T(x) is not a local separating point 
of B. Thus in particular, if T is interior on A, B has no local separating points. 


*See my paper in the Transactions of the American Mathematical Society, vol. 33 
(1931), pp. 444-454. 
5 A connected and locally connected set A is said to be locally a cantorian manifold 


of dimension = 2 provided no connected open subset of A is separated by a compact, 


totally disconnected set. 
* For any open set V, F(V) denotes the set-theoretic boundary of V, i.e., the set 


V—Y. For any set X and any number 5 > 0, v(x ) denotes the set of all points 


at a distance < 5 from X. 


2 


INTERIOR TRANSFORMATIONS ON SURFACES. 479 , 


(1.3). THEOREM. Let T(A) =B be interior and light where A is a 
2-dimensional manifold (with or without boundary. curves). Then for each 
be B, T= (b) is finite. 


Proof. By (1.21) B has no local separating point. Hence by (1.1) each 
point b eB is interior to some are pbg in B such that B— pbq is connected. 
Let X =T(pbg). Then A—X car have only a finite number of com- 
ponents * and furthermore X is a locally connected set? Hence X can contain 
at most a finite number of simple closec curves. Thus if C is any component 
of X, each true cyclic element of C is a graph and there are only a finite number 
of such cyclic elements. Accordingly 7*(b) can intersect each cyclic element 
of C in just a finite number of points and thus can contain only a finite number 
of points of O which are on true cyclic elements of C. But since b is of order 2 * 
in pbg it follows that: C- T*(b) contains no end points of C; and since. 
pbg—b has just two components, 7'-*(£) - C can contain only a finite number 
of cut points of O. Therefore T-()-C is finite and hence so also is 
T1(b) - X =T-(b), since X has only a finite number of components C. 


(1.4). If A is a 2-cell with boundary J, if T(A) =B is interior and 


‘light and if C is a simple closed curve in B such that T(C) =J, then B is 


a 2-cell with boundary O. 


_Proof. By virtue of Zippin’s characterization of the 2-cell? we have to 
prove that every arc spanning C in B icreducibly separates C. 

. To that end let cvd be any such arc and let x and y be points separating c 
and don ©. We first show that cvd separates z and y in B. If this is not so 
we may suppose we have an are zy C B—cvd so that sy: J =s-+ y. Let 
cı and d, be points of T-(c) and T-*(d) respectively. An arc c,d, of J con- 
tains at least one point of T-*(«) or T= (y), say a point tof T*(x%). There 


- exists an arc %ıyı in T-'(ay) which maps topologically onto xy.? Since there 


exists similarly an arc dıc, in T*(cvd) with c, C T+(c), it follows that the 
are Zıdıyı of J contains cz. The subare cad, of x,d,y, must contain a point of 


. 7*(z) or T> (y), say a point =, of T=(%). Then, repeating the argument, 


it follows that cəd, also contains a point y. of T-*(y) ; and then that the subarc 


¿Teya Of cad, contains points cs and d, af T-*(c) and T-*(d) respectively and 
- soon. Clearly this is impossible, since each of the sets T+(c), T(4), T(z) 


and TP (y) is finite. Hence cvd separates x and y in B. Clearly no subare 
of cvd can separate « and y in B. Thus since B is unicoherent,® no proper 


7 American Journal of Mathematics, vol. 55 (1933), pp. 201-217. 
$ See Eilenberg, Fundamenia Mathematicae, vol. 24 (1935), p. 175 
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subset of cvd separates x and y in B; and since clearly there cannot. exist three 
finite sets of components of A— T-!(cvd) each having a subcontinuum of 
T(cvd) on its boundary, it follows that cvd separates -B into just two com- 
ponents and hence separates it irreducibly. Accordingly B is a ol with 
boundary O. ; l 

We conclude this section with a lemma which, while not used i in the prog 
of our main en will be useful in some of the applications. 


a. 5). Lat Let T(A) = B be interior, let R be an open wba 1 4 
with boundary F, let By =T (E) and designate the transformation T(R) = 
by T*. Let E CP be the set of points (if any) where T* fails to be inter © 
Then for any te E and any MEgnndra hood U of ©; T(E-U) di a ates Be 
at the point T(e). 


- Proof: Let ea): let z5 0;. let U be any open Seat of -A con- 
` taining © such that U.C V.(x)-and let: U =U - B. Finally let V—=T(T,). 
Now if we suppose T(E: U) does not locally separate B, at y, there will 
exist an open subset W of B, containing y and such that WC T(U) and 
W—W-T(#) =X is connected. Then we must have X CV. ‚For if not 
there will exist a point zeX-V(X —X-V)+2X- EA X: Y); and if 
peU-T(z) is chosen so that pe Ü,, then since U¿=U-R we must have 
peU, and hence 2eX : V(X—X-V). But since zeX and X-T(E)=(, 
“it follows that 7’* is interior at p. Hence z must be interior to T” (Uo) =F, 
contrary tozeX—X-V. Thus ¥ CV. Now since every point of W-T(E) 
is a limit point of X (and thus also of V) it follows that 


V=T(U,) DW. 
Whence 
T[V.(2) E] DT(G)) DW. 


Thus T(x) is interior to the image of arbitrarily small open subsets of. R - 


containing x and accordingly T*(R) = Bo is interior at x, contrary to v eF. 


(1.51). COROLLARY. If a point x of E is an isolated point of E, 22) 
is a local separating point of Bo. 


` 2. THEOREM. If A is a 2-dimensional manifold (with or without 


boundary curves) and T(A) =B is interior and light, then B is a 2-dimen- — 


„sional manifold. 


For the purpose of this proof a point x will be called a regular point of A 
or B provided there exists a neighborhood U of x (in A or B) such that Ọ is 


N 


A 
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a 2-cell whose boundary curve does not contain « Any non-regular point will 
be called singular. . 
The proof will be given in the form of a series of statements. 


(i) The boundary of any component of the complement of a compact 
locally connected set in B is locally connected. i 


To prove this, let R be a eapon of BM lid M is a compact 
locally connected set in B and let F = F(R). Let T*(M) =N, let $ be a 
component of T(R) and let E=F(8S). Then? N is locally connected. 
Also S is a component of A— N. Accordingly Y is locally connected. Now 
since? T(S) = È it follows that dd GR = F. Therefore F is locally connected, 
because T is continuous. 


(ii) For any beB and any e > 0 there exists a simple closed curve or an 
arc X in B which irreducibly separates B into just two components and so that 
the component of B— x containing b is of diameter < «. 


Proof of (ii). Let ae B— b, let b’ e T-*(b) and let U be a 2- 2-cell neigh- 
borhood of b’ with boundary curve J such that the topological boundary F(U) 
of U is either J or an arc cvd of J and such that V-T-*(b) = 0b’, U- T+ (a)=0. 
[Note T-(b) is finite by (1.2).] Now since, by (1.21), B has no local 
separating point, there exists a locally connected subcontinuum M of B which 
e-separates b in B and is such that T-(M) -U 40, T"(M) -F(U) = 0, and 
such that the component $* of B— M containing a also contains T[F(U)]. 
Let R be the component of B— 5* containing b, let S be the component of 
B—R containing b and let X be the common boundary of R and 8. Then Y 
is a compact locally connected subset of M [by (i)] which irreducibly separates 
aand6 in B and 8(R) <e Now if R’ and 8’ denote the components of T(R) 
and T-*(8) containing b and F(U) respectively and if Z = U - T” (X), it 
follows that since b’ = U -T= (b) and T-1(a) -U == 0 there can be no other 
components of either T(R) or T-1(8) intersecting Ü. Accordingly Z == F(R’) 
and Z C F(8’). Hence Z is a continuum and since it is locally connected 
(because X is locally connected) it must be either a simple closed curve or a 
simple arc according as b’ is a regular point or a singular point of A. Further- 
more, since Z = F(R’) and T(R’) = R it follows that T(Z) = X, and since 
the transformation T(Z) == X is interior on Z, X is either an are or a simple 
closed curve.? Finally, since there can exist no component of A—T7(X) 
other than R’ and $” with boundary poinis in Z, clearly R + 8 = B — X so 
that X irreducibly separates B. 

Now continuing with the same notation we next prove 

15 
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(ili) If. X is a simple closed curve, R + X = Ris a 2-cell with boundary 
curve X ; and thus b is a regular point. 


For if X is a simple closed curve, Z must be a simple closed curve and 
R+Z=R is a 2-cell with boundary curve Z. Furthermore the transforma- 
tion T (&’)== E is interior, since R =U-T-(B). Thus since Z = R-T7(X) 
it follows by (1.4) that R is a 2-cell with boundary curve X. 


(iii’) Every singular point of A maps into a singular point of B. 


This is a corollary to (iii). 
Still retaining the notation of (ii) we next establish 


(iv) A point x of X is a singular point of B if and only if it is an end 
point of X. 


First let x be a non-end-point of X and let qeT"*(x%). Let o be arbi- 
trarily small. Since æ is not a cut point of B there exists a subcontinuum N 
of B such that B—« N D B—Vep(x) and NDT(u) +T(v), where 
u and v are points of z so chosen that the are ug» of z maps topologically ? into 
an are exf of X under T. Now we can construct in A an arbitrarily small 
simple closed curve C = rhs +.rks such that rhs and rks are ares in R + r+ 
and 8’ + r+ s respectively, r + s = 0: Z, and T(C): N =0. Now since C 
separates v and u in A it follows that T (C) must separate T(x) and N in B.. 
Hence by the argument used in proving (ii), T(C) must contain a set X” 
irreducibly separating = and N in B and X” is either an arc or a simple closed 
curve. But now since the set T(X”) must separate v and u in A and T is 
topological on uqv, it follows that T-*(X’) contains continua H and K such 
thatr Fs CHER +r+s r+s EKCS' 4r+s. Accordingly X’ con- 
tains the continua T(H) and T(K). Also T(H)-T(K) =T (1) + T(s) and 
T(r) 4T(s). Hence X’ cannot be an arc and thus it is a simple closed curve. 
Therefore, by (iii), æ is a regular point. 

Now if x is an end point of X, since clearly x can have no 2-cell neighbor- 
hood not having æ on its boundary curve it follows that x is a singular point. 
_ Now let K denote the set of all singular points of B. Clearly K is closed. 
It may be vacuous in case A has no singular points, but not otherwise, by (1ii’). 


(v) Every point of K is of order 2 (rel. K). 


Proof. By (iv) it follows that every point of K is of order = 2. Now 
if there were a point x of K of order < 2, there would exist an arbitrarily 
small locally connected continuum X in B such that X-K contains < 2 
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points and X irreducibly e-separätes zin B. By (iii) it follows that X is an 
` arè and by (iv) that both its end points must belong to K, contrary to 
supposition. - ` 


(v’) Bach component of K is a simple closed curve. 
(vi) B— K is connected. 


If this were not so we could find a subset K’ of K and two distinct com- 
ponents R and S of B— K” with a boundary point p in common, pe K’. But 
by (ii) and (iv) there exists an arbitrarily small are ab in B with ab - K =a +b 
and so that ab separates p from both r and s where re R, se S. Clearly this is 
impossible, since we would then have ab-— (a +b) CR-S. ` 


(vii) K has only a finite number of components. In fact K has at most 
p components, where p — 1 is the maximum number of disjoint simple closed 
curves in A whose sum does not separate A. 


To prove this, we note first by (vi) it follows that there are only a finite 
number of components of A — T(K). Thus since each component of T*(X) 
contains? a simple closed curve and since A is disconnected by the removal 
of any set of p disjoint simple closed curves it follows that the number of com- 
. ponents of 7-+(K)—and hence also of K—-must be finite. 

To show that the number of components of K does not exceed p, let us 
suppose the contrary. Let F, be the sum of a collection of p components of 
T”(K) and let R, and 9, be components of A—F,. If R, contains a com- 
ponent of T-*(K), let F, be the sum of a set of p-components of T(K) 
selected so that F, CR, and F, conatins at least one component of T(K) 
lying in R,. Let R, and 8, be components of A— F, where SD S,. Then 
R,CR,. Similarly if R, contains a component of T(K) we select a set F, 
of p components of T-*(K') so that F, C Ë, and F, contains at least one com- 
ponent of T-*(K) lying in R and take components R, and S; of .A— F, so 
that S¿ 8, and hence R; C Re. Continuing this process, since the number 
of components of T>(K) is finite, we eventually find a component Rye of 
A— Fy such that Ex: T*(K)=0, But then Rx is a component of A —T=(K). 
Hence? T (Ry) = B—K and thus T(F;) =K. Clearly this is impossible if. 
K contains more than p components, since Fx has exactly p components. 


(viii) Every singular point of B has a 2-cell neighborhood. 
Proof. Let pe K; C K where K is the set of all singular points of B and 


° Actually, pS p (4) + a + 1, where a is the number of boundary curves of A and 
p; (A) is the Betti number, modulo 2, of A. . 
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K; is a component of K. Let u and v be points of K,— p; let y be a point of 
T=(p). Since T-1(K) is a finite graph, there exists:a 2-cell neighborhood U 
of q with boundary J (which may or may not contain q) such that U-T+(K) 
consists of a finite number of ares q%o, qT1,* * *, qt, such that (a) qu; qz; =q, 
-(b) To, 215° © `, En are cyclicly ordered on J and the arc tofa of J not con- 
taining q is the set theoretic boundary of U in case q is on J, (c) qu, maps 
topologically into a subarc either of pu or pv, say pu, qu, maps topologically 
onto a subare of pv, qx, into a subare of pu, and so on to gan, where pu and po 
are the arcs of K: not containing v and u respectively, (d) Ü-T(p) —q. . 

Now let ab be an arc in B irreducibly e-separating p in B where ae pu,- 
b e pu and where e is so chosen that the component R of B— ab containing p 
satisfies R-T(U — U) =0. Let S be the other component of B—ab. Since 
TS) D tot, (are of J) and T(R) = q, it follows that the open 2-cell Y 
in U bounded by the simple closed curve G = qx + xo@, + ga, contains a 
component R’ of the inverse of the connected region Q = R — apò (open are 
of K;). Since ax, C T (8), it follows at once that the boundary of R’ is a 
simple closed curve W = a'g + qb’ + a'b’, where a’q and gb’ are arcs on quo ` 
and qz, respectively and where a’b’ is an arc which maps into ab and lies 
except for a’ and din V. Since a’b’ is the common boundary of R’ and the 
component 9’ of T= (8) en; 20%, and a = T (ab): qe, b’ =T (ab): qu, 
it follows that a’b’ = A Y and hence that a’b’ maps interiorly onto ab. 
Thus since T~ (a) ab’ =a’, T= (b) - a’b’ = b it follows that a’b’ maps topo- 
logically onto ab. i 

Therefore we have shown that the boundary W of the open 2-cell R’ maps 
topologically into the boundary C of the region Q while R’ maps onto Q. Hence 
surely the transformation 7'(#’) = Q is interior, and since T"*(C) - Q =W, 
it follows by (1.4) that @ is a 2-cell with boundary C. 

Clearly the statements (i)-(viii) yield our theorem. 


3. THEOREM. If A is a sphere and T(A) =B is interior and light 
then B is either a 2-cell, a sphere or a projective plane ™ (a 2-cell if B has 
singular points, othar wise a sphere or projective plane). 


Proof. If B we no singular point then by § 2 B is a closed 2- pa 
manifold without boundary; and since by a theorem of the authors ° p*(B) 


10 See my paper “On the mapping of Betti groups under interior transformations,” 
Duke Mathematical Journal, vol. 4 (March, 1938). Here p*(X) denotes. the Betti 
number (modulo 0) of a set X. 

1 That sacho of these image sets is possible is shown incidentally in the proof of 
(3.1). i 


' INTERIOR "TRANSFORMATIONS ON SURFACES. — 485 


<p!(A) = 0, it follows that B is either a o ora projective plane ac- 
cording as it is or is not orientable. . 
If B has singular points, then by $2, (vii), the neh K of sil er 


points is a simple closed curve. Let: R:be a component of A— T(K) and 


let C be the boundary of Æ, where R is so chosen that A — R is connected. 


` (There are only a finite. number of components of,A—T-!(K) since by $2, 


(vi), B—K is connected.) - Then since? T(K) is locally connected it 
follows that C is a simple closed curve and R is a 2-cell. Furthermore 
T(R) = Band T*(K) -R = C; and since no subset of T(C) — K can locally . 
separate B at any one of its points it follows by (1. 5) that the transformation 
T(R) =B is interior. Therefore, by (1.4), B is a 2-cell. 


(3.1). Coronary. Let T(A) =B be interior and light. If A is a 
2-cell, so also is B; if A is a sphere or m ojective plane, B is either a 2-éell, 
sphere or projective plane. ; 


o Pr oof. First let A be the 2-cell q? sig y Sr? in the (a, a plane, Then the 
transformation T” (x, y, zy = (x, y, 0) on the sphere A’: a? +? + 2? —= 1? is 
interior and light and maps A’ into A. Hence TT” is interior and light and 
maps A’ into B;.and since by § 2,. (ii), B necessarily. has singular points, - 
it follows from the above theorem-that B is.a 2-cell. 

. Next let A be a projective plane. The ido T: EEE on a 
sphere A’ by ‘identifying diametrically opposite points is interior and light and 
maps A’ ‘into a projective plane which we may suppose is A. Then TT’ is 
interior and light and maps A’ onto B and hence again our ‚result: follows from 
the theorem just proved. * 

ay the case of the sphere is identical with the above'theorem. 


4 Applications to other surfaces. 


(4. 1). THEOREM. Let T (M) = N be continuous and Hig where Mis . 
a locally connected continuum and suppose that for each yeN, T-*(y) dis- 
connects no cyclic element of M. Then for each -A-set ® N in N, each com- 
ponent of T> (Na) is an A-set in M. i 


Proof. Let K be a component of T2(Na). Let R be any component of 
M—- K. Now F(R) must reduce to a single point, For if not, then since any- 


- two points of F(R) are conjugate, there exists a cyclic element E of M con- 


-12 An A-set in a locally connected continuum M is a closed subset X of M which 
contains every arc in Jf whose endpoints lie in K. See Kuratowski and Whyburn, 
Fundamenta Mathematicae, Vol. 16 (1930), pp. 305-331. 
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taining F(R). Since R- E is non-vacuous and connected, it follows that R: E 
is not a subset of T*(N¿). Let S be a component of E — E- T=(N,¿). Then 
T(S) is a connected subset of N — N. and hence F(S) must map.into the _ 
single point p which is the boundary of the component of N — N, containing 
T(S). Therefore F(S) is totally disconnected and is C T"(p); and since 
K - E is connected and non-degenerate, T-*(p) must disconnect F, contrary to 
hypothesis. Hence F(E) is a single point and thus *? K is an A-set. 


l (4.11). Corotuary. If T(M) =N is continuous und light where M 
‘is a locally connected continuum such that . 


(a) M is unicoherent or 


(b) every true.cyclic element is a cantorian manifold of dimension = 2 
then each component of the inverse of an A-set in N is an A-set in M. 


(4.12). COROLLARY. If T(M) =N is interior and light and for no 
yeN does T-(y) disconnect any cyclic element in M, then for each A-set Nu 
in N, T (Na) is the sum of a finite number of disjoint Ar seis in M, each of 
whieh maps interiorly onto Na. 


(4.2). THEOREM. If T(A) =B is interior and light where A is a 
locally connected continuum which either 


(a) is unicoherent, or 


(b) has as its true cyclic elements sets which locally are cantorian mani- 
folds of dimension = 2, 
then for each true cyclic element E, in B there exists a true cyclic element Fa 
in A which maps interiorly onto Ly under T. 


‘Proof. By the preceding theorem and corollaries, T-1(H,) is made up of 
a finite number of disjoint A-sets each mapping onto Fe. Let E, be a node ™ 
of any one of these components K of T-*(Hy). Then since the transformation 
T(K) = Ev is interior. it follows * that Fa maps onto E» under T. Further- 
‘mote, the transformation T(E.) = E» is interior except possibly at the. one 
point p = Eq: K — Fa. If this transformation failed to be interior at p, there 
would exist a point geH,—p such that T(g) =T(p). But then since 
T(E) = Ev is interior at q it follows by (1.21) that T(p) is not a local 
separating point of E»; and hence by (1.51), T(E¿) = LE» is interior at p. 
Thus T(E,) = Ey is interior and our theorem is proven. 





“A node of a locally connected continuum M is either an end point of M or a true 
cyclic «element of Af containing exactly one cut point of M. See my paper in the 
American Journal of Mathematics, vol. 50 (1928), pp. 167-194. 
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This theorem, together with me results established in 8$ 2, 3, yield the 
following corollaries. 


(4. 21). Under the conditions of the theorem, B likewise satisfies (a) or 
(b) respectively. f 


(4.22). If every true cyclic element of a locally connected continuum A 
is a 2-dimensional manifold (with or without boundary curves) the same is 
true of any light interior image of A. 


(4.23). If every true cyclic element of a locally connected continuum 
is either a sphere, 2-cell or projective plane, the same is true of any light 
interior image of A. 

Now if we make use of the fact? that any interior transformation T can 
be.factored into the form T—=T,T, where T, is monotone and T is interior 
and light we get: 


(4.24). If every true cyclic element of a locally connected continuum A 
is either a sphere or a 2-cell and if T(A) =B is any interior transformation 
(light or not), then each true cyclic element of B is either a sphere, 2-cell, or 
projective plane. 


For if we factor T into TT, where T,(A) =A’ is monotone and 


T,(A’) = B is interior and light, it folows ** that every true cyclic element ~. 


of A’ is either a sphere or a 2-cell. Hence by (4.23) we get our conclusion. 


(4.3). THEOREM. Let T(A) = B be interior and light where A is a 
locally connected continuum and every true c yclic element of A ts locally a 


cantorian mamfold of dimension = 2. Then for each true cyclic element Ey 
in B we have 


: : k 
TUE) = Y Es! 
i=l 


where for each i, Eat is a true cyclic element of A and the transformation 
T (Eat) = By is interior. 


Proof. Let K be any component of T> (Es). By (4.1), K is an A-set in 
A. Since? each node of K maps onto all of E, it follows that there are only 
a finite number of nodes of K. Hence if E, is any true cyclic element in 


1 See R. L. Moore, Transactions of the American Mathematical Society, vol. 27 
(1925), pp. 416-428; C. B. Morrey, American Journal of Mathematics, vol. 57 (1935), 
pp. 17-50; G. T. Whyburn, ibid., vol. 56 (1934), pp. 294-302. ` 
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K, then E, contains just. a finite set F of cut points of K, i.e., the set 
F = Ea: K — Fa is finite. Hence T (F) = 2 is finite. Now, since, by (4. 21), 
E, is a cantorian manifold of dimension = 2, it follows that #,—T(F) is 
connected ; and since by hypothesis E, is such a manifold, E, — ET (H) = G 
is likewise connected. But G is a component of K— K:T>(H), since 
T>(H) DF. Hence? G maps onto all of Fs — T(F) and thus E, maps onto 
all of E, under T. Since T is interior on Fe — F and F is finite, and since 
E» has no local separating point, it follows by (1.5) that T is interior on Fa. 

Since each true cyclic element of K maps interiorly onto all of Ej under 
T, it follows that there are only a finite number of such elements in K. And 
since clearly K can have no are of cut points [for T(K) = L is interior], it 
follows that K is the sum of a finite number of true cyclic elements each 
mapping interiorly onto Ej. Thus since T(E») has only a finite number of 
components, our theorem follows. 





(4.31). COROLLARY. If every true cyclic element of A is a 2-dimensional 
manifold and T(A) =B is interior and light, for each non-end-point b eB, 
T-(b) is a finite set. l 


If b belongs to a true cyclic element of B, this follows from (4.3) and 
(1.2). If b is a cut point of B it results at once from the easily established 
fact that T-*(b) is contained in the sum of a finite number of cyclic ele- 
ments of A. _ l 


(4.32). COROLLARY. If every true cyclic element of A is a sphere or 
2-cell and T(A) =B is interior, then for each non-end-point be B, T-*(b) 
has only a finite number of components. 


This follows from (4.31) using the factorization of T into a monotone 
transformation and a light interior transformation just as was done in the 
proof of (4.24). l 

It may be remarked that it follows from the above results that any one 
dimensional interior image of a sphere—or of any locally connected continuum 
every true cyclic element of which is a sphere, 2-cell, or projective plane—is 
necessarily a dendrite. Also it is interesting to note that—by sending certain 
indecomposable continua into points—a sphere may be mapped interiorly into 
any dendrite. However, if we specify that our interior transformation shall 
send only locally connected sets into single points, it results that the only 
possible one-dimensional images of a 2-dimensional manifold are the are and 
the simple closed curve. A detailed study of these and closely related results 
‘will be made in a later paper. 
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5. In conclusion, we shall isolate—essentially from the properties de- 
‘veloped in § 2—a theorem whith yields a complete analysis “in the small” 
of any light interior transformation on a 2-dimensional manifold. We begin 
by establishing 


(5.1). Tusorem. Let T(A) = B be interior and light. Suppose E is 

a 2-cell with interior R und generator J in A such that E- TT(J) = J and 

T is (1—1) on J. Then T is (1—1) on E, so that the transformation 
T(E) =F is topological. 


Proof. Suppose, on the contrary, that there exist two points and y in R 
such that T (<) =T (y) =p. Let apb be an are in F such that apb: T(J) 
==a-+ 6. There exist arcs «gb and a’yb’ in E which map topologically onto 
apb under T, where “=L-T"(a), b’ =F£-T+(b). Since these two ares 
are different, there exists a component S of E— («ab + a’yb’) such that 
S-J-==0 and hence so that SC R. Clearly this is impossible, since S con- 
tains a component U of A —T-*(apb) and U necessarily maps onto one of the 
components of F —apb and each of these contains points of T(J). 


(5.2). THEOREM. Let T(A) = B be interior and light, where A is a 
2-dimensional manifold. For any point q of A there exists a closed 2-cell 
neighborhood E of q in A and a positive integer k such that (a) if T (q) is a 
regular point of B, then on E T is topslogically equivalent to the transforma- 
tion w=z* on |z| <1; (b) if T(g) is a singular point of B, then on E 
T is topologically equivalent to the enamel Oars 


f(z) = p (cos k0/2 + i | sin 10/2 |) “Uk even) 


on |z| 1 when q is a regular point of A and to de same ti asta mation 
(for a different value of k) on |z|S1, y= 0 when q is a singular point. 


Proof. Let us consider first the case where T (q) is a singular point of B. 
Then, referring back to the proof of (viii) in § 2, it follows by (5.1) that the 
set Æ there defined maps topologically under T onto the set Q. In that proof 
let us set V = Vo, a’ = ao, V = a, R’ = Ro. Let V: be the open 2-cell in U 
bounded by the simple closed curve qu; + tig. + gaia fori <n if gison J 
and fori Sn (n + 1==0) if q is within J. Then in exactly the same way it 
follows that there exist arcs 4,4, Goda,’ * +, iin,’ cin Vy, Pa, Vago: 
so that if R: is the open 2-cell in V; bounded by the simple closed curve 
qai + liti + qlin (Where (OS: E n—1 for q on J and 0 Si<n, 
n+1=0, if Q is within J), R; maps topologically onto Q under T. Hence 
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if we call E the closed 2-cell 3R, it follows that, on E, T is topologically 


equivalent to the transformation f(z) =p(cot nð + t | sin nð |) on |2| S1, 


y = 0, if'g is on J and to the transformation 
f(z) = p[cos(n + 1)8/2 + i| sin(n + 1)6/2 |] (n +1 even) 


on |z| 51 if q is within J. Thus (b) is established. 
Now suppose 7'(q) = 6 is a regular point of B. Let sby be an arc in B 


consisting wholly of regular points. Referring back to the proofs of (ii) and. 


(ili) in § 2, we see that since T~ (eby) is a finite graph we can choose the 
simple closed curve X in those proofs so that 


T- (zby) (R + Z) = gr + que + ° + gem 


where (1) q =b’, (2) the points 2, Ta, Uz,* * *, ox are cyclically ordered on 


Z, (3) Q%1; 9%, : * are simple arcs intersecting in only q and such that ge, . 


maps topologically onto the arc bu of xby, qu, onto bv, qz, onto bu, and so on 
to qz: which maps topologically onto bv, where zby- R is the arc ubv, (4) the 
arc 2,22 of Z maps topologically onto one of the arcs, say urv, of X from u to v, 
TaZ maps topologically onto the other arc, say usv, of Z, £st, maps onto ure, 
xa, onto usv and so on to tat, which maps topologically onto usv. Thus by 
(5.1) it follows that the closed 2-cells #,, a, > - +, Ra, in R’ bounded by the 
simple closed curves gv; + tities + gina (0 S 1S 2k, 2k +1==1) map topo- 
logically and alternately onto the two 2-cells in Æ bounded by the closed curves 
` ubv + wrw and ubv + usv. - Hence, on E”, T is topologically equivalent to the 
transformation w = z* on |z| S1. , 
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ON THE DISTRIBUTION FUNCTIONS OF ALMOST PERIODIC 
l . FUNCTIONS.* 


By Paur Hartman, E. R. van Kampen and AUREL WINTNER. 


Introduction. While it is known! that every almost periodic function 
z(t), — œ <t< + œ, has an asymptotic distribution function o, very little 
is known about sufficient conditions which, when imposed on z(t), insure a 
preassigned degree of smoothness for the function e. Everything that is known 
about the subject indicates that this problem of smoothness depends essentially 
on at least two factors, namely 


(i) the smoothness properties of the given function z(t); 

(ii) the arithmetical structure of the sequence of Fourier exponents of z(t). 
Actually, it is not (i) that is needed so much but rather 

(ibis) the local smoothness properties of the function Z which is a con- 
tinuous function of the position on a finite or infinite dimensional torus which 


‚is associated with 2(t) in the usual way.? 


In fact, a condition of the type (1) is weaker than a condition of the type 
(ibis). For Z is constructed from the given function z(t) by using the 
limiting process of the Kronecker-Weyl approximation theorem; and nothing | 
seems to be known? about which, if any, of the smoothness properties of z 
(e. g., differentiability of a given degree or analyticity) are transplanted by this 
process into corresponding, or somewhat weaker, smoothness properties of the 
function. Z on the torus. As far as the factor (ii) is concerned, it:is known * 
that the situation for the smoothness of « is most favorable in case that the 
Fourier exponents of z(t) are linearly independent or such that z(t) is of 
the form , y 
(1) oo z(t) = 3 z (Avt), 


where the zy(¢) are continuous functions of a fixed period T and the Ay are 
linearly independent. Correspondingly, it is to be expected that the chances 


* Received January 31, 1938. 
1 Wintner [10], [11]; Haviland [3]. For a comprehensive account of a general 
theory, ef. Jessen and Wintner [6]. 
2 Bohr - [1]. 
"Ss Cf. Wintner [13]. . 
+ Wintner [12]; Jessen and Wintner [6]; Kershner and Wintner [8]; van Kampen 
and Wintner [7]. . 
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for the smoothness of o are least favorable * in case z(t) is limit periodic, i. e., 
of the form O l 


(2) Ol, 


where the »(£) >82.(0) are continuous functions of some common period and 
the 7, are positive rational numbers such that lim inf ry = 0. 

The object of the present paper is to fill somewhat the gap between these 
‘two extreme cases. The method to be applied will be an extension of the one 
recently * applied in the most favorable case (1). From the point of view 
of the factor (ii), the smoothness problem of ø in case of an arbitrary trigono- 
metric polynomial, i.e., of a finite number of Fourier exponents, is hardly 
different from the case of any almost periodic function whose Fourier ex- 
ponents are generated by a sequence of linearly independent numbers (or more, 
generally, moduli). Correspondingly, when proving smoothness properties of 
a, it will be a methodically unimportant simplification to assume that Z is a 
function on a finite dimensional torus.” 

.The results imply, in particular, that if z(t) is’a trigonometric poly- 
mia then its distribution function o is absolutely continuous on the spectrum _ 
of a. In particular, any non-constant trigonometric polynomial s + iy = z(t) 
maps the t-axis on a connected set whose closure is either a finite set of analytic 
ares or the closure of a two-dimensional. open set which is bordered by a 
finite number of analytic arcs; and o is necessarily absolutely continuous with 
a density which is always an analytic, though not necessarily regular analytic, 
function of the position on the spectrum, and which need not be one and the 
same analytic function on the entire spectrum. While this case of a.trigono- 
metric polynomial seems to be quite harmless, it is, as a fact, hardly. easier 
than the general case to be considered. 

As far as the factor (ibis) is concerned, the condition imposed on the 
function Z of the position on the finite dimensional torus is that either Z is 
regular analytic or that Z has continuous partial derivatives of order k, where 
1k o. In the second case, the results are similar to, although from the 
geometrical point of view more complicated than; those mentioned for the case 
of a trigonometric polynomial. 


1. The open set R. Let Z=Z(0,,* > :,0,) be a continuous function 
of the position on the torus — : l 


5 Cf. Bohr [2], where, howeyer,.the terms of the series (2) are not free of constant 
stretches. 

Svan Kampen and Wintner [7]. 

7 As to a theory on an infinite dimensional torus, ef., Jessen [4], [5]. 
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(3) O: 050<1;3=L-":,2 GQs"<+ o); . 


which is obtained from the n-dimensional Cartesian 0-space by reduction to 
modulus 1; and let 7 renote the DEA mapping of © on the complex 
plane, so that 

(4) os SP} ES EEE ERROR 


By T(A) will be denoted the image of a subset A of ® under the continuous 
transformation T. While the continuous mapping T of © on T(0) is not, in 
general, topological, the set of all those points of O whose T-image is in a set 
F will be denoted by T-*(#), so that a subset A of O may be a proper subset 
of T"(T(A)). By meas A and p(#) will be denoted the ordinary n-dimen- 
sional Lebesgue measure on O and the 2-dimensional Lebesgue measure in the 
(x, y)-plane, respectively. 

l It will be assumed that 


(I) the function (4) is of class Or, k => 1, where Où for k >1 is the 
class of functions for which all continuous partial derivatives of order k exist 
(and Co is the class of continuous functions). 


_ (II) the mapping (4) has the property that meas T-(P) =0 for every 
point P of the (a, y) -plane. 
Condition (II) excludes the case that Z is constant on an open subset of 0. 
Even if the function (4) has partial derivatives of arbitrarily high order and 
is nowhere constant, it is quite possible that condition (II) is not satisfied; 
for T(P) can be, for particular points P, a nowhere dense perfect set of 
positive measure. 

Let A,,* * An be n linearly independent real numbers, and 2(i) the 

almost ei function 


(5) w(t) + ty(t) == 2(t) = Z(Aat, A), (—0o0<t<+ 00). 


Let E denote a Borel set in the (a, y)-plane, and o(8) the asymptotic distribu- 
tion function of z(t). It is clear from the Kronecker-Weyl approximation 
theorem that 

(6) “a(E) = meas T7 (E). 


Obviously, condition (II) is equivalent to the assumption that o(E) has no 
point spectrum, i.e., that o(Z) =0 whenever E consists of a single point. 
Since T is continuous, it is clear from (6) that the spectrum of v(E) is the 
set T(0). 
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Let Q denote the set of taose points of et which the matrix 


Zar Xe,’ 
m P A ; ie ye) 

. formed by the partial derivatives of the real and imaginary parts of (4), is not 
of rank 2; so that © consists of the zeros (0,,* ` +, ên) of the Jacobian square 
sum 

A Ko, Xor 
(8). A=A(0,* ` +01) ze: r 
. 1£j< Sn 03 bi 








Since the function (8) is continuous on ®, the set Q is closed. Let Æ denote 
the complement, 
N): R=T(0) —T(Q), 


of the T-image of Q with respect to the spectrum T (@), so that R is contained 
in, but is not necessarily identical with, T(0 — 2). 

It is-easy to see that the set R, which may be empty, is always open. In 
fact, if Po: (To, Yo) is a point of T (© — Q), then Po = T (Ho) for at least one 
point Io: (9°, + +, 6°) of the subset ©— Q of O. Hence, the function (8) 
does not vanish at (6,°,- + -,6n°) ; in other words, at least one of the two-rowed 
Jacobian determinants occurring in (8), say the one for which j = 1, 1=2, 
does not vanish at (6,°,---,6,°). Thus, a small Na of the point 
(61, 02) = (01°, 02°) of the (9, 6,)-subspace O3-—= 05°,: * +, On == On? of 0 is 
mapped by T on a vicinity of Po: (Zo, Yo) in a el way, so that 
T(®—®Q) is an open set. Obviously, T(Q) is a closed set. Hence, R is an 
open set in the (z, y)-plane. 


2. The distribution function on R. It will be shown that sf R is not 
empty, the completely additive set function o(Z) is absolutely continuous on 
R and has there a density of class Cy-1, 1. e., there exists on et a (non-negative) 
function § == (x, y) of class Cr-ı such stint 


(10) (E) = f è(x, y)dady for every E CR. 
JE 


First, if Po: (Zo, yo) is any point of R, every point of the closed set 
T-(Po) is contained in the open set @— on which the rank of the matrix 
(7) is 2. Hence, T(P,) is not only a closed set, but it is also an (n — 2)- 
dimensional manifold, with the property that the common part of T-*(P,) and 
of any sufficiently small sphere contained in ® is a connected set. Since ® is 
compact, it follows that T-*(P,) consists of a finite number, say m = m (Po), 
of mutually disjoint, connected closed (n — 2)-dimensional manifolds 
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Ni" Nm. Since Po is any point of the open set R, the compactness of O 
also N a the existence of a sufficiently small e > 0 such that the closure © 
of the circle C defined by 


0: PP (a a)? + WW? < e 


is contained in R and m(P) = m(P,) holds for every point P: (a, y) of the 
closed set ©. The T-*-image of C consists of m mutually disjoint, connected 
open sets on ©. If A,,: -, Am denote these open sets, then every Aj is a T=- 
image of C and every point of T-*(C) is contained in A, -+° * ++ Am. It will 
be ee that the enumeration has been chosen in such a way that Ag ON, _ 
q=1,: m. 

It is tee from the definition of N, that there exists in © a finite number 
of spheres, say pa, such that these pg spheres cover N, and the common part 
Tyr"? of N, and the r-th sphere can be parametrized by functions of class Cx 
defined on an (n —2)-dimensional sphere. 

Suppose now that k 2 2 in the assumption (I) of section 2 and that è the 
dimension number n = 3. Then if Mo: (6,°,- + -,6n°) is any point on N, and 
if My == M(6,°,: ` -, 6°) denotes the (2-dimensional) plane normal to N, at 
TI), then there exists an „> 0 (independent of IL) such that the y-vicinity 
of II, on My does not contain points of any other normal plane M(6,,- © `, 6n) 
for any point II: (61,° + -,0,) =Æ Io on any Nj, j = 1,: +, m. Furthermore, 
this vicinity of II on M is the topological map of a neighborhood of Po: (To, Yo) 
under the transformation T; and this topological correspondence is given de 
functions of class Cy. 

Let e >0 be so small that the T-*-image of the circle C, ene 
Ay,* ',Am, is such that all points of the open set A, are within a distance y 
of the set Ng. It is clear from the above considerations that A, may be con- 
sidered..to be a “cylindrical tube” obtained by taking the image of C on 


all normal planes M(0,,* ` :,0n) as the point (0,,* + -,6») varies over Ng. 
Let Ty” (q=1,' *:,m;r=1l,* - >, Pa) denote the n-dimensional set con- 
sisting of images of C on all normal planes M(9,,* © -,0n) as (9,,* * -, On) 


varies over I'y,”?, 
Now there exist functions of class Cy, 


(11) 0; = DT (a, Y) lao * +, Gn-2), 
(¡=1,: + :,n3q=1, +: ,mjr=1,* `, pq), defined on the product space . 


¿8 Cf. E. R. van Kampen and A. ere [7], pp. 181-182 for a “ease analogous to 
n=2, 
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A A ‘ x - 'n-2 ' ¿ = 
of the (n — 2) -dimensional sphere A: 5 a; < 1 and the set C on the (2, y)- 
$ j=l y 


plane, so that (11) is a parametrization of Ty,” for fixed q,r. In fact; for 
fixed q, r and fixed z = Zo, Y = Yo, the functions (11) denote a parametriza- 
tion of Ta"? (the same, of course, is true if (xo, Yo) is replaced by an arbitrary 
* point of C and Tgr”? by the corresponding set of 0) ; also, these functions (11) 
give, for fixed q,r and fixed (%;,* * `, %.-2), a parametrization of the map of 
the circle C on the corresponding normal plane M. -The- Jacobian 


ade, - ‚dar 
JA (z y, 41," ©, Ana) rear 
„43 “19 , -2 


Hase not vanish on the ‚product space of A and C. 

-It is clear from the above analysis of the mapping T~ in a neighborhood 
of Po, that (10) is satisfied for every open E (hence for every Borel set) in 
the e-vieinity of Po, if one puts 


= in y : , A 7 
(12) ö(z, y) =2 y $ ES fi Je (a, Ya, "5 &m-2) | da,‘ + * dan- 
gal r=1 e 


where the integral of | Ja” | extends over that part of the sphere A which 
corresponds to points of Ty” not contained in Ty”, ¿=1,* : +,r—1. This 
function (12) is'of class Cy. Since P, is an arbitrary point of R, the proof 
is complete. for k = 2: l 

Obvious modifications of this proof assure the result for the case that the 
function (4) is of class C,. 


‘8. A criterion for the absolute continuity. of «(E). If one does not 
introduce conditions in addition to those assumed so far, one cannot state that 
‘the asymptotic distribution function (6) of (5) is absolutely continuous, i. e, - 
that there exists a (non-negative) measurable function 8(x, y) such that 


a o(E) = f f 3(0,y)avdy 


holds not only for every Borel set E contained in the open (and possibly empty) 
set R but for every Borel set E contained in the spectrum of o. Since T(®) ` 
is the spectrum, it is clear that the distribution function o is absolutely con- 


` tinuous if 
(44) 0. .  o6(T(Q)) =0. 
It will be shown that if Q is a zero set on 0, i. e., if 


(15) o meas Q =0, 
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then o(E) is an absolutely continuous distribution function and that, in addi- ' 
tion, the measure a(R) of the open subset (9) of the spectrum T(0) is 
identical with »(7'(@)). Since (10) was shown to hold for a continuous 
function 3(x, y) on R, it follows that if E is any closed rectangle in the (x, y)- 
plane, then the Lebesgue integral (13) is a proper or possibly improper Rie- 
mann integral according as E does not or does contain points of the boundary 
T(Q) of the open set R. 
First, it is clear from (6) that the statement (14) is equivalent to 


(16) - meas Z2(T(Q0)) == 0, 


where T*(T(Q)) is not to be confused with 2. On the other hand, the 
assumption (15) implies, for every e > 0, the existence of an open set Te in 
® such that OCT, and meas Te < e. Hence, in order to prove (16), it is 
sufficient to show that the common part of T(T(Q)) and © —T, is a zero 
set on ®. Since the set O —T. is closed and is contained in the open set 
@— Q on which the function (8) does not vanish, it follows by arguments 
similar to those used in section 2 that it is sufficient to prove the relation 
p(T (Q)) =0. But this relation is obvious from (8) and the definition of Q. 

This proves that (15) implies (14) and also that ¿(R) =y»(T(@)), the 
last relation being, in view of (9), equivalent to p(T'(Q0)) =0. 

It may be mentioned, that instead of Lebesgue measure, one could have 
used Jordan content, since the zero sets involved are closed sets. 


4, The analytic case. It is seen from the proof of (10), (11) and (12) 
that if (4) is a regular analytic function of the n real variables 6,,* ` >, On 
on O, then ö(z,y) is a regular analytic function of the position on the open 
set Æ of the real (z,y)-plane (it is understood that È need not be connected). > 
Furthermore, it is clear from the definition of Q that, in the analytic case, 
Q consists of a finite number of manifolds each if which has a dimension 
number less than the dimension number n of 0, unless the function (8) vanishes 
identically.on O. It follows, therefore, from section 3 that in the analytic case 
either (8) vanishes identically on O or the distribution function o(H) is 
absolutely continuous with a density 3(w, y) which is a regular analytic func- 
tion of the real variables (x,y) on Gs, where Gi, G»,* >> is a sequence of 
mutually disjoint connected open sets in the real (x, y)-plane and R = 3G. 
This implies, in particular, that if Z is regular analytic, A540, and Ar,” © >, An 
are linearly independent, then the closure of the set of values z attained by the 
almost periodic function (5) for — «o < t < + œ is the closure of an open 
set in the z-plane, i.e., such as to have no one-dimensional parts. For this 

16 
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geometrical restriction on the spectrum of o d a necessary condition for the 
absolute continuity of o. 

The case of a trigonometric polynomial z(t), as described in the Diis- 
duction, affords, among other things, the simplification that one can always find 
a finite number of linearly independent exponents A,,* * *,An and a regular 
enalytic function Z on ® such that (5) is satisfied. 

It may be mentioned that if it is only known that the nowhere constant 
function (4) has continuous partial derivatives of arbitrarily high order, it is 
quite possible that the distribution function is not absolutely continuous, 
elthough the spectrum is two-dimensional or even a Jordan region. This holds 


` even in the particular case (1) of convolutions.? 


5. The case A= 0. There remains to be considered the case of a regular 
enalytic mapping (4) such that A==0 on © (a case illustrated by a real-valued ` 
Z). There are two.cases possible according as the matrix (7) is or is not of 
rank 0 at every point of O. In the first case, the function (4) is a constant 
on O. In the second case, the rank of (7) is 1 at all points of O which do not 
belong to a set Q, consisting of a finite number of manifolds each of which has 
g dimension number less than the dimension number n of ©. In what follows, 
only the latter case. will be considered. 

Since all the two-rowed Jacobians formed by the elements of the matrix 
(7) vanish at all points of O, while at least one of the 2n partial derivatives 
aceurring in (7) does not vanish at every point of © — Qe, it is easy to show 
that the image of the torus ® under the analytic mapping (4) is a one- 
dimensional connected analytic manifold of finite arc length, or, more precisely, 
the spectrum T(®) of o(#) consists of a sequence of analytic ares which can 
have singularities and which have a total finite arc length. In order to see this, 
no use need to be made of known general theorems concerning analytic map- 
pings of the compact set © (theorems which apply also to the case considered 
in the previous section). 

Since the spectrum of o is one- -dimensional, hence a zero set in the (a, y)- 
plane, the set function o(Z) cannot be absolutely continuous in the sense of 
(13). Correspondingly, it is plausible to replace the definition (13) of abso- 
lute continuity by the requirement that if s is the local length parameter on 
T7(®), then , 


(18 bis) (8) = f 3(s)ds 
5 S 7 
for every open are S (or for every Borel set S) on T(@) and for a suitable 


* In this connection, ef. Kershner [9]. 
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(non-negative) function 3(s) of the position s on T(0). Then an obvious 
adaptation. of the considerations of sections 2, 3 shows that the distribution 
function o(E) is an absolutely continuous on T (©) in this sense, and that 
T(0) contains a sequence of mutually disjoint open ares Ai, As,’ + - such that 

ö(s) is regular analytic on every Ay and (T(®) — 24.) = 0, where 7(8) 
denotes the s-measure defined by 


7(8) -Í ds. 


Actually, there are only a finite number of A; and, correspondingly, only 
a finite number of G; in the previous section. 


-.6, Dependence of the distribution function on the moduli. Assuming . 


only that the function (4) is continuous on ®, denoting by A the vector formed 
by the n real numbers (Ay,- * *, àn), and by o( E) the distribution function 
of the almost periodic function (5), the distribution function (6), which is 
independent of A, is identical with o,(H) whenever the n components of X are 
linearly independent. On the other hand, o,(#) depends on A in a rather 
unstable way, if one does not require that the n components of A be linearly 
independent. Nevertheless, the instability referred to does not appear at those 
points of the A-space at which the n components of A are linearly independent: 

In order to formulate this statement in a precise manner, let Ly, where 
v=0,1,: > -,1, denote the set of those points of the n-dimensional vector 
space of A at which there exist exactly v dependencies between the n components 
of A, these dependencies being homogeneous, linear, and having integral coeff- 
cients. Thus, Ln» consists of the single point which represents the origin of the 
A-space, while Lo is a set of oe A for which o\(E) is given by (6). The 
complement, L* = L, +: - - + In, of Lo is everywhere dense in the A-space, 
but is contained in a dense sequence of hyperplanes. If the function (4) of 
n variables is not a continuous function of the position on a torus whose dimen- 
sion number is less than n, it is easy to see that the distribution function 


or(E), considered as a functional on the A-space, Lo + L*, is discontinuous ` 


at every point A of L*, 

Now, the statement is that the functional of A is continuous at every point 
of Lo, although the set L* of the discontinuity points is everywhere dense in 
the A-space. In other words, oa > or, when A tends on Lo + L* to an arbitrary 
point A, on Lo. Since o,(H#) is independent of A on Lo, it is sufficient to prove 
that o,—> or, when A tends on L* to an arbitrary point A, on Lo. But this 
follows by inspection of the existence proof (cf., Wintner [11]; Haviland [3]) 
of the asymptotic distribution function o, of the almost periodic function (5). 
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THE FOURIER COEFFICIENTS OF THE MODULAR 
INVARIANT J(r)* 


By Hans RADEMACHER. 


1. Recently Dr. Zuckerman and I have developed general formulae for 
the Fourier coefficients of modular forms of positive dimensions.! We remarked 
at the end of our paper that the series obtained would be convergent also for 
forms of dimension zero, i. e. for modular functions, among which J(r) can be 
regarded as fundamental. The question arises whether the formally con- 
structed series for the coefficients of J(r) actually represents them. 

The solution of this problem requires a thorough revision of our method, 
since we had essentially made use of the positivity of the dimension of the 
modular forms. A method due to Kloosterman ? and later extended by Ester- 
mann * gives the clue. Kloostermann’s method consists of two devices: first 
it improves the estimate of certain sums A,(n) of roots of unity from the 
trivial one 

| Ar(n)| Sh 
to 
(1.1) | Ax(n)| S Ok- - (k, n) 8, 


where 8, according to results of Salié * and Davenport * can be taken as B = 4. _ 
Secondly it collects the Farey ares és belonging to the same k and treats the 
resulting sum as a whole instead of estimating the summands separately. Both 
of these expedients will be used in the following paper. . 


* Received February 20, 1938. 

*“ On the Fourier coeffieients of certain modular forms of positive dimension,” to be 
published in the Annels of Mathematics. 

2H. D. Kloosterman, “ Asymptotische Formeln für die Fourierkoeffizienten ganzer 
Modulformen,” Abhandlungen Hamburg. Math. Seminar, vol. 5 (1927), pp. 337-352. 

* T. Estermann, “ Vereinfachter Beweis eines Satzes von Kloosterman,” ibid., vol. 7 
(1929), pp. 82-98. 

+ H. Salié, “Zur Abschätzung der Fourierkoeffizienten ganzer Modulformen,” Mathe- 
matische Zeitschrift, vol. 36 (1933), pp. 263-278. 

°H. Davenport, “On certain exponential sums,” Journal f. d. reine u. angew. 
Mathematik, vol. 169 (1933), pp. 158-176. 
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‘2. Our problem is to investigate the coefficients of the expansion 
i o e ` 
(2. 1) 1287 (+) = garir + > Cpe2t int ches f (et), 
“n=0 
where J (7) is defined by means of the modular forms gə (01, 02) and ga (01,02) as 


gè (1, 7) Gat (17) "u 
-(2.2) I(t) = OH (07 Ad? Sr) > 0. 





A consequence of (2.2) is, by the way, the formula ® 





| 1-+ 240 3 
(2.3) 12% (+) = mat 


en 
TR S (— 1 ? | 
A=-00 


meg =| 


Qe emir, 





which shows that the coefficiente cn in (2.1) are integers. From (2.2) we 
infer the invariance of J (7) with respect to the transformations of the full 
modular group: 


(2. 4) (E). 


We shall see that the equations (2.1) and (2. 4) will completely suffice for the 
determination of the coefficients Cn, provided n=: 1. For 





gt > 
le i) h’ _ +1 
cd) k 
k —h 
with Í 


(2. 5) hh’ =—1 (mod k), 
equation (2.4) goes over into 


wh i K 
+) (ett) 


or, in the notation of (2.1), 


. _ 202 | 2rth _ 2m 2arth! 
(2. 6) Me: an ee Re), 
3. From (2.1) we obtain i 


€ Klein—Fricke, Vorlesungen über die Theorie der Modulfunktionen, vol. I, p. 154. 
7 Z’ means here and subsequently that h runs over integers prime to k. 








o! 
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where the &,, may be the Farey ares of order N of the circle C : 
0 
| z | = er. 


[f we introduce on é,» the new variable $ through 


s = exp (— rN? + sa + 2rig) 
we get 
Qrink nr ar 
(3. 1) Cn = > e k f ie oe a 


it 
OSISAEN - na 


‚For a later purpose we need here the determination of Y», and 0, in terms 
of h and k. In the Farey series of order N we consider the fraction h/k with 
its two neighbors: 


(3.2) 
We have here 


ES E<E> biubEN. 
hk, — hk = 1, hok — hk: = 1, 
and therefore 
hk, = 1 (mod k), hk, = — 1 (mod k) 
or, from (2.5), 
(3. 3) ky=s—h’,  k,==h (mod k). 


The Farey segment around h/k is bounded by the mediants between the frac- 
tions (3. 2) 
l hi4 h ho +h 

ky +k?’ ka -+ k` 








Since these mediants do not belong to the Farey series of order N we have 
ki+k >N, ka +k> WN, 

which conditions, together with (3.2), enclose k, and kz in the intervals 

(3.4) N—k<k SN, N—k<h=N. 


The formulae (3.3) and (3.4) determine k, and k» uniquely as functions of 
h and k. In particular we have 


1 1 


2) Mo. "EN 


ys 
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4. In (3.1) we apply the en formula (2.6) and obtain 
_ oink Wat a = 2 
UD o an y ES ae a” 
OS kN Pas 
«with the abbreviation e 
(4. 2) = == Nig, 
If we now write 
f(z) =? + D(2), 
s x 
D(x) = Y cnt” 


m=0 


43) 


we can accordingly split the expression (4. 1) into two parts: | 





(4. 4) nn Cn =Q(n) + E(n) 
with 
(4. 41) Q(n) = z ee f we a, 
DSh<KkEN + Onn ` 
> g Š l i _ Ar un zu m 2rniw 
(4.42) R(n) = e f De” Eya Tap 
OSNELEN ; Van 


In Q(n), which we consider first, we divide the intervals of integration into- 
three parts according to 
1 1 1 


1. 
pS AA SEW FR Sie FH" 
and get ' 

` ori mA EN 
(4.5) > Sd E 
k=1 h mod k a 
CENA 
' . i 1 
’ TEN 


N MET 
SS 
UN: 


1 


T Keg) 
PER EN 
i ver k (kotke) 
H N -i , 
g +5 yY e k (hth f 
k=i hmod k 1 
(Nik) 


= Qo(n) + Q:(n) + Qo(n), 
say. The integrand in all three integrals of (4.5) is the same as in (4.41). 
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+5; In-Qo(n) we can immediately perform the summation with respect to 
h since the integral is independefit of h. Setting 


ori . 
= (nhs!) 
e ` 


6D 
oat 
we get 
1 
EN 
N ZU somno 
KTOS | AA 
mn 
or 
eee TN 
(5.2) Qa(n) — 3 PROF oH a, 
ner 


where we have introduced w from (4. 2) as variable of integration. We remark 
further that A,(n) is a Kloosterman sum (cf. the is in $1) and can. 
therefore be estimated as 


(5.3) | Autn)| < oie. (h, n)%, 


where (k,n) is. the greatest comnion divisor of k and n. In the complex 
w-plane we consider now the closed rectangular path R with the four vertices 


| i 
-2 
iia ES 


We take R as surrounding 0 in the positive sense. Then we have 


ŽE armo 


(5.4) ee re ay 


4 ent E 
NE TND NN) Na 


Auf S ES) +S 


“a pä “a N -aN 


= - 2 Y A(n) Lx(n) — 3 ¿2 Al Dd do, | 


l 


say, where all four integrals have the same integrand. 
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“ For an estimation of J, and Js we observe that on their paths of inte- 
gration we have = 


ae 


1 
EE > 
— N?2<usN, 


R(w) =u SN”, 


R G) = 4 NEN FE) S e, 
2 
w + BW Fey 
so that . 
| ¿mm < ¿Sm+ziraN2 


and therefore 


(5. 5) | Jy | < QN-2e8t +20 aN 
; [Js | = 
In J, we have 
w = — N? + 10, 
TH rm? 
1 — N 
=-— N-2 =, 
Ku) ——N* <0, »(ž)= wa 
hence i 
2 soraw 
| eu | < 1 
and therefore . 
2 AN. 
(5. 6) el < pr py ara 


Combining (5.3), (5.5), and (5.6) we obtain 
N o oN 
È Ailn) {J1 + J2 + Ja} = 0 (677902 S 5% (n, le) kN- ) 
k=l kel - 
and for n= 1, which we assume from now on, we have (n, k) Sn and hence 
N 
(5. 7) > Ax(n) {Ji + Je + Fs} = O (em N na Nte), 
=1 


Furthermore we have 
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1 EE armo 
fae HA 
L,(n) uf. ern dw 
A i R 


E > sl) Canu)” haj 


-5 wo pl m o! 
R 


AR mVn 2y+1 
il 





or ` 
1 
(5.8) a(n) 7% 1,( 


where I,(z) is the Bessel function of first order with purely imaginary argu- 
ment. From (5.4), (5.7), (5. 8) we deduce 





evn) 


N Ar(n) 








(5. 9) Qo(n ) en ne L (=) A O (ern ya N-%*), 


6. We now turn our attention to Q,(n) and Q2(m) in (4.5), of which 
we discuss only Q»(n) in detail since Q,(n) can be treated in quite the same 
manner. We have from (4.5) 


i. 
kk) 


mi , 2T 40 
Q: iia s e (nhth T en car 


2 h mod k x 
(N+k) 
1 
i ki 
LE.) (nhen) Nara 


N , Hmm 
=>) Y e * >= ew dẹ, 
k=1 h mod k I=katk © y 
kit} 


6.1 SS sto ~ A nhh’) 
(6.1) Qe(n) = dp SY eo # > 
= Pa h mod k 
1 N <kotkSl 
(11) 


In the inner sum of the last expression the restriction imposed on kz means, 
in consequence of (3.3), a restriction of h’ to an interval modulo k, which is 
equivalent to one interval or to two intervals in the range 0 Sh’ < k. There- 
fore the sum in question is an incomplete Kloosterman sum, for which we have 
` the estimate ® 


8 This estimate of the incomplete sum does not seem to appear explicitly in the 


= 
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P - PEE enta) $469 % 
(6. 2) : x e == 0 (kte (n, p) *) = 0 (knh). 
N-k<kZi-k = 


In the integral in (60. 1)-we have 


N (+ Zen) =H = ' E A —ig) ) 


A E E dd 
a arar” N j=: ke N+ + 1 ne 
(k+ N)? 


< Ar (= am zu ei ni) S 8r + Ban, 


and from this and (6.2) we ee 


N Nsk-1 [4 1 
= 2rTRN y Y RES wre 
Qa(n) =0 (« o> 2G FD) i ) 
1 
de: uN“ 
O (om n 2 Ir): 
(6. 3. : Q2(n) =0 (ern), 


Since a similar result is valid for Q,(n) we derive from (4.5), (5. 9), and 
(6.3): 


(6. 4) Q(n) a => sen y 1 (te). + O (eN nv Ne), 


7. From (4. = and (4.3) we obtain 


Das 
‘ N 2rink . . 27 i'm 2mm 
SY o k eB Pa 
R(n) => X e $ Cme e do. 
k=1h mod k 1 m=0 - 
Dak 


We decompose again the Farey segment — #1, ¢ S Wn,x in the Klooster- 
man manner and have, after an interchange of the summations with respect 
to h and m, 


literature, Incomplete sums for general k are given in Kloosterman’s paper with a 
less precise estimate, and Davenport treats only the case % equal to a prime number, 
but with the precision (6.2). By the device, however, which Estermann uses loc. cit., 

p. 94, or by the other one, which Davenport applies loc. cit., pp. 178, 174, we can reduce 
the estimation of the incomplete sum to that of the complete sum. Thus we obtain 
(6.2) from Salié's estimate, loc. cit., p. 264. We are for our purpose not particularly 
interested in the lowest possible value of the exponent of k in (6.2), as long as it is a 
constant less than 1. 
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ai 
x ENE ao 
00 an e r 
(1.1) R(n) = > Som f e = ela sy SER (nh-mh’) 
: k=1 m=0 i h mod k 
TEN) 
: 1 
ei bak rar) FAR 
. NQ 2 ña AI — +20 
+2 = a 2, k ea i $ 
Tk 
2 
El 
N o — 274 ennmi) Nata ER, ern 
+> Nm Ye * >, for de 
k=l m=0 hmodk I=ko+k v i 2 
d(1+1) 
= Sy + Sa + Sa. 
In all integrals of (7.1) we have 
Arm 2rmN ? $ arm arm 
Ei A IPP RE => 
(7. 2) R ES ) ke (N-4 + q?) = KEN + NO T= E E t+ 1 wm 
The complete Kloosterman sum in S, admits of an estimate 
eee 
> k = ((k%*(n,k)%) = 0 (k%*n%) 


which holds uniformly in m. We obtain therefore 


Sy = o(3 2 A | en lz pons en) 


k=1 m=0 
N 
= ol gman % Na S | Cm | er > irte), 
m=0 "o del 
(7.3) Sy = O (ETN NM), 


The sums S, and S; are both of the same structure so that we need to treat 
only one of them. By interchanging the summations with respect to h and 1 
we get 


LE 
d(1+1) 


N © Nika A omnes = — 274 nm) 

S=] Šen Y f e Be mgp Y e% : 
k=1 m=0 I=N+ k mod k 

N<kkS<! 


kl 


The inner sum is an incomplete Kloosterman sum, for which we have, uni- 
formly in m, the estimate 
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art ; = en 
5 e * {ni-mh ) O (bht (8, kya) = O (ktn) 
i Pe a 
Therefore, Pking note of (7.2), we get 
"Ses — o(3 3 & | Cn ale TA en), 


k=l m= 


(7. 4) . = O (ern i 
From (7.1), (7.3), and (7.4) we infer 
(7. 5) R(n) = O (ern mu N-%*e) 


and then from (4.4), (6.4), (7. 5) 





(7.6) Cy = Ja col datn) L (EY) a dior hte) 
Nk=1 


Now we keep here n > 0 fixed and let N tend to infinity. The error term then 
tends to zero.” Thus we obtain our main result, which we state in the following 


THEOREM. In the Fourier expansion for the modular function J (r) 


(7.71) 1287 (r) = erit 4 co + Y cperrior 
7 ` Á nal 


the coeficients Cn, n Z 1, are determined by the convergent series ` 





Br RAM(n) , (ImVn 
(7.72) rg n( i 
with 
sent nh : 
(7.73) Alas EN, hh’ =— 1 (mod k). 
h mod k 


8. We had to exclude n = 0 in our discussion. This peculiarity is not 
caused by Vn appearing in the denominator in (7. 6), as the computation of 
Ex(n) in the lines preceding (5. 7 shows that n = 0 is not exceptional in this 
respect: i 

1 dr Vin ; 
8.1 —1 =) =L =. 
( ) kV n .( k *) n=0 o 
The estimates of the incomplete Kloosterman sums, however, would break down 
for n = 0. By suitable examples it is easy to see that incomplete Kloosterman 
sums with n — 0 do not admit of a better general estimate than O (k), which 
would, of course, not suffice in our reasonings. The series (7. 72), on the other 


A 
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hand, will remain convergent for n = 0, but does not even accidentally repre- 
sent the coefficient c,, which can’ directly be obtained from (2.3) as 


(8. 2) Co = 744, 
_ Indeed, we get 


ani, 

A(O) = SY 0 FY uk) 

h mod k 

with the Möbius symbol a(k), and hence from (8.1) and (7.72) 


S ar _ »Qulk) ir dl a 2, & 
Da ae ee O 





— 24, 


different from (8.2). There is of course no reason to expect that c, might be 
found by our method, which makes use only of the behavior of J (r) at = 10, 
expressed by (2.1), and of the invariance stated in (2.4). Both properties 
remain obviously unchanged for any J (r) -+ C instead of J (r). 


9. The coefficients cn, which can be found from (2.3) by troublesome 
computations, which for higher n are practically inexecutable, do not seem to 
have attracted much attention before. All I could discover in the literature 
were, besides Co, the two coefficients 


Cı = 196 884, : Co == 21 493 760. 


Our convergent series (7. 72) gives another approach to the actual computation 
of the Cn, which, as we know, have to be integers. Unfortunately, the con- 
vergence of (7.72) is rather slow, so that we should need quite a number of 
terms in order to get an error which is safely less than 1/2. Nevertheless, 
it is interesting to see that the first few terms of the series already furnish the 
bulk of the considerable amounts of those coefficients. 

We get, for n= 1: 





on E y, (4) — 196 550. 665 

2r (F)— 250. 822 
Así1 Ar 

Qa AG) I (#) = 48. 535 
As(1 dr 

Lar af dr, (5) - 14. 110 
As(1) =) 

3 — | = a 

ag ( = 8. 380 


S = 196 872. 512, 
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andforn=2: 
€ 


Le Af) L(4rV2) = 21 495 869. 279 














v2 _ 

a 2) (2) = —2 054.739 
ln, (=?) = — 84,640 
va 3 “\ 3 : 
‘Qe As(2), (4rV2 

= AL A = 0. 000 
va 4 ( 4 ) 

2r As(2), (4rV2\_ > 

a Ll - )- 7. 012 


Y == 21 493 736. 912. 
These values are in error only by the comparatively small amounts of — 11. 488 


and — 23. 088 respectively. 


UNIVERSITY OF PENNSYLVANIA, 
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FOURIER. ‘STIELTJES TRANSFORMS ‘AND SINGULAR INFINITE ' 
CONVOLUTIONS. + 


By NoRBERT WIENER and AUREL WINTNER. 


1. Let F(z), —r S «<r, be a continuous monotone funétion and 


T 
a) =P) =2 f eaP (2) =e (n= 0,1,2°°°) 
-T 


the sequence of its trigonometrical moments or Fourier-Stieltjes coefficients. 
If F(x) is absolutely continuous, i. e., if i i 


(2) FO f iow (—1S2Sn) 
holds for an L-integrable function f, then 
(3) mmol). 


by the Riemann-Lebesgue lemma. The converse is not true, since an example 
of Menchoff [8] shows that (3) may hold for a monotone function F(z) which 
is singular, i. e., continuous and such that its derivative vanishes almost every- 
where but F(x) < const. 

Let an absolute constant «* be defined by means of a Dedekind cut as 
follows: For:a given number «, there do or do not exist singular monotone 
functions F(s) which satisfy . 

(4) Cn = 0(0*) 


according as x <x* or x >kx*. Menchoff’s result, when expressed in terms 
of x*, does not state more than that «* cannot be negative, a fact which is 
implied by cn = O(1) and is, therefore, clear from (1). Also a result of 
Kershner [6], which has improved on Menchoff’s example (3), does not give 
more than «* = 0. However, Littlewood [7] has recently proved by an in- 
aa though rather involved, construction that «* +40. Littlewood’s proof 
of x* > 0 is a pure existence proof, since it seems to be hardly possible to 
prove by his method that x* > 10, say. At any rate, Littlewood’s result 


«* > 0 implies the existence of a critical «-range within which (4) is incapable _ 5 


* Received May 9, 1938. 
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of deciding whether or not F(s) is absolutely continuous. In fact, a well- 
known remark of Lebesgue shows that the Riemann-Lebesgue lemma, i.e. (3), 
cannot be improved: for the class of all absolutely continuous F (not even if 
f in (2) is restricted to be continuous and periodic). 

On the other hand, the critical x-range is bounded, i.e, «* 2 Lo. 
Actually, «*=4.- In fact, if F is such that (4) holds for a.x > 4, then 
X | cn |? < + co, and so the Fischer-Riesz theorem assures that @) elds for 
a function f which is of class L, since it is of class 2?. 


2. Accordingly, O<x*S4. No better result (e. g., 107" <x*< 4 ld 
is known to us.from the existing literature. «But we shall prove that «* 
In other words, we shall show that there exists for every e >0 a le 
monotone function F = F, such that 


(5) ` l | Cn = O(n), 


It seems to be a rèasonable guess that if yı yz, °° are given positive 
numbers for which Xy»? = + co, then there exists a singular monotone func- 
` tion F such that cn = O (yn) or Gn = 0(yn). 

It will remain undecided whether or not the width, «* = 4, of the eritical 
x-range is directly connected with the critical widths 4 in the theory of ordi- 
nary Dirichlet series (although the method will be such as to prove (5) also 

“when » in (1) is ot to vary continuously). Actually, it will be seen that 
the absolute constant «* is the “same” $ which occurs in the standard asymp- 
totic formulae of the type 


Jo(u) =0(] u |3), Jo(u) =2(| u |3). 


In fact, the exponent — 4 of (5) will be introduced by using van der Corput’s 
lemma, - 


; b 
(6) - a f eos g(x) da | S Const. min | g” (£) |2, 
«SrZb 


where g(t), a=x<bD, is any real function with a non-vanishing continuous 
second derivative g” (x), and Const. is independent of a, b and g (cf. Kershner 
[5]). 


The proof of «* == 4 will consist of four steps: 


(i) Itturns out (§ 5) that, instead of proving the existence of a singular 
monotone F(a) = Fe(s) for which the cn = Cr(F') are small in the sense of 
(5), it is sufficient to prove the existence of a singular monotone G(x) == G.(#) 
for which the €, = Cr(G) are small on the average, in the sense that 
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(7) | 3, 104 |= 0 (N9 (N> +00). 
0 

(i) It will be shown (§ 5) that an F (2), —2 Sez, which satisfies 
(5) can. always be derived from a G(x), —r S27, which satisfies (7), 
the passage from ( to F consisting of an elementary one-to-oue continuous 
transformation of the interval — r = x & v~ into itself. It is only through 
this transformation that (5) becomes satisfied, since: before this passage from 
` G to F not even (3) is satisfied (cf. (29); $7). The effect of this transforma- 
tion.on the Fourier-Stieltjes coefficients may be estimated by means of the 
second mean value theorem, which introduces into (5) the exponent — $ of (6). 


(iii) The theory of symmetric Bernoulli convolutions (cf. Jessen and 
"Wintner [3], Kershner and Wintner [4], and Wintner [10], where further 
` references are given) implies that the construction of a @ which satisfies m 
* can be based ($ 7). on suitable estimations of the function 


(8) L(u) — ÎI cos (37u) rei 


for large | u|. Since cos v = 1 + O(v?) as v—0, the product (8) defines 
an entire function of. the exponential type. Actually, (8) is the Fourier- 
Stieltjes transform of the symmetric Bernoulli convolution which defines the 
classical Cantor function (cf. Carleman [1], pp. 223-226). Thus, while 
singular Bernoulli convolutions will occur, they will be used for quite another: 
purpose than in the examples of Menchoff [8] and Kershner [6], examples 
which are in themselves singular Bernoulli convolutions and satisfy (3). 


(iv) The remaining step, namely that estimate of (8) which was men- 
tioned under (iii), will be made ($6) by an adaptation of an enumeration 
. process which is familiar in a similar, though easier, instance; cf. Wiener [9]. 

All of this will apply also for Fourier-Stieltjes transforms .($ 8), instead 
of trigonometrical moments; so that in (1) the index n can be replaced by a 
continuous variable u. 


3 Let é= €(@), —wS e570, ehe a strictly i increasing continuous func- 
- tion such that £(— r) = — r, &(r)=r. Then, if G(s), —r Ss Sr, is 
any continuous monotone function, so is the function F(x), —r S2 S r, 
which is defined by G(x) = F(€(x)), Le, by F(z) == Ela). Clearly, 


m 


f ER = f DER f emi dG (a). 


~T 
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Hence, on placing 


a 


(9) Anm = = f e-ink (a) gina dy, 


5 (m,n=0,+1,: > +), 


and developing the function giméto), which is of bounded variation for every 
fixed m, into its Fourier series 


+00 ‘ 
er tmE (2) sme SS Ammen", (m=0,+1,- > >), 
n=-00 


finally applying, for instance, a standard theorem of W. H. Young, one clearly 
obtains 


(10) en (FP) = È Amen), mel), 
if use is made of the notation (1). 
l Suppose, in particular, that the topological E é= (x) of 
the interval [—— r,r] into itself is such that the derivative of the function 
é(x), or the distortion of the mapping é= &(«), lies between two positive 


bounds. In this case it is clear that a monotone continuous function G(x) is 
singular if and only if the same holds for the function F(s) = @(£*(z)). 


4. Let 
-(11) é= €(2) = 4 (8r +10 sgn z), where — Ss S r. 


This £(x) is continuous, strictly monotone and such that £(—*) = — r, 
E(x) ==. The coefficients (9) belonging to the mapping (11) are 


n 


(12) > > mil cos{im (32 + = a?) — na) dz. 


Hence, from (6),- 
(13) | | Aum | < Const. | m |> for all n, m. 


It will be shown that 
(14) [Anm | < Const. n- whenever |n|>2|m|. 


. First, it is easily verified by differentiation with respect to « that if 
|n|>2|m|, the function { } whose cosine is the integrand of (12) is 
strictly monotone for 02. Hence, on DIE }=t and 


(15) l fan (t) = | dm —n)? timi 1% 
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the integral (12) can be written as 


, (m-n)r 


Anm = Er =f i fam (E) cos t dt. 
0 


Consequently, on applying partial integration and noting that =<1, 


{m-n)r 
| dram | | f fnm(t) sint dt |, where "— d/dt. 

; 0 . y . 
Now, it is easily verified from the assumption | n | >2 | m | that the deriva- 
tive, f’nm (t), of the function (15) is monotone between + = 0 and t = (m —n)r. 
Consequently, application of the second mean value theorem to the last in- 
tegral gives 


| An | E 2 | Pam(0)] +2 | Pan((m—n)m) |. 


Hence, on calculating f’nm(0) and f’nn((m —n)r) from (15) and then using 
the assumption |n | > 2|m |, the appraisal (14). follows. 

Incidentally, (18) also is a consequence of the second mean value theorem, 
since so is (6). i 


5. Writing (10) in the form 


‚. -2|m|-1 +2] m| +00 
on(F)={ 3 + 3 + 23 )amta(G), 
f n=% n=-2| | n=2]m|+1 


(13) and (14) imply that, as m —> + œ, 


(E) = OCS ne) HOC S | 00(6)| mi HOCS me), 


n=2|m| 


since | ¢n(G)| S o(G@) = cast by (1).. Accordingly, 


Omi +] m2 o El OD) as mo oo. 


Hence, if G(x) satisfies (7 ) for a fixed e, then F(z) satisfies (5) for the 
same e Furthermore, application of the last remark of §8 to the mapping 
(11) shows that both monotone functions F(x), G(s) are singular if either 
of them is. This proves (i)-(ii), $ 2. 


6. Next, (iv), $2 will be established, by showing that there exists for 
every e > 0 a sufficiently large positive integer p = pe such that for the func- 
tion (8) one has. , 
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N 
(16) 2) L(2an)|? = O(N') as N => + 0, 
- and even : l d 
N ; 3 er 
(17) 3 ler) |? = O(N*) uniformly for r SaS 2m, as Ņ N> o. 


First, if n is a positive integer, let y = vn denote the number of digits in 
the triadic representation of n; so that 


(8) > ae + 8,7 + 7 808s, (v = yn), 


where every 5; is either 0 or 1 or 2, while 8,74 0 and 8,,, =0. Clearly, the 
fractional part, 8 — [8], of B = 3*n is : 


A (k=1,: <, v). 
Hence, on considering the six possible pairs 


5} = {051}, (130), (1,2) (2,1), (25 0), {0; 2), 


it is easily verified that the fractional part of 3-% either lies between Y aa 


4% or between % and %. ne in both cases, 
| cos (32mm) | = = cos (x/9) < exp(— 1/100). 


Since this holds for k = 1,- - + , vn, and since every factor of the product (8) 
lies between — 1 and 1, it follows that 


| L(2rn) |< exp(— 10/100), 


where: pm denotes the number of changes of the digits 8 in the finite sequence 
(18), i. e., the number of those % for which êk 74 8. Thus, if p > 0, 


(19) | L(2an) |? < exp (— pyn/100). ` 


- Now, if m is a positive integer, the number of those among the first N- 


positive integer n which have exactly m changes.of digits in their triadic repre- 
sentation (18), i. e., the number of those n for which 1 & n SN and pn = m, 
cannot exceed 

(Gr )™/m!, 


six being the number of distinct pairs of digits 0, 1, 2. It follows, therefore, 
from (19) that if the positive integer p is fixed and N —>.+ œ, then _ 


3 | L (2am) IP = O( 3 exp(—pm/100) (6m n/mi). 
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Since (8) deny implica that | 
l vn = O (fog n) as os 
it follows that, if p is fixed and N-> + 0, 


3 z| (2an) |? = 3 {exp (— po /100) - O(log W)}"/m!. 


Consequently, there exists for every e > 0a sufficiently large integer p == De > 0 
such that, as No + œ, 


3 | L(2en) le O{ È (clog N)*/m! } — Ofexp (clog N)}, 


and so, by (8), 


2 L(2=n)P=1+ 2O0f{exp(e log N)} = O(N®). 


This proves (16). And (17) is proved in the same way, if, starting with 
an arbitrary positive n which need not be an integer, one applies (18) to the 
integral part [n] of n, instead of to n. Then (19) remains valid if the sub- 
script n of un is replaced by [n]; so that the balance of the above proof can be 
repeated without change. 


: 7. All that remains to be done is what is assigned by (ii), $2. 
I£ H = H(z), — œ <e<-+ o, is a distribution function, (ie, a 


monotone function such that H(— œ) =0, H(+ 0) =1), let A(u; H) 
denote its Fourier-Stieltjes transform, - i 


+00 


(20) = Alu; H) =/ etd (a); —o<u<+o: 
Then = i i 
(21) A(u; Hy * Hy ) = A (u; H )A (u; Hır ), 
if H; * Hy denotes the convolution l 
i +00 
(22) Ni (W), 
- 


which is a distdibution function for any pair Hy, Hn of distribution func- 
tions. It is implied by (21) that 


Hy ae =H, +H, (Hi * Hy ) + Him = Ay * (Hu u b 
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and that, for any positive integer p, i 
(23) A(u; EW) — (A(t; H))?, 

if, starting with an H, one puts l 

(24) HY =H, HO =H +H, HO =H +H, 


Let, in particular, H (x) be the distribution function which is 0 fx S — 4$ 
and 1 if z = 4, while if | |< $, then H(z) is the classical Cantor function, 
obtained in the usual manner by successive trisections of the interval 
—4=5254. Then A(z) is, for — o <s < -+ o, the infinite convolution 


H (x) = B (8s) +B (82s) *- -.-* B(3*r) #- +, 


where B(s) is the distribution function which has a jump of $ at e = — 1 
and s = 1; so that A(u; B) = cosu. Correspondingly, 


(25) A (u; H) = JI cos (3*u). 
r # k=1 A 
Furthermore, from (24), 
(26) HP (2) = B (agt) * B (aapt) *- + + * Blagg) * >> 
. where i 
(27) akp = 3), if (j—i)p < kS jp, where j =1,2, * * 


Also, from (23), (25) and (8), 
(28) > A(u; H9) — (L(u))?. 


Since it is clear from (8) that L(3*- 2r) is independent of h for h = 1,2, °>, 
and that L(6r) > 0, it follows from (28) that 


(29) A(3%- 2m; H) — (L(6r))?>0 for h=1,2,---. 


Now, the distribution function H (æ) is, if —4 24, the Cantor 
function, so that H(— 4) =0, H(4) =1, and so H(z) is continuous for 
—o<z<-+ mw. Hence it is clear from the definition (20) of a convolu- 
tion that each of the iterated functions (24) is continuous for — œ < g < + œ. 
On the other hand, H” (x) is, in view, of (26), an infinite convolution of step 
functions. Consequently (cf. Jensen and Wintner [3], Theorem 35), the dis- 
tribution function 4” (+) either is singular or absolutely continuous. Since 
(29) assures that A(u; HP) +0, u> + co, is impossible for a fixed p, it 
follows that H)(a) is singular for every p. 

Furthermore, H (s) is constant outside the interval — 4 S «c= 4. Hence 
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it is clear from (27) and from the definition (22) of a convolution that 
HP (x) is constant outside the interval —4p S s S 4p. Accordingly, by (20), 


ip j 
- Au; HO) -=Í elueg HP) (a). 
It follows, therefore, from (28) and (17) that there exists for every e > 0 
. a sufficiently large p = pe such that, as N > + œ, 


ap 


N A 
3 | à emano (x)| = 0O(Ne) 
n=-N a : 


. holds uniformly for r Sa S 2r. 
Thus, on keeping e fixed (hence also p = pe), and then changing the unit 


interval —r<zx< r, one has 





(30) o Ay Sf euro, 


if G = Qe denotes the monotone function which results from H m, = 
p= pe, upon the change of units. Since HP) is singular, so is G. Hence, 
comparison of (30) and (1) assures the existence of a singular monotone G. 
which satisfies (7). f l 

This completes the proof of (5), i. e., of k* = 4, 


8. While the Cantor function -H (s) is constant almost everywhere, (27) 
implies that the singular monotone function (26) is, if p > 1, nowhere con- 
stant on an interval (cf. Kershner and Wintner [4], p. 547). Consequently, l 
the above result implies one recently proved by Hartman and Kershner [2]. 

Actually, the above constructions can easily be extended to the case in 
which the sequence of Fourier-Stieltjes coefficients is replaced by the corre- 

sponding Fourier-Stieltjes transform.’ To this end, all that is needed is to _ 
replace in (10) the summation by an integration, and then, with the help 
of (17), to repeat the above proof with obvious modification... Then it follows 
that there exists for every e>0 a singular monotone function F(z), 
— 97 SS 6S rr, such that l 
; Me 
(31) f ensdE (e) =0(| ul) as u>+ o, 


T. 
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where u is a continuous variable. It is also seen that (81) can be chosen as 
an even function, i. e., such that the curve y == Fa), is symmetric with respect 


to. the line y = F (0). 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
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ON THE CHARACTERIZATION OF A DISTRIBUTION 
FUNCTION BY ITS FOURIER TRANSFORM.* 


By R. P. Boas, Jr. and F. SMITHIES. 


1. By a distribution function we shall mean a non-decreasing function 
o(x) defined on — œ <z< œ such that o(— 0). =—0; e(%) =1. The 
value of o(s) at a point of discontinuity will be assumed to be fixed by the 
normalization o(z) =¿[0(1 +0) +0(2—0)]. 

If o(s) is a distribution function, its Fourier transform A(u;o) is 
defined by 


(1.1) A(u;o) = f eao(2) (— o <u< 0). 


If A(u; a) is given, o(z) is determined by the inversion formula * 
; i 1 hae) 1 PEM giua i 
(1.2) alay —el) -5L — Afu; odds, 
where the integral is to be interpreted, if necessary, as a Cauchy principal’ 
value. 


`- It is well known that there is a correlation between the smoothness of 
o(x) and the order of magnitude of A(u;o) as | u |— «o. For example, if 


A(u;o)=0(lu|*)  (lu|>0) 
for every k > 0, «(a) is of class 0% in (— œ, œ); again, if 
(1.3) A(u;o) =0(eciul)  (Ju| ><) 
for some c > 0, o(s) is anal on (— œ, 0), and, furthermore, ere is a 
function «(2) of the complex variable z = 2x + iy, such that o(z) is analytic 


and bounded in every strip | y| ce’ <c and coincides with o(z) on the 
real axis. 


It is known that if (1.3) is replaced by the weaker condition 
A(u; o) = Ofexp(—e|w|*)} (ul) 
for some & < 1, o(z) is not necessarily analytic on the whole real axis; for 


* Received April 11, 1938. 
1 National Research Fellow. 3 . 
? See, e. g., S, Bochner, Vorlesungen über Fouriersche Integrale, 1932, p. 66. 
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example, the function exp(—c | ule) oz Sac 1) is the Fourier transform 
of a distribution function which fails to be analytic at z = 0. 
In this note we discuss by means of examples just how much a(x) is 
restricted by the behavior of A(w;o) as | u |—> œ., Our results may be stated 
descriptively as follows. No condition weaker than (1.3) ensures that o(2) 
has an interval of analyticity. Let y(u) be any function which, when 
| u | —> «o, decreases to zero more slowly than every function elel (c > 0). 
Then there exists a distribution function o(s} whose points of non-analyticity 
form an arbitrary closed set (which may in particular be the empty set or the 
whole real axis), and whose Fourier transform A(u;«) is of the same order 
of magnitude as y(u) when |u|— ©. Furthermore, there is a distribution 
function, belonging to a general Denjoy-Carleman quasi-analytic class on 
(— œ, ©), and analytic except on an arbitrary closed set. 

It is not known whether (1.3) is a necessary condition for e(z) to be 
analytic and bounded in the strip |y | <c. It may therefore be of interest 
that if e(z) is analytic and bounded in a portion of the complex plane some- 
what. more extensive than a strip, we can obtain an estimate for A(u;o) of 
the same type as (1.3). We shall, in fact, show ‘that if o(2) is aaa and 
bounded in the “double funnel ” F == R, + R: + Rs, where 


= F.[|y| <d, | 
Bar, < | z—a |Y, c= a], | 
—F.[|y|<|e+a), s£ — a], 


and ¢ > 0, y > 0, a 0, then 
` (1. 4) "A(t; o) = 0 (| u [92 eel) (|u| — 0). 
The odia o(2) =3 + žare tan z is analytic except at 2 = + îi, 0 (2) 


is a distribution function, and Au; o) =e'l“l; consequently we cannot expect 
to obtain an estimate much stronger than (1. 4). 


2. THEOREM 1. Let e(u) be an even function of u such that e(u) >0 
for all u, e(u) JO as u—> œ, ue(u) Po as u—> œ in uu >0, and 
gue) is conver in u Zuo Then there exists a distribution function r(y), 
such that y =0 is a point of non-analyticity of (y), and 
(2.1) A(u;r) == O(erleletw) (ulo»). 

The result of Theorem 1 will be made more precise in $ 4, but the con- 
struction used here possesses independent interest. 


3 A, Wintner, “Ona class of Fourier transforms,” Ameri ican Journal of Mathematics, 
vol. 58 (1936), pp. 45-90, 65. 
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We define an even function L(u) by the relation 


AR ce (w= u), 
pi ra=] 44 Bu (0 £ u S w), 


. where the constants A and B are chosen in such a way thar L(u) is convex 
and decreasing in u > 0. Set 


(4) ur FM Luju (-a<y<e), 


00 ` i T 
where f is to be interpreted, if necessary, as lim . Then 
0 T=% 


o 
(y) = 47o (y) +3 
is a distribution function with the desired properties. 
Clearly, ; 
Alu;r)—=4A"L(|u]), 
so that (2.1) is satisfied. 
Since L(u) is convex and L(u) | 0 as u=> oo, 


f(y) == fcosuy Z(u)duZo (40 
To 


- and v(y) > 0 when y > 0. Hence o(y), and therefore r(y), are non-decreasing.' 
We have. i 


o(y) —=/" EW ay += Se sin wy du + =f" L(u)sin uy du 
=h + Fh 
When y > œ, Iı —> 44; I — 0; and, by the second mean-value theorem, 
| Is |S 2L (w)/ (ay) > 0. 


Hence o(y) > 14 as y > 00; similarly, o(y) >— 3A as y>— o. Con- 
sequently r(y) is a distribution function. 
Set 


fe) =t feudu (et). 


The abscissa of convergence of this Laplace integral is clearly z = 0. Since 
L(u) is a positive function, f(z) has a singularity at z = 0.” It follows that 


(y) = R[F (ty) ] 


` 4E. C, Titchmarsh, Introduction to the theory of Fourier integrals, 1937, p. 170. 
5E. Landau, “Uber einen Satz von Tschebyschef,” Mathematische AA vol. 61 
(1905), pp. 527-550, 548. 
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is not analytic at y =0. For, if o’(y) is analytic at y = 0, then o’ (y) = g (iy), 

‚where g(z) is analytic in a neighborhood pf 2=0; f(z) —g(z) is purely . 
imaginary on =0, and consequently, by the Schwarz reflection principle, 
has an analytic extension in a neighborhood of z = 0. Hence o fC) cannot have 
a singularity at z = 0, a contradiction. 


3. Lemma 1. Let A(t) be a positive: Ankh defined for t > 0, such 
that A(t) JO as t— œ. . Let u(u) be the inverse function of t/A(t). Let 
x(n) be a real-valued function defined for n=1,2,---. Let F be the 
closure of the set of points {«(m) + ià(n)}, and'let E be the intersection of 
F with the real axis. Then there exists a distribution function o(z) such that 
E is the set of points of non-analyticity of a(x) and such that 


(3.1) A(u3o) = Ole) (ul) 
for any «> 0. 

- Set 

l .t(2) = $ + are tan z (=r + iy). 


We cut the z-plane along the imaginary axis from i to iœ and. from — i to 
— ico. We choose the one-valued branch of r(2) which is regular in ane cut 
plane and which is determined by the condition , 


“ado 1 (> 00). 


Then 7 (2) is a distribution function; and r(z) is bounded on any bounded 
closed set in the cut plane. Set 

8 o, fz) ` 
62) a(z) = (01) Se -d ach z 
We cut the z-plane along the lines s = x(n). from x(a) + i(n) to x(n) io 
and from x(n) —iA(n) to x(n) —too, and denote the closure of the sum 
of these cuts by H. The series in (3.2) is uniformly convergent on any 
bounded set at a positive distance from the set:H, and also uniformly con- 
vergent on the real axis. o(s) is a distribution function, and Æ is the set of . 
- points of non-analyticity of o(s). ` 


We haye | . 
A(u;r) = el"; 
hence : = 
2—«(n) ] = piurtn)-[ulitm + 
A “er T ass x(n) \ ew: 3 
consequently . : : 2 


00 f 
(3: 3) ER A (u; a) =a (e =3 1) 5 ernriurtn)-[ujAtn), 
: wf È : n=1 
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It follows that 
(e 1) | A(u;a)| SS arn -$4 S 


n=1 n=v+1 


= pe lure) + > en (v =: R 2, Ei Je 


navel 
Since ¢/A(t) increases, we have | u | A(v) > v whenever v= (| u |) ; we take 
== [u(]u|)]/ Then 


(e— 1) | A(u;0)]| E ve? + e” 
. = 0 (eae) (Ju ><) 
for every e > 0. 


Lemma 2. Let A(t) satisfy the hypotheses of Lemma 1. If x(n) == bé(n) ` 
(n =1,2,* : +) where b ts a constant and é(n) is an integer-valued function, 
and o(z) is defined by (8.2), then - l 


(3.4) . lim sup | A (u; o)| etp > 0, 
|u]->00 


By (3.3), if bu = 2h, where h is an integer, we have 


(e—1)"A(u;o) = > emula > S elf, 


n=0+1 


where v = [a(|w|)]. When n=>w+1, [u|A(n) Sn; hence 


(3. 5) (e—1)"Au;0)> Y ot (8 —1) te *Udubl, 
n=9+1 
The result follows. 


4. THEOREM 2. Let 8(t) be a positive function defined for t > (, such 
that S(t) 10 and t8(t) Y co ast—w. Then there exists a distribution fune- 
tion o(x), analytic on — œ < T < o, such that 


(4.1) lim sup | A (u; g) | ezlwlödub > 0, 
lul- 
and 
(4.2) lim sup | A(t; o) | e6215 < æ 
[uj>00 Ñ 


for every e > 0. 


We observe that e’ can be made to approach infinity as con as we 
please when ¿> œ, 
We set y(u) =us(u), and 


Mi) e LEO sh). 
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It is clear that A(t) | 0 as {> œ. The functions Alt) and p(w) ane the | 
conditions of Lemma 1. We take x(n) =n (n=1,2,---). The'distribu- 
tion function o(s) defined ‘by (3.2) has, by Demme 1 and 2, the required 


properties. 


THEOREM 3. If 8(¢) satisfies the conditions of Theorem 2, there exists 
a distribution function o(z), having x= 0 as its only point of did did 
and such that A(u; a) satisfies (4.1), (4.2). 


The proof is parallel to that of Theorem 2, except that we take x(n) =0. 


(n=1,2,* - :). We note that o(s) has an extension which is analytic in 
each of the half-planes R(2) > 0, R(z) < 0. 


THEOREM 4. Let E be an arbitrary closed poini set on the real avis. If 
8(t) satisfies the conditions of Theorem 2, there exists a distribution function 
o(z), having E as its set of points af non-analyticity, and such that A(u;c) 
satisfies (4.1), (4.2). 


Let {Bn} (n=1,2,- : -) be a sequence of points dense in Æ; let {pn} 
be a sequence of positive numbers whose sum is unity. Write p(w) for the 
distribution function constructed in Theorem 3. Set 


(4.8) a(2) = 3 pn p(e— pa): 


Then o(z) is a distribution function; it is analytic on the complement of E 
because the series in (4.3) is uniformly convergent on any bounded point set 


. ata positive distance from the lines x= Bn (n = 1,2,- - +); every point of E 
. is a limit point. of singularities of (2), and hence a point of BORN 
of o(®). - 


The Fourier transform of o(s) is 


A(uzo) =A (u; p) È pretta — A (u; p) (u), 


where Q (u) is a uniformly almost periodie function. Since A (u; p) satisfies 


(4.2), and Q(u) is bounded, A(u;c) satisfies (4.2). Since for p(x) the 
constant b of Lemma 2 vanishes, A(w;p) satisfies (3.5) for every u. There- 
fore, since Q(w) is uniformly almost periodic, A(u;o) satisfies (4.1). 


5. Let e(u) be a positive non-increasing function of u, defined in (0, 00), 
such that wie(w) is non-decreasing for all sufficiently large u, and 


oa 


=| 
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is en If f(x) eC*(a,b), and - 
ee (x) |/* < Ak/e(k)® (1S1<b;k=0,1,2,* : >), 


where Á is independent of k and 2, we shall say that f(z) belongs to the class 
Q{e(u); a,b}. The classes Q{e(w) ; a,b} are rather general Denjoy-Carleman 
quasi-analytic classes; they include, in particular, al the Denjoy classes, 
for which (for jnar large u) 

cu) = (u) - 


ae log u log logu? 


The class Q (1; a,b} is the class of functions analytic on a << b. 

It follows from a result of meee s3 that if ae) is a distribution func- 
tion, and 
A(uzo) = O(erelulchD, q u | > 0), 


then o(x) e Q{e(u) ; a, b} for any finite interval (a,b). 


THEOREM 5. Suppose that e(u) sctisfies the conditions stated above, : 
and that «<(u) JO as u—> œ. Let E bs an arbitrary closed point set on 
the real axis. Then there exists a distribution function «(w) such that 
a(a) e Q{e(u) ; a,b} for every finite interval (a,b), and E is the set of points 
of non-analyticity of o(s). 


This is an immediate consequence of Theorem 4. 


6. THEOREM 6. Let ¢ >0,y>0,a20. Let E be the open region 
Ry + R: + RB, of the z-plane (z = x + ty), where 


R, = #,[| y| <c], u i 
R= Belly |< |1— c |", 22a], } 
Rs = Belj y| < | 2+0 |7; o<—a]. 
If o(z) is analytic and bounded in R, ard o(z) is a distribution function," 
then ' ; l . 
(6.1) A(u;o) = 0 (| u |e) (|u|> 00). 


SA, E, Ingham, “A note on Fourier transforms,” Journal of the London Mathe- 
matical Society, vol. 9 (1934), pp. 29-32. 
* 1 We do not use the full force of the. hypothesis that ¢(@) is a distribution function. 
The theorem remains valid if we assume instead that o’(#) € L(— ©, ©), and define 
the function A(u;o) by (1.1). 
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Let r(z) denote the distance from the point x of the real axis to the 
boundary of R. Then 


(6. 2) |o™ (x)| S Mn! {r(a)}” (n= 0,1,2,° °°), 
where M is a bound for | o(z)| in R. We have . 
(6. 3) r(e) Ze (— m<zr< 0). 


Without loss of generality we may assume that y <<}. H |x| > a, it is 
obvious that, for some h such thata <h < | 2, 


{r(a)}/7 = { (| z | =h)? + (h—a) 1 1en, 
Hence, by Jensen’s inequality, 


CEPE (|2 |A (ba) 


= A, + Az, 
say. When |2|—A>1, A. >u—h, so that M +d.>|2|—h+h—a 
=|2|—a>|2|—a—1. When || —2<1, we have h = |2|—1, so 
that a =h—a=|e|—a—1. Thus, in any case, 
(6. 4) r(x) = (|| —a—1)? (|e|2a+1). 


From (1.1) we obtain 
: 1 gio 
A(u;o) =z Í. itta (x) da, 
i Qa -0 
and hence, by integration by parts, 


( hae Gate Ue) baht 
A(t; 0) = EZ f ig) (2) de EEE EEE 
-% 





va 
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the integrated terms vanish by (6. 2) and (6.4). Consequently 
+ i e 20 j 
(6.5) 2rlullatu;e)| =f | o% (2) | de 
i > b 00 
HH 
-00 be b 
yo : a I, + I, + Ls, 
say, Where b==c/7-+a+1. By (6.2) and (6.3), 
(6. 6) 1, S 2M(k +1) !10c4(0/7+a +1) (k=0,1,2,: °°). 
. By (6.2) and (6. 4), tor k > 1/y, 


L+LS2M(k+1) ! (@—a—1)-7ae 
(6. 7) Oe oe 


O 2M (k +1)! Han 
EDI 


By (6.6) and (6.7), 
L+h+hSA(k+i)lo (k> 1/y) 


for some constant A. Hence by (6.5) and Stirling’s formula, 





(6.8). Jalo) Salul + (LEA > 


ce |u| 
with a new A. 
For any u such that | u | > (2y +1)/ (yc), we can take k +1—[elu]|]. 
It follows from (6.8) that 


| A(u;o)|SAlu 





gel (lu > (2y + 1)/(ye)), 
with a new A, i~e. . IS 

(636) = 0 (| v.|? evel) (|u|). 
This completes the pool 
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AN EXTENSION OF WIENER’S GENERAL TAUBERIAN 
THEOREM.* 


By H. R. Pırr. 


Suppose that f(x) is defined in (— «o, œ) and that two metrics M D, 
M'(f) (which may be the same) satisfy the following postulates. 


(a) Mif}—M{|f\}, W= WF] 

(b) ., OS MPS Mf}. 

(ce) Mifit f 5H) + Mif Wt fo} SW + M 
(a) Me{f(e@—y)} =M{f}, M'e{f(@—y)} = M'{f}. 


(e) If k(x) belongs to L(— œ, œ) and M’.{f(z,y)} E C for all values 
of y, then g(x) = fk(y) f(x, y) dy exists for all values of x and 

M{g} = f | k(y)| Moff (x,y) }dy, 

MS f | k(y)| Wette y) }dy. 


(Integrals in which limits are not specified are from — œ to 0.) 
Examples of pairs of metrics which sarig these postulates are the 
following. : 


(A) w Tro), M1) Tan | 1(0)!. 
(B) Hf) = ME) =T Ka)l. 
(0) ar) 34 S roa |”, xi Tn [fl oe 


: (p= 1). 
D) m= [rata]: a) En [ 3, $711 tray]” 
Min 04 | E 110) ra] E 
Mif}—iim a [Ff opa] 


a->00 Lee 


(E) 


We shall prove the cee theorem which includes Wiener’s theorem 
when the metrics are defined as in (A).* 


* Received May 17, 1938. 

1H. R. Pitt, “General Tauberian theorems, ” Proceedings of the London Mathe- 
- matical Society, vol. 43 (1938), Theorem 9, except that condition (4) is somewhat 
stronger than the condition f(a) eT. 
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THEOREM. 


Hypornusis. (1) k(x) belongs to L{— œ, œ), 
(2) Ko) fk(y)etdyA0 (—a<a< a), 
(3) MP < o, 7 
(4) Mif(x+¢)—f(e)} = 8(e), — lim 8(e) = 9, 
(5) g(a) = fk(e@—y_ f(y) dy. 


Conciusion. If C, > 0, we can choose Co, depending only on-C,, k(x) 
and 8(e), so that 
M{f} SC, + C.M {Gg}. 
Let A > 0, 
sin? Az 
TAT? i 


. hy (vt) = 





Using a theorem? on Fourier transforms due essentially to Wiener, we can . 
write 
hy) = Sky — t) pr(t) de, 
where pı(t) belongs to L(— œ, o). Now 
G(x) = f | (1 —y)Hy)| dy 
exists for all values of x, by (1), (3) aad postulates (d) and (e), and 


M{G} = MINS | k(x) | de. 
Hence . 


S| pr(é)| at f | k(a—t)f(@—z#)| dy =f | pa(t)G (e —t)| dt 
exists for all values of zx, and it follows that 


Spr(t)g(z@—t)dt =f p(tidt f (y —t)f( — y) dy 
=f f(z — y)dy f k(y—t)pr(t)dt 
= f hy (z — y)dy. . 


If we write P(A) =f | pr(y)| dy, it follows from (d) and (e) that 


(6)  M{fh(y)f (z — y)dy} 5 M{g}f | paty) | dy = M{g}PQ). 


2 Ibid., Theorem 6. When the paper was written I was not aware that Professor 
Wiener had given the same theorem in his coarse of lectures at Massachusetts Institute 
` of Technology. : 
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Since fha(y)dy = 1, we can write | 

MP = M{ fha (y) f(e — y)dy + Say) (fe) — (1 — y) 1dy), 
and using (4), (6) and (e), we have 


MP) S P(A) Mg} + Shiny) MEF (@) —Me—y)}dy 
= P(A) M{g} + fhn(y)8(y) dy 
(7) — P(r) M{g} + fh(y)8(y/d) dv. 


Since 8(y/A) = 2M’ {f}, by (b) and (c), and lim &fe) = 0, we can choose 
e>0 


A =A(C,, 8(e)) so that 
SEYA) dy = C,, 


and then (7) may.be written 
M{f} SC, + CM {9}, 
where Ca = P(A) depends only on C,, k(x) and 8{e). 
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SYSTEMS OF DIFRERENTIAL EQUATIONS. I. 
THEORY OF IDEALS.* 


By J. F. RITT. 


In publications of ourselves and of Raudenbush,! there was presented a 
theory of systems of differential equations which are algebraic in the unknowns 
and their derivatives. It is our object to start, with the present paper, the 
consideration of more general systems. We shall begin by treating systems of 
equations which are analytic in the independent variable and in the unknowns, 
and algebraic in the derivatives of the unknowns. Such a theory can be used 
as the basis for the study of any finite system of analytic differential equations, 
since, by replacing derivatives by new unknowns, the finite system can be made 
equivalent to a system involving only derivatives of the first order, and those 
algebraically. 

This paper presents, for systems with the generality described above, a 
theory of ideals of the type given by Raudenbush for algebraic differential 
systems. In addition to the methods of our own earlier publications, we use 
the ideas in the very fundamental work of Raudenbush and also the methods 
of Riickert’s important paper Zum Eliminationsproblem der Potenzreihen- 
ideale.” The present paper is complete in itself, except for the employment 
of Späth’s extension of the Weierstrass preparation theorem. The use of Späth’s 
theorem was suggested by Riickert’s work. For unity of exposition, we have 
included a treatment of some questions which are covered by the work of 
Raudenbush. References to Raudenbush will-indicate where we have borrowed 
from him. 

` Elements. 


1. We shall study expressions in the unknown functions Yi," * *,Yn of 
the independent variable x. We denote the j-th derivative of y; by yij. We 
write, Frequently, $ Yi = Yio- ` 


‚2%. We consider any finite set of the yi; with 7 > 0. Let a finite number 


= Received February 21, 1938. 

+ Ritt, “ Differential equations from the Algebra standpoint,” Colloquium Publica- 
tions of the American Mathematical Society, vol. 14 (New York, 1932); Raudenbush, 
“Ideal theory and algebraic differential equations,” Transactions of the American 
Mathematical Society, vol. 36 (1934), pp. 361-368. 

? Mathematische Annalen, vol. 107 (1933), p. 259. 


535 


536 J.B. RITT. 


of power products in these y;; be formed and let each power product be multi- 
plied by a power series in 2; y,,* *-* , Yn Which converges for numerically small 
values of those letters. The sum of the terms this formed will be called an 
element. In other words, an element is a polynomial in any set of the deriva- 
tives (proper)? of the y;, with coefficients which are e functions of g; 390° Yn 
analytic at (0;0,---,0). Ds 

Elements will be denoted by ae italic letters and systems of elements 
by large Greek letters, 

We denote by T the totality of elements which are free of the dia 
variable æ. Thus an element @ is in T if @ is a polynomial in certain y; with. 
_ j > 0, with coefficients which are functions of y,,***, Ya analytic at (0,- + * 0). 


Ordering of letters and elements, 


3. We order the letters y;; as follows. We shall call ya; higher than yx: 
if j >lorifj—landi>k. 

Let A be an element involving one more y; effectively. The highest letter 
Yaj in A will-be called the leader of A. 


4. We consider any alent A and any definite y;;. If A, written as a 
series of powers of y;;, contains only a finite number of terms, we shall, as is 
natural, call A a polynomial in yij. Of course every element is a polynomial in 
- every Yi with 7 > 0. i = 


5. Let A be a non-constant element in T ($ 2) and B any element in T.* 
If B is a constant, or if B is not a constant and has a leader. which is lower 
than the leader of A, we shall say that A is of higher rank than B. 

Now let A and B, in T and neither a constant, have the same leader yix 
and let A and B be polynomials in yy». If A is of higher degree than B in yjx, 
we shall say, again, that A is of higher rank than B. If A and B have the 
same degree in' yj, we shall say that A and B are of the same rank. 

Any two constants will be considered to be of equal rank. 

Thus, the only pairs A, B in T whose two elements we do not compare, 
are pairs in which A and B are not constants, and have the same leader, with 
at least one of A and B failing to be a polynomial’ in the common leader. 


3 Each y, will be condesa as its.own derivative of de Zero. Proper derivatives 
are derivatives of positive órder. 

‘For our present purposes, only elements in T require ordering. The definition 
which follows immediately has somewhat more generality than is necessary for the 
applications. : 
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Ascending sets. 


6. Let A be a non-constant element in T which is a polynomial in its 
leader yj. An element B in.T will be said to be reduced with respect to A 
if either l 


(a) B=0 


or 
(b) B is distinct from zero, contains no yp with” l> k and is a poly-. 
7. A set of non-constant elements in T 

(1) Ar’ Áp 


with p> 1 will be called an ascending set if every A; is a polynomia- in its 
leader and if, for ¿ >*t, A; is higher than A; and reduced with respect to As. 

An element A, in T will be called an ascending set if A, is non-constant 
and is a polynomial in its leader, or if A; is a constant distinct from zero. 

Let (1) be an ascending set with p > 1. Let A; and A; be two elements 
of (1) with j >i. Let ya» be the leader of A; and yea that of Aj. Because 
A; is higher than A; and is reduced with respect to Ai, yca must be higher 
than yar. It follows that a and c are distinct. Thus the p leaders yi; of the 
elements in (1) have distinct i. This implies that p E n. 

The ascending set (1)° will be said to be of higher rank than the . 
ascending set , 

By ++, Ba 

if either 


(a) there is a j, exceeding neither p nor q, such that A; and B: are of 
the same rank for i < j and that A; is higher than B}, or 
(b) q > p and A; and B; are of the same rank for 1S p. 


Two ascending sets for which no difference in rank is created by what 
precedes will be said to be of the same rank. For such sets p = q and 4; and 
B; are of the same rank for every i. 

The above ordering of ascending sets is easily seen to be transitive. 


8. We prove the following lemma: 


° The j in y,, is that which appears in y,,. 

nomial in y with a degree in yy, which is lower than that of A in Yir 
* Here, as in all later work, it-is understood that p may be unity. 
TIf j= 1, this is to mean that A, is higher than B,. 
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Lemma. Every finite or infinite aggregate of ascending sets contains an 
ascending set whose rank is not higher than that of any other ascending set 
A . - 

in the aggregate, 


. Let us consider the first elements of all of the sets of the aggregate. We 
shall show that there is one of these first elements which is no highér.than any 
other first element. This is certainly true if one of the first elements is a 
constant. Otherwise, we select those first elements which have a lowest leader 

-and,.from the elements just selected, we choose one which is of a lowest degree 
in the common leader. ' l 

Let us consider now those ascending sets-in the given aggregate whose 
first elements have a least rank. Let o, be the totality of such ascending sets. 
If the sets in o, all consist of one element, any set'in o, will serve as the set 
whose existence was to'be proved. Suppose that o, contains sets which consist 
of more than one element. From among all such sets in o, we select those 
whose second eléments have a least rank and denote the totality of the sets 
selected by os. If there are sets in o consisting of more than two elements, 
we make-a third selection. As no ascending set has more than n elements, 
we arrive eventually at a collection of ascending sets of least rank. l 


9. Let (1) be an ascending set with A, non-constant. An element G 
in T will be said to be reduced with respect to (1) if G is reduced with 
respect to A,i=L1,' +, p. 


Basic sets. 


10. Let 2 be any system of elements in T which either contains a non- 
‚constant element which is a polynomial in its leader or else contains a constant 
distinct from zero. Because elements of the two types just mentioned are 
ascending sets, 3 contains ascending sets. By $ 8, certain of the ascending sets 
in have a least rank. Any such ascending set of:least rank will be called a 
basic set of 2 

Let 3 be a system in T for which (1), with A, non-constant, is a basic 
set. Then no element in 2 which is.an ascending set can be reduced with 
respect to (1). Suppose that such an element, F, exists. Then F must be 
higher than A,, else F would be an ascending set lower than (1). Similarly, 
F must be higher than Az, else A,, F would be an ascending set lower than (1). 
Finally, F is higher than Ap. Then 4,,* > *, Ap, F is an ascending set lower 
than (1). This proves our statement. . 

Let 3 be as in the preceding paragraph. We see that if an element which 
is an ascending set and is reduced with respect to (1), is adjoined to 3, the 
basic sets of the resulting system are lower than (1). 
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Reduction. 


11. Let G be any non-constant element in T which is a polynomial in 
its leader yi; We shall call the element -8G/0y:; the separant of G. The 
coefficient of the highest power of y;;, in G considered as a polynomial in %:;, 
will be called the initial of G. G is higher than its separant and higher than 
its initial. 


12. Let (1) be any ascending set with A, non-constant. Let S; and I; 
denote the separant and initial respectively of Ai, i= 1,: +, p. 
We shall prove the following result. 


Let G be an element in T which is a polynomial in the leader of every As 
and in all derivatives of each such leader. There exist non-negative integers 
Si, ti, 1=1,* ` +, p, which are such that when a suitable linear combination 
of the A, and of derivatives,’ of certain orders, of the As, with elements for 
coefficients, is subtracted from 


S,2- “8 Sp” I, ete "IG, 
the remainder, R, is reduced with respect to (1). 


Let u; represent the leader of A; in (1), i=1,: + +,p. We limit our- 
selves, as we may, to the case in which @ involves derivatives, proper or im- 
proper, of one or more ui. Let the highest letter in G which is a derivative 
of a u, be represented by v and let v be a derivative of uj. There is, of course, 
only one possibility for j. i l 

To fix our ideas, we assume v higher than up: Using the algorithm of, 

‘division, we find a relation l 
SG = CA’; + B 


where A’; is a derivative of Ay, of some order, with v for leader; and where B 
is free of v. Because A’; and S; involve no letter higher than v, B involves 
no u;-derivative ° which is as high as v. For uniqueness of procedure, we take 
q as small as possible. We note that B is a polynomial in the w.-derivatives.! 

If B involves a'u;-derivative which is higher than up, we give B the treat- 
ment accorded to G. After a finite number of steps, we arrive at a unique 


* By the j-th derivative of an element A, we mean the element which is obtained 
by differentiating A j times with respect to a, the y y, being regarded as functions of æ. 

° Thus we denote a derivative (proper or- improper) of a u; 

"If w is a letter in A’, with respect to which A’, is not ‘a polynomial, then A; 
on bea polynomial in w. Thus w is not a «,-derivative. 
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_ element D which: differs by a linear combination of derivatives of the A; from 
an element 


8,2 - . sn 


and involves no us-derivative un than Un D is a polynomial in the u- 
derivatives. . l 
We then find a relation 
I'D = HA, +K > 


where K js reduced with. respect to Ap. K may involve up Aside from Up, * 
the u;-derivatives present in K are derivatives of u, * *,Up-. Such deriva- ` ` 


tives present in K are lower than up. Let v, be the highest of them. 


Suppose that v, is higher than up... We give K the treatment accorded 


to-G. In a finite number of steps we arrive at a unique element E which 
differs from some f ; 
MECO “Sera Tea K 


by a linear combination of Ap- and proper derivatives of 4,,* * *,Apa. Lis 

reduced with respect to Ap-+. | . 
Let us show that Z is also reduced with tope to Ap. The first operation 

performed on K gives a relation a s 


(2) ' SPK = BA’; + K. l 


The highest letter in A’; is v, and v, is lower than up. The highest letter in 
S; is not higher than up... Thus, K, cannot contain a proper derivative of up. 


“Let the degrees of K and K, in up be d and d, respectively. Suppose that, 


di >d. As $; and A’; are free of up E in (2) must be of degree d, in up. 
Then HA’; contains a term involving v, which is of degree d, in up. Such a 
term can be balanced neither by K, nor. by the first member of (2). Thus 
K, is reduced with respect to Ap. Similar observations apply to the later steps 
in the calculation of L, so that L is‘reduced with: ‘respect to Ap. 


Continuing, we reach a unique Æ as described above. We call R the ~ 


_ remainder se G with respect to aa 


Series. 


13. An element in T will be called a series if the element involves no 
y; with j>0. A series is simply a ‘function of Yo’ "> Yn an at 
(9° °,0). l 

Let A be a series which is not a Rs By the class of A, we shall. 
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mean the greatest j such that A involves y; ‘effectively. Constants will be 

called series of class zero. 
Let A be a series of class j % 0. We shall call A regular if A contains 

. a term ay;” with m > 0 and a a constant distinct from zero. 


Regular systems. 


14. Let 2 bea 2 system of elements in T. We shall call 3 regular if 
either 


(a) A positive integer j Sn exists such that 3 contains regular series of 
each of the classes n, n—1,: > >, j but contains no series of positive class less 
-than ¡2 
or : f 
(b) 3 contains no series of positive class. 


Tf (a) holds, we shall call 7 — 1 the index of 2. If (b) holds, the index 
of X will be defined as n. 


15. Let 3 be any system of elements in T. We shall show that, by a 
non- singular linear transformation on Ys,* * *,Yn, with constant coefficients, 
3 can be converted into a regular system.*? 

If 3 contains no series of positive class, 3 is regular. Suppose di series 
of positive class exist in 3 and let A be one of them. By a non- angian linear 
transformation of the type 


Ya = ay'a + +: + diny’n, (i=1,: t’ n) 


with rational a;;, we can convert A into a series B in the y”, which is of class ' 
n and regular.‘ Under this transformation, = goes over into a system 3’ in 


the y's. If Y contains no series of one of the classes 1,- + -,n—1, N is - 
regular. Let 3 contain a series ( of positive class less than n. By a non- 
singular linear transformation applied to 71,- * *,Yn-1, we convert C into a 


regular series of class n— 1. This second transformation converts B into a 
` regular series, of class n. “Tak 

A sufficient number of repetitions of the above procedure furnishes a non- 
singular transformation which converts 3 into a regular system. 


_ Y If} = 1, this is to mean that È contains regular series of the classes n, n —1,--+.,1. 
12 Cf. Rückert, loo. cit., p. 266. 
` 13 It is only necessary to regularize, in the manner, explained i in treatises of algebra, 
any one of the homogeneous polynomials of which A is the sum. - 
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. Residues. : 


16. The following imporiant theorem” is due to Spath.* Let A and B - ` 


be power series in A," : +, Up with numerical. ccefficients, convergent for 


u| <7, t=1,:--,p, where r>0. For each j, let aj, a series in - 


M1," © `, Upa be the coefficient of upi in A arranged as a power series in Up. 
Let a positive integer q exist such that %, %,* "0%, vanish for u, = 
= Up-ı = 0, while aq does not. There exists one and only one relation 


(3). B=CA+D 

where C and D are power series in Uy," ` +, Up convergent for numerically small 
values of the ui, and where no exponent of u, in D is greater than q —1. 
l That is, i u i l 
D = Botlp™ ++ Bar 
with the 8; power series in %,,* * * , Ups. 


17. Let now 3 be a regular system of index s<n ($ 14). Let + 
(4) : Bs, Bes, “gr By 


be series in 3 with B; of class i and regular, 1—=s-+1,---,n. 

‘Let @ be any element in 3. If B, does not vanish for y, =" < = yn = 0, 
we have G == MnBn with Mn an element. If the vanishing does.occur, we 
arrange G as a polynomial in the yi; with j > 0 and apply Späth’s theorem 
to the coefficients in G. We find a relation 


(5) @—=M,B, + Gr 


with. G, a polynomial in y, as well as in the ys; with 7 > 0. Considering Gy 
_ as such a polynomial, we give it, with respect to'B,.., the treatment ‘accorded 
to @ with respect to Ba. Continuing, we reach a relation 


G = My Br + spray + Men Bou + H 


with the M elements and H. an element which ig a polynomial in y,s+1 
<iZ n. We shall call H the residue of G with respect to (4). . 


Bases. ; 
18. Let 3 be oy system of elements ** and © a finite ee of 3. We 


. Journal für die reine und a Mathematik, vol. 161 (1929), p. 95. 
15 Not necessarily in- ES 
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shall call 6 a basis of 3 if, for every element @ in 2, a positive integer p 

: depending on ( exists such that G? is a linear combination of the elements in 

® and of their derivatives (of arbitrary orders}, with elements for coefficients. 
$$ 19-23 are devoted to the proof of the lemma: 


‘Lemma, Every infinite system of elements has a basis. 


We shall prove this lemma first for systems of elements in T. It will 
then be easy to pass to the general case. We note that if a system X of ele- 
ments in T has a basis ®, the expressior of any G? (as above) in terms of the 
elements of ® may be assumed to have coefficients in T. In short, one may 
‘replace x, in the coefficients, by 0. 


19. The notation f en 
P=Q (Cu: + +, Cp), 
where all letters represent elements, will mean that P— Q is a linear com- 
bination of C,,* + *, Cp and their derivatives (of arbitrary orders), with ele- 
ments for coefficients.** 

The following lemma is due to Raudenbush: ?" 


Lemma. If 
(6) (POJ=0. (01° > +, Cp) 
where g is some positive integer, a positive integer h exists such that 
mM. (PQ) =0 (Cu + +, Cp), 


` where P’ is the derivative of P. l 
` The relation PQ’ = 0 gives, by differentiation, 
pinn gP9P'Q0 + gP = 0. 
A Multiplying through by Q and dividing by g, we have 
(8) ` . Poa pegan = 0 
` If g = 1, we have (P0)?=0. Suppose that g > 1. We differentiate (8), 
multiply through by P’Q and use (6) and va We find that 
pe Popper =0, 


If g =-2 we have (7) with h =4, In general, (7) holds with h = 2g. 
18 When the letters above represent elements i in T, the coefficients can be taken in T. 
17 Loc. cit., $8 1, 2. 


18 AN congruences are with respect to G “Cp 
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20. We now assume that there exist infinite systems of elements in T 
which have no bases. ` We work towards a ala 


Lemma. Let 3 be a system of Ba which as: no "basis. Let. 


P,,* + +, Fp be elements such that when each element in 3 is ‘multiplied by a 
suitable product of non-negative powers of F., > +, Fp, one obtains a system 


A which has a basis. Then the system *° 3 + FiF: + - Fp has no basis.” 


Let 3 +F,: : - Fp have a basis. If, to a basis of a system, one adds any 
finite number of elements of the system, one secures a new basis for. the * 
system. Then let 3+ F,-- Fp have a basis. 

(9) De: "Pa; Ha: + +, Hr, 


where the H; are such.that the elements of A which they yield, after the above 
described multiplications, form a basis for A. Let G. be any element in 3. . Let 


K represent F,- ‘Fp. Because A has the basis mentioned above, we have, 
for some g, l 


(10) (KG) =0 (Ha: ',Hr).. 
We have, furthermore, for some h, referring to (9),'. l 
(11) Om MEHUR H HMHH 


with K’ the derivative of K, the unwritten terms involving either ehe 
derivatives of K or a derivative, proper or improper, of an Hj. 

Let ¢ be a positive integer and let both sides of' (11) be raised to the ith 
power. If is large, every term in the expression for G which is free of the 
H; and their derivatives will invclve to a high power either X or some deriva- 
tive of K appearing in (11). We multiply the expression for G# by a high 
power of Œ and then use -(10) and $19.2 We see that a sufficiently high 
. power of Gis linear in the H; and their derivatives. This means that 
H: + +, H+ is a basis for-3, so that the lemma is proved. 


21. Lemma. Let 3 be a system of elements which has no basis. Let 
Fa: +, Fp be elements such that 3+ F,:--F, has a basis. Then at least 
one of the systems Z + Fi, i= 1,: + +, p, has no basis? 


We may evidently limit -ourselves to the case of p=2. Let each of 
3 + F, 3 + F, have a basis. Then we can find a set of elements H,,* + +, Hr 


19 The logical sum of Z and F,- - -Fp 
2° Raudenbush, $ 4. 
321 Actually, we are using a trivial extension of the result in § 19. 
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in 3 such that Fa, H,,---+,H, is a basis for 3 + F, and Fa Hy,‘ >: Hr 
a basis for 3 + Fə. Let G be any element in %. Let g be such that G9 is 
linear in derivatives (proper or improper) of F, and the H; and also linear ` 
in derivatives of F, and the H;.. If we multiply together these two expressions 
for G9, we have G?9 expressed as a linesr combination of certain PF, F,™, 
where superscripts denote differentiation, and of the H; and their derivatives. 
Now, given any FLO F,, a sufficiently high power of it is, by $19, linear in 
' FaF, and its derivatives. We see now that a sufficiently high power of G% is 
linear in F,F,, H,,* >° +, Hr and their derivatives. Then FF, H,,: : +, Hr 
is a basis for 3 + F,F,. This contradiction proves the lemma. 


22. We now complete, for systems of elements in T, the proof of the 
lemma stated in $ 18. 

Let there exist a system in I' which has no basis. By $15, there will 
exist a regular system without a basis. Let s, with 0S:s< be the least 
integer which is the index of a regular system without a basis. 

We suppose first that s < n. 

Let 3 be any regular system of index s which has no basis. We consider 
a set (4) contained in 3. We observe that every B; in (4) vanishes when its 
letters are replaced by zero. A B; which did not so vanish would be a basis 
.of 3. By the Weierstrass preparation theorem, we have B¿=A;¡B';, t= 
s+1,:--,n, with B’; a regular series of class + which is a polynomial in ys 
and A; a series of class not exceeding 4 which does not vanish for zero values 
of its letters. When each B; is replaced in > by B’;, we obtain a regular system 
3.. 3, has no basis, for if it had a basis composed of the B’; and cther 
elements, H,,* © -,H,, % would have a basis composed of the B; and of 
Bigs es o, 

From each B’; with 7 > s+ 1, we can subtract a linear combination of 
the B’; with i < jy, with series for coefficients, so as to obtain a regular series 
C; of class j which is a polynomial in Ys». * *,Yj as well as in yj Let 3, 
result from 3, by replacing each B’; with 7 >s-+1 by C;. Then 3, is a 
regular system of index s which has no basis. Let @ be any element of 3, 
which is not in : 

(12) Bor, Coso, Perg Cn. 


Let H be the residue of @ with respect tc (12). Let X be the system com- 
posed of (12) and of the totality of the H. Then %, has no basis. 3, cannot 
contain a series of positive class less than s + 1; if it did, it could be trans- 
formed into a regular system of index less than s, without a basis. Thus 
3, is regular and of index s. 

3 
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There exist thus regular systems of index s which lack bases, in which 
each element of the system is a polynomial in every letter not lower than Yeu. 
Of all such systems, let 3 be one whose baste sets are not higher than those of 
any other such system ($8). Let 


y 


(13) j Au’ + Ap 


be a basic set of 3. Then A, is not a constant; if it were, it would be a 
basis of 3. Let S, and J; be the separant and initial respectively of As, 
i=], p. Let 
(14) Beast, E | By 
be a set (4) in 2. $ 

Let @ be any element of & which is not in (13) or (14). “Let R be the 
remainder of @ with respect to (13). 

Let Q be the system composed of (13), (14) and the of the R. 
We shall prove that Q has a basis. 

Let this be false. Ther there are certainly non-zero FÈ in Q. If no R is 
a series of positive class less than s + 1, Q is a regular system of index s, with 
each element a polynomial in every letter not lower than ys,,, whose basic sets, 
by § 10, are lower than (13). This is incompatible with the absence of a basis. 
If some R is a series of positive class less than s-+ 1, we can transform Q 
into a regular system of index less than s. 

Thus Q has a basis. Let A be the system composed of (13), (14) and 
of the products of the general type 


(15) Ss + TG 


which are used in forming the R in Q. Let a basis of Q consist of (13), (14) 
and of certain R, say R,,* - *,Rg.. Then A has a basis consisting of (13), 
(14) and the elements (15) which give Ru," +, Re 

The lemmas of §§ 20, 21 inform us now that at least one of the systems 
3X- S, 3+ J; has no basis. If, in such a system without a basis, the S; or 
I; adjoined is not a series of positive class less than s+1, the system is 
regular and has basic sets lower than (13). The case of a series of positive 
class less than s + 1 is handled by the usual transformation. The hypetnesis 
that 3 has no basis is thus untenable in the case of s < n. 

For s=n, we take 3 as a regular system, lacking a basis, whose basic 
sets are as low as possible. The proof proceeds as above, without the set (14). 


23. Now let 3 be an infinite system of elements which are not neces- 
sarily inT. We shall prove that 3 has a-basis. Let @ be any element in 2. 
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In the expression for G in terms of x and the y;;, we replace x by a new letter 
yo. Then @ goes over into an element G” in the functions yo, Y1,* * *, Ya of the 

variable x. 3 goes over, in this manner, into a system NY in yo +5 Yn, Y 
l being of the type examined in the preceding sections. Let H^: + +, H’, be a 
basis of Y, H’; being derived, as above, from an element H; in 3. 

Referring to any @ and @ as above, let G’* be linear in the H’; and their 
derivatives. We consider the equation which expresses G”* in terms of the H’;. 
In this equation, we replace Yo by 2, yo. by 1 and yo; with ¿ >1by 0. There 
results an expression for @® in terms of the H; and their derivatives. Thus, 
H,,- + +, Hr is a basis for 2. - 


l Ideals. 
24, A system 3 is called an ideal if it has the following properties: 


(a) Given any finite set of elements of 3, every linear combination of 
those elements, with elements for coefficients, is in 3. 
(b) Given any element in 3, the derivative of the element is also-in 2. 


An ideal 3 is called perfect ?? if, whenever an element is such that some 
power of it belongs to 3, the element belongs to 3. An ideal 3 is called prime 
if whenever AB is in 3, at least one of A and B is in 3. Every prime ideal is 
perfect. 

We prove the following theorem: ?? 


Every perfect ideal of elements is the intersection of a finite number of 
prime ideals. 


Let 3 be a perfect ideal. Suppose that 3 is not the intersection of a finite 
number of prime ideals. Then 3 is not prime. Let AA’, but neither A nor A’, 
belong to 3. 

Let Hu: + +, Hr be any basis of 3. Let G be any element such that, 
for some g, 

(16) G1=0 (fi, + +, Hn A). 


pS 
The details of the preceding sections show that the totality 3, of such elements 
G is a perfect ideal. Using A’, in place of A, we obtain similarly a perfect 
ideal Y. ' F 
We prove now that 3 is the intersection of 3, and 3/,. We note first that 
3 is a proper subset of each of 3, and 3’;.. Now let @ be any element common 
to 2, and 3’;. We consider (16), taking g large enough to have also 


22 Raudenbush, $ 3. 


=e? 
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(17) o @==0 | (Hy: + +, Hy, A’). 

_ As in g 21, we see that, for some t, > . | 
gr 0 (as +, Hrn AA’), 


which means that @ is in 3. 

At least one of X, and 3’; is not the intersection of a finite number of 
prime ideals. Let this be the case for 2,. We find, as above, a perfect ideal 
X of which 3, is a proper part. Continuing, we find an infinite sequence of 
` perfect ideals, l 
(18) , 3, 21 Ža 


each a proper part of its successor. Let 2 be the logical sum of the ideals in. 

(18). Let H,,---+,H, be a basis of Q. There is some 3, which contains all : 

of the.H;. That >, contains Q. This contradiction proves that 3 is the inter- 

section of a finite number of prime ideals. i 
Now, let the perfect ideal 3 be the interseetion of the prime ideals 


(19) i 3° ý T i 


Suppressing some of the 3; if necessary, we suppose that no 2; contains any 3; 
with j=£%. We shall then prove that (19) is unique, that is, that if X is the 
intersection of prime. ideals 

. Qayt t t, Qs 


with no 2, containing any Q; with j i, then r =s and each X; is identical 
with some Qj. 

We show first that z conais some 2;. Let this be false: Let A; be an 
element in Q t= 1,- , 8, Which is not in 3,, Then As Az: ‘As, which is 
. in every Q;, hence in 3, is aoe in 3,. This is impossible. Let, then, 21 citan 
Q. Now, Q, similarly, contains some 3; which must be 3, since X, cannot . 
contain a 3; with 741. The uniqueness is proved. 
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DETERMINATION OF ,A VAN DER CORPUT ABSOLUTE 
CONSTANT.* 


By RICHARD KERSHNER. 


A very useful lemma of van der Corput* is to the effect that there exist 
absolute constants y, v with the property that if f(x) be a real valued function 
possessing, in the finite interval [a,b], a second derivative nowhere less than 
a fixed positive constant r, then 





(1) | q exp(if(«)) de | S pr 
and í 
(2) | f ” eos f(a) dx | Sw 





it being understood that y, v are independent of [a,b] as well as of. f(x}. 

The author has given? a very elementary proof of this lemma in a way 
that yields the best possible value vo of y satisfying (2). In fact it was shown 
that the expression on the left of (2) attains a maximum, under the restriction 
f’(«) =r > 0, if the function f(x) is chosen to be a parabola f (2) =rx?/2 + Co, 
for a certain constant co, and if — a = b = [ (x — 2cp)/1]%. The constant co 
is determined as the only root c of the equation l 


; y impaoyá 
(3) f sin (z? + c)de—=0 
0 


in —2/2 Se Sx/2. This explicit determination of the maximum of the left 
side of (2) furnished the decimal approximation vp = 3.827 + + +: while the best * 
estimate previously given seems to have been v S 32% — 5.657: - - 

The object of this note is to determine the best constant y == Lo satisfying 
the original van der Corput inequality (1). First it will be shown that the 
two problems are actually equivalent and in fact ¿o =v. Furthermore, a 
maximum for the expression on the left of (1), under the restriction f” («1 = 1, 
is taken if the same function f(x) and interval [a, b] are chosen as in the case 


* Received February 10, 1938. 

1 Cf. E. Landau, Vorlesungen über Zahlentheorie, vol. 2 (198%), p. 60; or E. Landau, 
Einfuhrung in die Differentialrechnung und Integralrechnung (1934), p. 307. 

2R. Kershner, “Determination of a van der Corput-Landau absolute constant,” 

American Journal of Mathematics, vol. 57 (1935), pp. 840-846. 
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(2). Secondly, the determination of the best constant in (1) will be carried 


out directly, without reference to the equivalent problem connected with (2). 
In view of this equivalence, the direct treatment of the case (1) to be given 
here may be considered as an alternative to the author’s previous treatment of 
(2). In this connection it may be mentioned that, while the considerations 
to be used are certainly no simpler than those previously used in connection 
with (2) they do have the advantage of being considerably more intuitive 
geometrically. Furthermore, the method to be used in the direct treatment 
of (1) seems to be of interest in itself and is expected to have further applica- 
tions in the study of exponential integrals. 


THEOREM I. Let po, vo denote the least values of p, v satisfying (1), (2) 


respectively, for all functions f(x) with (a) 2=r>0. Then po = vo 
The trivial inequality 


= | f cos f (x) dx 








| CO 


shows that mo = vo so it is only necessary to show that mo Svo Let f(r) 
satisfy the conditions of the van der Corput lemma. Then 


exp (tw) 





farra! [exp f(a) ae 
where o = arg[ f i exp (tf (x) )de | is a constant. Thus 


v d 
(5) f exp (f(2) —u) de == | f PNET | 
a = a 5 
This shows that the left-hand side of (5) is real, and in fact positive, so that 
pt . vo | 
(6) S exp[i(f (£) —u)] dx = | f cos(f(x) — u)dz |. 
a a z 


` From (5) and (6) 





(7) Sl ir) “| =| J, ofa) —0)de | 


so that Ho = Vo. . 2 
Comparison of the equality (7) with the above mentioned result con- 
cerning (2) makes the following statement obvious: 





THeorem II. The expression on the left of (1) attains a maximum, 


t 
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under the restriction f’(x) Zr > 0, if the function f(x) is chosen to be the 
parabola f(x) = rx?/R, and if — a = b = | (r — 2c) /r]*%. 
te AE 


Theorem II will now be demonstrated by. a direct geometrical argument. 
Consider the curve S(f), represented in the complex plane by 


z = T + y = f exp(if(z))de ` l 
5 e A o: 
or with parametric equations i : l 
x = [eos Ha) de 
o 


(8) 
i y= f sin f(x) da. 





Since (dx/ds)? + (dy/ds)? 5 1, the parameter s is actually the arc-length 
along the curve S (f). Also l i 


dy/dx = tan f(s) 


so that f(s) represents the inclination of S(f) at the point s (i. e., at the point 
with arc-length s) and f’(s) is the curvature of S(f) at the same point. 

It will be assumed that f(s) takes on all values between — co and + o, 
since otherwise the region of definition of the function f(s) can be extended. 
Also it will be assumed that f(0) =f’(0) = 0, a normalization that invelves 
no loss of generality. Thus the curve S(f) passes through the origin when 
s= 0 and is tangent to the z-axis at this point. Furthermore the curvature 
k(s)=f’(s) of S(f) vanishes at this point. For s< 0 the curvature k(s) 
is negative and for s>0, k(s) >0. Finally k’(s) =f’(s) 2r>0 by 
assumption. ' 

It is easy to see that the eurve S(f) is a double spiral without double 
points (see figure p. 552). In fact, if the osculating circle be drawn at the point 
s==a> 0 then all points of the curve S(f) for which s >a. lie within this 
circle while all points s < a lie outside this circle. If a < 0 the situation is 
reversed. Finally, at a= 0 there is no osculating circle but the two arcs of- 
S(f). corresponding to s > 0 and s < 0 lie on- opposite sides of the tangent 
line, i. e., of the z-axis. l 


b : A 
Now f exp(if(z))dx | is simply the length of the chord joining the 
points s = a, s = b on the curve S(f). The notation C(f; a, b) will be used 


to denote this chord or its length. Thus the problem is to determine the 
maximum of O(f;a,b) for all spirals S(f). e i 
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First it will be shown that it is sufficient to consider chords which pass 
through the origin and spirals which are symmetrical with respect to the origin. 
Suppose that a and b are named in such a way that C(f;0,a) 2 C(f;0,b), 
a0. Then, from the triangle inequality 


C(f; a,b) SC(f;0,a) + C(f; 0, b) 
it is seen that 


(9) 20(f;0,a) =0(f; a,b). 





Let g(x) be defined by g(x} = f(z) if sign (z) = sign (a), g(— s) = g (2) 
and g(0) =0. Then S(g) is symmetrical with respect to the origin and there 
exists on S(g) a chord C(g;—a, a) such that i 


Thus, to find a maximum for all chords C(f;a,b) it is sufficient to find a 
maximum for 20 (f; 0, a) where a > 0. 
Now for a given S(f) there does exist a maximum C(f;0,a) and this 
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maximum chord. is, of course, perpendicular to the curve S(f) at the point u. 
In fact, it is easily seen from the shape of 5 (f) that the maximum C (f; 0, a) 
occurs when a is the smallest value for which O (f; 0, a) is perpendicular to the 
curve © (f) at the point a. Let this value a be denoted by a = a = q (f). The 
- value a = clearly occurs when the inclination f(a) is between /2 and 37/2. 
Finally, the closed curve consisting of the arc of S(f) for which 0 S s = au and 
the chord C(f;0,«) is a convex curve which will be denoted by T(f 5a). 

Now it will be shown that the maximum chord C(f;0,@) occurs when _ 
f(x) = fo(£) = rz?/2. It should be mentioned that S(f,) is the well known 
spiral of Cornu. Let £ be such that fo(8) ==f(«). In conformity with the 
above let (fo, 8) denote the closed curve (also obviously convex) consisting 
of the arc of S(fo) for which.0 =s < £ and the chord O (fo; 0, 8). 

Now f’(t) 2r>0-and f(z) =r. Also f(0) =fo(0) =0; F60) 
—=f,(0)—=0. It has been shown,’ under these conditions, that F(a) =Po(x) 
if z, is the uniquely determined value s, == g, (£) for which f(t) =fo(z). 
Interpreted geometrically this means that the curvature k,(s) of S(fo) at any 
point s is not greater than the curvature k(s,) of S(f) at the point s, where 
the inclination f(s,) is the same as the inclination fo(s) of S(fo) ats. 

Let $ denote the normal inclination of T(f;«) or T(fo; 8) and let K($), 
K,() represent the curvature of these curves where the curvature exists, i. e., 
up to the ¢-intervals corresponding to the corners, so that 


K($) = k(s($)), Kolb) =holso($))5 —7/2 < $ <fo(8) — 2/2. 
Then; according to the preceding paragraph, 


(10) K($) = Elt); —1/2< $ < fo(B) —1/2. 


A well known theorem * on convex curves states that if the inequality occurring 
in (10) holds for all ¢-values*then the curve T(f;«) can be placed within 
T(fo; 8). Slight modifications of the proof of this theorem, as given loc. cit. *, 
show that if H($), Ho(#) are the supporting functions * of T(f; 2), T(fo; B) 
respectively then 


(11) * H(f(«) —=/2) =H (f(b) 1/2) = = Ho(fo(8) — 7/2). 
But, by definition of the supporting function, 


H(f(a) —m/2) =0(f;0, a) oe Ho(fo(8) — 7/2) —C(fo30, B). 


3 Loc. cit.*,; p. 845. 
4 Cf. W. Blaschke, Kreis und Kugel (1916), pp. 115-116. 
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Thus, from (11), 
(12) C(f;0, a) S C (fo; 0, 8). 


It is now seen from (9) and (12) that 


C(f; a,b) S2 max C(f;0,a) = 20 (f; 0, a) 
< 2 max C (fo; 0, c) = max C (fo; — c, €). 


Expressed in the integral form, with the definition of fo(w) substituted, this 
last inequality becomes 





b l 0 
Ä | (" oxp(if(2)) de | Smax f exp(ira*/2) de 
The proof of Theorem II is completed by the trivial determination of c. 
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A PROPERTY OF SPHERICAL HARMONICS# 
By Hans Lewy. 


In this paper will be proved the following theorems: 


THEOREM 1. Let u(z,y,2) be a homogeneous BER: of degree 
n > 2 whose range of values covers positive and negative numbers and ‘whose 
Hessian Hu vanishes only at ¿=y=2=0. Then those points of the unit 
sphere o (a? + y? + 22 = 1) for which u = 0, form two distinct closed convex 
curves * without singularities and diametral.to each other. 


THEOREM 2. Let u(z,y,z) be a spherical harmonic of degree n > 2, 

i.e. a regular solution of 
a l Urs + Uyy F Uze = 0 

and of , 

` Lus + YUy + 242 = nu 


which does not vanish identically. Then there exists a point distinct häm 
the origin where the Hessian í 
Une Usy Uzz 
Hi = |Uay Uyy. Uyz 
Uae Uyg Urs 
vanishes. 


We employ the following 


LEMMA 1. If u(x, y,2) be a homogeneous polynomial of degree m > 1 
and (£o, Yo, Zo) an arbitrary poiht where v (To, Yo, 20) 70, then. the Gaussian 
curvature of the surface v(x, y, 2) = v (To, Yo, 20) has the same sign as vH pu] 
and vanishes where H iw; vanishes. 


Proof of the Lemma. | v |*” is of degree 1 and analytic wherever v =4 0. 
The first derivatives of | v |” are of degree 0. On writing down the homo- 
geneity relations for these, we obtain three homogeneous equations whose 
determinant vanishes. This determinant is H,1,|/, and we have for v 2 0 resp. 


* Received. March 14, 1938. í 

+A closed curve without double points is called convex if either its “intericr ” or 
its “exterior ” is convex, i.e. contains, together with two points P and 9 the smaller 
are of the great circle through P and Q. 
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0 = Hipa - A 
= | v [901/m-1) 
tak mn, Z, wnt m) E El gt 
J *9 . . . . . e > 
| y am P u ` vor 
Bi m? {Hip — (1/0) (1—1/m) [ (vee yy — Vay?) vz? + a J- 
The e expression (vaat — Vey?) ve ++: + differs from the Gaussian curvature 


of v = const. by a positive factor, and our Lemma follows.. 


Proof of Theorem I. Replacing, if necessary, u by —u, .we may assume 
that Hu > 0 and that the curvature of the surfacés Na (u= const. > 0) is 
positive, the curvature of the surfaces S_ (u = const. < 0) is negative. Further- 
more it is legitimate to suppose n even, since for n odd- the Hessian is an odd 
function and the conditions of our Theorem cannot be satisfied. Since H tu) 70, 
the curves u = 0 on o are without-singularities and possess a non-vanishing 
geodetic curvature at each point (i.e. have no contact of higher order with a 
great circle). ‚For it is a familiar fact of algebraic geometry that Hu] 540 
implies that the projection of u = 0 from the origin O on the tangent plane T 
of o at a point P of u = 0 has no singularity at P and its curvature at P does 
not vanish ; for the coórdinates (v, y,z) on o can ie interpreted as projective 
coördinates of the projection on T.. 

Consider that branch of u = 0 which passes through P. It must be a 
. closed spherical curve since it does, not possess any singularities, and its 
geodetic curvature does not vanish. Its “interior,” therefore, is a convex 
domain B distinct from a hemisphere.? 

We show u > 0 in B. . Assume that a suitable rotation of the system of 
coördinates transforms the above point P inte (1,0,0) and the direction of 
u = 0 at Pinto dz == dz = 0. We conclude from the noopen of u that 
at P for en 0, dy 70 


-== U = Ud, Cee = Use = 0, Utada + uydy + a - du = “dy =0, 
Uy: 0, Bey = ey = 0. 


2I owe to M. W. Fenchel the following information regarding this theorem about 
spherical curves of positive geodetic curvature: the theorem, though not explicitly 
stated in literature, follows immediately from i) a theorem by Möbius that a positively 
curved are without singularities nor double points is contained in a hemisphere (Mobius, 
Werke II, pp. 183-187), and ii) the corresponding fact about planar domains bounded 
by convex curves to which it may be reduced by central projection. i 
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_ By hypothesis 
a OJO O taf. 
Hr = |O Uyy tye | = — Us Uy > 0 
Urz Uyz Ugg 
whence 


Uyy <0, Urz ~ 0. 


Now we have along u= 0 at P 
di=0, 0= Puji = Uyy + und?e/ dy? 


where y is taken as independent variable. Thus u,d*2z/dy? > 0, and u is 
positive on that side of a neighborhood of u = 0 against which u — 0 is con- 
cave and negative on the other side. 

If u=0 at P then u=0 at the diametral point P’. But P and P’ 
cannot lie on the same branch of u= 0. For choose in the neighborhood of 
P (1,0,0) two points P, and P, on u=0 with small | yp, |, | yp,| and 
yp, < 0, yp, > 0. B is contained within a loon formed by the two great 
circles tangerit to u == 0 at P, and Pz. The condition: d%2/dy? 4 0 on u=0 
in the neighborhood of P excludes that either circle passes through P. On the 
other hand P lies within the loon, and consequently. P’ lies outside of it 
“and of B. l 
Thus the number of disconnected branches of u= 0 is even and each 
` branch bounds a convex domain in which u > 0. For suppose u = 0 inside ` 
of a branch C of u = 0, on a certain set of points E. Choose in F a point Q 
of minimum distance from C. Since u > 0 in the neighborhood of C for all 
points inside of C, Q has a positive distance from C. Thus there would exist 
a convex curve 0”, passing through Q and contained within C, in whose exterior 
necessarily u < 0 for a neighborhood of 0”. This leads to .a contradiction 
with the assumption that Q is a point of E of minimum distance from C. 

Hence the domain u < 0 on o consists of o minus an even number of 
disjoint convex domains. 

Consider again an arbitrary - point of u=0 in the above notation: 
P(1,0,0), U = Uy = Ugg = Uny = Uy = 0, Use 0. Denote by Q'(1,0, 2) - 
a point for which |z | is small and u < 0. The asymptotic directions of the ` 
surface u = const. that passes through Q’ are determined by à 


(1) Unde + Uydy + uzdz = 0 
(2) eala + 2ueydady + yy day? + 2ugsdada + =0, 


3 Also ef. Footnote 2. 
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The second relation expresses that d’r — d’y = diz =0 imply du—=0. On 
replacing de by its value in (1) and substituting in (2) we obtain 
; a PO 


0= 4 = Uo (Uyydy? + 2Uyedydz + Ursdz?) l 
+ (uydy + uzdz) [ (tea/ta) (Uydy + uzdz) — 2usydy — 2ueed2). 


. As Q’ tends to P (z —> 0), this equation’reduces to (dz/dy)? = 0. For l 





lim e Marz  Ursele + Usa es — WMUezalle — ¿Ur Ue 











200 Ur ` Usz 2=0, z=1,y-0 
uz? (n — 1) (n — 2) —2(n—1)?] | 
(n—1)uz | a1, y=0, 2=0 
= — nuz(1, 0, 0), l 


lim “eety orte L 0, 

2>0 g Ur ' 
Hence the projections of the asymptotic directions at Q’ on T tend to the 
direction of the tangent of u= 0 at P as Q' 3 P. The same result would 


have been obtained if, instead of Q’(1,0,2), we had considered the point 








Q (1/V1i+ #, 0, z/V1+#) which is the intersection of OQ’ with o. For. 


the asymptotic directions are determined by the equations -(1) and ©) which 
are homogeneous in z, y, 2. 

We next consider the projections from 0 on tis sphere o of the en 
directions at 9 = Q (2, 0, Z), given by 


(Ez, d'y, d'z) — (de, dy, de) — (2de + zde) (4, 0,2) 
with (dz, dy, dz) satisfying (1) and (2). We have 


lim u, (Ë, 0, Z) /Z = Ure (1, 0, 0), 
z0 : 











whence er i E 
dt std + tad » dz 1 
l "y uzdy Gi dy n—1' 
Since lim oe 0, we conclude l 
330 dy 
dz de — (ada + zdz) 2 ER 
dy dy 
and 
da de— (tdo + zdz _ n QE) — lim ' 2o 
Ty 5 ; dy a dy ; . #0 “ay us 


Thus is shown that the projections on o of the Sahati directions at points 
Q of a with ug.< 0 form a field of two vectors which tend to the ‘tangent of O 
. as. Q approaches Ọ on a normal, It is easily seen that the above limit con- 
siderations hold uniformly for all points of C as s the higher derivatives of u 
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„on o are uniformly bounded. The-fields of the two u is therefore defined 
and continuous in the domains u < 0. 

Choose an arbitrary point M of o for which uy > 0 and project the vector 
field stereographically from N-on a plane. Of the images of the spherical 
curves u == 0, one will contain the image of the domains u < 0 while the images 
of the other curves u= 0 will constitute interior boundaries of the domain of 

. definition of the projected field vectors. As the field is without singularities 

` the sum of the rotations of the vectors over the interior boundaries equals that 

‘over the exterior boundary. Evidently the contribution of each boundary is 
47. Hence there can be only one interior boundary. In other words, the 
curves u == 0 on o are precisely two diametrally opposite convex curves without 
singularities. 

The remaining paragraphs will show that for no spherical humana u 
of degree n > 2, n even, the curves u == 0 on o can be two distinct diametrally 
opposite ` convex curves without singularities: 


Lamma 2. Consider on o a closed convex curve O, different from a great 
circle. Denote by B, the interior of C,, and by B, the interior of the curve C2 
diametrally opposite to Cy. Then it is possible to locate on o a circular domain 
of spherical radius 33° in such a way that its closure lies. either in By or in 
a— (Bı + C,) psa (B2 + C2). 


We omit a proof of this Lemma and refer sated to a note by R. M. 
Robinson * in which is shown that one always can locat&®in the described way 


` a circular domain-of radius < arc tan $V 3 and that this is the best possible 
` upper bound. 


Lemma 3. Let u bea spherical harmonic of degree n= 4. Then each 
circular domain B of the unit sphere of radius 33° contains a zero of u. 


Suppose there exists a spherical harmonic u of degree n= 4 which is 
positive in a circle 8 of radius 33° on o. Introduce polar coördinates (r, O, $) 
so that the center of 8 corresponds to r = 1, 9 = 0. Consider 


u(r, 6) Su, 9,6) de 


_ v(r,6) is a spherical harmonic of degree n, of the form cr”P,, (cos 6), e > 0, 
studied by Legendre. : 
~ We have 


O P(A)=, v =0, 1; 05 PAE) =1, PE) =£ 


i R. M. Robinson, Bulletin of the American Mathematical Society, 1938, pp. 115-116. 
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and the recursion formula na e 
@+1)Prile) — (24 + DEPAE) + Pra (E) =0, vB. 


. Denote by éy <'1 the invest value of é ae which P, (£) =0. By the recursion 
formula Pya(&) <0 and l 











ass 
Furthermore ; 
8P4(É) = 35É* — 30 + 3, 
15 -+ V120 _ 15+ 10.6 _ 162; 10 
2 > > 2 
s ~ 35 - 36 . = 6?- 100 7 b; Bas. 


Thus we have for 0 < 6, < 90° and & = cos 6, the a i 
cos 6, > 0.843, 6, < 33°. 
Consequently, for b- cos Oy, 0 < 0, .< 90°, 
3° >>> 2 


But this makes impossible our assumption that u and hence v(r, 0) are posi- 
tive in £. 
The comparison of Theorem 1 with Lemmas 2 and 3 easily yields 


Theorem 2. 


f a 
BERKELEY, CALIFORNIA. 


-ON THE CHARACTER OF.CERTAIN ENTIRE FUNCTIONS IN 
DISTANT PORTIONS OF THE PLANE.* 


By C. V. Newsom. 


Recently Ford has proved a theorem pertaining to the behavior.of the series, 
> 


> g(n)a"; radius of convergence = ©, 


‘when the absolute value of z becomes large. In his tidy the coefficient g(n), 
when considered as a function g(w) of the complex variable w = z + ty, must 
satisfy the two following conditions al any arbitrary right-half plane 
g >t: i 


(a) is single valued and analytic; 
(b) is such that for all | y | sufficiently TTN one may write 


| g(a + ty)| < Kemo, 


where ¢ is an arbitrarily small positive quantity given in advance and where K 
depends only upon x, and e.t 

The present paper studies a similar problem in which, however, condition 
(b) given above’ is somewhat less restricted. The theorem to be established 
is as follows: 


THEOREM. Let it be assumed that the coefficient g(n) occurring in the, 
general term of the pomes ns 


G) i > g(n)zr; radius of somnergence = 0, 


may be regarded as a function g() of the complex variable w = v + iy and 
as such satisfies the following two conditions: 


(a) ts single valued and analytic throughout the finite w-plane, 
(b) is such that for all values of x and y one may write 


5 Received December 14, 1937. 

ı Ford; The Asymptotic Developments- of Functions Defined by Maclaurin Series, 
(Scientific Series, University of Michigan, vol. 11), 1936, pp. 30-37. For a further 
* discussion of developments in this field, see the same treatise. 
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(2) (edi) < Koil, 
where K is a Ronee independent of a ahd y, Mr k is any given positive 
integer. 


Then the function f(z) defined by series (1) when considered for all 
values of 2 satisfying the condition, —a< arg + z< r, may be expressed in 
the form ; . 
i 00 k ER 
sin z = 
O 10 fj oe) a Ge } ae — È (mee); 

-i- 3 7 , j ` y 
wherein l is any arbitrary positive integer and the upper or lower of the 
Signs + is to be taken according as k is odd or even. Moreover, the expression 
& (I, 2) is such that 
(4) lim 2'& (1, 2) =0, ' 


Jz| >% 


irrespective of the value chosen forl. 


Proof of Theorem. The proof of this theorem is based upon the following 
statement which is seen to be a consequence of Cauchy’s integral theorem in 
the calculus of residues; namely, if P(w) and Q(w) are any two functions of 
the complex variable w = x + ty both of which are single valued and analytic 
throughout a region A of the eee and of which Q(w) vanishes within 4 
only at the points w—A,,A2,° * t, Àn which are zeros of the first order, and 
if Cn denotes any closed content: lying within A end including the points 
W == My A2,* * * An, then one may write 


dl zA UOA 3120 [200 (Sat wy) ] fae 


in which & denotes any positive integer. The general.term of the summation 
‘upon the right is the residue at w =A, of the integrand upon the left as may 
be readily verified by observation of its Laurent’s expansion. 

If the formula of Leibnitz be employed upon the derivative of the product 
within the bracket of (5), it follows that 


P(w) 
(6) a, ) [wje 


oe > Et Le sh 2 [eee Iaa 


- For the proof of the theorem of this paper, we shall choose Q (w) == sin rw. 


dw 
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With this choice, An = n where n is any positive integer although the analysis 
follows also when the region A is extended to include a set of negative integers. 
Through ‘the medium of elementary transformations, it is found that 


dr w—n e] _o 1) 277 r sel w 7] ; 
dwr \sin aw w gt“ dw \sin w ww 


Hence it follows at once that 


ar fwng _ (rk) rg. 
m te (Fass) \- l „i. il 2a n * Ara 











where Bayes * - + Gr denotes the sum of the de) products of r factors each 
formed by taking the possible combinations of the k quantities, + (k = 1)1; 


+ (k--3)i;:-*, j = | , Tata time; i having the usual interpretation as 


the imaginary unit, and where | = i i is understood as + ¿or 0 according 
as k is even or odd.” l l 
Thus the general term of the summation in (6) with respect ton becomes: 


GRETS Sma Pen (n)], 


where P“-") (m) indicates the (k—r) derivative of P(w) evaluated at w =n. 
ga 
A kim t gtt 

is the n-th term of the given series (1). In order that this may be the case 
it is evidently necessary and sufficient that the hitherto undetermined function 
Pin) shall satisfy the following differential equation in n: 


It is now desired that this expression should equa where g(n)a* 


O ar PE 


wherein the upper or lower of the signs + is to be taken according as k i 
odd or even. 

This non-homogeneous differential equation is well adapted to elementary 
methods of solution. It has constant coefficients and the roots of its char- 
acteristic equation are distinct. Moreover, the roots are observed to be the 
quantities = ; i 


QQ) + TERE Bere | ai 


2For a proof of this fact see Newsom, The American Mathematical Monthiy, vol. 38, 
no. 9, pp. 500-504. $ 
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Henceforth these roots will be denoted by riri, revi, ete. where r; =k +1—2j; 
1=j=k. Then by a well known formula, a particular solution of (8) may 
be written directly as follows: 


n 





(10) P(n) = - Y bjersrin f ering (n) [= z]rdn, 
o , 
where ; . 
1m 1 k 1 
11) « bi = —— I I SS 
( ) N = Gaya Y (r; — Ya) a=j+1 (Ti — Ta) ° = 
in which 


Having determined P(n) in this manner, we observe that if n be now replaced 
by the complex variable w = s + ty the result is an analytic function P(w) 
of w throughout the finite w-plane. A 

If then in (6) the path of integration cn be chosen as any’ closed (finite) 
contour which encloses the points w = — l, —1+ 1,—1+2,---, —1, 0, 
1,2,* * :,n; l being any given positive integer; and if we o the in- 
dicated form of the function P (w), equation (6) becomes 


Ä a P 1 nh . 
(3#) Bat eye do pr 2,900. 


With the actual forms for P(w) and Q(w) substituted into (12), the relation 
becomes 


eto fen ersmiog (w) [+ 2] wdw 
— dw 


(sia ww) #2 


| L I slime. | 


(13) ¿our rg f 


Thus we arrive at an expression in the form of a contour integral for the sum 
of the first n terms of the given series (1). Sk, 

The study of the right-hand member of (13) involves a. consideration 
of k integrals of the form, : 


ersmiw 12700) [+ Z|? dw a 
o . z 


(14) . E > dw. 





‘Within this contour integral we shall designate 


Or 
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: : pw ES 
(15) I; (w, 2) =), ertiwg(w) [+ z]edw. 


Furthermore, throughout the discussion which follows [+ z] will be regarded 
as in the form, 


[+ z] =p(cos $ + ising). 


Moreover, [+ 2], when evaluated for any special values of z and w = a + 1y, 
is rendered precise in meaning through the following convention: 


(16) [+ 2]” Du pte" bug (ulog prag)é , —r <o < T. 
Then it follows that 


w ö 
(17) o I; (w, z) -Í prelrit-d)y glulogo+tó-rMalig (q) dw. 


For the path of integration to be employed in (17) let us choose that one 
which, starting at the origin w —0, proceeds along the real axis to the point 

=g and then proceeds parallel to the pure imaginary axis to the point ' 
w = g -+ iy in question. Then /;(w,z) takes the form, 


: (18) 1, (w, 2) = R; (p, $, 2) + S; (p, $, 2, y), 
where , 
(19) © Blega) = f peer sig (2) dr 
and sl 


E A a + iy ay 


By virtue of condition (2) postulated upon g(w), if y > 0, it is known 
that 


l : | pe + iy) | < Kom. 
Thus it follows that 
(21) | Si(p, $, 2y) | < Kp? f” erreway 
x < K elkr+ryr-óly | . 
ds [ha + rm $]? l 
if the equality sign given in the range of $ in (16) be eliminated. In similar 
manner, if ty < 0, we have 


gl-kreryt-Oly 


, (MA. | Si(p, $, 2, y) |< Kp* jes km F rm — 1)" 


Hence if, in particular, we confine z to any finite region T ‘of the 2-plané such 
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that p is bounded and withir which — r +e<$<r—e, where e is an 
arbitrarily small positive quantity, and confine y and y to any strip of finite 
width, (thus making z bounded) drawn in the w -plane parallel to the y-axis, 
we see that, according as y > 0 or y < 0 we may write 


(23) | Silp, $, 2, y) | < Melkrimrjn-ey 
| 8; (o, $, T, y) | < Meckrarry rey, 


where M is an assignable positive constant, independent of p, $ x, and y. 
Moreover, for p, p, and x as thus bounded, observation of (19) reveals that 


(24) | Bs(p, q, x) | <N, 


«where N is a constant independent of p, q, and x. 

The foregoing properties being premised in regard to the function I;(w,2), 
let us return to a further study of the integral (14). For the contour cy let .. 
us take specifically (Compare with the remark preceding i )) the rectangle 
formed in the w-plane by the lines, 


r 


(25) w=—l—4+y, w =n +4 + iy, w= + ip, and w = 2 + ig, 


where lis an arbitrarily large positive integer, n is an arbitrarily large positive 
even integer, and p and q may be regarded en as any arbitrarily large 
positive and negative quantities. 

We proceed now to consider the four contributions to the integral (14) 
as the indicated integration over cn is performed in turn along the four sides 
of the rectangle described in (25). 

First, along the side upon which w =z + ip we have dw == dz and 
sin ww = sin r (s + ip) = sinh rp(sin re ctnh rp + ¿cos ro). Moreover, the 
integration takes place from s = n + 4 to «=—1—¿. Hence, if the con- 
tribution to (14) from this side of cn be designated by Aj, we have 


l 4 
= ermitari] R; (p, p, 1) + Si (es $, T, p)] 
(26) A; [sinh xp{sin xz ctnh xp + t cos rz) |** = 





where R;(p, d,2) and S; (p, $, £, p) are defined by (19) and (20). By virtue 
‘of relations (23) and (24) it is known that for all the values of p, ¢, and x 
with which we are concerned in (26) we may write 


| B; (ps $, x) | < N, | 8; (p, $, T, p) | < a lea where e > 0. 


Hence, upon writing in (26) rimties + ip) = ringi — rimp, it appears that the 
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absolute value of the numerator of the integrand of (26) cannot become in- - 
finite to a higher order than that of e*r+7-0)» as p—> + œ. The absolute value 
of the denominator, however, becomes infinite to as high an order as that of 
emp as p— + œ if one recalls the meaning of sinh zp and notes that the 
quantity in parentheses within the denominator has an absolute value which 
approaches the limit unity, this being true uniformly for all values of x. Thus 
we conclude that l 

lim A j= 0. 

p>+00 

Similarly, the contribution B; to the integral (14) arising from the side 
of cn upon which w = æ + ig (q < 0) is found to approach the limit zero as 
qg->—o. In fact, this contribution is seen to be similar to (26) in form. 
The integration, however, in this case takes place from r—=—1—4 to. 
z=n-+ 4 and the expression $;(p, p, 2, q) which now. occurs is related to 
the second of relations (23) instead of to the first, thus making the absolute 

` value of the numerator of the integrand become infinite to no higher order 
than that of e' Ama ag g—»— co, while the denominator becomes infinite 
like et tra as q > — o. 

Next, let us consider the contribution arising from the side w = n + 4 + ty. 
Here dw = i dy and, inasmuch as n has been chosen as an even integer, we 
have (sin zw)" = (cosh ry)**. Having taken p == + œ and q = — œ, the 
contribution to (14) from the side in question may be written 


eTITY 


(27) O; ze iarri | BR; (e $, n + 3) I aye Y dy 





e TTY; (p, pi n + 3, y) 
. + fi we my) ay o 
The integral, 
pe ETIT 
(cosh my) **! dy, 


which we shall denote by H; may be evaluated acia. It il may be 


rewritten in the form 
er fer; A 
ES (iy % 


as appears by making the transformation e7” = ł This new integral may he 
evaluated at once and is equal to 
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N et sTU = ` (20) Apr l 
29 H; =) (cosh ary) ** a= (1, —k--1)r. 


iQ! EA js 
Baja : 


Ba \ 28 28 i 
in which en 
x are Jet if p>q2 
f=p i . 


As to the second integral in (27) we observe from (21) and (22) and 
the paragraph which follows them that the absolute value of the- integrand 
is less than 
M A M, prägl-kn-nreiy 


(cosh ry)" = (cosh my)! 


2 


(29) 


where M, is an assignable positive constant independent of p, ¢, n, and y; the 
first or the second of these expressions to be used according as y > 0 or y < 0. 
In view of the fact that (cosh ay)* becomes infinite like e®™™ as y— + w l 
and like ei as y—» — co, it follows that this integral converges and con- 
verges uniformly for all values of z lying in the region T of the z-plane as 
described immediately under expression (22). Furthermore, we observe from 
(29) that if p be restricted to values less than unity, that is; if we consider 
only that portion of the region T which lies within the unit circle about the 
origin, then the limit of the integral i in question as n— œ will be 0. Thus, 
in conclusion, we may write 


(30) 0 = it) HB; (p, pn +8) + a(n, 2), 


where for the values of z under consideration, namely, for those in 7 such that 
| 2 | < 1, it follows that 
(31) lim y; (n, 2) = 0. 

G n->00 a 


There now remains to be considered one contribution to the integral (14), 
namely, the one arising from the integration over the side w = — 1 — 4+ iy 
of the rectangle Cn. This, however, is merely what is obtained just above by 
using —1—4 instead of'n- $ and noting that the integration now takes 
place from + œ to — oo instead of vice-versa. Thus this contribution takes 
the form, . 

. (82) D; = — UND ERs (o, $, 12) + ¥;(4,2), 


3 For this evaluation note formula 20,. table 17, in the integral table of Bierens 


de Haan. ‘It should be observed, however, that this formula introduces a removable f 


indeterminate Torin when rj is replaced by its proper value. z 


} 
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where 


33) © ji) ln) 
26 3 : of (cosh wy)*? . dy. 


-00 
‘As regards the integral Y; (J, 2) here encountered it should be observed that 
an analysis similar to that which was. applied to the second integral of (27) 
may likewise be employed here. In faet, the integrand of this integral is less 
in absolute value than ’ 


M, P 14 g[kmr+r-ely p M: p” lhe Geen y 
(cosh wy) **t z (cosh ry) ? 
according as y > 0 of y < 0. Thus it follows that Y ¿0 2) converges uni- 
formly throughout the portion of T in which |z | = p Æ pı > 0, where p, is 


arbitrarily small; and, furthermore, is such that for those values os z in the 
portion of T just specified we shall Lave 


(34) lim z!Y;(l,z) =0. 
|z|00 f : 


We now recall from (19) that 


E; (p, $» €) Zu E EE IN ee f 


in which pet? = + 2, the sign + or — being used according as sk is odd or 
even. Hence we may write 
nth 
Rx $, n +4) —B; (p $, —1— Er g(a) [= errete, 
RE m 
- Tf we now add the various contributions Aj, Bi, C;, and D; which make 
up the integral (14), we concluée that 2 





(E S eii (ap) [= 2]"dw 


(85) y (sim) + be ; 
Cn mł f g 
=i H; È g(x) [= 2]er ran + n(m 2) + Ys (he), 
14, 


“ wherein n(n, z) and ¥;(1, á possess. the ee indicated respectively in 
(81) and (34). l 
Tt is now Pole therefcre, to restate ( a0) in the form, f 
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j ni ok 
(36) . È g(nja = Se Ar a coe 
. ‘n j=1 24 
oe x 
tadas gu E ia (m) 
-1-4 





È gome 


If we recall the value of b; given in (11) and the value of H; given it in 
(28), it is a matter of simple algebra to determine that the entire coefficient 
preceding the integral within the first summation upon the right is equal to 
unity. Moreover it is readily shown that 





& sin krg 
ernst — ` 
o 20 A sin rg ` ; 
Hence it follows at once that ; 
$ nt k 
; n ARE e Sin kaw me); 
(37) Zum UE | ae 
: +3, 


— glmyen + n(m 2) + alle), 


where y(n, 2) and & (1,2) possess the properties previously held respectively 
by n, (n, z) and Y;(l,2); Mini, is; for all z in T having |z| < 1 we may wate 


lim an, 2) =0, 
and for all z in T for which |2| =p. >0, &(l, > converges uniformly and 


. ; lim 2& (1, 2) = 
: . . jz|->00 
If we now confine z to values in T for which 0 < Aas <| 2 | < 1 and then 
allow n —> œ in the relation (37), it follows aon what has been said of y(n, 2) 
that we may write for all such z: 


(38), f(a) = Same Sis f ste j we) - 
| — 2, g(m)z" + &(l,2). 


In this equation, however, the left member is an analytici function of z for 
. all finite z, as follows from the original hypothesis that the radius of con- 
vergence of the series is infinite. Likewise, the right member is an analytic 
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function of z for all z in T for which | z | = pı > 0 as follows especially from 
the observation previously made that & (1,2) converges uniformly for all such 
z. It follows, therefore, as the result of well known principles of analytic 
continuation that (38) holds true for all z in T for which | 2 | =p, > 0, and 
the theorem as originally stated has been established. 


Remarks and generalizations. It is desirable to note that in order to 
secure simplicity of statement, the condition (a) pertaining to the- coefficient 
g(a) of the theorem was made unnecessarily restrictive. In fact, if one 
examines the proof it appears readily that the following generalization may 
be made; namely, in case condition (a) is not satisfied but instead the func- 
tion g(w), while still remaining single valued throughout the finite w-plane, 
has m (m 21) singularities situated at the points w = w,, we," * +, Wm, none 
of which are negative integers, then (3) continues to hold true provided one 
subtracts from the right member the sam of the residues of the function 
P(w)/[0 (w) ]4, at these points. 

The same’ conclusion applies also in case one or more of the points wp are 
negative integers, as w == — q (q È 1), except that the alterations taking 
place on the right in (3) must then inclule the deletion of the term g(— q)/z4 
occurring in the summation. 

Also it should be remarked that condition (b) pertaining to the coeffi- 
cient g(n) of the theorem may be replaced by an alternate condition, namely, 
that g(w) can be such that for all values of x and y one may write 


g(a +3 + ty) 
g(z) < Kerl, 
where K is a constant independent of x and y and k is any given positive 
‚Integer = 1. With this new condition (b) and with the other conditions as 
originally specified, conclusion *(3) follows as before. Usually the original 
condition (b) is more readily applied but in certain cases when the coefficient 
g(n) contains exponentials the alternate condition becomes desirable. 

In establishing these latter remarks it should be observed that the in- 
dicated alteration upon condition (b) caanges the proof of the theorem only 
slightly. Virtually the only essential change takes place in the expressions of 
(29) where the absolute value of the integrand in question now is less than 


Mu | g(n)| eine Bhs | gta) | pretere 
(cosh wy) EH ‘(cosh wy ) k+1 El 








where M, is an assignable positive constant independent of p, $, n, and y; 
the first or the second of these expressions to be used according as y > 0 or 
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y <0. As before, the second integral in (27) converges uniformly for the 
values of z lying in such a region of the z-plane as described immediately after 
(22). But | g(m)| p* is the absolute valué of the n-th term of the original 
convergent power series (1) and thus approaches zero as n->-+- œ. So, 
without any additional restrictions upon p, the integral in question approaches 
zero as n—> +œ. The remainder of the proof of tae theorem readily follows 
without the necessity of employing the device of analytic continuation. 


Remarks concerning the applications of the theorem. Due to the 
presence of J in the lower limit of the integral of. (3), the theorem of this 
paper does not furnish direct information upon the asymptotic representation - 
of the given function, f(z). However, it is in regard to such asymptotic 
studies that the theorem appears to have important applications. These ap- 
plications will apparently follow the same general procedures as previously 
discussed by Ford and Van Engen.* Since, however, for all x > x, where 
% is arbitrary, and for all | y | sufficiently large one may write 


| Bar 

where e'is an arbitrarily small positive quantity given in advance, and where 
K «depends only upon e and £o? it follows that condition (b) of the theorem 
will be satisfied when g(n) is the reciprocal of the product of any number of | 
gamma functions of the type, T(n -+ p). Thus in such a case the given fune- 
tion, f(z), may be directly represented as in relation (3). 


THE UNIVERSITY OF New MEXICO, 
ALBUQUERQUE, NEw MEXICO. 


* Ford, op. cit., pp. 63-85. 
_ ® Ford, op. cit., p. 61. 


ON THE REPRESENTATION OF BOUNDED ANALYTIC 
FUNCTIONS BY SEQUENCES OF POLYNOMIALS.* 


By O. J. FARRELL. 


1. Introduction. Let the function f(z) be analytic and bounded. in a 
region @ of the plane of the complex variable z. Let d(f, 20) denote the 
diameter * of the cluster set? of f(z) at the point zo on the boundary B of G. 
Let D(f, B) denote the maximum of d(f, zo) for all points z on B. A natural 
question to be raised is: When can f(z) be represented in @ by a sequence of 
polynomials pn(z),n==1,2,° + + such that 


lim {bound [ | f(z) — pa (2) |; z in @]} S D(f, B) ? 


The present paper contributes toward the solution of this problem the following 
two theorems. 


THEOREM 1. Let the function f(z) be analytic and bounded in the 
interior T of a limited Jordan curve J. Then there exists a sequence of poly- 


nomials p, (2), pa(2),* + + converging to f(z) in T, uniformly on any closed 
set in T, so that 
(1) lim {bound [ | f(z) — pa(z)|,2in 7]) S D(f, J). 

nn 


THEOREM 2. In order that corresponding to EVERY function f(z) ana- 
lytic and bounded in a region G there shall exist a sequence of polynomials 
pr(2), pa[2),: * * converging to f(z) in G so that 


(2) lim {bound [ | f(z) — pa (2) |, z in @]} = D(f, B) 


it is necessary that G be finite and that G+ B be the complement of an 
infinite region. Moreover, if G is simply connected it is necessary that every 
point of the boundary of G be also a boundary point of the infinite region. 


* Presented to the American Mathematical Society, September 7, 1937. Received 
by the Editors October 25, 1937; Revised January 6, 1938. 

‘The usual definition of diameter is meant here, namely the maximum distance 
between any two points of the cluster set. 

2 See Seidel, “On the cluster values of analytic functions,” Transactions of the 
American Mathematical Society, vol. 34 (1932), pp. 1-21. 
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2. Proof of Theorem 1. Let T be enclosed in a sequence of limited 

simply connected regions Tı, Ta: + + all containing T +J and such that 
every region Tan together with its boundary lies interior to T, while no 
point exterior to T lies in all the Tn. Let z==« be a fixed point in T and 
‘let the function y„(z) map the region T» conformally onto the region T so 
that the point z = corresponds to itself and so at Yala) > 0. Then we 
have * uniformly in T + J 

lim yn(2) =z. 

n> 


Let pa(z) denote a polynomial which approximates the function 
falz) = Fale): 


so that * i 
i | pa (2) — fa (2)| S1/n, zia T +J. 


Thus we have for z in T, uniformly on any closed set in T, 
lim pn(z) = f(z). 
no 


We shall prove that these polynomials also fulfill the further requirements 
of the theorem. We find it convenient to do'this in two steps as follows. 
We prove first that if zo be any point of J, if lz,, 22," © + be any sequence of 
points in G approaching z as limit, and if Pu 2 ), ae ,* * * be any sub- 
sequence of the polynomials Pn (2), then l 


alte ne a4). 


The second part of the proof is by way of contradiction, for we show that it . 


- the polynomials Pı (2) do not fulfill (1) they violate (3). 
We proceed with the proof of (3). Let zu be any point of J and let Sa 
denote the cluster set of f(z) at zo. If a positive e be assigned, then for all n 
greater than a certain N we have simultaneously 


(a) Zn and ýp, (Zn) both so near to zo that the image points F(2n) and 
fu, (2n) are both within distance e of Sz 


(b) | Pan (2n) — fin (Zn) | = €. 


20) 


See Walsh, “ Interpolation and approximation' by rational functions in the com- 
plex domain,” Colloquium Publications of the American Mathematical Society, vol. 20 
(1935), p. 35, Corollary 1. i 

* The function f, (2) is analytic i in Tẹ and hence by Runge's theorem can be repre- 
sented in T,, by a series of polynomials ‘converging gjuniformly on any closed point set 
(such as 7+J) lying wholly interior to T, ; ` 
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Consequently we have 


I) pm E d(f, 20) +35 n>N, 


which proves (3). : 
. Suppose now that (1) does not hold. Then there must exist a sub- 
sequence py,(Z), pr (2),: > * of the pn(z) such that for EVERY py,(z) we have 


— hound [| f(e) —p(2)|, zim T] SL > D(f,J). 


Associate with each polynomial p,,(2) a point =, in T within distance 1/n 
of J and at the same time so near to J that 


| FCn) — pr, (2n) | > bound [ | f(z) — pr (2) |; z in T] —1/m. 


Let #1, 2’2,° - + be a subsequence of the points zn approaching a point zp on J 
“as limit. Let pp,(2) denote that polynomial of the sequence p,,(z) with 
which the point 7» has been associated. Then for the sequence zn we have 


Tim Fe) — Pa (2n) | BL > D(f, J) Z df, 20). 
This contradicts (3) and completes the proof of the theorem. 


3. Proof of Theorem 2. It follows at once from the boundedness of 
f(z) in @ that polynomial representation of f(z) in @ characterized by (2) 
requires that @ be finite. 

We note next that among all the functions f(z) that are bounded in G 
are included all the functions that are analytic in @+ B. Moreover, if f(z) 
is analytic in G+ B, then D(f, B) =0; and any sequence of polynomials 
pn{z) which fulfills (1) thereby converges to f(z) uniformly in G+ B. 
But a necessary condition that every function analytic on a closed limited 
point set can be uniformly approximated thereon by a polynomial is that the 
point set be the complement of an infinite region.” In the present situation, 
where the point set in question consists of a region and its boundary, the 
condition that the point set be the complement of an infinite region is equiva- 
lent to the condition that B divide the extended plane into precisely two 
regions: G and an infinite region H. 

When @ is simply connected a further condition is necessary for the 
representation of a function f(z) analytic and bounded in G by polynomials - 
such that (2) holds. This condition is that B shall be the common boundary 
- of G and H, or (what is the same) that the neighborhood of every point of B 


° Walsh, op. cit., $. 26, Theorem 17. 
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shall contain points of H. To prove this suppose.there are points of B in the 
neighborhood of which there are no points of H. Choose for f(z) any func- 
‚tion which maps G conformally onto the interior of the unit circle. Let C 
denote the portion of B that bounds H and let R denote the finite region 
bounded by €. If polynomials p„(2) satisfy (2) while converging to f(2) 
in G it follows that _ ; e 


Tim (Max [ | pa(z)|,2in G + B]} S£ 1 + D(F B) E 3. 


The p~a(z) are therefore uniformly bounded on B and hence also on C and 
consequently in Ras well. Thus they form a normal family in Æ from which 
we can extract a subsequence pı,(2) converging in R to a function F(z) 
analytic in R and equal to f(z) in Œ. If £ be any point of B that lies in R, 
it follows that | P(£)| = 1; also that | F(2)| < 1 in the neighborhood of £. 
Then by the Principle of Maximum * f(z) must be identically constant, which 
‘is impossible. Thus the mapping function f(z) can not be represented in G 
by polynomials for which (2) holds. This completes the proof of Theorem 2. 


` * UNION COLLEGE. 


° See Walsh, op. cit., P- 4. . 


INVARIANT MANIFOLDS NEAR AN INVARIANT, POINT OF 
UNSTABLE TYPE.* 


DanreL C. Lewis, JR. 


1. Introduction and formulation of the problem. In the case.of real 
surface transformations, not necessarily analytic, the existence of an invariant 
curve in the neighborhood of an unstable invariant point (and containing this‘ 
invariant point) was proved by Hadamard. In the case of the analytic surface 
transformations arising in dynamics, similar results were obtained by Poincaré 
and Birkhoff. Lattés® improved the results of Poincaré and also made some 
use of the methods of Hadamard. He obtained the generalization of Poincaré’s 
result to transformations in three dimensional space. More recently, in the 
case of the surface transformations of dynamics, Birkhoff* has proved the 
existence of invariant curves of certain kinds near the given invariant point, 
but which do not contain this invariant point. In this paper we give a 
generalization of Hadamard’s method to the case of transformations in spaces 
of an arbitrary number of dimensions. We shall, however, be interested pri- 
marily in analytic transformations, not because the method is inapplicable to 
the non-analytic case, but because the hypothesis of analyticity enables us to 
draw more complete conclusions. The main advantage in adopting Hadamard’s 
method is that it gives a clearer picture of the way in which the invariant 
manifolds are the uniform limits of the successive images of other manifolds. 
We shall show that the method holds for complex spaces, and, since any trans- 
formation in a real space defined by power series can be interpreted as a trans- 


* Received January 17, 1938. + 5 

1 These results were obtained for the most part while the writer was a National 
Research Fellow. 

2H. Poincaré, Oeuvres de, publiées sous les auspices de Vacadémie des sciences, 
. vol. 1 (1928), Gauthier Villars, Paris, Mémoire sur les courbes définies par les équations 
différentielles, chapter XIX, especially pp. 202-203; J. Hadamard, “Sur l’iteration et 
les solutions asymptotiques des équations différentielles,” Bulletin de la Société Mathé- 
matique de France, vol. 29 (1901), pp. 224-228; G. D. Birkhoff, “ Surface transforma- 
tions and their dynamical applications,” Acta Mathematica, vol. 43 (1922), pp. 1-119, 
especially pp. 45-49; S. Lattés, “Sur les équations fonctionelles qui definissent une 
sourbe ou une surface invariante par une transformation,” Annali di Matematica, ser. 3, 
vol. 13 (1907), pp. 1-137. A 

.°G. D. Birkhoff, “Nouvelles recherches sur les systèmes dynamiques,” Memoriae, 

Pontificiae Academiae Scientiae Novi Lyncaei, series 3, vol. 1, pp. 85-216, especially 
chapter ITT. 
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formation in the corresponding complex space (of twice the number of real 
‘dimensions), the analyticity of the invariant manifolds follows at once from 
well known theorems in the theory of analytic functions of several complex 
variables. This is because of the fact that these invariant manifolds may be 
taken as the uniform limits of Ran of analytic manifolds. Details will be 
given in § 5. 

The proofs of Poincaré and Birkhoft use > the theory of majorantes and 
thus also yield analyticity. Birkhoff’s proof makes essential use of the hy- 
pothesis of “conservativity,” a special property enjoyed by transformations 
arising in ‘dynamics. 

We consider a transformation T which with a suitable choice of codrdinates 
can be written in the following form: 


E, = 8:24 + f¿(2, y), (t= 1,2,°- :,m) 
= oryn + $n(2, y), 5 (h = 1,2,- n). 


Itis supposed that f; and qa ara convergent power series in 3,,*** Em, Ys," **>Yn 
lacking constant and linear terms. As for the complex numbers s; and on, 
it is assumed that | s: | > | on | > 0. Denoting by s the minimum of the | s; | 
and by o the maximum of the | on |, we have | s: | Zs >o 2 | on |. 

Under this transformation a sufficiently small neighborhood of the origin 
in the m + n dimensional complex space is carried over into another neighbor- 
hood in a one-to-one manner, the origin itself being an invariant point. We 
agree once and for all to restrict attention to a neighborhood common to 
these two. 

It is hardly necessary to note in passing that we are here dealing in a 
certain sense with the most general type of analytic transformation having a 
non-vanishing jacobian at an invariant point. In fact the matrix of the ja- 
cobian evaluated at the invariant point need only to have simple elementary 
divisors in order for the transformation to be representable in the form (1.1) 
in the neighborhood of the invariant point. The only other assumption is that _ 
the absolute values of the characteristic roots are not all equal to each other. 

Let C be an arbitrary (local) complex “manifold” with the equations 
Yn =YN (0) (h =1,: : :,n), where the yn(z) are single valued analytic func- 
tions of the z; defined when each | 2; | is sufficiently small and vanishing when. 
== tm = 0. It is our principal aim to investigate the existence of a 

manifold C* of this type every point’ of which sufficiently near the origin is 
transformed by.T into a point of C*. Such a manifold will be called invariant. 

We shall find that such manifolds do exist if s>1. If s<1, a con- 
sideration of the inverse transformation shows the existefice of invariant mani- 


(1.1) 
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folds of the type z; = z; (y). Thus, invariant aads of some type always 
exist under our i s> e 


2. Preliminary considerations 'ón , mplicit functions. We begin with 


the theory of implicit functions, proving a theorem which states that the im- oS 


plicit functions are defined not only in a neighborhood of a pomit but in a 
region which for our purposes is poon extensive. 


THEOREM 1. Let gi(u,v) (i= 1,: + -, p) be p analytic functions of the 
m + p complex variables, Uy,* ` * Um, V1.* * `, Vp defined in a region R given 
by the inequalities, ' 


(2.1) “Jan | < A, |w] < Br; - (h=1,: ::,m; k=1,: : -,p). 


` Let the gi furthermore satisfy the conditions 


(2.2) gg) = 0, 
O( gry" * `> Go) 
(2. ie : CRA # 0 in E; 


so that the functions Fin defined by the equations 
2 991 09; 
(2.4) > 2 dy 719 — y = 


must exist and be analytic in R. Morecver suppose that ` 


(2. 5) | Fun | < Min in R 
and let Gr (h=1,* +, m) be any m positive numbers such that 
(2.6) SMREB. Ga S An. 
‘a ý hel 
Then there exists a unique set of analytic functions vi(u) (@=1,-- p), 
of the m complex variables us,* ` +, Um, defined in a region S given by i 


(2. 7) ee | Un | < Gr, (h =1,:: >, m), 
such that each of the following ihres conditions is satisfied : | 
(2. 8) "| on (u)| < Be for (u) in S, (k=1,- - -,p). 


Ens “aber 
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(2.10) grlu, v(w)) = 0 in S.* 


Pr oof. It is readily verified by differentiation’ ‘of (2. = and with the rep 
of (2. 2), that the F's satisfy the- identities 


Mm). 





0.12 Ep, y Wa u E i 
= ws a=1 ve gai Wa \ 


We now consider the system of differential equations: 
(2. 12) . : E = Fin, 
m 


the complete integrability conditions‘of which are satisfied in virtue of (2.11). 
Any set of analytic functions satisfying (2. 10) must be a solution of. (2. 12),- 
' as we,see by differentiating (2.10) and using (2.4). Conversely, it is readily ` 
verified that the unique solution of (2.12) which vanishes at; the origin will 
. also satisfy (2.10). We shall next show that this solution, which is known to 
. exist in the neighborhood of the origin, may also be defined throughout 8. 
Let (a) be an arbitrary point of S and let unr = u’ (t) be a straight line 
L joining the origin with (%), considered as a point in the Euclidean space of 
‚2m real dimensions. The real parameter + may be chosen as the distance of the 
point (u°(t)) from the origin, so that we have u? (0) =0, Ww (T) = in, 
T =0. Let the values of the functions vz? ( t) be determined from the existence 
theorems for ordinary differential eau ene by the. pune system : 


oe 


(2.18) Ernte), Eu aut (baa: p) 


1 


together with the initial conditions vx”(0) = 0. The vs can be determined 
as functions of ¢ so long as none of the | (e) | reaches the value Br, beyond * 
. which the F’s are not defined. Cf. (2.1) and 42.4). Now |»°(£)| can not 
increase any ES than it would if the right member of (2.18) were replaced 


by > Min 








| from g 5). Integrating, we find, on using. (2.7) and. 


“It is not true, however, that the functions v,(w) necessarily yield all the solu- 
tions of the. system of equations g, = D in the region | u, | < I |%, |< By, as we see 
from the following elementary example: Let p=m==1 and let 


9, (u,v) =— 1 + exp 4mi(u, —o,), 


a function which is certainly both analytie and provided with a non-vanishing deriva- 
tive with respect to v, in any finite region R we may choose to name, e.g. | u, | <2=A 

,<2 =B; It turns out that Fii = l and so we may choose M, ‚=? and G =L., 
But in addition to the solutions provided by the theorem,' viz. v, =t, the equation 


9, =0 also admits (with infinitely many others) the solution, ug = 0, 2, =1/2 <2. 


po. 
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(2.6) that we would have I SÈ Um |w(t)] < Br for OStST. 


Here we have used the fact that Lisa straight line and that (w,(t)) is in 8 
for OS¢ST. This shows that °(t) is defined for 0St<7T. Now we 
set u(4) = v? (T) and thus the v’s are defined over S. We have shown at the 
same time that the v's as thus defined satisfy (2.8) and (2.9). That they also 
satisfy (2.12), and hence (2.10), and the fact that they are unique, now -` 
follows by an obvious adaptation from the classical theory of completely in- 
tegrable total differential equations as presented by Morera or Mayer.’ 

It may be mentioned in passing that the above theorem is true also for 
real functions gi(u,v) of class C” in the real variables (u) and (v), the 
. solving functions v: (u) then being of class 0’. The same proof is valid, if we 
understand L now as a straight line in a Buclidean space of m real dimensions, : 


3. On the transformation of a manifold belonging to K(a,ß). We 
now return to the proper subject matter of the present investigation. 

For greater brevity we use v and y without. indicial subscripts to denote 
respectively the sets (%,,* * `, 8m) and (Y1,° * *, Yn); and an z or y capitalized 
or tagged in some other manner will have a similar interpretation. For 
example 7’ would stand for the set (7 1° ' sUn). We admit,. however, the 
following exceptions: | æ | will denote the een of the numbers | zı |; >; | zm | 
and | y | will denote the largest of the numbers | Ya l-t, | 9%. A further 
exception is introduced in $ 4. 

We use the notation d/dz; to denote ential doren when the y ys 
are functions of the z’s.. On the other hand 2/0x; means that all the m + n 
variables æ and y are considered as independent. The symbol | dy/dz | is used. 
to represent the largest of the numbers | dyi/dz, |; (t—=1,---,n; h—=1,--:, m). 

In considering any point on a manifold of the type of C, described in $ 1, 
the «’s will sometimes be called the abscissas and the y's the ordinates of the 

point in question. 
Let us associate with any two positive numbers g and £ the class K (a, B) 
of manifolds C such that y(x) is defined and | dy/da| < a for |s| < 8. 
Evidently K (a, 8) C K(a, 8’), if B >g. We now prove 


THEOREM 2. 8 can always be chosen so small that any manifold C in 
K(a, p) is transformed by T into a manifold. C in K (a, Bs*), where s* is a _ 
preassigned positive number < s. 


5 Cf. Levi-Civita, The Absolüte Differential Calculus, English translation by M. 
Long (1927), pp. 22-25, 
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Proof. The equations of © can be written with the parameters x in the 
form, 
ti = siti + fi (8, y(#)) 


(3.1) Ya = orya (E) + prlz, y(3)). 


On elimination of z, these equations take the form 9, = Ja(Z), and it is our 
first purpose to show that (2) is defined for | ¿| < fs* if 8 is sufficiently 
small and C belongs to K (a, 8). This we do by appealing to Theorem 1, taking 
D= M, Üi = Ui, Vi = Vi, Gi (u,v) = s£; — u + file, y (£) ), Bi = 8, An = 00. 
For, since f; does not contain linear terms in w and y and since | dy/dr| < a, 
we see that all the derivatives of the fi(#,y(z)) with respect to 2,,* ©, tm 
approach zero with | x | uniformly with respect to the manifolds C considered. 
It follows that for C C K (a, 8)-we may take the Mya of Theorem 1 equal to 
an expression of the form dr | su" | + e, where &r = 0 if kAh and $ = 1, 
and where e tends uniformly to O with 8. Hence by taking £ sufficiently small, 
we see from (2.6) that we may take Gr == fs*. All this shows that we may 
uniquely and analytically solve the first m of equations (3.1) for the Ys in 
terms of the 2's by means of equations of the form z; = x; (£), where the x; (2) 
are defined for | ¿| < 8s*, and in such manner that 7: (0) =0 and | x(2)| < B. 
In virtue of these last inequalities we can substitute the values of æ; into the 
last 1 of equations (3.1) and thus obtain the required equations of © in the 
form In = Fa (Z) defined for | a | < Bs*, provided again that £ is sufficiently 
small, And the result holds fcr any C in K(a, 8). 

We next prove that for the functions thus obtained | dy/di| <a for 
| ë| < Bs* and C C K (a, B), at least for 8 sufficiently small, i. e. perhaps still 
smaller than the value already assigned to 8. Differentiation of the equations 
i. == 41 (8) with respect to x; yields 

dj, diy di 


dx; ze di, da 





Solving these equations for the derivative dj,/d%,, we get 


din _N 
dl D?’ 
where D is the functional determinant Ad, > tm) 


and N is the determinant 
Tuta Tm) ; 


obtained by replacing the element d%,/dz; in D by d9,/dx; for each +. Again 
using the fact that f and ¢ contain no linear terms and that | dy/d | = a, 
we see from differentiation of (3.1) that 
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dig tte y SEN 


i e = Skôki Tar n > dy, das = Sidi + Eni 
dùn _ , e, Opn dy; _ on a 4 
da 7 Ta x; "r Pr dy;. de; + am 


where the és and y's approach zero with | z | uniformly as to C.: We thus find 


ii No Ot Oy | S 


where 0 also tends uniformly to zero. Since, however, | or | So <s £ | sel 
it follows that 


a+ | On| < Saf | ik] <a, 


Sk 














‘if ß is sufficiently small. This completes the proof. . 
. HÉ s >1l, we may take s* = 1 and we have the following corollary to 
Theorem 1: 


COROLLARY. If s >1 we may always take B so small that any manifold 
C of K(a, B) is transformed by T and its iterates into manifolds of K (a, 8). 


4. On the transformation of two manifolds. For the sake of brevity 
we shall hereafter, in reference to an expression a;, depending on an index i, 


. use the notation || a || = 3 | a; | where the summation is extended over the 
range of the index, which as a matter of fact will always be either 1, 2,- - -,m 
or 1,2,---,”. 


Let C and C’ be any two manifolds in. K (a, 8). If we consider two points 

with the same abscissas, one of them (x,y) on C and the other (x, y”) on 0, 

* all the differences yn — y'n will vanish for s= 0. Hence it is easily seen that. 

the quantity | y— Y ||/|| e || will have in a, fixed neighborhood D of the origin 

a certain least. upper bound w <,2an. Now let © and ©’ denote the transforms 

of C and C respectively. Denote by ú the quantity analogous to w determined 
from Č and ©”. Then we may state: as follows our l 


THEOREM 3. The ratio G/w does not exceed a fixed number p < 1, if the 
domain D is chosen sufficiently small. For p we may take any real number 
greater than o/s and less than 1. D may be chosen independently of C and 0’ 

if B is sufficiently small. 


- Proof. Denote by Y and F’ the ordinates of C and C respectively corre- . 
sponding to the same abscissas X; J and Y' the analogous ordinates of © and 
0”. The points. (X, Y) and X, y”) will-be the transforms of two points (2,4) 
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and (+, y) situated on C and C’ respectively. From the hypothesis that ° 
O C E(a, B) we have 


D lylSmx| 2) -[oisaleh io lytse 





and from the hypothesis that the Ps and ¢’s heen with terms. of the second 
degree w we get, 


ns | Enel + yl) SEa na) ol 
where JF . ` 
UN 


(2 P 
= $ îy; dy; 


can be taken arbitrarily small by taking the dimensions of D sufficiently small, 
: This inequality Ene us 


Ko 
0%; 


dps 


dx 4 ? 

















EEEE T S(t" na)! 2] +]Xs), 


and kence 
| sle[Sm(1+m) 21 +92 

and thus we obtain . : A E - 

weh 

= s—qm(1 + ne)" 


If (z, y) is the point of O” corresponding to the abscissas z, we have 


Isis 
(4.2) MASAS mare 


GD [hral Sm | ¿2 | relse, 





On the other hand by the very definition of X, z, Y, y; y, we have 


Xi = sti + h(g, y): and Xi = sT; + filr’, Y); 
and hence u ee 


si (zı — 24) = fi (v, y”) — fila, y). 


Since the first derivatives of te and di are all in absolute value less than % 
we can write ` 


alii A +oly—Y1 
sl«—4[Sm lo Fm ly 41 l 


ae, © ma ly—y |” 
(4.4)  . + 1: Je =v (si. 
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From a 8) and (4.4) we obtain 


viva = mo ly—Y1 


s— My 
Ima lS|y— volt Ivan Ss MA + | yon yal. 


Therefore it follows (summing over h) that 


vr (1-7). Get ee 


— mn s — my(1-+ an) 
From (4.2) we.now obtain immediately 


a — mq) 0 E 


By definition, we have Ja — oryn + dn(z,y) and J'n —=ony’n + palz, y). Hence 


¡iD | S| Yu — Dn —onlya — Hn) | + lon] | yn —yr | 
= | palz, y) ale, Y) + | ml | m —ya | 
En lr—=“lFly—Y4 D lel | yr— yri 
Hence - , 
II? [Sm | 2—7 | + mtoe) ly—y l. 


From (4. 4) we obtain 
jo—o 1s [2 ++ | Ivy 
while from (4.5) we see further hae 


(48) IAS E tm to | ee EI 
=f +o Jelzi 


_ where é(ą) is real and tends fo zero with y and therefore also with the di- 
mensions of D. Since o < s, we have O<o/s-+£(7) < p < 1, provided that 
D is sufficiently small. Thus we have proved the desired result, namely, that 
ö, the least upper bound of || y — Y ||/|| X | can not exceed po. 

The fact that D may be chosen independently of the particular manifolds 
C and C’ considered, so long as they both belong to K(a, 8) and £ is first 
chosen sufficiently small, follows from two considerations: In the first place, 
according to Theorem 2, C, C, ©, ©’ have a common domain of definition 
independent of C and C’, namely, the smaller of the two domains | æ |< ß and 
|z| < ßs*. In the second place, the quantity £(n) in (4. 6) is independent 
of O and ©. As a matter of fact it is not difficult to see that by taking B-' 
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still smaller, if necessary, we may choose D to be the smaller of the two domains 
|z| <£ and |x| < Bs*. But'this result is unnecessary for our purposes. 


5. The invariant manifolds for s>. Let C, denote an arbitrary 
manifold in K(a, 8) with the equations y= y (£). We denote by Cy the. 
k-th transform of C, under T.' "That is, Cy is transformed into C, by T; C, is 
transformed into Cz and so forth. In order to ensure that all the Cp also 
belong to K (a, 8), we add the hypothesis concerning T that s > 1 and take 8 
` sufficiently small as described in the corollary of Theorem 2. Let D be the 
domain referred to.in Theorem 3, dependent on the class K(a,8) but in- 
dependent of the particular O and C” belonging to this class. It is necessarily 
contained in the region |z] < 8. Let the equations of Cy be y= y) (z). 
We now prove our main result, 


THEOREM 4. There exists an invariant analytic manifold C* en the 
equations y= = y (a), such that lim y (x) =y * (x) uniformly in D. 


Proof. Let wy be the ast upper bound of | y“ —y@ | /] x || in D. 
: By Theorem 3, we have wr SZ pox. It follows by induction that wr < po. 
Thus we have . 


| ye™ (a) —y 4D (x) | S | y™ (x) —y*™ (x) | So | z | S omg, 


and, since the series > p*to.mB is convergent, p being < 1, the uniform con- 


vergence of the ee wi, yi, yg), + + - follows from the classical theorem 
of Weierstrass on uniform. convergence. 

It follows from another theorem of Weierstrass * that C* is analytic in 
the interior of D, since D is a domain of m complex dimensions or 2m real | 


dimensions. 


2 Furthermore 0* is invariant. For lim Cy = chile lim Cha = the 
le=00 


transform of C*, since 7’ is continuous. Thi follows that C* is identical with 
its transform. 
THROREM 5. C* is andependent of the initially chosen manifold Co: 
Proof. Let 0”, be another sequence of manifolds of the same type as Cr, 
i.e. each O's belongs to K (a, 8); T carries O's into Orm. Let y = y™’ (x) 
be the equations of C’,. Then, if œ is the least upper bound of 
by? —y |/1 1 
in D, we find from Theorem 3 that 


À: Cf W. F, Osgood, Lehrbuch der Funktionentheorie, vol. 2 (1924), first section, 
_ p- 13, 1. Satz. 
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[y — ys” |< y —y" | S po 2 E proms. 
And, since p < 1, it follows that lim 0”, = lim Cx. 
k=00 A k=00 
a e 
COROLLARY. If C belongs to K(a, B) and is invariant it must necessarily 
coincide with the manifold C* of Theorems 4 and 5 throughout D. 


Proof. Referring to the proof of Theorem 5, let us take C'e = O. Then, 
since C is assumed to be invariant, we have C”; = C, and hence C = lim Cr == 0", 


throughout D where C* is defined. 7 

We might add the obvious remark that C* can be continued analytically 
over the complete domain of definition of C and the two manifolds will then 
coincide throughout. l 


6. Note on real transformations. So far we have looked at the trans- 
formation T from the point of view of the complex domain. If, however, we 
are primarily interested in a real transformation and real analytic manifo.ds, 
we obtain similar results. 

If T is a real transformation, we do not necessarily mean that all the 
coefficients in the power series appearing in (1.1) are real nor that real values 
for æ and y represent real points. For, in order to reduce the linear terms of 
the transformation to the canonical form displayed in (1.1), it might be neces- 
sary to introduce conjugate imaginary variables, in which case the coefficients 
would not all be real and real values of the variables would not correspond to 
real points in the transformation. Since conjugate imaginary variables are 
associated with conjugate imaginary characteristic roots and since the char- 
acteristic roots s; are all in absolute value greater than the characteristic roots 
‘on, it is clear that, if any such conjugate imaginary pairs occur, none of the 
variables x can be paired with a variable y. 

We briefly sketch the type of argument to be used in connection with the 
real theory. The Cy of the previous paragraph may be taken in such a way 
that values of v corresponding to real points:in the m-dimensional «-space will 
yield real points in the n-dimensional y-space. Then C, C2,- + - will auto- 
matically have the same property, if T is real. The manifolds C; are known 
to converge uniformly in a complex domain in which our real domain is im- 
bedded. Hence our real manifolds will converge uniformly to a manifold 
which is necessarily both real and analytic. 

It is also possible to use the method of this paper to treat directly real 
transformations which are not necessarily analytic, as, in fact, was done 
originally by Hadamard (loc. cit.) for the case n = m = 1. The invariant 
manifolds will then, of course, not necessarily be analytic. 
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ON STRONG SUMMABILITY.* 
By H. J. Haminron and J.D. HIL. 


1. Definitions. Being given in. the complex domain a matrix (ame) 
. (k, m = 1,2, 3,- - +), and a positive real number p we shall say (following 
Szász, Brown’ Uniwersity Lectures, 1934-35) that a complex. sequence (sy) is 
strongly summable of order p to the complex number s by (dmx) » or simply 
strongly summable to s, if for each m > 0 the series om = z Omk | s—% |? 3 is 


- convergent, and if lim, Sm = 0. If each convergent {ss} is strongly summable 


to its limit, then the matrix (dmx) will be called str ongly regular. The terms 
summable and regular, unmodified, are to be interpretada in the usual Silverman- 
Toeplitz sense. 

‘We shall say. that a.matrix is of. type U. it it his: the property that whens 
ever any sequence is strongly summable to both s and t, we are permitted to 
conclude that s—t; The phrase of type U. for. convergent. sequences will 
mean that the strong summability of any convergent sequence to ‚both. sand ¢ 
implies s—=t; and analogously. for. bounded sequences. : 


2. ` Strong regularity. ifo find necessary “and sufficient conditions for 
_ strong regularity it is convenient to introduce three lemmas. We mention in 
passing that, the index Pp plays no essential róle here, 


Laisa 1. In order that (dmx) de strongly regular it is necessary and 
suficient that at te regular for real nön-negative mall ER 


| LEMMA 2. In order that (es be regular for reál non-negative null 
sequences ib is necessary: and súfficient that it be ee in the spa ( Co) of 
real null N - on 


LEMMA 3. In or der hab (mn) be regular in Gy: it is necessary and 
sufficient that en 
(1) im dia de (lk=1,2, + >), 

; , pA i 


OR) O sup Same | < o. 


* Received January 24, 1938; Revised April 25, 1938. 
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- Proofs. The first is obvious, and the second follows from the fact that 
an arbitrary real null sequence may be written as the difference of two real 
non-negative null sequences. To" prove the third observe first that in case 
(Am) is real, a slight modification of the regularity proof for convergent 
sequences * suffices to establish (1) and ( 2) as Br and sufficient. 

In the general case we may write Omi, = Ami + ima, where @ mk, amy are 
real. It is clear that (ame) is regular in (co) if and only if each of the 
- matrices (ame), (dm) has the same property. In order that the latter be - 
true one easily shows, by the above statement for real matrices, that (1) and ` 
(2) are necessary and sufficient, and the proof is complete. 

From these three lemmas we obtain the following theorem,.in answer to 
` a question raised by Dr. Szász. - 


THEOREM 1. In order that (amx) be strongly regular the conditions (1) 
and (2) are necessary and sufficient. . 


Since the Silverman-Toeplitz conditions include (1) and (2) we observe 
that every regular matrix is strongly regular. 


3. Matrices of type U. To treat” the question of uniqueness of the 
strong limit we need: the following Jemma. . 


Lemma 4. For each p> 0 there exists a constant K, depending on 
such that for all values of a and b we have la+bP=K(|a«j,+|b|P). 


“Proof. We may assume. that a + D0 and hence that a, say, is not zero. 
Then we have ` l 
lator — (altl aloan 
EPT a e aa EAS 


Now it is easy to verify that if.0 < p S 1; F(z) = (1 + 2)?/(14 0) <1 
for OS¢< œ, and if p > 1, F(s) S27" for 0Sx< o. Consequently, 
the result follows with K equal to 1 in the first case and 2% in the second. 

It will be useful to investigate first of all’ some of the ee of 
matrices for which a constant M = 0 exists such that 





(3) . 0 tor each m > 0 and all’k > M, 


(4) pS lim Gm = 0 for 1=k=M. 
mM > a 


* See, for example, Banach, Théorie des opérations linéaires, pp. 90-91. 
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For such matrices the strong limit has the property of finite additivity as 
shown by the following thecrem. 


THEOREM 2. If {%} and {ty} are strongly summable to s and t, respec- 
tively, by a matriz (ane) which satisfies (3) and (4), then for all values of 
a and b the sequence {a% + biz} is strongly summable to as + bt. 


Proof. Using Lemma 4.we may establish the inequality 
| E me | (ase + Dti) — (as + EP | S 3 ame | Ian) + 3(4— OPP 
HE |a |P Zam | —s [P4 K |b |P 2 toma | e —t |? 
for each m > 0, and the conclusion is apparent. 
THEOREM 3. If (amx) satisfies (3), (4), and if 


(5) i D amy ts convergent for each m > 0, 
k 


then the condition 
(6) Tim | z amr | > 0 


is necessary and sufficient that (amx) be of type U. 


Proof. If (dme) is of type U the sequence 1,1,1,: - -, which is strongly 
summable to 1, can not be strongly summable to 0; hence the necessity. On 
the other hand, if (sx) is strongly summable to s and also to t, then by Theorem 
2 the sequence {(1)s,-+ (—1)s} =0,0,0,: : - is strongly summable to 
s—t, Thus we must have lim | s— t |? S dmx == 0, and if (6) holds this is 
possible only if s =%f. - j a 


THEOREM 4. If {sx} is strongly summable to s by a matriz (Amy) which 
satisfies (3), (4), (5), (6), then s must be a limit point of {%}. 


Proof. If we set o'm == Y) dms | si — 8 |?, o%m = Y amy | Se — s |? then 
kSM ‘ k>M 


om + om —> 0, whence, by (4), m 0. But the latter is impossible if s is 
not a limit point of {s}. For in that event a number d > 0 exists such that 
| se-—s |? > d for all k. Then om > d 2 Onis and since by (4) and (6), 
lim | z ink | = lim zZ Ani > 0, we have Timo” m > 0. 

- The foregoing E of strong cialis may pe used in obtaining 
the following comparison with ordinary summability. 
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THEOREM 5. pene that Ate) satisfies (3), h and 


(7) i tim Y am = 1. 


m 


"Then if {sz} is strongly summable of order 1 to s by (dmx), it is also summable 
to s by the same matriz, Moreover, the converse is false for every order p. 


Proof.: From the inequality 
| È dme ('8 — Se) | E 2 | ame | |s— se | + È ami | 8 — se 
k k&M : k>M É 


we see that Yamı(s— sx) = 0 (1). Consequently we obtain 
k 


El amiest — 5 E dni + o(1), 


and the first part of the conclusion follows. 
Since the sequence {(— 1)**} is (C,1) summable to 0, the falsity of the : 
converse is apparent from Theorem 4. 
Proceeding to the general case we begin by establishing the sollowing 
result. 


THEOREM 6. In order that a strongly regular matrix (me) be of type U 
for convergent sequences, the condition (6) is necessary and sufficient. 


Proof. The necessity follows as in the proof of Theorem 3. To establish 
the sufficiency let (sx) be an arbitrary convergent sequence. By the assumed 
regularity we have i 
(a) J 2 l lim Y me | 8 — Si [2 = 0, 

m e 


where s= lim x. Denote by t any number for which 
k P 


_(b) Lim Y ame | t — sx |? = 0. 


Setting up = | s — S% |? + | £ — sz |? we obtain 


(e) lim w = | t—s |?, 
: k 

and from (a), (b),. A 

(a) , lim > Ama = 0. 


‘Now from (6) we infer the existence of a sequence {mn} SERRE to in- 
finity, and of a number A zÆ 0, such that 


(e) f ° lim x Name = 1. 


RS sored 


i ea 
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Since the matrix (ba) == (Amst) ‘satisfies (1), (2), (e), it is regular in the 
Silverman-Toeplitz sense. Consequently, irom (c) and (d) we find that 
lim Y Bniur = | t— S |? = 0, whence t= s." 


at this point the question naturally arises whether or not conditions (1), 
(2), (6) are sufficient to define the strong limit uniquely in general, and the 
following ‘example shows that they are insufficient even for the case of real 
matrices and bounded sequences. l i 


Example 1. Define am sm-2 = 1/m (m = 8n — 2), Aisn- = l/m ` 


im Z 3n — 1), amsn = — 1/m (m = 3n) for n = 1,2, 3,---, and let 
Gma = 0 otherwise. Then (um) is strongly regular, and condition (a js 
satisfied. But if we let sn2—=1, Senı = 0, Sgn = — 1 for n = 1, 2, 3,- 


one easily shows that the sequence {sx} is Er summable by (amx) to both 
Cand 2.. o 


It may be of id to Sein out that this example suffices also to show 
that the conclusion of Theorem 4 is no longer oe in the’ absence from the 
Eypotheses of condition (3). 

In view of Example 1 it becomes necessary to seek further conditions on 
(Gra) in order to insure uniqueness for strongly summable sequences that are 
not necessarily convergent. The problem of finding such conditions which. are 
necessary as well as sufficient remains unsolved. Certain sufficient conditions, 
however, are introduced in the following lemmas and theorems. 


Lemma 5. If, for any subsequence {mn} of: {m}, (dm) 18 of type U, 
then (ame) is.of type U. 


Lemma 6. If, for any bounded sequence of complex numbers {em}, 
(Cmtme) is of type U, then (amx) is of type U. 


Lemma 7.2 If either (ame) or (amu) is of type U, then (Gomis) 18 of 
type U. 


£ 


‘The proofs of these lemmas are immediate consequences of the definition 
of matrices of type U. 


Tuxorem Y. In order that a given matrix (amy) be of type U in general, 
it is sufficient that conditions (4), (5), ee and the aed! condition (8) 
should be cubejsn. 


2'The authors are indebted to Dr. Otto Szdsz for suggesting the introduction of 
Lemma 7, and also for pointing out the generalization of Theorems 7 and 8 obtained 
by replacing the condition y = 1/4 of the original manuscript by “he condition y < 1/2. 
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There exist a value dm: of arg am; (m,k=1,2,3,* * :), 4 sequence 
(8) {hm}, a positive constant y < 1/2, and a constant M = 0, such that, for 
each m > 0 and for all k > M we have dm — y £ bm: E óm + y: 


_ Remark. Stated in geometric language, condition (8) postulates the 
existence in the complex plane of congruent sectors Qm of angle less than rr, 
such that for each m arg amy lies in Qm for all k > M. f 


Pr oof. Setting es ¡Bmx, Where Am -and Bmw are real, we 
- see by Lemmas 7 and 6 that it will suffice to prove that (ams) is of type Ù. 
Now ame = | mx | COS (dme — pm) = | dmx | cos y = 0 for each m > 0 and all 
k > M, so that (amx) satisfies (3). That (ann). satisfies (4) and (5) is clear. 
Moreover, from the inequality | Bñx | S am» tan y (m > 0, k > M), it follows 
that 


l I Ome | E= | Y nam | SEamt > | Bu = (1+ tan y) È amr 
k>M k>M k>M k>M .k>M 


for all m, whence, in view of (4) and (6), Lens) satisfies (6). The con- 

clusion now follows from Theorem 3. 
The question of whether any'such “ sector condition ” as (8) is necessary 

for uniqueness is answered in the negative by the next example. ~~ 


Example . 2. Define amm = Ga = E Amma = — 1 for m = 3, and : 
Amp = 0 otherwise. Then (ax) satisfies (1), (2), and (6), but not (8). 
It is nevertheless of oP U. For supposing that (su) is strongly summable 
to s, we have, for. m = 3, 


om = 2 Umi | s — Sp |P = | S —Sm-2 [P— | S — Sma |? + |s— m |? >0, 
` whence 
om + am + oma | 8 — Sms |P + | 8 — sm |? + | S — Sm |?—> 0, 


so that Sm—> $. ‘Thus (Amr) suihs convergent sequences only, and, indeed, only 
to their proper limits. 


Trxorem 8. In order that a given matriz (mx) be of type U for . 
bounded sequences, it is sufficient that conditions (5), eh and the following 
condition (9) should be satisfied. 


There exist a value a of arg Ona: (m, k = 1, 2, 3,* Es sequences 
(9) {om}, (ln), and a positive constant y <m/R such that (i) for each 
m>0 and for all ke kn” we have bn —1< ome E $m + y, and 
(ii) lim Y | ame,” | = 0. 
m h . 
6 


t 
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Remark. It is clear that any matrix which satisfies (4) and (8) also 
_ satisfies (9), whereas the converse is not true. 
‘ e 


Proof. For each m > 0 define bmx as 0 if k = kn”, and as dmg if k £ ken” 
(k,n =1,2,8,-- +). It is clear that it will suffice to prove that (Bmw) is of 
type U; but this is immediate, since (Dna) satisfies the conditions of Theorem 
Y, with M = 0. 


Theorems 7 and 8 can be extended by application of Lemma 5.in an 
obvious manner, (It may be noted that the condition lim | S dmx | > 0 insures 


m n 


the satisfaction of (6) for all subsequences {mn}—and of course conversely.) 


That no such “sector condition ” as (8) or (9).is necessary for, uniqueness. 


of the strong limit in any case, is evident from Example 2 above. 


Pomona COLLEGE, 
MICHIGAN STATE COLLEGE, - 
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INVARIANTS DERIVED, FROM LOOPING COEFFICIENTS.* 


` By E. R. van KAMPEN. 


A looping coefficient’ was first introduced by Brouwer for two non- 
intersecting manifolds of complementary dimensions k and n—k—1 
embedded in n-dimensional space. Let. the product of the two manifolds be 
transformed into the unit sphere of n-space by means of the vectors from 
points of the first manifold to points of the second manifold. Then Brouwer 
defines the looping coefficient of the two manifolds as the degree of the result- 
ing transformation. It is essential for this definition that the manifolds are 
embedded in ordinary n-space, but if the manifolds are replaced by cycles of 
the same dimensions, the definition retains its meaning. When the iden:ity of 
the looping coefficient of two non-interesting cycles of complementary dimen- 
sions with the intersection number of one of the cycles and any chain bounded 
by the other cycle was established, the way was paved for the introduction of 
a looping coefficient for cycles which are homologous to zero in any arbitrary 
orientable n-dimensional manifold Mn. . At this stage the looping coefficients 
still were characteristics of the cycles only and did not contain any invariant — 
property of the manifold M, itself. : 

The next step was the introduction of looping coefficients also for so-called 
zero divisors of M,, that means for cycles in M, of which a certain integral 
multiple is homologous to zero in My. The definition was now formulated 
as follows: If a times the cycle a, is the boundary of the chain c and the 


cycle az of complementary dimension to a, is a zero-divisor and does not meet * 


a», then the looping coefficient L(a, a2) is the intersection number of c and 
a, divided by æ. The condition that a, is a zero-divisor is necessary and suffi- 
cient for L(a,, 42) to be independent: of the particular choice of c. In this 
last form the looping coefficients are a priori capable of carrying invariant 
properties of the manifold Mn, since it turns out that L(a,@2) is deter- 
mined modulo 1 by the homology classes of the cycles a, and a. As a conse- 
quence of (6) (cf. 1), the looping coefficients of zero-divisors do not carry . 


* Received March 15, 1938; Revised April 11, 1938. : 
1L. E. J. Brouwer, “On looping coefficients,” Proceedings of the Royal Academy in 

_ Amsterdam, vol. 15 (1913), pp. 113-122. Compare also: G. de Rham, “Sur l’analysis ` 
situs des variétés à n dimensions,” Journal de Mathématique, vol. 10 (1931), pp. 115- 
200; in particular pp. 156-165; H. Seifert, “ Verschlingungsinvarianten,” Sitzungs- 
berichte der Preussisghen. Akademie, Physik.-Math. Klasse, 1933, pp. 811-828. 
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invariant properties of M, if the complementary dimensions k and n—k—1 
are distinct, since in that case any base may be used for the torsion group 
(the group of zero-divisors) both for the tlimension k and the dimension 
.n—k—1. 

If n=2k +1, however, the complementary dimensions are equal and 
the following problem arises. “Let two manifolds M„ and M’, have simply 
isomorphic groups of k-dimensional torsion. In which case is it possible to 
conclude from their looping coefficients alone that M and M’, are not homeo- 
morphic. This problem may be solved by transforming the matrix L(ai, aj) 
into one of.a certain collection of non-equivalent normal forms, by.a suitable 
choice of the base a; for the group of k-dimensional torsion. It is easily seen ? 
that in considering this problem one may consider separately for each given 
prime number p, the zero-divisors of which the order is a power of p. 

For even k, the problem was solved by G. de Rham.* It turns out that 
no new invariant of the manifold may be obtained in this case by the con- 
sideration of zero-divisors of which the order is a power of an odd prime num- 
ber p, while for the zero-divisors of order 2* certain unexpected a priori 
possibilities arise for the matrix L(a: aj). However thus far no examples 
are known of manifolds for which: the matrix L(a;, aj) assumes such an 
anomalous form. 
For odd k and p£ 2, the problem was solved by H. Seifert.‘ In this 
note the case’ cf odd k will be considered without ‘the restriction that p 4 2. 
Certain of the considerations of Seifert will be repeated (cf. 2-5). This . 
is due partly to certain modifications necessitated by the inclusion of the case 
p= 2 and partly to the desire to treat the cases p42 and p =2 in the same 


way. In contrast to the former case, the main difficulty of the latter case is ` ` 


the consideration of the influence on each other of zero-divisors of which the 
orders are adjoining powers oz 2 (cf. 11). ` 

In 12 the normal forms arrived at are cömputed for an infinite collec- 
tion of known 3-dimensional manifolds. These examples clearly indicate how 
little the homology and intersection theory can contribute to the fundamental 
problems concerning manifolds even of such a low dimension. 


1. The looping coefficient L(a, b) of a k-dimensional zero-divisor a of 
order «and a (n — k — 1)-dimensional zero- a b of order 8 in an orient- 
. able manifold Ma is given by 


(1) pia, b) =8(0,D)/0, 


°H. Seifert, loc, cit, pp. 816-817. 
3 Loc. cit., pp., 159-165. . 
t Loc. cit., p. 823, '. 
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where c has aa as boundary. Here S(c,b) is the intersection number and a 
and c do not have a point.in common. The following properties are well 
known: r 


(2) L(a, b) is uniquely determined modulo 1 if only the homology classes 
of a and b are given. ` 

(3) L(a,b) = (—1)** L(b, a) modulo 1. 

(4) L(aa + azas, b) = aL (a, b Æ aL (do, b). 

(5) Ifaa~0 and gb ~ 0, then L(a, b) may be written as a fraction with 


the greatest common divisor (a, 8) of « and 8 as denominator. In particular 
if a and £ are relative prime, then L(a, b) is an integer. i 


(6) If a i= 1,2,- > - are the k-dimensional torsion numbers of Mn, then 
they are also the (n — k — 1)-dimensional torsion numbers of M,. Further- 
more if a; is a base of the group of k-dimensional zero divisors, such that 
idi ~ 0, then a base b; may be found for ‘the (n — k —1)-dimensional zero 
divisors in such a way that a:b; ~ 0 and a,L(a:,b;) =8;;. Here bij is the’ 
Kronecker symbol. 


(7) A statement analogous to (6) remains true for those k-dimensional. 
zero-divisors of which the order is a power of a fixed. prime number p. 


_ - This statement follows easily from the last remark in (5). The same 
remark shows also that the problem under consideration is solved in the gen- 
eral casé if it has been solved for the zero-divisors of prime power order zor- 
responding to every prime divisor of the torsion numbers of Mn. 


"2. From now on, k is an odd integer, n = 2k + 1 and Mn is a fixed 
orientable n-dimensional manifold. For a fixed prime number p, let G denote 
the group formed by these k-dimensional zero divisors of G, of which the 
order is a power of p. Let a,--:-,@: be a base of G and let every relation 
between the a; be a consequence of the order relations 


(8) . pia —0 OSaSeS:- Se: 


Let. A be the matrix with elements gij =p" L(a, aj); then (2) shows that 
` the integers gi; are uniquely determined modulo p*, while (3) shows that 


(9) > pigas = pg: modulo De 


Since the transformation from one base of G to another base of @ may 
be made by means of a non-singular matrix modulo p, it is clear that (7) is 
equivalent to the stabement that A is non-singular modulo p. Since, by (9), 
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gi; is divisible by per“, whenever e; > ej, the symmetric submatrices A‘ 
of A, which correspond to sets of subscripts J, 1 + 1,- - -, m, where 
. 


(10) e = Cl = ly lm Cl- SG Om L Em, 


are also non-singular modulo p.° Now A“, being non-singular modulo p, has 
an inverse matrix modulo p* which also has integer elements. This inverse 
may be obtained by multiplying the ordinary inverse by an appropriate integer 
prime to p. If et > e” == e then the sum of a and any linear combination of 
the generators a1, @i41,° * * Gm may be used as generator instead of az. With 
the help of the inverse matrix of A‘ one may easily find linear combinations 
in‘such a way that for the new matrix A, l 
Jii = Jij; = 0, j=l. Pd. ‚m, 1>m. 

Thus 4 may be reduced to diagonal form, each element of the diagonal being 
one of the matrices A. i . 

If this reduction has been completed, let H be the subgroup of G gen- 
erated by the elements & = b,, dis, = bo, “© `, Am = br of G, r= m— l + i. 
Then any relation between the b; is a consequence of the order relations 
pbi ~0. Let [c:, cj] denote, for any pair of elements ci, c; of H, the number 
P°L(ci,¢;). Then, by (1), (2), and (4) the [c;,c;] are integers uniquely 
_determined modulo p° and the [c;, cz} are linear in ¢;. Since k and n are odd, 
(3) implies that [c;, cj] = (ez, Cs]. , 

’ Furthermore, the matrix 
(11) B= || hi; || = Iba 0,31 = Lbs, 0311 = || ys || 
is non-singular modulo p, since it is identical with A. 

The next problem is to determine a number of non-equivalent normal 
forms into one of which every such matrix B may be transformed by a change 
of base of H. If the new generators of H are given in terms of the old genera- 
tors by left multiplication with a matrix P, which is necessarily non-singular 
modulo p, then the matrix B is replaced by the matrix PBP’. Thus the 
determinant of B may be multiplied by any quadratic residue modulo p° but 
not by any other factor. 

In what follows a matrix B will occasionally ve considered as belonging 
to two or more groups H of which the generators have two or more distinct 

` orders p°. Wherever necessary the exponent e will be specified by placing 
modulo p° after a statement on B. 


3. Let B be the matrix (11) corresponding to a group H which is gen- 
erated by r independent elements b,,* © *, br, each of order p°. 


5H. Seifert, loc. cit., pp. 818-819. s 


4 
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First it will be shown ® that B may be transformed into diagonal form 
if pis odd. In fact, if h; is not divisible by p, one has [bi, mbi] = mh; = 1. 
modulo p* for a suitably chosen Integer m. If one replaces b; by the new 
generator b; — mb;hi;, the element hi; will be replaced by zero. Proceeding in 
this fashion one may replace all elements in the i-th row and i-th column - 
(except Aj; itself) by zero for any 1, for which hi;5£0 modulo p. Now sup- 
pose that all reductions of this type have been made and that hi, is divisible 
by p. Since B is non-singular modulo p, it follows that at least one element in - 
the i-th row, say hij, is not divisible by p. Since all reductions of the pre- 
ceding type have been made, hj; must be divisible by p. If one replaces by 
by the new generator b; + b;, the i-th diagonal element in the new matrix B 
is haz + Rz; + hij. Thus if p 2, the new diagonal element is not divisible 
by p and the preceding reduction may be continued until B has been trans- 
formed into diagonal form. 


4. Suppose that p 42 and that B has been transformed into diagonal 
form. If u, and uz are arbitrary diagonal elements of B, corresponding to 
the generators b, and bz of H, then it is possible to replace u, by 1, changing 
uz if necessary, but leaving all other elements of B unchanged.” It will first 
be shown that the subgroup of H generated by the elements b, and 6, con- 
tains an element c = a,b, + azb, such that 


(12) [e, c] = %%u, + au = 1 modulo p°. 


_If u, (or ue) is a quadratic residue of p°, one may choose a, (or %,) equal to 
zero and determine a, (or a) in such a way that (12) is satisfied. If u, and u, 
_ are not quadratic residues of p°, let v be a quadratic non-residue of p° such 
that for some r, 

(13) 1 +7? = v modulo p°. 


One may take as v the smallest positive quadratic non-residue modulo ¢. For 
any quadratic residue (non-residue) modulo p is also a quadratic residue 
(non-residue) modulo p°. The group of prime residual classes modulo p° is 
cyclic, so that u,v and ut are quadratic residues. Thus the integers a, and 
@ may be found in such a way that 


a us 1, A: uv = 1? modulo p°. 
Equation (12) is now an immediate consequence of (13). 
° H. Seifert, loc. cit., p. 822. 


7 Compare H. Seifert, loc. cit., p. 823, footnote. It seems that the elaboration in 4 
is necessary to completg the indications given there. 


600 E. R. VAN KAMPEN. 


The element c may ¿buon be used as one of the generators of the sub- ` 


group of H generated by b, and bz. By (12) the corresponding diagenal 
element of the new matrix B is 1. If the other generator of the subgroup H 
is chosen according to the method of 3, and the remaining generators of H 
- are left unchanged, the object stated at the beginning of 4 is obviously reached. 


Clearly one may use the above method to replace the diagonal elements of ` 


B, except perhaps, one, by the number 1. The remaining element different 
from 1 may be’placed in the position hı, and may be multiplied with an arbi- 
trary factor a? prime to p* by multiplying the corresponding generator with 
a. Thus it is‘clear that a matrix B corresponding to a, triple of numbers 
PÆ 2, e, r may be transformed into the unit matriz Er, if det B is a quadratic 
residue modulo p°, and B may be transformed into the matris. EB, , obtained 
from the unit matriz E, by changing the first diagonal element into an arbi- 
trary quadratic non-residue modulo p°, if det B is not a quadratic residue 


modulo p°. Moreover, if px=2, then two matrices, which are non-singular . 
modulo p, are equivalent modulo p°, if and ang if they are equivalent 


modulo p. 


5.. The structure of the group H is determined by the numbers PD, €, T, 
which in turn are determined by (10) in terms of the fundamental relations 


- (8) of G. However, it is clear that the subgroup H of @ is not only not | 


uniquely determined by G but even not uniquely determined by the matrix A 
of the numbers g;;. In fact let A be reduced, as described in 2, to a diagonal 
‘form, each diagonal element of which is one of the matrices A“. If ¿and $ 
‘are such that e: > e,, add pere; to the generator a; of G. Apply the reduc- 
tion of 2 to the mattrix A in its new form. The j-th generator remains equal 
to ay + p*e1a;, so that the group H, belonging to e = es, has been replaced by 
a different group. Accordingly the considerations of 3 and 4, for the case 
pÆ, must be completed by an investigation of the changes of det A, 
. when the group H is replaced by a different group. ` This is very easily done 

by means of the following statement. 

If two different matrices B and C both are obtained from the same group 
G as the matrix A“ corresponding to two different subgroups H and H’; both 
of which have r generators of order p°, then they satisfy a relation of the form 


(14) C = PBP’ modulo p° 


for some matrix P which is non-singular modulo P. Here c is the least posi- 
tive value of | e;— e | and the e; are the different orders of generators of G. 
In fact the ee b'i of H” may be expressed-in terms of the genera- 


tors b; of H, i= 1,- + *,r and the remaining elements a;,0f a set of generators 


A 
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of @ (which includes the b;) in the form b’ = Pb + Qa, ET b’, b and a are 
vectors with components b’;, b; and aj. It is easily verified that P must be a 
non-singular square matrix modulo p, so that new generators of H are defined 
by b” = Pb.’ The matrix A' which corresponds to the new generators b” is 
clearly D = PBP. 

Thus in order to prove (14) it is sufficient to show that if the group H is 
modified by the addition of linear combinations of generators of order s£ p° to 
the generators b” of order p°, then the congruence classes modulo p° of the. 
corresponding matrices A‘? are the same. 

If a; has the order p% < p° and if the generator ZA is replaced by 

"i = b”: + aaj, then one has for the i-th diagonal element of Ato, 

peL (b's, bs) = peL (b's, B's) + po [2aprL(a aj) + ape L (ay, a] 
and similar changes take place in the other elements of B. If a; has the order 
_ p” > p°, then only linear combinations of the form ap%-*a; may be added to 
the generators of H, and a similar change in the elements of A‘? results, 
Since passage from 6”; to 0’; is possible by a finite number of steps of the 
two types described it clearly follows that (14) holds. 

As a direct consequence of (14) and the last statement in 4 one. obtains 
the following final statement for the case under consideration: If p 742, the 
invariants of the different matrices A? are also invariants of A itself. 


6. Let B be the matrix (11) which corresponds to a group A with r 
generators each of order 2°. Then B may be transformed into diagonal form, 
if and only if at least one diagonal element of B is odd. Since B is non- 
singular the necessity of this condition is made evident by the remark that, 
if every diagonal element of B is even, then fa, a] is even for every a in H. 

For the proof of the sufficiency let it be remarked first that, if no diagonal 
element of B is odd, then the number of rows of Bis even. Otherwise B would 
be singular modulo 2, since every term of B would either contain a diagonal 
‘ element or have a symmetric term distinct from itself. It also follows that 

the coefficient of any diagonal element of B in det B is even, so that B remains 
non-singular modulo 2* if any number is added to one of its diagonal elements. 

If B has at least one odd diagonal element, B may be reduced bv the 
method of 4 to the form 
; ha 

B = || hij | = 
hs 
B” 

where B” is a square matrix without odd diagonal element and the empty 
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spaces represent terms which are equal to zero. If one replaces the generator 
Bert DY bss + bi, then Misr heya. and Assı,ss,ı increase by hi, so that the new 
(s+ 1)-th diagonal element is an odd number. Since the matrix, which 
replaces B”, is non-singular by the above remark, one can reduce the elements 
hy ss and hex 1 to zero by adding a suitable linear combination of bau, * >, br 
to bı. The first diagonal element in the resulting matrix B is again odd, since 
it is the only element = 0 in its column. Thus the number of odd diagonal 
elements of B has been increased by one. This procedure, combined ‘with the 
method in 3, reduces B to diagonal form. 


7. Let B be the matrix (11) belonging to a group H with + generators 
of order 2° and suppose that B has diagonal form. If e=1, B has the form 
E, modulo p°, so that no further reduction is necessary. If ¢ == 2, the diagonal 
elements of B may be taken equal to +1 or —1. It will be shown that 


a matriz B corresponding to a triple of numbers p = 2, e == 2, r may be trans- 


formed into one of the non-equivalent forms Erm, OS m < 8, m Sr, where 
the first m elements in the diagonal of Erm are —1, while the remaining 
elements are +1, (in particular Ero = E,). First it is easily seen that any 
four elements equal to — 1 in the diagonal of B may be replaced simultaneously 
by +1. In fact if [a:, a] =— 1, i = 1, 2,3, 4, then [bi, bi] = + 1 modulo 4, 
where 

by = a, + 42 + ds, da =01 — Oy + Ma, bs =— dy, + a3 + Qa, ba = 42 — Ag + Oy. 
Thus if the b; replace the a as generators of H, four elements — 1 in the 
diagonal of B are replaced by — 1. This proves that any of the matrices B 
under consideration may be transformed into one of the above normal forms 
Em and also that m is determined as the residual class modulo 4 of the 
number of diagonal elements —1 in B. It remains to prove that the above 
normal forms F-m are not equivalent. The value of det B may be used to 
prove that Erm and By, are not equivalent if m*—n is odd. The non-equiva- 
lence of Ego and Egs and also of Eq and Eas is a consequence of the non- 
equivalence of Ey) and Er, if r > q. This is seen by adding r — q generators 
of order 2° to the q generators which give rise to Eqm. 

Thus it remains to prove the non-equivalence of Ero and Epa for some 
arbitrarily high r. For any group H of the type under consideration, let H’ be 
the subgroup of H determined by the elements of order 2 of H. The value of 
[a, a] is constant on each co-set of H’ in H. In the table below the number 
of these co-sets, on which [a, a] takes specified values, is listed for five groups 
Em. If the matrix B, belonging to H, is E», the number of co-sets of H’ in 
H, in which [a, a] = a modulo 4; is obviously 3 ( 41 a ). This gives 

ort 


204 ar 


the first, third ayd fourth columns of the table. The second may be easily 


ie, cause y ae 
ar 


+ 
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verified directly. .The last may an obtained from the second and third by 
noting that the group H corresponding to Br.ı » is the direct sum of the groups 
corresponding to Fro and Ess. THe table shows immediately that the matrices 
B = Em and B= E, are not equivalent for any r of the form 8k + 2. 





fa, alNB E, Ex Beno. Esso Eski 2 
0 1 1: Q8k-2 RN Q8k __ 94k 286 + Q4k 
1 2 O B24. 241. 28 28% 
2 1 1 98-2 Pe Qk Q8k___ 94k 
3 0 Q  Q8k-2_ Q4k-1 gsr Q8k 


8. Let B be the matrix (11) of a group H with r endete of order 
2° > 4, and suppose that B may be transformed into diagonal form. Then B 
is equivalent to the matrix B’ = || hidi; || modulo 2° if and only if B is equiva- 
lent to B’ modulo 8. For e= 3 this is evident. Suppose that the statement - 
has been proved for e — 1, so that B may be transformed modulo 2°! into the 
form B’. The same transformation transforms .B- modulo 2° into the form 
B’ 4- 21D, where each element of Dis 0 or 1. If B is reduced to diagonal 
form by the method in 3, it retains the form B’ + 2*1D, where D is now a 
diagonal matrix each element of which is 0 or 1. The proof by induction of 
the above ‘statement in italics is completed by the remark that 1 + 2¢7 is a 
quadratic residue modulo 2° for e > 3, since 


52e == 1 + 2°*? modulo 2%%, c =e — 8 Z0. 


Thus it remains to consider the diagonal matrix B if 2¢=-8. In that 
case any two diagonal elements h, and hz of B may be replaced simultaneously 
by hi +4 and ho +4. In fact it is sufficient to replace the corresponding 

` generators b, and bg of H by by + Ahıb, and b¿— 2heb,. Thus, if B is equiva- . 
lent modulo 4 to the form Fm, it is equivalent modulo 8 (and also modulo 2, 
e > 8) either to Lym or to Frm, where Frm is obtained from Em by adding 4 
to the first diagonal element. . That By» and Frm are not equivalent is evident, 
since their determinants are distinct modulo 8. Accordingly, one has for the 
matriz B corresponding to a group H with r generators of order 2° > 4. the 
eight (or 2v + 2 if r & 3) non- -equivalent i ee normal forms Erm and Pym, 
sms, mar. 

The following statement may be obtained easily from the above considera- 
tions: Two matrices B and B’, which belong to two groups with r generators ` 
of order p° == 2° = 8 and have at least one odd diagonal element, are equivalent 
modulo 2° if and only if they are equivalent modulo 8. 


9. Let B be the matrix (11) belonging to a group H with r generators 
b; of order 2° and suppose that every diagonal element of B is even, so that 
B cannot be. transformed into diagonal form and r is even. If hij is an odd 
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element of B, the submatrix o? B formed by the elements in the intersections 
of the i-th and j-th column with the i-th and qn tow is non-singular modulo 2, 
so that the remaining elements in these rows and columns may be changed. 
‘into zeros by adding multiples of bi and: b; to. the other generators of H. 
Continuing this process one may transform Binto a’ diagonal matrix the 
elements of which are two rowed square matrices. The odd elements in these 
two-rowed matrices may be made equal to 1 by multiplying one of the two 
corresponding generators with some odd number. Then each such matrix 
appears in the form 


(15) a ee ay 


If two-matrices of the form (15) are congruent modulo 4, then they are 
. equivalent modulo 2°. If e=1 any two matrices of the form (15)-are equiva- 
lent. If e=2 their equivalence modulo 2° is an immediate consequence of 
‘their congruence modulo 4 = 2°. Thus the above statement will be proved 
- by complete induction if it is shown that, if two matrices (15) are equivalent 
modulo 2¢+, they are equivalent modulo 2°,¢>%. If C is the one matrix, 
and the other may be transformed into C modulo 2°, then it may be trans- 
formed into the form C + 2*1D modulo 2°, where D is symmetric and each 
. of its elements is either 0 or-1. Now any diagonal element of D may be made 
equal to 0, since, if e > 2, one may add 2°! to a diagonal element of O + 2*1D 
by adding to the corresponding generator 2°? times the other generator. 
Multiplying, if necessary, one of the generators by 1 + 2° one finds that C 
and O + 2¢4D are equivalent, so o that the above statement in italics follows 
by complete induction. 


Any matriz (15) is equivalent module 4, må hence modulo any power of 
2, to one of the two matrices 


eh 


In fact, since equivalence modulo 4 is a consequence of congruence modulo 4 
and generators may be: ‘interchanged, it is Suieienit to show that the matrices 


T, and 
0 1\ 
E 1 2 
. are equivalent modulo 4. This is evident if one replaces the second generator 


by the sum of the two generators. 
The four rowed matrices 


[l 0 J, ON 
a 2) and © 7) e 
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- are equivalent modulo 2°. For e= 1 this is evident. If e > 1 transform the 
second matrix by adding the third. generator of the corresponding group to the 
first generator. The upper left-hénd corner then takes a form equivalent to I, 
and may be reduced to Tz. ` If the matrix is reduced further to normal form, ` 
the lower right-hand corner must assume either the form I, or the form Jz. 
That it cannot assume the form J, follows from the fact that I, and J, are not 
equivalent. This will be proved in 10, where J, and J, are defined for every 
even r. 


10. If r is even, let I, denote the matrix obtained by arranging dr 
matrices J, in the diagonal of an r-rowed matrix, of which the remaining 
` elements are zero, and let J, denote the matrix obtained from Ir by replacing 
the first of the matrices I. by Js 2 It is easily seen that the considerations in 

9 imply: . 

If B is the matriz (11) of a group H with r dieta of order 2* and 
af every diagonal element of B is even, then r is even and B may be trans- 
formed into the form I, or J,. It will next be proved that I, and Jr are 

. equivalent modulo 2° if and only if e=1. The case e =1 of this statement 
is evident. It is also evident that the case e > 2 is a consequence of the case 
e= R, It remains to show that I, and J, are not equivalent modulo 4. But- 
this is evident from det J, 54 det J, modulo 8 and from the following statement. 

If B has even diagonal elements and B is replaced by an equivalent matric 
modulo 2° == 4, then the residual class of det B modulo 8 remains unchanged. 
In fact, changing B into an equivalent matrix either results in multiplying 
det B by the square of an odd constant (and such a square is always congruent 
to 1 modulo 8), or it consists in adding multiples of 4 to the elements of B. 
The latter changes do not affect the residual class of det B modulo 8, since B 
has to remain symmetric, has even diagonal elements and has an even number 
of rows.’ 

The results obtained may be restated as follows: Two matrices B and P’; 
which belong to two groups with r generators each of order p° = 2° = = 4, and 
one of which has no odd diagonal element, are equivalent. modulo 2° if and only 
if they are equivalent modulo 4. 


If a matriz B belongs to a group H, which has r generators of order 2°, 
e > 1, and if every diagonal element of B is even, then B is equivalent to I, 
or Jr according as det B == (— 1)? or det B=5(— 1)?" modulo 8. 


11. Let G be a group of which all elements have an order which is a 
power.of 2 and let the corresponding matrix A (cf. 2) be transformed into 
normal form by the methods of 6-10. As in 5, it is necessary to investigate 

‘in how far this normél form is dependent on the particular choice of the sub- 
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groups H of G corresponding to the different orders 2° of base elements of G. 
By (14) and the statements at the end of 8 and 10 the invariant properties 
of a matrix A“ derived from A, are also fnvariant properties of A if e=1, 
or if e—2,¢>1 or if ¢ >2 (Immediately below (14) the definition of c 
may be found). 

The problem described above will be investigated here in the case where 
only two distinct exponents e occur in the orders 2¢ of base elements of G and 
if the difference of these twc exponents is not more than 2, i.e. if in (14), 
¢2. On the basis of the facts obtained, it will be easy to decide what are 
the invariant properties of any particular matrix A. 

The following three statements will be needed: 

(17) Modification modulo 4 of a matriz B in the normal form Ir or Jy or 
modification modulo 2 of non-diagonal elements of such a matriz does not 
change the normal form. The first part of this statement has already been 
proved. The second part depends of course on the fact that all matrices under 
consideration are symmetric. It is easily checked that the addition of one 
pair of symmetrically placed even elements to I, or J, does not change the 
residual class of the determinant modulo 8. But the same must hold if more 

. than one such pair is added. For any new term, which contains one element: 
each of more than one peir of new elements, cannot affect the determinant. 
modulo 8, since it is either divisible by 4 and dup-icated by a symmetric term, 
or else is symmetrically placed, in which case it is divisible by 16. 


(18) Modification modulo 3 of a matriz B in the normal form E ym or Frm or 
modification modulo 4 of non-diagonal elements of such a matriz does not ` 
affect the normal form. The first part has already been proved. For the 
second part it should be remembered that m is invariant under modifications 
modulo 4. The statement follows, since it is easy to verify that the determi- 
nant modulo § is not changed by addition ¢f pairs of symmetrically placed 
numbers which are divisible by 4. 


(19) Modification modulo 4 of a matrix B in the normal form Erm or Frm 
or modification. modulo 2 of non-diagonal elements of such a matriz may 
interchange E and F bui cannot change the value of m. The first part is 
already known. For the second part, notice that if a pair of symmetrically 
placed even elements is added to Lim or Frm and this pair is eliminated by a 
change of base according to 3, then the change in diagonal elements is a 
modification modulo 4, so that the second part is 2 consequence of the first part. 


In what follows a matrix A is supposed to be built up out of a matrix 
AW and a matrix A‘) or A‘), both of which are supposed to have normal 
form and the ,problem is to determine the invariant properties of A. The 
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large number of cases to be considered has been arranged in five groups of 
which only the last gives some trouble. 

The form AY A‘ cann8t be modified if at least one of the normal 
forms is I, or Jr. That the one equal to I, or Jr cannot be modified follows 
from (14) and (17). But if one of the matrices has the form Erm or Frm, 
its normal form cannot be modified by (18), which is applicable, since the 
other matrix has even diagonal elements. 

The form AA cannot be modified if both petites have a normal 
form of the type I, or J,. In fact in this case the second half of (17) is 
applicable, since all diagonal elements are even. 

In the form AA, where both A® and A‘ have normal forms of 
the type Em or Frm, the two values of m and the product of the determinants 
of A® and A‘ modulo 8 are invariants. In other words both 4” and A? 
may change from E to F or conversely at the same time but not separately. 
That the two values of m are invariant follows from (14) and (19). That 
the product of the determinants is invariant modulo 8 is evident, since the 
transformation of generators for H'® and H+ combined consists in multi- 
plication with a non-singular matrix. It remains to show that the determinant 
of A‘) is not invariant. This is clear, since the determinant of A ‘¢t?) 
changes if any generator b; of He? is replaced by the sum of b; and any l 
generator of E”, 

In the form AA, where one matriz is of the type I, or J, and the 
other is of the type Esm or Fam, the value of m and the product of the two 
determinants modulo 8 are the only invariants. In other words the one may 
change from I, to Jr or conversely if the other changes at the same time from 
Esm to Fem or conversely. That m is invariant follows from (19). The 
product of the determinants is always invariant modulo 8. In order to see 
that the determinants of A‘? and A‘¢*? are not separately invariant in case 
A‘) has the form I, or Jr, it is sufficient to add one generator of A‘ to 
both generators corresponding to a matrix I, or J, in AV, If 4'” has the 
type I, or J,, one obtains the same result by adding twice one generator of 
A‘) to a similar pair of generators of A‘. 

Ife = 1 or if e = 2 and A“ is of type E or F in the last two statements, 
the product of the determinants modulo 8 is not an invariant of the matrix 
A, since then det A” is not an invariant of 40, 

Let the two matrices A® A both have a normal form of type E or F. 
In (20) each vertical pair of numbers represents diagonal elements the first 
in A®, the second in A‘, Two vertical pairs separated by the sign ~ are 
such that the one pair may be replaced by the second in the normal form under 
discussion. Ife=&# or e—2 the table may be simplified in an obvious way. 
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ap E ES 17? 13 1 7 85 35 57 57 
Mana ae E AS 

In order to see how (20) is obtained, EN the generators a and b of 
order 2° and 2° with L(a, a) = k2-*, L(a, b) — 0, L (b, b) =12*", The new 
generators a’ = a + 2b, Y = kb — la satisfy L(a”, a’) = (k + 21)2-°, 
D(a’, b) = 0, L(Y, b) = (kl + 212%) 2-e2, Since in every A any reduction - 
modulo 8 may be obtained by a change of generators and since k and 1 are odd 
numbers, one sees that the pair k, l may be replaced by the pair k + 21, I + 2k. 
That no other equivalences are valid, except those in (20) may be verified 
easily. Now if AA is a matrix A, and if both A‘ and Ate. are of the 
form Em or Frm, then it is easily seen from (20) that A‘ may be reduced. 
to the form Evo ov Pro and also that, if A‘? and Ad do not both have 
exactly one row, then AD may y be reduced to the form Er = Er. The in- 
variants of the new form of A® are now the invariants of the pair A" Aven), 
This statement may be proved by a method which is closely related to the one 
used'at the end of 7. Of course if both A and A‘ have one row and 
e>1, then the pair A A has in addition the invariant property that 
A‘) may be reduced to the form By or Fio 


12. Examples may be given to show that all normal forms found above 
for the matrix of looping coefficients of a manifold of dimension n = 4k + 3 
with given 2% + 1 dimensional torsion may actually occur. The problem to 
prove this is simplified very much by the well known remark that the sum‘ of ` 
two manifolds M, and M’n has a matrix of looping coefficients which appears 
in the form 


Ge) 


where L and L’ are the matrices cf looping coefficients of M, and M'n. The 
sum of two manifolds of the same dimension’ n is obtained by omitting an 
n-simplex from both manifolds and identifying the boundaries of the remain- 
ing bounded manifolds. Thus any normal form of a matrix of looping ` 
coefficients which is diagonal may be obtained by forming the sum of suitably 
chosen lens spaces® (Linsenräume) and all ‚other normal forms may be 
obtained if examples are known of manifolds with 2 torsion numbers 2°, such . 
that their matrices of looping coefficients have the normal forms 7, and J». 
In case n= 3 many ae which are not sums of simpler manifolds 
“may be found among Seifert’s “ gefaserte Räume.” Here only the manifolds ` 
of that type will be considered with a signature ° of the form 


* Compare H. Seifert, loc. cit., Pp- 824-825.. e 
"For the definition and properties of “ gefaserte Räume,” see H. Seifert, "Acta 


N 
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(21) (0 0;0/0;0%,2*%; a, 225° - +, dr 2%), 
where : 
(22) r is.even, a; is odd, t= 0,1,2, * -,1, 0-1. 


‘Manifolds with such signatures are obtained by the following construction. 

Let C X S be the product of a simple closed curve C and a 2-dimensional 
manifold § of genus zero. Let Ci, i= 0,---,7, be r-+1 simple closed 
‘curves on S of which the “interiors” have no point in common. Now omit 
for each i the product of C and the interiors of C; and replace this product by 
a different anchor ring T; with the same boundaries C X C: but on which 
2°b; + aa is homologous to zero instead of di. Here a is a basic cycle on 
CX p (p is any point of S) and b; is'a basic cycle on q X C; (q is any 
point of Q). 

Let u; be a 2-chain which is on 74, except for the product of 8, and an 
are from a point of C; to the point p, and suppose that 


(23) Wet aa. 
Then one has for the intersection number S (us, bj) of u, and bj, 
(24) S(us, b;) = «4843, 


where b; is thought of as moved into the interior of T; by a small deformation. 
As generators of the homology group of the manifold under consideration we 
may use b; anda, with the basic homologies l 


(25) 26b: + aa ~ O, eg + + 7, and 3b, ~0. 
4=0 


The last relation expresses the fact that the “exterior ” of all curves O; has 
as its boundary the sum of all simple closed curves C;. As new generators 
of the same homology group one may use o 





(26) a and cj, where c; = ab) — bj, j= Leoi 
For (25) and (26) imply 
Zo ~ Bb and 20020, j=l BE 
By (22), the coefficient £ of bo is an odd number. Thus by nn be obtained. 
. as a linear combination of Bb, 3; and 2%») ~ — a. Since b; = 4% — ĉj, 


this implies that every element of the homology group may be obtained as a 
linear combination of the elements (26). The basic homology relations (25), 
if expressed in terms of the generators (25), take the form 


(27) Bao, 20, j=l, or. 


Mathematica, vol. 60 (1933), pp. 147-238. For the signature (21), see in particular 
p. 181. For the statement that the spaces are not ‘sums of simpler manifolds, see p. 229. 


Vi 
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The g; are not apace to be positive. Accordingly one may choose the æ; in 
such a way that f= 3 a; = Í, in which casg the manifold has r torsion num- 


bers equal to 2°. “Whether or not one aka this assumption, the only group H 
_ of interest has. the r generators c; of order 2°. The corresponding matrix B 
“may be determined as follows. By (23) and (26) 


Aito — Ui — 2° (aibo — bi) = 23, 1—=1,- e,r. 
Hence on denoting again by hij, i, j = 1,* - ',‚r the general eleinent of B, 


7 hij = S (tito — Ua, ajby — bj), 


and so, by, p | 
(28) = || kyl = d 0% + edi los: == le. r. 


“Since all diagonal elements of B are even by (22), the normal form of B is u 
Ir or Jr according as 


(29) det B= (—1)¥ or det B=5(—1)r" modulo 8, 


and before determining det B one may reduce the elements of B modulo 4. So 
suppose that 


(30) %=1modulo 4, vee. GW =— 1 modulo 4,4 > s; r—s=t,.. 


‘Then B reduces modulo 4 to the form 


Ay Oy dns = l 
oi 2) 4,9 =l, +58; l k =s +1, s +6, 
. Where i . i 
Aiu =1 4 bij Cy = Ca =— 1, Diy = 1 — 8x. - 


In order to compute the determinant, first change the sign of the last 
t columns, then subtract the (++ 1)-th column from the i-th column succes- 
sively for t= 1,- * *,8 de t—1. Next subtract suitable multiples of the first * 
up to the (s + ¢— -ih column from the last column, making all elements 7 
of the last column zero except the last element. Thus one sees. that 


. (31) A det B= (—1)! (s— t + 1) modulo 8. 
Comparing (29) and (31) the following statement may be verified : 


- If a manifold with signature (21) satisfies (22) and (30), then its 
matriz of looping coefficients has the normal form I, if s — t = 0 or 6 modulo 8 
and J, if s—-t==2 or 4 modulo 8. 
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FIXED POINTS AND THE EXTENSION OF THE HOMEO- 
MORPHISMS OF A PLANAR GRAPH.* - 


By SAUNDERS MacLANE and Virer W. ADKISSON. 


1. Introduction. Gehman, Adkisson, and Moore* have found con- 
ditions under which a given homeomorphism of a continuous curve on the 
sphere can be extended to the sphere. In this paper we consider the problem * 
‘of characterizing those graphs on the sphere for which every homeomorphism 
of the graph can be extended to the sphere. We restrict ourselves to eycliely 

` connected? graphs and obtain a necessary and sufficient condition that such 
a graph has some one map * on the sphere in which all of its homeomorphisms 
are extendable. This necessary and sufficient condition depends essentially 
on the behavior of certain fixed points, for it asserts merely that the fixed 
points of all homeomorphisms of order 2 must be distributed on the graph 
as are the fixed points of periodic homeomorphisms of the sphere. i 


1.1. Let G, be a cyclicly connected continuous curve lying on the sphere 
. and consisting of a finite number of simple closed curves. Then G, is com- 
posed of a number of simple arcs @,, 81  *, each ending on two branch 
points. These simple arcs and branch points, considered as elements, con- ` 
stitute a combinatorial graph G; such a graph is made up of a finite number 
of edges (simple arcs) a, B, y, - ' and a finite number of vertices p, q,1,***, 
each edge “ending ” on just two vertices.» An edge « with ends p and q will 
be denoted by a(p, q). The original curve G, is a map of the graph G; for 
a given G,, we may assume, without loss of generality, that each ver of G 
is on at least three edges of @.* 

. A given homeomorphism T of _G, to itself takes each arc a, of G, into 
some are B, = Ta, and thus sets up a one-to-one correspondence between the 


* Presented to the Society, March 27, 1937. Received by the Editors April 8, 1937. 

t Gehman, [1], [2], [3]; Adkisson, [1], [2]; Moore, [1]. Numbers in brackets 
refer to the bibliography at the end of the paper. aoe l 

2 One form of this problem was originally suggested by J. R. Kline. 

3 For this. concept see Whyburn, [1], [2], [3], and Whyburn. and Kuratowski [1].. 
A cyclicly connected graph is also non-separable in thes sense of Whitney. See Whitney, 
[1], Theorem 7. . 

í Ta another paper we characterize graphs such that all homeomorphisms are ex: 
tendable in every map. See Adkisson and MacLane [1]. 

5 For definitions of. other combinatorial terms used, see Whitney m or [2], or 
MacLane ad. 
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corresponding edges « and 8 in the combinatorial graph G. This correspond- 
ence is an automorphism of G. Here an automorphism o of a combinatorial 
graph G is a one-to-one correspondence « <$ o& of the edges of G to the edges 
of G and a one-to-one correspondence p<> op of the vertices p of G to the. 
vertices of @ such that each edge a(p,q) corresponds to an edge oa with the 
. ends op and aq. l 

The extendability of a homeomorphism is intimately hr i the possi- 
bility of disconnecting the graph by removing two of its vertices. We shall 
call this “splitting ” the graph. More explicitly, a semi-split of G at the 
vertices h, and hz is a representation. of G as a sum 


(1) G=H +H, 


where H and H’ are two non-void subgraphs, having in common no ares and 
no vertices except for the vertices hı and he. This semi-split is a split of G 
if neither H nor H’ is a chain. A subgraph H in a semi-split (1) of G at hi 
and -hz will be called least if H has itself no semi-split at hy and hz; that is, 
. if any two ares of H are connected outside h, and hz. A split (1) of G will 
itself be called least if either of the components H or H” of the split is least. 
If (1) is a least split, the subgraphs H, and H, are components of G, and 
each component has the ends h, and he. Note that component means 
“ component of a least split.” * 


1.2. If a graph @ is mapped on the sphere, and if a homeomorphism 
of the sphere carries @ into itself, then a fixed point x of the homeomorphism 
on the sphere may be on the graph, in which case the graph will have a fixed 
vertex or a fixed edge. Otherwise « lies in one of the complementary domains 
into which the graph subdivides ‘the sphere, so that the boundary of this com- 
plementary domain must go into itself in the homeomorphism. Tf @ is cyclicly 
connected, this boundary is a circuit of @. Hence fixed points on the sphere 
appear in @ either as fixed vertices, edges, or circuits. “We define for any 
automorphism o of G: a fied vertex p is one with op =p. A fixed edge «a 
is one with va = a, while a circuit C is'a fixed circuit if cC —C, and if C 
contains no fixed vertices or edges. We note that in a fixed circuit C the. 
cyclic order of the vertices and edges must be preserved by o, since an inversion 
of this order would necessarily involve two fixed points, either edges or vertices, 
on C. A combinatorial fixed point will mean either a fixed vertex, edge, or ` 
circuit. 


F °It can be shown that a cyclicly connected graph q has a split if and only if it 
contains-a “ split circuit,” in the sense of this.term used in Adkisson and MacLane, [1]. 
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1.3. A homeomorphism of a graph which can be extended to the sphere 
gives essentially 7 a periodic transformation 7’ of the sphere into itself. But 
a periodic transformation is homesmorphie to a rotation about an axis or to a 
reflection in a diametral plane or to a product of a rotation with a reflection, 
and hence has either two fixed points, or a circuit all of whose points are fixed, 
or else no fixed points (cf. Bilenberg, [1]). Some impossible configurations ` 
would thus be 


(i) a circuit of fixed points plus another fixed point; 
(ii) three distinct fixed points plus a fixed circuit.’ 


Our main theorem states essentially that a graph with no such impossible 
configurations has a map in which all homeomorphisms are extendable. In 
the census of distinct fixed points for condition (ii), several fixed circuits 
might unfortunately correspond to the same fixed point on the sphere. In 
this case the fixed circuits will “nest” in some fashion. More explicitly, 
three fixed circuits, each pair of which lies on one side of the third, would 
correspond to three distinct fixed points on the sphere. In this statement, 
the term “ side ” refers to the map of the graph on the sphere. We can replace 
it by a purely combinatorial term. A combinatorial side of a circuit C in @ 
is a subgraph H CG such that G has a least split G = H + (@—H) 
in which? CC (@—@). 

We thus obtain the following condition which refers only to combinatorial 
properties of the graph. In stating this condition an exception is made of the 
particular graph Go, consisting of two vertices p and q, and of four distinct 
ares, each with the ends p and q. l 


THEOREM 1. If G is a cyclicly connected planar graph, not the graph 
G, defined above, and if each vertex of G is on at least three edges, then G 
can be so mapped on the sphere that any homeomorphism of G into itself can 
be extended to a homeomorphism of the sphere into itself if and only if there 
is no automorphism o of G with o =1 and with either one of the following 
invariant configurations in G: 

“More explicitly, 7” for some n will carry every complementary domain of the 
graph into itself. 

8 The presence of a fixed circuit excludes the possibility of representing e by a 
reflection of the sphere. For, if o is of order 2, the assertion that there is a fixed 
circuit is equivalent to the assertion that there is a chain A containing neither fixed 
vertices nor fixed edges and having the ends p and ep. This means that there is some 
vertex p not separated from its image vertex op by the set S of all fixed edges and 
vertices, while in a reflection in a diametral plane the fixed edges and vertices do 
separate every vertex in ene hemisphere from its image in the other hemisphere. 

° G— H denotes the subgraph of € containing all edges of @ not in H. 
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(i) A circuit C, all of whose vertices and edges are invariant, anda 


fixed edge or vertex not on Oy 
e 


(ii) A fixed circuit C and three distinct combinatorial fixed points, 
xz, y, and z, such that if any one of a, y, or zis a circuit" D; then the other 
_ two of z, y, and z are both contained in one combinatorial side of this circuit D. 


1.4. Since the condition of Theorem 1 refers only to eutomorphisms of 
order 2, it will have the following curious consequence. 


_ THEOREM 2. If a planar combinatorial graph G is cyclicly connected 
and has each vertex on at least three edges, and if G has no automorphisms of 
order 2, then G has a map in which every homeomorphism is extendable to 
the sphere. l 


It is more remarkable that the condition of Theorem 1 refers only to 
properties of individual homeomorphisms and not to the relation between 
several homeomorphisms. This can be stated as follows: 


THEOREM 3. If the planar combinatorial graph G is cyclicly connected, 
has each edge, on three or more vertices, and if G has no map on the sphere in 
which every homeomorphism is extendable, then there is one homeomorphism 
T of G which can not be extended 1 in any may of Ge 


This theorerh is true even for the graph Go, for here the automorphism 
cyclicly permuting three edges and leaving the fourth edge fixed is not 
extendable in any map." 


5.: The proof of Theorem 1 will first be reduced to a purely com- 
binatorial problem. This will be done in $ 2, where we also treat a simpler 
but analogous problem which shows the essential réle of the “splits.” The 
treatment of the combinatorial problem will then proceed by mathematical 
induction. The essential device consists in obtaining from a given graph G . 
a simpler graph, the “skeleton” of G, which has all of the homeomorphisms 
of G. The existence and properties of this skeleton will be discussed in $$ 4 
and 5, while the subsequent paragraphs will show by a suitable subdivision 
into cases that the map of the skeleton can- generate a corresponding map of 


10 If æ is a circuit, it is a fixed circuit, so that the presence of the fixed circuit O 
need not be explicitly required. 

u For any G < %, the homeomorphism 7 of Theorem 3 can be taken to be of order 
2, but for GQ, there is no such “nowhere extendable” automorphism of order 2, This 
unique behavior of the graph G, justifies the apparently ` en exeeptional röle of 
this graph in au main theorem. 
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the original graph in which the homeomorphisms. will be extendable. This 
` proof of the sufficiency of the condition of Theorem 1 is supplemented in $ 3. 
by a simple topological proof for*the necessity of the condition. 


2. Splits versus extendability. In this paragraph we consider the 
problem of the extendability of a homeomorphism which carries a graph into 
some other graph, with the following conclusion: 


THEOREM 4. If G, and G, are two maps of a-cyclicly connected com- 
binatorial graph G on the spheres S, and Sa respectively, then every homeo- 
morphism T of G, to Gz can be extended to a homeomorphism of the svhere 
Sı to 8, if and only if G has no split. 


2.1. A given homeomorphism T establishes an automorphism of G, 
provided each vertex of G is on at least three edges. For if a, is any are of 
G,, and if a, and Ta, are maps of the edges a’ and a” respectively of G, then 
the correspondence oa’ = a” yields an automorphism of G. 

The extendability of a homeomorphism T to the sphere depends upon 
combinatorial properties of the corresponding automorphism. The boundaries 
of the complementary domains into which the cyclicly connected graph GQ, 
divides the sphere (call them c. d. boundaries) are the maps of circuits of GQ. 
These circuits control extendability as follows: 


THEOREM 5. A homeomorphism T of a cyclicly connected graph G on 
a sphere 8, to a graph G, on a sphere 8; can be extended to a homeomorphism. 
of Sı to Sa if and only if T carries. every ci d. N of Gy toa c. d. ia 
of Ga. 


This theorem is an easy extension of Theorem 2 of Adkisson, [1], «which 

‘was proven from a theorem of Gehman, [1]. In this case, since the number 

of domains is finite, we can also proceed thus: Let R, and Rz be regions of 

Sı and Sa respectively whose boundaries Cı and C2 correspond under cı Use 

the result that the interior and boundary of a Jordan curve can be mapped 

on the interior and boundary of a circle to extend e, so that it carries R; into 
R. The combination of these extensions is a homeomorphism of 81 to 82. 


2.2. Ifa graph @ has no splits the c. d. boundaries of its maps on the 
sphere are uniquely determined. For these boundaries are simply* the 


12 See Whyburn, [1], Theorem 10 or MacLane, [2], Theorem 5.3. The latter theorem 
gives a complete combinatorial characterization of these circuits. í 

19 Œ is either triply connected or a @-graph. For a 6-graph, the statement above 
about c. d. boundaries is immediate. For a triply connected graph it is given in 
MacLane, [3], Theoren® 6. , 
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circuits C in @ whose removal from G does not disconnect. G. Hence any 
automorphism must carry these circuits into themselves, so that any homeo- 
morphism of G, necessarily preserves the @ d. boundaries and is therefore 
extendable by Theorem 5. This proves the sufficiency of the condition of 
Theorem 4. 


2.3. For the necessity proof we need the fact that in a map of a split 
graph any component can be “turned around” on the two split vertices. 
If. G is split at p and q into components. H, and Ha, we introduce two new 
ares a4(p, q) and (p,q), and form H, +4, H.-+-a. In any map of 
H, a % there must be two c. d. boundaries containing «,, so that these boun- 
daries may be written in the form L, + 0 and M,+ 9. where L, and Mı 
are two chains in H, with ends p and q. 


LEMMA 2. 4. If G=H, + Ha is a split at p and q, and if Hy, + a, (p, q) 
has a map with the c. d. boundaries 2 i 


(2) CCC Intas Mitas (Lı CH, My CH) 
while H, + %2(p,¢) has a map on the sphere with the c. d. boundaries 
(#3) DiD De Bat (AMEN, 
then ige is a map of Gin which the c. d. boundaries are the circuits 
(a Uar yiu Dyes Ds, aet eM, 
and another map of G with the c. d. boundaries 

(5) Cr Cor ',0, Duy Dot * Dis Dy + Me, Mi + Lo. 


Proof. In the map of H, on the sphere, remove a and insert in its 
place ** the given map of Hı. This gives one of the maps (4) and (5). "The 
same process, with a change in notation, gives the second map. 

The two maps (4) and (5) are distinet, for were these sets of c. d. boun- 
daries identical, we should have either M, = Lı or M: = D}. But M, =L, 
means ¿hat the chain M, = L, is the whole of H,, contrary to the definition 
of-a split. Therefore, the homeomorphism of @ which carries the first map 
of any edge into the second map of the same edge does not preserve c. d. boun- 
daries, and so is not extendable. Hence all homeomorphisms are extendable 
only if @ has no split, as asserted in Theorem 4. 


14 For details, cf. MacLane, [3], Lemma 5. 
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3. The necessity proof. The proof that the combinatorial conditions 
of our main theorem are necessary requires first a demonstration of the rele- 
vance of the term “combinatorial side” used in our theorem. We shall show 
that a combinatorial side always lies within a topological side. 


3.1. Lemma. If H is a combinatorial side of a circuit C in G, then 
in any map of G on the sphere all of H, except porinis for two of its vertices, 
lies on one side of the map of C. 


Proof. By definition of a combinatorial side H, @ has a least split 
G == H + (G— H) at two vertices h, and he, while CC (@—H). There- 
fore C can meet H at most in the ends hy and he of H. Suppose that H is 
not all on one side of C. 

In the given split, either H or G—H is least. If H is least, and if E, 
is the part of H on one side of C, then H = E, + (H — Fy) is a semi-split 
of H, because these two non-void parts can meet only in the vertices h, and he. 
This contradicts the assumption that H is least. 

Suppose then that G— H is least. If a and 8 are edges of H on opposite 
sides of C, then, because G is cyclicly connected, there is a circuit D in G 
containing « and 8. This D must cross C to get from a to 8. But « and 8 
are in H, so that D, which has vertices on C and hence in @— H, must pass 
through the split vertices h, and hz. Therefore D crosses C at h, and he and 
lies entirely in H. Because G — H is least, G— H must as in the previous 
case lie entirely on one side of D. Hence C, which is in G— H, also lies on 
one side of D, contrary to the fact that D crosses O. This contradiction shows 
that H must lie on one side of C and can meet C at most in its end vertices 
hı and he. The lemma is established. 


3.2. We now show that the conditions (i) and (ii) of Theorem 1 are 
necessary if the graph @ has’a map in which every homeomorphism is 
extendable. For suppose that G has.such a map in which each edge « has a 
map Ma and also that G has an automorphism o of order 2. For this o one 
can readily construct a corresponding homeomorphism T which will also have 
period 2 and which will have the same fixed points as e. More explicitly, 
cach fixed vertex of o is fixed under T, each fixed edge « of o is point-wise 
fixed or contains a fixed point under T according as o leaves fixed or inter- 
changes the ends of æ, and each fixed circuit C maps into a simple closed 
curve MC such that T(MC) = MC and such that T has no fixed points on 
MC. By assumption the transformation T can be extended to the sphere. 


Therefore, as in Theorem 5, F carries every c. d. boundary of the map M into 
s . 


N 
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. & c. d. boundary of this map, while T certainly has period 2 when considered 
as a permutation of these boundaries. T can then be readily extended to a 
homeomorphism T* of the whole sphere in*such a way that T* has the same l 
period 2. 

Suppose now that o has the impossible don (i) of Theorem 1: 

A circuit C of edges and vertices all of which are fixed and a fixed edge or 
vertex not on C. Corresponding to these, T will have a simple closed curve 
M(C) consisting of fixed points and also a fixed point not on O. But this is 
impossible because 7 is a periodic homeomorphism of the sphere, for the 
Fundamental Lemma of Eilenberg, [1], states that a periodic transformation 
of the surface of the sphere has either (1°) no fixed points, (2°) all fixed 
points, (3°) a simple closed curve.of fixed points and no other fixed points, 
(4°) exactly two fixed points. 

In the second place consider an automorph o with the fixed circuit O 
and the combinatorial fixed points æ, y, and z of condition (ii) of the theorem. 
If x, y, and z are all fixed edges or vertices, then T will have three distinct 
fixed points. By the result of Hilenberg quoted above this is possible only if 
T* has a simple closed curve of fixed points. In this case (Bilenberg, [1], 
Theorem 1), T* is homeomorphic to a reflection of the sphere in a diametral 
plane. But the map of the given fixed circuit Ọ cannot cross this diametral 

. plane, for C contains neither -fixed edges nor vertices. Thus M(C) lies on 
one side of the diametral plane, contrary to the fact that of = 0. 

In the remaining cases one or more of the given fixed points x, y, and z 
may be fixed circuits. If æ is a circuit D, then y and z lie on a combinatorial 
side of D. Lemma 3.1 then shows that M(y) and M(z) lie on one side of 
M(D). Call the side of M(D) not containing M (y) and M(z) the “inside ” 

` of M(D). Since o leaves fixed y and z “outside” D, the extended T* must 

carry the inside-of M(D) into itself. But a periodic transformation of a circle 

and its interior is homeomorphic either to a rotation or to a symmetry in a 
diameter (Eilenberg, [1], Theorem 2). Because D has neither fixed edges 
nor vertices, T* is not a symmetry in a diameter of D, and so must be homeo- 
morphic to a rotation of the inside of M(D), so that T* has a fixed point 
“inside” == D. This fixed point is distinct from y and z. If y or zisa 
circuit, T* likewise has a fixed point within this circuit, so that in any event 
T* has three distinct fixed points. This gives a contradiction, as in the pre- 
vious case, and this contradiction establishes the necessity of the conditions | 
of Theorem 1. 

This necessity could have been established without appeal to ‘the ‚general 

theorem of Eilenberg, the proof of which involves complexities of a point-set- 
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theoretic character. In the present case the given periodic transformation T* 
of the sphere is associated with a “triangulation” G, such that T* is com- 
binatorially periodic on this triawgulation. This fact can be used to give for 
our theorem a proof depending on a readily established combinatorial sub-- 
stitute ** for Eilenberg’s theorem. 


4. : The construction of the skeleton. The sufficiency proof of our 
theorem proceeds by an induction, reduc-ng a given graph to a simpler graph 
„having essentially the same group of automorphisms. This simpler graph, 
called a “skeleton,” will be obtained by replacing a “minimal” component 
‘of the original graph by a single edge and by simultaneously replacing all 
homologous minimal components by new edges. i 


4.1. A component M of a least split of @ is minimal if and only if in 
-every least split G = H + H” of G the 2omponent M is contained entirely in 
H or entirely in H’. We now deduce several requisite properties of minimal 
components. The definition immediately proves the property 


4.2. Two minimal components are either identical or else have at most 
end vertices in common. : 


4.21. In any least split G = E, + Ez at the vertices e, and es the com- 
ponent E, is either cyclicly connected cr else E, contains another component 
of @ with fewer edges than E,. For, if E, is not eyclicly connected, then E, 
has a “cut vertex” s such that there is a “separation” E, = F, + Fo, in 
which the non-void subgraphs F, and F have only the cut vertex s in common. 
We shall show that one of the #’s is a component of G. F, can touch the rest 
of G at most in the vertices s, e,, and ez. If F, contains only one of these 
three vertices, it is cut from G—F, by this vertex, contrary to the cyclic 
connectivity of G. If F, contains all tree of these vertices, only one of them, 
s, can bein F, and this is similarly impossible. Therefore s, e,, and és, are 
distinct, and F, touches the rest of G at just two vertices s and es. Hence 
G = E, + F, + Fo, where the only common vertices of these subgraphs are 
e, and ez in He, sand e, in F,, s and ez in Fo. This gives two. semi-splits 


15 This substitute runs as follows: Let @ be a cyclicly connected graph mapped on 
the sphere such that (i) each vertex of @ is on at least three edges; (ii) o is a homeo- 
morphism of the sphere to itself with eG = E; (ill) e° but not o carries every edge and 
vertex of G into itself; (iv) O is a c. d. boundary of the map of G, oC =, and e 
preserves cyclic order on ©. Then there is in addition to C either an edge or a vertex 
or a c. d. boundary of @ which is carried :nto. itself by ø, and there is only one such 
. invariant element (vertex, edge, or bounda-y). Furthermore, if D is a e. d. boundary 
with eD = D, then o preserves cyclic order on D. 
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1) © G= (E: +F) + Fa g(h FR) + Fo 


l ; If neither were a split, both F, and F, would be chains, so that F, would be 


a chain, contrary to assumption. Both E. + F, and E, + Fo» are least because ~ 
each has a cut vertex (at e, or ez respectively). Therefore one of the decom- 
positions (1) is a least split, so that either F, or F, is a component of G con- 
tained in E, as asserted. 


4.22. Every minimal component of a ee connected graph is cyclicly 
connected. For a component not cyclicly connected contains by the above 
argument a proper subcomponent of @ and hence cannot be minimal according * 
to our definition. l ' 


4.23. Every component E, of a least split G = E, + E, contains a 
minimal component of G. We shall show that E, 'is either minimal or con- - 
tains a component of G with fewer edges than Æ.. From this the assertion | l 
will follow by induction. We denote the ends of E, by e, and ez By § 4.21, 
we may assume that E, is cyclicly connected. Furthermore, we may assume . 
E, least, for if E, is not least, then either E, contains a smaller least com- 
ponent with the same ends e, and ez, as required for our induction, or else E, 
consists of £ = 2 suspended chains with ends e, and e, while Fa is least.. 
In this case, the given split G = FE, + E, is the only least split of G at e, 


and ez, while in any other least split of @ at vertices p and q, neither p nor q -* 


could lie inside any suspended chain of E,, so that p and q do not disconnect 
E,. ‘In any least split of G, E, is, therefore, containec in one component, so 
that E, is in fact minimal. 

In the remaining cases we have an E, which is least and cyclicly connected. 
If E, is not minimal, there is a split G = H, + H, at hı and hz such that 
E, is in neither H, nor H.. Since ares of E, are disconnected by h, and he, 
. and since F, is eycliely connected, both of h, and ha must be in E,. As E, 
is least, one of h, and hs is not an-end of E,. Either E, contains neither ha 
nor he, or else F, contains one of h, or hz at one end of Ez. But all edges of 
E» are connected to both ends e, and es, so that E. will in no event be dis- 
connected by h, and hs. Therefore F, is all contained in one component of 
the split G=H,+ Ha, say in Hi. Hence H.C Es. Because H: and E, 
have distinct ends, H, has fewer edges than 1,, so that we have the component 
H, contained in £,, as required. 


4.24. Let E be a component from a least split of Gate and ez. Form’ 
the graph E + a where a(e,, e2) is a new edge not in G. Then E is minimal 
if and only if (i) each end of E is on at least two edges ofeE; (ii) -E + a has 
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no least split. This fact will show that the decision whether a given component 
_ E is minimal or not depends only on the structure of E + a and not on the 
‘rest of G. This-graph E + æ caf be considered as a “ homomorphic” image 
of G obtained by replacing all of @— E by a single edge a with the same ends. 
lt is then geometrically apparent and it can be readily verified combinatorially 
that any least split of E +a will yield a corresponding least split of @, if we 
replace «by @— E. Conversely, any least split of G at two vertices p and q 
will yield a “ homomorphic ” least semi-split of E + a, provided both p and q 
are in E, and provided F is not all contained in one component of the given 
least split. 
By this means we prove the necessity of the conditions above: (ii) is 
requisite, because any least split of E + a would give a homomorphic split of 
G in which E did not all lie in one component, so that E would not be minimal. 
(i) is necessary because E, to be minimal, must by $.4. 22 be cyclicly con- 
nected. Conversely, suppose (i) and (ii) to hold. Then # must be cyclicly 
connected, for were E to have a separation at a cut vertex s, then E + a must 
have a corresponding least semi-split which would be a split because of (i). 
This split would contradict (ii). Next, if E were not minimal there would 
be a least split G = H + H’ at vertices p and q, such that both H and H’ l 
contain edges of E. Since E is cyclicly connected, both the vertices p and q 
of this split must be in Æ. This split: therefore gives a homomorphic least. 
split of E + a at p and q, contrary to condition (ii). Therefore conditions . 
(i) and (ii) are sufficient to make E minimal. 


4.3. Two types of minimal components may be found by classifying 
graphs M + a with no least splits as “branch graphs” and “ triply connected 
graphs.” A graph consisting only of k = 2 suspended chains, As, A2,* * ', Ax 
having the same two ends p and q, but not having any other vertices in com- 
mon, will be called a branch graph. A cyclicly connected graph G may be 
called triply connected if it is not a.branch graph and if it has no split. The 
definitions readily show that a graph with a split at two vertices must have a 
least split at the same vertices unless both original components were branch 

graphs. We deduce thence the following dichotomy : 


4.31. A cyclicly connected graph which has no least split is either triply 
connected or is a branch graph. This fact, combined with § 4. 24, then yields 


4,32. If M is a least and minimal component, then M +æ is triply 
connected, while if the minimal component M is not least, then M is a branch 
graph with ends m, and mo, and G— M is least. 

\ o 
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4.4. Consider now a cyclicly connected graph G with a group 3 of auto- 


- morphisms and with some least split. Because of the existence of minimal . 


components (84.23), we can then find a minimal component M = Me in G. 
Any automorphism of the group must carry Mo into another subgraph having 
the same combinatorial properties, that is, into another minimal at 
of G. Let _ 

(2) Mo Ma, H -Ma (Ma o og) 


be all distinct minimal components which arise in this fashion from-Mo by 


the automorphisms of 2. These components, by § 4.2, have at most end ver- 


. tices in common. Hence we can construct a new graph G” by replacing each 
M, of (2) by a new arc y; with the same ends as M;. The resulting graph @” 
we call a skeleton of G. 

Since least splits of @ never r take place inside the minimal components 
M, replaced in the formation of E, it is clear that least splits of G vel 
corresponding semi-splits of G”, and conversely, as fellows: 


4 41. If dz, + Hz is a least split of G at p and q, then G’ has at 
. p and q a least semi-split G’ = H’, + H’,, where each H’; arises from H; 
(¡=1,2) by replacing each Mi in H ; by the corresponding new arc m. 


4.42. If Œ =F’, + F is a split of the sieleton (Y. al p and q, then 
G has at p and q a split G = F, + Fa, where each ‘subgraph Fy is obtained 
from P 3 (¡=1,2) by replacing each new arc pi in F; by the corresponding 
M;. If the gwen split of a is least, then the resulting split of Q is least. 


4.43. A skeleton of a cyclicly connected graph ts cyclicly consented: 


. This fact is readily established from the definitions. 


4. 5. Corresponding to the given group «3 of automorphs of G, we now 
define a group ¥ of automorphs of the skeleton G”. Each oe% induces a corre- 
sponding transformation, o” of G°. For, each edge p; of G” corresponds to a 
component M; of G, and oM: must be some one of the set (2) of homologous 
minimal components. If oll, = Mj, we set o'pi — pj for the corresponding 
new edges m; and py, while if a is an edge of G’ which is also in @ we set 
oa@—= gœ. These equations, with o 'n = ap for any vertex p ol G’, define the 
‘induced transformation o” on G”. This o’ is a 1 —1 transformation ‘carrying 
` vertices and edges of G” into vertices and edges of G”. It is an automorphism, 
because o” is so constructed that an edge «(p,g) has an image o’« with ends 
o'p and oq. Finally, the correspondence o — o” preserves the product of auto- 


morphs, for if p = ør holds in 3, the definition shows ¿hat p’ == o'r’. Since 
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the product is preserved the set 3’ of all these o” is a group and the corre- 
spondence o — o” is a homomorphism of % to 8. We shall subsequently show 
that this homomorphism is in cerfain cases an isomorphism. 


4.6. The skeleton which we have thus defined can be used in particular 
cases to explicitly construct all homeomorphisms of a graph, for we need only 
find the group of all homeomorphisms of the skeleton (which may be con- 
structed by replacing simultaneously all minimal components) and ‘investigate 
which of these can, in fact, be extended to be homeomorphisms of the graph. 
By taking repeated skeletons, the problem is thus reduced to that of finding 
homeomorphisms of a triply connected graph. 


5. Admissible groups of automorphisms. The sufficiency proof for our 
main Theorem 1 proceeds by induction, using the skeleton, and requires con- 
ditions on the automorphisms of the skeleton which are in stronger form than 
the conditions in the theorem itself. A group of automorphisms satisfying 
© these conditions (cf. I and II below) will be called “admissible,” and we 
shall prove in the subsequent paragraphs that any G can be so mapped that 
all the automorphs of a given admissible group of automorphs can be extended - 
to the sphere. l 


5.1.° To define an admissible group, we consider automorphisms which 
“twist? a single component or which permute ‘several components. “ in 
parallel.” An automorphism ø is said to twist G if there is a least split of G 
with a component H such that oH =H and o carries each end of H into 
itself, while o is not the identity on H. . i. 

A representation of G with more than two subgraphs 


(1) O=H,+>::+Hn © (m0, i=l; m) 


is called a multiple split of G at the points p and q if any two distinct -sub- 
graphs H; and H; have in common no edges and only the vertices p and q, 
and if no H; has a semi-split at p and q. An automorphism o is a parallel 
permutation if there is a multiple split (1) at p and q such that ep = p, 
. og =q, oH, = H, and such that either m = 4 or else m = 3 and H; is not 
a chain. y l l : 

A group 3 of automorphisms of a cyclicly connected graph @ is admissible 
if and only if 


- (I) 3 contains no parallel permutation and no twist of order 2. 


(IT) X containg no o of order 2 for which G contains a fixed circuit and 
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three distinct combinatorial fixed points, æ, y, and z, where æ is a circuit only 
if y and z are in one combinatorial side of x, with similar conditions when 
. y or z is a circuit. Se 


5.2. Lemma. If G satisfies the conditions of Theorem 1, then the group 
-X of all automorphisms of G is admissible. 


The proof uses primarily the fact that 3 contains all the automorphs. 


The condition (ii) of the Theorem is the same as (II) of the definition. | 


Hence we need only consider the condition (I). ‘Suppose first, contrary to (I), 
that 3 were to contain a o of order 2, twisting a component H. The trans- 
formation + which is equal to o on H and which is the identity on G—H 
must then be an automorph of G. This + is of order 2. Since @—H is not 
a chain it contains a circuit whose vertices and edges are all invariant under r. 
If G— H contains edges not in this circuit these edges are also fixed under r 
and r violates the condition (i) of Theorem 1. Therefore G— H must be 
just a circuit, and this circuit must pass through both ends p and q of H, 
so that G—H consists merely of two suspended zhains L and N with ends 
pand q. Since each vertex of G is on at least three edges, L is a single arc, 
- asis N. Define a new automorphism p which is the identity on H and which 
interchanges L and N. As before, H contains a circuit of points fixed under p. 
Hence, by the argument used for r, H must. consist only of this circuit. 
G=H-+L-+ N consists of four arcs with the same end points p and q, so 
that G is the particular graph Go excluded in Theorem 1. This contradiction 
shows that G can have no twists of order 2. 

Suppose on the other hand that G has a parallel permutation o, defined 
as above. Introduce a new automorphism r which is equal too on H, and to 
o on H», and which is the identity elsewhere. This r is of order 2 and may 
be treated exactly as the r in the preceding paragraph. This treatment 
establishes the lemma. 


5.3. Lemma. If 3 is an admissible group of automorphisms for the 
cyclicly connected graph G and if Œ is a skeleton of G with a corresponding 
group Y of automorphisms, then the correspondence a > 0” defined in € 4.5 
makes 3 isomorphic to Y. ` 


l The correspondence will be an isomorphism if no o4 1 corresponds to 
the identical automorphism of Y. Suppose cortrarywise that o 41 corre- 
sponds to o” = 1. This means that oM: = M; for each minimal component 
M; used in § 4, (2), to construct the skeleton, while o is the identity except 
on these M;. Consider the two types of minimal components established in 
$ 4. 32. 
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In case M; is a branch graph, then each one of the M’s must be a branch 
graph. Select some one, say M,, on which o is not the identity and let M, 
consist of k = 2 suspended chaing A,,--:,Ax with ends p and q. Then o 
must permute at least two of these A’s, so that o is a parallel permutazion, 
contrary to the definition of an admissible group. 

There remains the case when each one of the components M; is least. 
Consider one such component M, with ends p and g, and adjoin a new are 
a(p, q). Then by $4.32, M, + a is triply connected, so that all maps of 
M,-+ «x have the same c. d. boundaries by § 2.2. There will be two such 
boundaries A + «and B + « containing a. If we extend o by setting oa = a, 
then o is an automorphism of M, + a which carries the c. d. boundaries into 
c. d. boundaries and therefore takes the unordered pair (A + @, B -+ a) into 
itself. One of the following alternatives holds: 


cå = A, cB =B; or cA =B, cB=A. 


Under the first alternative, o must leave every edge and vertex of these circuits 
A + «and B + a-invariant. But o can be extended from M, + a to a periodic 
homeomorphism of a sphere into itself. Because o has more than a circuit of 
fixed points, it must by Hilenberg’s results be the identity on M, + «. In the 
second alternative, 0?4 = A, 0?B = B, so o? is, as in the previous alternative, 
the identity on M,. 0? is thus the identity on every M;, and so o must actually 
“ be of order 2. But we have just shown that o twists at least one Mi, which 
contradicts the condition (I) of an admissible group. Hence o 541 implies 
a” 41, and 3 is isomorphic to 3. 


5.4. LEMMA. If Z is an admissible group for the cyclicly connected 
graph G, and if @ is a skeleton of G, then the EN group a is an 
admissible group on the skeleton GQ’. 


To show that 3’ satisfies condition (I), suppose first T 3' contains a 
o” of order 2 which twists a component A”. Then the corresponding o is by 
the preceding lemma also of order 2, while the component H of the original @ 
corresponding to H’ as in $ 4. 42 is itself twisted by o, contrary to the assump- 
tion that the group 3 is admissible. 
Secondly, suppose that 3” contains a men permutation o” for the 
multiple split 
i € =H H Hm 


- Then the argument of $ 4. 42 yields a corresponding decomposition 
G == H i + D + H m 
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‚which is a multiple split of the original G. Since o’H’, = H’, it follows that 
oH, = H, for the corresponding automorph g, so that o is a parallel permu- 
dation, contrary to the assumption on 3.' «This contradiction shows that the 
group Y satisfies the condition “(I) for an admissible group. For the con- 
dition (II) we must consider how the ends of a minimal component can be 


interchanged. 


5.41. Lemma. If M is a minimal component of G with ends m, and 
Me, and if o is an automorphism of order 2 with oM = M, om, = Ma, then M 
contains either a ficed circuit under o or else two fixed points under o which 
are either vertices or edges. 


Consider the two possible types for M indicated in $ 4.32. In case M is 
a branch graph, let A, denote one of the suspended- chains of M. Then either 
oA, = Á, in which case A, contains either a fixed edge or vertex, or else 
oA, £ Á, in which case A, + cA, is itself a fixed circuit. . 

In casé M is least then, as in the proof of the Lemma 5.3, any map of 
M + a contains two c. d. boundaries A + « and B + a which can at most be 
‘interchanged by o. If oA = A, then the hypothesis that the ends m, and mz 
of A are interchanged implies that A contains a fixed edge or vertex, while 
oB = B, so that B contains a second fixed point. ‘Otherwise oA == B, and 
A -+ B is a circuit 1° which is a fixed circuit, so that in all cases M contains 
a fixed point. ` 


5.42. Suppose now that condition (II) fails for the group X. Then 
3’ contains an automorph o” of order 2 with a fixed circuit O” and three com- 
binatorial fixed points Y”, y”, and z’, restricted as in (II). .We will obtain a 
contradiction by constructing corresponding. fixed points in G. 
In the given (” let p be any vertex and o’p its image, and let A’ be a 
- chain of C” with ends p and o’p. Replace every “new” edge m in A’ by any 
chain N, with the same ends as us and taken from the corresponding minimal 
component M;. These replacements in A’ yield a chain A in @ with ends 
p and op.’ A + cA: is readily seen to be a circuit C which is fixed under o. 
- If the given fixed point x’ is a circuit, the same treatment will yield a 
corresponding fixed circuit x in @. If a’ is a vertex, the same vertex 2 — 2’ 
is fixed in G: If 2’ is an edge a, then either a is also an edge of @ and so a 
fixed point 2 of .G, or else « is one of the new edges ps representing a com- 


1 For if 4.+ B is not a.circuit A and B have in common a vertex s, 8 Ms, 
sm, An inspection of the map, of M +a, in which A +a and B+a are « d. 
boundaries, shows that s must be a eut vertex of M, contrary to the cyclic connectivity 
of M (see § 4.22). - e 


Ñ 
= 
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ponent M; of G. Since o'a =a, we then have oM; = Mi. If o leaves fixed 
each-end, of M;, these ends ar2 fixed points in G. Otherwise, o interchanges 
the’ es a0 that by $ 5.41 M; dees contain a fixed point v. 

The given fixed points 2’ y, and z of @ thus yield three distinct fixed 
points x, y, and z under o in 3. Furthermore, if x is a circuit, then y and 2 
are on a combinatorial side cf x. For the construction above gives a fixed 
circuit x only when 2’ is a cireuit or when z’ is an edge wi. If v’ is a circuit, 
then, by the assumption that (IT) is violated in G”, y’ and 2 lie on a com- 
binatorial side H’ of x’. If al the edges p; in this component H” are replaced 
by the corresponding subgraphs M;, we get as in $4.42 a corresponding 
“side” of x which contains the constructed fixed points y and z, as desired. 
In the other case, when 2’-is an edge wi, the new fixed circuit x lies in the 
corresponding minimal component M;, and G— M: is.a combinatorial side 
cf x containing y and 2. 

For the automorph o of order 2 in 3 we thus have a fixed circuit C and 
three distinct fixed points ©, y, and z, contradicting condition (II) for 2. 
This demonstrates the admissibility of 2’ asserted in Lemma 5. 4. 


5.5. To show the extent of the conditions for admissibility we note that 
they imply that an admissible group 3 contains no twist of any order, although 
the definition itself explicitly excludes only twists of order 2. In fact, the 
- isomorphism of the groups 3’ and > shows that a twist of a given order must 
remain a twist of the same order on the skeleton,’ so that any twist must 
eventually reduce to a twist cf a minimal component in some skeleton, while 
such twists are either of orcer 2 or are parallel permutations and so are 
excluded. 


6. Ambiguous automorphs. Certain automorphs 0 in an admissible 
group may have so few fixed points that they can be realized geometrically 
either as rotations or as Teflections. Such automorphs will be called 
“ ambiguous.” 


6.1. Definition. An automorph 6 of order 2 in an admissible group 3 
of G is ambiguous on the edge a of G if d(a) = a, if 9 has no fixed circuits 
in G and if 6 has in @ exactly two combinatorial fixed points. 

The fixed points of a given ambiguous 6 will now be shown to divice G 
into two equal “halves,” Ep and Hy. First, both ends of « can not be fixed 

points, for that would yield three fixed points. Hence 6 turns a =a(p, q) 


17 Provided we use a skeleton with respect to the subgroup of = composed o? the 
powers of the given twist. 


y 
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` end for end and has exactly one fixed edge or vertex x in addition to a. Let 
Ey be the subgraph containing all those edges 8 of G for which there, sists a 
. Chain Ag free of fixed points, containing e8, and ending on p. D&E ne’ ‚Ba 
similarly. Here a chain Ag is “free of fixed points” if and only if As con- 
tains no fixed edges.and no fixed vertices, except perhaps for a fixed vertex at 
one end. Since 6p = q and since # carries- chains free of. fixed points into 
- chains Free: of fixed points, we have 


(Be eA ae ee 


6.2. If G has an ambiguous 6 with two fixed points a = a(p, q) and T, 
then G has a ee 


(2). = (Ep + a) + Edo) 


Proof. First, every edge y of G appears once on the right of (2). For, ' 
G is cyclicly connected, so thet y lies on a circuit C containing «. C can con- 
tain' at most two fixed points « and z. If y is neither of these, then the 
subchain of C joining y to an-end of « and not containing y will be free of 
fixed points, Therefore such a y lies in either Ep or Eq. 
. fy and By have no common edges. For suppose 8 were in both E, and Ea. 
Then, by (1), 98 would be in both, and there would’ be chains Ag-and Age 
connecting f£ and 68 to p. Ag+ Agg would necessarily contain a chain L 
free of fixed points and having ends r and s on £ and 68 such that 6(r) = s. 
Tf L contains an interior vertex ¢ with tel, then replace L by the subchain 
joining ¢ to 6¢. Eventually we would thus obtain a new chain Z with no such 
interior vertices ¢ and with ends 7’ and s’ such that 6(7’) =s’. This means 
that L- ØL is a fixed circuit under 6, contrary to the Definition 6.1 which ~ 
asserts that an ambiguous @ has no such fixed points. . 
We now know that each edge of G appears exactly once on the right 
of (2). "But by definition of E, two edges on a common vertex not a fixed 
»oint would both lie in the same component E,.or Hg. Therefore the only 
` vertices common to E, and Ey are fixed vertices. ` If the given fixed point = 
is a vertex, then the components H,-+-a and Ba of (2) obviously have in 
common only the vertices x and q, so that (2) is a semi-split atzandg. Ex 
is an edge z=x(s, t), it cannot have both its ends in one of the subgraphs 
Ep or Eq, say in Eq, for then the two subgraphs of (2) would have but one 
vertex in common, so that this vertex would cut G, contrary to the cyclic 
connectivity of G. Hence an end s of x must lie'in E, while the other end 
isin Eq. In this case (2) is a semi-split at q and s. 
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The component E, + « is least, for it contains only one edge « ending 
on the split vertex g. Therefore (2) is a least split of @ unless E, or Eq is a 
chain. But if E, is a chain ter? 0Ep = E¿ must also be a chain, so that G . 
is simply a circuit. The following conclusions result: 


6.3. If G has an ambiguous 6, then G has a least split. or is a circuit. 


6.4. If 0 is ambiguous om the edge a, then a is contained in no minimal 
component of G. For a minimal component M would, by definition, be ccn- 
tained in one of the components E, + a, Hy+ s of (2). By symmetry, M 
is also contained in one of E¿— 4, Ep + x. Therefore M is in one of Ep Eq, 
and hence outside «, as assertel. 


6.5. Fora given map of 7, we must distinguish when a given ambigucus 
automorph is a rotation and when it is a reflection. Hence the following ` 
definitions: Any automorph o is extendable in a given map of G if each c. d. 
boundary C of the map is carrisd into a circuit, oC, which is a c. d. boundary: 
This means that any topologizal homeomorphism which corresponds to the 
automorphism o as in $ 1..1 is extendable to the sphere (cf. Theorem 5 in $ 2). 
Suppose a map is given in which every automorph of a group 3 is extendable. 
Jf 0 is ambiguous on the edge «a, then «-is on two c. d. boundaries J and K; 
while 6 (a) =a. Because @ is extendable, 9 carries J into one of J or K, and 
K into one of J or K. Define (0) as 


ss x(0) =-+1 if OJ) =X, ae 
©), 0) =—1 if 67) —J, OK) = 


If 0 is also ambiguous on an edge 8, « and 8 must by (2) belong to both J 
and K, and x(@) is the same for a as for 8. We call x(0) the character of 6 
in the given map.’ One verifies readily the aes natural aeg 
of the definition. 


6. 6. If G has a map in which every automorph of a group Si is extenda- 
ble, and if 02 is ambiguous cn G, then any dai 6 oe 0 in 3 is aso 
ambiguous on G, and x(9) =x(0). 


7. The regular mapping method. We now prove the folowing. ee 
by induction on the number of distinct least splits of @. 


“If x(0) =+1, then 0, when extended to the sphere, is homeomorphic to a 
rotation of the sphere, while x(9) =— 1 would mean that 0 yields a “reflection” of 
the sphere. Hence x is in fact the group character-of E which is + 1 for all-o’s which 
preserve orientation on ¿he sphere and — 1 for all other o’s. 
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THEOREM A. If G is a cyclicly connected graph, and if 3 is an admissi- 
ble group of automorphisms of G, then G can be mapped on the sphere so 
that every automorphism of 3 is extendaBle (cf. 86.5). Furthermore, if 
bi, ba *, 0, are ambiguous automorphs of X on G, no two of which are 
conjugate in 2, and if, for i= 1,- > , g, each e is a number + 1, then a map 


` in which every vel is extendable can be so chosen that each x(0,) = e, for 


el, +yg. | 
This asserts that the characters of the ambiguous automorphs can be 
arbitrarily assigned, subject to the inevitable restriction of § 6. 6. 


7.1. Fürst case of the proof: G has no least split. This means as in 
$ 4.31 that @ is either triply connected or a branch graph. If GQ is triply 
‚connected, the result of § 2. 2 shows that every homeomorphism is extendable 
in any map: If @ is a branch graph, it consists of k suspended chains, 
Ay Az, *** ,Ax, with the same ends p and q. If #3, any map of G suffices. 
If k = 4, we have a multiple split. Since the given group X is admissible, 
no parallel permutation is allowed; hence any o with op = p, og =q must 
have oA; = A; for i = 1,: +- , k. Therefore such‘a o is the identity. The 
_ only possible «41 must then have ep = q, oq =p. Any two such auto- 


morphs o and r would have a product which would be a parallel permutation,. 


hence the identity, so that o=r and o? =1. 


Suppose then that the branch graph @ has just one o with op = q, 


oq =p. If cA; = A; holds for all i, any map of G is satisfactory. If, how- 

l ever, cÅ; = Á; for some 134 j, the sum A; + A; will be a fixed circuit of o. 
From the conditions for an admissible group our branch graph could not then 
contain three fixed edges or vertices, and so there are at most two of the sus- 
pended chains with cA; = As. ` By a suitable choice of notation G will consist 
of the suspended chains . 


Ai, sty As, A’, Tg As B,, Ba, 
where either B, or B, may be absent, and where 
(i) BB Bee Bes ei eher, 


The map of this branch graph with the c. d. boundaries 


(2) B, + Ás, B, + A’, B, + As, B: + As, Ai + As, A’; + Alis ö 


for i==1,---,s—4, will then be a map in which the only automorph ois 


extendable. l 4 
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Finally, suppose that ( Las ambiguous automorphs @;. Since G has no 
least split, this implies, as in 36.3, that G must be a circuit. Any map has 
this circuit twice as a c. d. bounflary, and the desired conclusion as to the 
ambiguous 6’s is trivial. Thus Theorem A is established in this case. ` 


7.2. Assume that Theorem A is true for all graphs with fewer than n 
distinct least splits. Consider a cyclicly connected graph G with an admissible 
group 2 and with n least sp.its. By $4.23, G must have some minimal 
component. A skeleton G’ can be constructed by replacing all the homologs 
of any one suitable minimal component M, = M (see $ 4, (2)). The skeleton 
G’ has fewer than n least spl-ts, by Lemma 4. 42, and is cyclicly connected 
by $4.43. Furthermore the group ¥ on @ is admissible by Lemma 5.4, 
so that the induction assumpt:on of our Theorem A applies to show that G” 
has a’map in which all automorphs of >’ are extendable. In this map, the 
new edge p(p, q) used to replace the minimal component Mo will appear in 
two e. d. boundaries, which may be written as 


(3) J =p + L, K=p +N, 
where L and N are two chains in-G’ with the same ends, p and q, as u == po. 
LEMMA 7.21. X containa no o of any order twisting Mo. 


For ° if o twists Mo, then? cuo = po and o leaves the ends p and q 
fixed. Therefore o, when suitably-extended to the sphere from the map of Y, 
has all the points of xo as fixed points, and hence by Eilenberg’s results must 
have a circuit of fixed points and must therefore be homeomorphic to a reflzc- 
tion of the sphere. This extended o, and hence o itself, is of order 2. The 
group 3 then contains an automorph o of order 2 twisting Me, contrary to 
the first condition for admissikility. The Lemma is established. 

We next map M + a, whare a(p, q) is a new edge with the same ends 
as Mo. The chief difficulties acise from automorphs p in 3 such that 


(4) m—m pl, pp=Gq pp. 


By Lemma 7. 21, there is at most one such p. But p?(M) = M and p?(p) =p, 
while M has no twists; hence # = 1. 

If p is present, then the group generated by p is admissible on M + a. 
For no twists or parallel permutations are present. The complement G — M 


19 This lemma could also be proven by the remark at the end of $ 5. 
2° Henceforth we omit the primes distinguishing the automorphs o in 2 from he 
ce in Y. . 
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. contains a chain Z with ends p and pp. One argues then, as in § 6, that 
L + pL contains either a fixed edge, vertex or circuit. Therefore, the fixed 
edge « of M + a corresponds to at least one fixed point of G under p. Every 
fixed point of M + a yields at least one fixed point of G. Thence one con- 
cludes that p, which is admissible on G, must be admissible on M + g. 

By § 7.1 there is a map of M + in which p, if present, is extendable. 
Denote the c. d. boundaries of this map by 


(5) l A +a, B +4, tere 


where only A+« and B+ a contain « Here the chains A and B can 
intersect ?* only at their ends p and g. Because p is extendable, it preserves 
the c. d. boundaries (5), so that pA is A or B. This yields the alternatives 


(61) p4 = B, pB=A, A+B a fixed circuit of p, 
(62) på = Á, pB =B, A+B contains two fixed points of p; 


for in the second alternative A and B are transformed end for end and so each 
contains a fixed edge or vertex. 

On the other hand, since p preserves the e. d. boundaries (3) of the map 
of G’, we must have one of the following: 


(71) pd = K, pk =ZJ, pL = N, pN = L, 
(72) pI =J, pk =K, pL = L, pN =N. 


7.3. Lemma. If p of (4) is present, then either (61) and (71) hold 
together, or both (62) and (¥2) hold; provided that, if p is ambiguous in @, 
the map of Œ is so chosen that X(p) has a prescribed value + 1. 


Proof. Suppose first that in the given map of @ there exists a fixed . 


edge or vertex x contained in both L and N. On the map of @ let the point 
X be x or the midpoint of x and let the point “Y be the midpoint of the other 
fixed edge u. Join X to Y by two arcs £ and y lying in the domains bounded 
respectively by J and K. It follows that 8 + y is a circuit cutting G’ into 
two pieces, one inside 8 +- y and containing p, and one outside and containing 
q. But B + y meets G only at the vertices X and Y invariant under p. 
Because pp = q, p must interchange the two pieces of G” which are cut apart 
at X and Y. Therefore, a combinatorial fixed point of G” under p can be in 
neither of these pieces and so must be at either X or Y. Hence p is ambiguous 
on the edge » in G according to the definition of $ 6.1. 


2t This fact was proved in Lemma 5. 41, if M is least, while it is obvious, if M is a 
branch graph. , . : 
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By the induction assump-ion the map of G” ean therefore be chosen so u 
that x(p) is +1 or,—1; that is, so that either (71) or (72) holds. If the 
choice is regulated by the presen®& of (61) or (62), we get the conclusion of 
eur Lemma. : ; 

Consider now the other case when L and N have no fixed edges or vertices 
in common. Hither (71) or (72) holds in the given map of G’. If (72) holds, 
‘Land N must each contain a fixed edge or vertex, so that we have two distinct 
fixed points z” and y. By the argument of $ 5. 42, p has corresponding fixed 
points z and y in G—M. I? M should then, as in (6,), contain the fixed 
circuit z = A + B under p, we would have three fixed points v, y, and z under 
. the automorph p of order 2, while x and y lie in the combinatorial ‘side. 
":G—M ofz. This contradicts the condition (ii) of our Theorem I as restated 
_ in the definition of an admissible Econ: Hence (12) implies (62), as in the 
Lemma. ; l 
Next suppose that (7,) holds. If L has a vertex ¢ with pte L, then . 
pt z£ t, for otherwise pt woulc be in pL = N, and thus would be a common 
fixed point as in the case previously.treated. As in a previous argument we 
construct in L a subchain L* (which may equal L), with ends r and s, such 
that pr = s while L* contains no interior vertex ¢ with pfeL*. L* cannot. 
be a single fixed edge, for such an edge would be a common fixed point of L 
and N. Therefore L* + pL* is a circuit which is a combinatorial fixed point — 
- under p. If, asin (62), M should then contain two fixed points y and z under 
p, we would again find a contradiction to the definition of admissibility. Thus 
(62) is impossible, so (7,) implies (6:1), as required. The Lemma is row 
established. 

- 7.4. We now combine the maps of G’ and M = Mo. sings all & of the 
` minimal components M; are homologous, there must be automorphs 

To == 1, Tas 72," © “3 TH o 
in the group 3 such that u 
(8) Tigo = po THM = Mi, (¿=0,1,- - -,k— 1). 
Any o in the group carries Mo to some My, so that ro sends Mo to Mo. 
Hence any o has one get the forms 
(9) - = Ti, € = Tip," — 
and therefore either the automorphs 7; or these automorphs together with p 
generate the whole group. : 

In the map of the skeletor. G”, p = po is on two c. `d. boundaries J and K. 
Introduce the notation 
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. (10) Ji = rid, Ki = 7K, Ai: =TiA, B; = 7B, 
E (=D) 
Obviously, a; is on the boundaries J; and K”, in the map of G”. Furthermore 


any ri applied to the map of Mo + a in (5) gives a map of the corresponding 
if, + a; with the c. d. boundaries 

(11) Ait a, Bi + a, nl, rl 

where a; is a new edge with the same ends as M;. Maps of @ can be con- 
structed by superimposing on the map of the skeleton these maps of the 
minimal components. By Lemma 2.4 this can be done so that pi, formerly 
on the boundaries J; and Kj, is so replaced by M; that the chain A; on the 
“rim ” of M, falls into the domain bounded by Ji, while the other chain B: 
falls into the domain bounded by Ki. In other words, each boundary C of the 
map of G” yields in the map of G a boundary C*, obtained from C by replacing 
each edge u; in C as follows: 

(12) Replace pi by A; if C—Ji; by B: if C— Ki. 

These circuits C*, together with the circuits 7:C;, are the c. d. boundaries of 
the map of @. This rule (12) is unambiguous except when J; = K; for 
some i. This can happen only when G’ is a circuit. Hence assume for the 
- present that G’ is not a circuit. (See, however, $ 8.) 

Since p leaves fixed the original set (5) of boundaries Cs, it follows 
readily from (9) that any o of the group will carry a c. d. boundary of the 
form 7;C; into another circuit of the same form. It remains to show that the 
circuits o(C*) are also ce. d. boundaries. We shall prove more explicitly that 


(13) a(C*) = (00)*, 


where (oC) * is certainly ac.d. boundary. For (18) it suffices to show that - 


when yi is replaced by A; in the construction, (12), then op; is replaced by 
cA, and similarly for B;. But for given o and i there is a j so that opi = pj. 
For this o, i, and j we need only show that one of the alternatives 


(14,) cå; =Á; and oJ; =J; 
(142) i cA; = B; and oJ, = Kj 
must hold. We know already that opi = pj, oMi = M; and hence by (9), 
(10), (6), and (7) that oA, is either A; or B; and that oJ; is either J; or Kj. 


Case 1. The group does not contain a p. Then or; carries po to pi to pj, 


hence ør; = rj. Consequently, 





oA; = orido = TiÁo = Aj, 


od; = otiJo = Tido = J js 


(15) 
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by the choice of notation in (10). The first alternative (14,) holds, as 
required. 


Case 2. Both (6,) and (7,5 hold, as in Lemma 7.3. Then 
(16) pA=B, pE=A pJ=K, pK=J,. 
Now consider (14) for any o and i. Since or; carries po to py, or; is either 
tj or typ by (9). If or; = vj, then (15) holds again, as required in (14). 
Alternatively, if or; = rjp holds, then (16) and (10) entail 
oA; = oT, Ay = tipo = 74Bo = Bj, 
oJ; =or-d 9 = Tipd o = 7;Ko = Kj, 
which is the second alternative of (14). 
Case 3. Both (6,) and (7+) hold, as in Lemma 7.3. Then 
pA=A, pB=B, pJ=J, pK—K. 
From this pcint we obtain the result (14) much as in the previous case. 
Thus in all cases we have established one of (14,) and (142), so that the 
c. d. boundaries C* of our map of G introduced in (12) are in fact carried 


into boundaries by any o. Täus all the automorphs o of the group 3 are 
extendab-e. 








7.5. Now let 3 contain cutomorphs 6,, 92, * * * , Og, no two of them con- 
jugate, and each @; ambiguows on an edge £: of G, and let g numbers 
«= + 1 be given. By § 6.4, each Bi is also an edge of the skeleton G’, 
so that each €; is ambiguous on the corresponding £; in G’. . Hence our induc- 
tion assumption yields a map of G’ in which x(0;) =e for i=1,- * -,g. 
If the “reflection” p should be present and ambiguous on @, then 
o(if,) = Mo implies that p is not ambiguous on G, so that p cannot be con- 
jugate to any of the ambiguous @s (see § 6.6). Thus the map of @ with 
x) = si can also be chosen 30 that x(p) has an assigned value, and hence 
so that Lemma 7. 3 applies. Ccnstruct the corresponding map of G as in (12). 
The definition of x and the re-ation (13) together imply that x(9;) has the 
same value in this map of G as it does in the map of G”. Thus we have an 
“extendable” map of G with the assigned characters x(0;) = «e; and the 
induction is complete in this case. 


8. The circular case. I- remains only to consider the omitted case of 
$ 7. 4 in which the skeleton G” is a circuit. Choose the notation so that the 
new edges are pi = pi (Pi, Qi), Where ? the vertices p; qi are in the cyclic order 


(1) PoGo21Q1 Pode * * ` Pier Qia 


22 Throughout this” section, suzseripts i, j, etc. run from 0 to k—1, or may be 
reduced mod k. $ 
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on the circuit G”. In addition to the js, G” contains chains vs = vi (qis Pin). 
Any automorph carries ws to ws, hence carries v’s to vs, so that without 
altering X we can assume that each v; is & single edge.2 Thus G” has the 
edges Mo, Vos Hrs Vip * * "> My Vea; in that order, and 


= M, + v + M +r +: “od Mra + Vit) vi = ri (Gis Pisa), 
where the subgraphs on the right have no common edges and only the vertices 
(1), as indicated, in common. 

Every automorph o of @ carries each a; into some pj and preserves or 
inverts the order (1). Hence every a belongs to the dihedral Bron generated 
by w and p, where w is a “rotation” of 2r/k radians and p a “reflection ” 
in the “ diameter ” through vo: 


(2) opi = Pin, OF = Qin Opi = fin Off = Vin} 
(3) Pr = Wen-i, PGi == Phit-is phi = Mest, pVi = Wei: 


One readily obtains the following relations: 


(4) wt = 1, P=], pot = wp, wtp = put, 


The group ¥ must contain automorphs taking yo to each wi. The only o’s 
with o(u0) = u are o =p and ow. If o is absent and k > 2, then the 
only o’s with o(yo) = pe are w? and pot! = wp. But wp and p together give w. 
Hence 8° must contain w or else must contain p and v?. The only such groups 
3” are the three following ones, where each group is determined by the 
generators given in braces: 

(5) Si: {0 p}, with k= 2t; 3.2: {o}; Ss: Lo, p}. 

For 33, note that po(po) = po, so that pw leaves po fixed. 

To map G, first take a new edge a (Po, go) and choose a map of M, -+a 
as in § 7, (5). If the group is 2,, then po is an automorph of M + « if we 
set po(«) =g. In this case the map of M +*a is to be chosen, as in $ 7. 2, 
so that pw is extendable on the map. Choose. automorphs 7; e3 such that 
Tipo = i; if e is present, choose 7; = ot and apply § 7, (10). Then M: + a, 
where & = a; (Pi, qi), has a map with the c. d. boundaries of $ 7, (11). Super- 
impose all these maps on & so that the A’s all fall on one side of G’; that is, 


so that @ has a map with the c.d. boundaries, 7:C'j, for i= 0,- + +, k — 1, 
and j = 1,° : ',s, and also two boundaries 

(6) D=-4+n+A+nt'' +Aı + ma 

(7) x E, = B, + vo + Bi + n He oo oeh Bert wu 


28 If q, = Piy ”; is a single vertex. The formulas below will apply also to this case. 
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Tf the group is 3: or 5, the r; include the whole group, and every r: is 
extendable, so that we have a map with all automorphs extendable. l 

If the group is Sa, 7; = wf, pe) = po, and pw is extendable on My + @, . 
so.that pw(A,) is Ay or By. Therefore one of the alternatives 


(81) pAo = dy, pBo = B,; 

(82) ° ` pAy = B; © pB = Ai; , 
must hold.?* In the first alternative, (4) and the definition 7; = of show that ` 
(9) påi = poAo =o tpdg = 0 td, = Ari, — p Bi = Bri. 

In the second alternative, one similarly calculates that - 
(92) | pA; = Bii; pBi = Ar. | 


It follows that p interchanges D, and E, or leaves them each fixed according * 
as (82). or (81) holds. But pw. also leaves the set of all Ọs fixed, because the 
map of M,-+ a was picked so that pw is extendable on this map. Hence 
p(ril;) = a" (pw) is a c. d. boundary, and p is extendable in the map of G. 
But « is extendable by the construction of (6) and (7), so all o’s in 3s are 
extendable. 
An automorph 6 of G could be ambiguous only on some er vj, by § 6. 4. 
But pu*-23 is the only o 541 wizh v; as a fixed edge. Hence the ambiguous 6’s 
are all in the set l 2 
(10) . pet, (¡=0,1,* < -,k—1). 


Every 04? =1. If kis odd, then k = 2t +1, 0;(mtsj1) = presos by (2) and 
(3), and 6; interchanges the ends of Mtn. As in Lemma 5.41, 6; must 
then have a fixed circuit or two fixed points in Miju. These, in addition to 
the fixed point v;, show that 6; is not ambiguous on G. There remains only 
the case k == 25, in which event Gi is ambiguous on both vi and vj in G. 

Possible conjugates of 6; are w*Bjw"* = bizz and pOjp + = bij. Therefore 
all @s are conjugate in X, while in 2, of (5) there are no @’s present. For 
the group 3, of (5), 0, has conjugates o, 02, 04," © © and 62, Ot-2;* © :, where 
k= 2t. Thus all 6’s are conjugates if $. is odd, while if ¢ is even @ and 0, 
are not conjugates, but every @ is conjugate to one of 0, or 6,. 

For alternative maps when k == 2t, we again superimpose the maps of 
M: + a on G’, but now so that the c. d. boundaries are not (6) and (7), but 


(11) D: = 3v: + Ao + Bı +42 + Bs -+ + Aro + Bus; 
i E; = 3v; + Bo 4 41+ Bo + AsH +++ Bea F Ans, 


“The automorph pethough a “reflection” of the circuit @’, is not necessarily a 
“reflection” of G. E o 
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where 3v; is the subgraph of all the v:. If k = 2t, and t is even, use 


(1) mt At At Br Y ed At Bet Br + Bes Bi 
E, = Xr; + Bo + B, + 424 As + Bi + Bs + de + Art > "+ Ane + Ans, 


as the.c. d. boundaries, or else use the circuits D, and F, obtained from Ds 
and Fs by increasing all dd on the right of (12) by 1. Call the latter 
map (12 +). 

If the group is %s, and k = 2t, then w is extendable in either map (7) 
or map (11). All 6’s in (10) are conjugate to 0, =p. As in (9), p carries 
wi to pai hence takes odd subscripts to even ones. If (91) holds, p carries 
A’s to A’s, so that p(D,) = Ez, p( #2) = D2. In both maps p is extendable, 
but, by the definition in § 6.5, x(p) is +1 in (11), and — 1 in (7). If the 
other alternative (92) holds, p is again extendable, but xp) = + 1 in (7), 
and —1 in (11). In either event a map. can be picked so that all o’s are 
extendable, and p, the typical ambiguous ae has either character 
desired. 

If the group is 3,, and & = 2t, similar calculations can be made. By 
(10), (2), and (3), one has 


Ppai = Pı-ai, Prai+ı = P-3 4) Opos == Us-2i, Or poset == Koi. 


If ¢ is odd, all @s are conjugate to 9, = p, and (7) and (11) again give maps 
with w* and p extendable and with x(p) =—1 in (7), and x(p) =+ 1 in 
(11). I£tiseven, all 6’s are conjugate to 6, or 6,.: But w? and p are extendable 
in all four maps, and the characters x(p) and x(0,) are, in that order, 
(= 1, — 1) in (7), (+ 1, + 1) in (11), (> da + 1) in (12), (+ 1, —1) 
in (12 +). This gives all four possible sets of characters. 

This completes the proof that when the skeleton is a circuit there is a 
map of @ in which all o’s are extendable and: in which the characters of 
ambiguous automorphs are arbitrarily assigned. The induction for Theorem A 
is finished, and with it the proof of Theorem 1 and its consequences in § 1. 
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ASYMPTOTIC CURVES ON A SURFACE. + ! 
By E. P. Lange and M. L. MacQuznn. 


1. Introduction. The purpose of this paper is to make some contribu- 
tions to the theory of the asymptotic curves on an analytic non-ruled surface 
in ordinary projective space. Section 2 contains a summary of portions of 
the classical analytical theory of the projective differential geometry of curves 
and surfaces which are used in later developments. Power series expansions 
in non-homogeneous projective coördinates for the parametric asymptotic 
curves on the surface are computed to terms of higher degree than have hitherto 
been considered. By means of these power series a brief study i is made of the 
asymptotic curves regarded as space curves. 


2. Analytic basis. If the four homogeneous projective coördinates x of 
a variable point on an analytic non-ruled surface S in ordinary space are given 
as analytic functions of two independent variables u, v, and if the parametric 
net on § is the asymptotic net, then the functions v are solutions of a system 
of differential equations which can be reduced to the form 


Tun = pu + Oulu + Bev, 


Ero = GE + ya + 0% (9108 By)- 


(1) 
The coefficients of these equations are functions. of u,v and satisfy ‘certain 
integrability conditions. o 

The formulas for the third derivatives of x= expressed as linear com-. 
binations of 2, zu, Lo, Zw are found from system (1) to be 


Tuuu = = (Pu + pôu) + (p + 64? + Bun) Zu + (Bu + Blu) to + Baur, 
Zum = (Po + BY)& + hay + mty + Jute, 

Tuvo = (Qu + YP) E + Xu + kto + Orkan, 

Tow = (Qu + Gv) & + (yo + y00)%u + (9 + 00% + 000) Zo + your, 


(2) 


where z, x, k are defined by the formulas 


(3) r= p + By, ° x= + Yy% k= By + uw, 
and ġ,y by f a 
(4) © g= (log By*)a, y= (log °y) 


* Received March 3, 1938. 
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Furthermore, we find 


(5) : Tuuua = Ag rs Batu + Cto + Dun, 
, where 
As = (Pu + pOu)u + Ep + 0% + buu) + B( po + BQ); 
i B, are (Pu + Pou) + ba (p + Ou? + Aun) + (p + 01? + Buu) a + Bk, 
Ca = B(p + Ou? + Buu! + (Bu + BOu)u + Br, 
a = R (Bu + B0u). * 


(6) 


In fact it is possible to express every u-derivative of as a linear combination 
of %, Zu, Zo, Tuy by an equation of the form 


(7) » Ont /dut = Aya + Bitu + City + Diva, 
where = 
Ai = Ain + PBia + (po + BQ) Din; 
. B; = A: + Ou Bia + Biss + bDi- 
(8) C; = Bi- + Cian + Dis, 
D; = Cin + OuDi-1 + Dira." 


The parametric vector equation of.an analytic curve is 
(9) , z= z(t), 


‚the parameter being ¢ These coördinates v satisfy an ordinary differential 
equation of the form 


(10) w+ 4p0”” + 6px” + 4p + paw — 0 (a = dx/dt,- © °); 
the coefficients being functions af t. Let P», Py, Ps be defined by the formulas 


P, = Pa == pi —w1, 
(11) P, = p; — 3PıPa + 208 — nh", | 
Ps E Ps — 4P1P3 — 3p.” + 12p,?p» = 6p,* == pl”. 


Then two invariants bs, 6, of the differential equation ‘are defined by the 
formulas ‘ l : 
(12) b; = Pa — YWP?, 0, = Pi — 85 P? OPS + % os 


. If the differential equation of the form (10) for the asymptotic u-curves 
on the surface is calculated bz means of equations (1), (2), (5), then the 
coefficients of this equation are found to be given by the formulas 


9 . 0 
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a = $ — 861, 
6p =$? + pu -— Oh — ABuu + 1104? — Te By, po 
(13) P == Orhan NX 66,3 er Ouuu + Gpl, PEA 2Pu + 58u h l 
= p+ pBy — 6007 + phun — ppu + Sphup 
+ Spubu Dun pp? Ni 2Pup — (Pr + Bq) a 


The invariants 03, 0, defined by the formulas (12) can be calculated for the 
u-curves,. but we shall omit ¿he writing of these results here. 


‚3. Power series expansions for the asymptotic curves. In ordinary 
space an analytic curve can be defined by expressing two of the non- 
homogeneous coördinates-of a point on the curve as power series in the third 
coördinate. Power series expansions for the u-curve can be calculated in the 
following way. 

The coördinates of any point X near the point x and on the u-curve can 


be represented by Taylor's expansion as power series in the increment Ay 
p y tay p I 


corresponding to displacement on S from v to the point X along the curve: 
(14) . X == TI + Tudu + Luus? + VYoCuunAu® + Yo 4 Cuunudut + T OR ini 


Expressing each of Cuu, Cuun’ * + as a linear combination of T, Ly, Lv, Tun, 
we find ~ 


= TT + Coty + Taty + Caluvy 


where the local coórdinates *,,*  ",z, of the point X are given by the 
expansions 


a 14 apar + Yo (Du + PO) A? + add 4 ©, 
2, = Au + bus? + Y (p + Qu? de uu Aus ` 

(15) : + Ye Bid* + Y 20BsAy* ei 
ts = ¿Bau? + Y [Bu + + bbu) Au? + %40 Aut l 


+ Y2005Au + golea +: toe 


BET Y BAu? + YU 2 (Bu + BO.) Aut + YaoDsAu’ 
+ Yo0oDsAus + YoaoDrAu’ + 


Introducing non-homogeneous coördinates by the definitions 
(16) E= Ta/T Y = T/T B= U/L, | 


we find - 


— bup? — Ipp — Buu o — hupu + 0 By — Bk, | 


com 


(17) 
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gz = Au + We,Au + W (0a? + Gun — 2p) Au® 


+ Vas (Ba — 4pu — 10 pôu) Aut 
+ %2o[Bs — 54: — 106u(pu + pou) Aw +: 
y = A + % (Bu + Bon) Au? + Yes (O, — 6Bp) Aut , 
+ Ye2o0lCs — 108 (pu +. pu) —10p(Bu + 89.) ]Au? 
+ Yaolls — 158A, — a + Pôu) (Pu + Pôu) 
—15p(C, —68p) jau ++ ++, 
z = Ypdu + Y 2 (Bu + B0u)Au* + Yoo (Ds — 108p) Au? 
+ Azo [Ds — 208 (pu + p9u) — 30p(Bu + Pôu) Au! 
+ %040[Dr — 21p(De — 108p) — iz 
— 70 (Bu — P9u) (Pu + phu) Au’ +: 


Inverting the first of these ser_es we obtain 


(18) 


where 


(19) 


Au = + con? + 630° + cant + cT + > os 


Ca =— Yh, C3 ae a Ye (Ouu — 204? — 2p), 
Cg = — Wa (Ouuu en Y Jubuuu + 66,3 + 1276, havea 2Pu + Bk), 
OR 720 (Ouuuu — 11 OB uu + 466u? Aun — 24004 — YOu” 


+ 24-7 (Pun — 80u? — p) + 20pubu — 2Puu 
+ Blku + 66, — 3k — 4(po + Bq)))- 


If we substitute the series (18) for Au in the last two of the series (17) we 
arrive at the power series expansions for the asymptotic u-curve, namely, 


(20) 


where 


(21) 


Y = pa? — Bon’ + habat + zobit + Aspar ++, 
z = YBa — Y 9Bpr* + Yoofbsr* 
+ Yoobber® + osobbi +: °°, 


a, = $? + Pup — de + 4p + BY, 
Qs = Ogu — (204 + p_a, — 1096 — Boy — 48k, 
Qs = üsu — (304 + $ 05 + 3(6p + By) as 
+ 20Bpk — 2xBy + 108 (po + Bq), 

bs = 304 — 2By, 
be = 4a; + 108py + 28 (% + do — 30u0), 
by = Bas — (30, + $) (de — 445) 

+ Deu — 4asu — 48y (bs + 10p) — 108k. 


Analogous expansions for the v-curve can be written by making the appropriate 
symmetrical interchanges of the symbols. 


2 » + 
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4. A canonical form jor the expansions. By suitable choice of the 
coordinate system the power series expansions (20) can be reduced to a simple 
canonical form which it is tke purpose of this section to obtain. 


First of all, the osculating twisted cubic at the point O(0,0,0) of the 
w-curve defined by equations (20) is found to have the parametric equations 


2 = 1 + OP — DE, Tz = YA Be, 
T: = t + Y pd HE, w= Bt, 


wherein 0, H, D are defined >y the formulas 


(22) 


C= 0 (30; — 5¢? — 1264), 
(23) H = — H go (3a, — 59? + 1884), 
D = hots + Hepta — hrg. 


Incidentally, it will be observed that C,H satisfy the relation 
(24) 7 + 8H = — Ypy. 


The osculating twisted cubic may also be written in the form of two power 
series expansions which must agree with the series (20) up to and including 
the fifth "powers of v. For -his result we find 


y = HBT — Y Bega? + abast + YooBast® + Woops ++, 
(25) z = Y Br — Y ober! + Y 20Bbst* E ' 
l + Yzoßboa® + Yoaohba" +: >, 
where 
dp = — Ya — 14% 4 —140(0 — 2H) g? 
(26) = + 860(20* — 80H + 1H), 
be== 4a; + 1084), 
Sde RE EN 


1 


Let us make the transfoemation 


z= (X + 4Y + H2)/(14 CY + DZ), 
(27) y = (ABY)/(1+ CY + DZ), 
z = (%82) (1 + CY + DZ), 


from the old coördinates « y,z to new coördinates X,Y,Z. This trans- 
formation moves the vertex (0,0,0,1) of the tetrahedron of reference to a 
point on the osculating twisted cubic of the u-curve.. Furthermore, the edge 
X, = X = 0 of the new tetrahedron is tangent to the oseulating cubic at 
the point (0, 0, 0,1), and the face X, = 0 is the osculating plane of the cubic 


u : ee R Me 
gS 
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at this point. The unit poins is somewhere on the osculating cubic whose 
equations become 
- (28) Y=", Z=% 


Moreover, we find that the equations (20) of the u-curve can be written in 
the canonical form 

— 2 LAN...» 
(29) Y + As + > 


Z = X? + BX BX I+: >, 
the coefficients Ao, Be, B, being defined by the formulas 


As = 1360 (Q6 — as), 
(30) e = ¥20(bs—be), 
Br = Hao (br — br + Be). 


If we replace be in the second of equations (30) by its value found in’ 
equations (26), we find 


(31) Bo = %oB[8y — (log B) xs]. 


The coefficient Be is found to Je an invariant and differs from the invariant 
bs of the differential equation of the u-curve only by a constant factor. In 
fact, if 03 is calculated, it is foand that 


(32) | By a — 14 505. 

Moreover, further calculation shows that 

(33) ` Ae=— Hgo (b0 +2), Bı = — Yro (250: + 1494), 
so that we have o 

(34) B: — 34s = Yo. 


Therefore the expansions for tke u-curve may be written in the form, 


Y = X? — Y go (504 + 20a) X°+° °°, 


(85). Zn Kat Kso (250, + GE 


5. Asymptotic curves regarded as space curves. Application of the 
theory of space curves to the power series expansions of the asymptotic curves 
leads to some interesting results. In the old coördinate system the equations 
of the osculating quadric cones at the point O of the u-curve and the v-curve 
are respectively 
PA © (Me — Kay —9H i)e =0, 

| ae— (Shy — ye —9E2) 2 — 0, 
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where H“) is the same as the H defined in equations (23) and 7% is easily 
written therefrom. The polar plane of the v-tangent, «=z = 0, with seepect 
to the oseulating quadrie cone of the u-curw is the plane 


eo y + Ype = 


Similarly, the polar plane of the u-tangent, y == z == 0, with respect to the 
osculating quadric cone of the v-curve is 


(38) a+ hye = 


Thus the polar plane of the u-tangent with respect to the osculating guadric 
cone of the v-curve intersects the polar plane of the v-tangent with respect to 
the osculating quadric cone of the u-curve in the first edge of Green. 


Another quadric cone can be obtained from the two osculating quadric 
cones of the asymptotic curvas. For this purpose let us consider any line 1 
through the point O and lying in the tangent plane to the surface at the porn 
O. This line has the equations 


(39) y-m——0 (est). 
The polar planes of the line } with respect to the cones (36) are respectively 
(40)  y-+1/4n(ns—3ßja—0 and a+ YU (y —3my)2=0. 
Eliminating n-from these equations, we find. 

(41) (2 + Yaya) (y + be) — A epy? = 0. 

The following theorem summarizes this result: 


Consider any line l through the point O of a surface and lying in the 
tangent plane of the surface at the point. Consider the polar planes of the 
line 1 with respect to the two osculating quadrió cones of the asymptotic curves 
through the point-O. Asl varies about the point O the line of intersection of 
these two planes generates a quadric cone with its vertex at the point O. 


It may be remarked that Calapso has obtained * the cone (41) by a method 
based on a consideration of the osculating twisted cubics of the asymptotic 
curves at the point 0 of the surface. He shows, among other things, that the 
polar line of the tangent plane of the surface at the point 0 with respect to 
this cone is the first edge of Green. 


IR. Calapso, “ Sugli enti proiettivi legati al generico punto di una superficie,” 
Atti Accademia Gioenia, Catania, (5), vol. 19 (1932), mem. 14. 
* e 
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From the canonical expansions (29) we find that the u-curve belongs to 
a linear complex in case Be = Ù, and is a twisted cubic in case Bs = As = 0. 
In the new coördinate system the principal plane at the point O of the u-curve 
is found to have the equation . 


(42) BY — AZ = 0, 
and the principal point on the u-tangent has the coördinates 


(43) (340, Bo, 0, 0). 


If the u-curve belongs to a linear complex it is obvious that the principal 
plane coincides with the osculazing plane’ of the curve and that the principal 
point coincides with the point O. Moreover, the principal plane is indeter- 
minate in case the u-curve is a twisted cubic. 

The Halphen cone at the point O of the u-curve is the eleven-point cubic 
cone with its vertex at the point O and with the u-tangent for a double line. 
In the new coördinate system the equation of the Halphen cone at the point O 
of the u-curve ts found to be 


(44) X ya — BPs 72) ys 4 B, —2Ae FZ — B.Z? =0. 
Bo Bs l 
` The nodal plane of this cone has. the equation 
(45) | — (B: — 2A) Z = 0. 


This En coineides with the principal plane defined i er (48) if, 
and only if, 
(46) B, 34, =40, 


Referring to equation (34), ma thus obtain the following geometrical inter- 
pretation of the vanishing of the invariant ba: 


The principal plane at a point of the u-curve coincides with the nodal 
plane of the Halphen cone at the point if, and only if, ,—=0. 


Another geometrical interpretation for the condition 0, == 0 can be given 
_ in the following way. The plene containing the three inflexional generators 
of the Halphen cone is found to have the equation. 


(47) ` BEX—2B.(B,—240)Y + (Br —24e)?Z = 0. 


The pencil of quadric surfaces containing the osculating twisted cubic and 
having seven-point contact with the u-curve at the point 0 is given by 
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(48) . h[Y — X — (40/30) (Z —XY)] + k(¥?— ZX) =0, 


where h, k are arbitrary constants. Among these quadrics there are only two 
cones, for which 


(49) h? (Bè + hAg)? = 0. 
The one of these for which h== 0 is the osculating quadric cone 
(50) Y?—ZX¥—=0 
with its vertex at the point O. The oler, for wich 

BE Lhd =o, 
has the equation ' , 
(51). ¿HT —X2) — A-Bo(4— XY) — Aè (Y? —ZX) =0, 
and its vertex is at the Halpken point 
(52) (As, AB, AsBe?, Bë). 


. The polar plane of the principal point (43) with respect to the cone (51) is 
found to have the equation 


(53) Bex Ze 2AB Y + AZ a 0. 


Comparison of this equation and equation (47) shows that these two planes 
coincide in case B: — 34. = ), Thus the following theorem is proved: 


Al a point O of the u-carve the plane containing the three inflexional 
generators of the Halphen conz coincides with the polar plane of the principal 
point with respect to the cone defined by equation (51) if, and only if, 0. =0, 


Finally, it is easy to establish the following theorem : 


If the u-curve belongs to e linear complex, the Halphen cone is composite, 
one component being the osculating plane and the other being the osculating 
quadric cone. Moreover, the. osculating quadric cone has eight-point contact 
with the curve, provided B: — 245540. 
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SYSTEMS OF QUADRICS ASSOCIATED WITH A POINT OF A 
SURFACE.* 


Ey Louis GREEN. 


1. Introduction. One cf the popular methods’ of studying the local 
geometry of an analytic surfare immersed in a three-dimensional projective 
space is to examine the properties of algebraic osculants. For, these osculants 
can be used to obtain simple characterizations of many elements intimately 
related to the given surface. The osculating quadrics at a point of a surface 
are of particular importance in this respect, and it is the purpose of this paper 

_ to make a more comprehensive study of certain of these quadrics, ‘obtaining as 
a result significant properties of the surface. ' i 

Among other things, the problem of determining the envelope of a two- 
parameter family of Moutard quadrics is solved, the singularity of the curve 
of intersection of the surface and one of its Moutard quadrics is investigated, 
certain individual members ol each Moutard pencil of quadrics* are char- 
acterized, and three new pencils of quadrics which we call the: Darboux-Segre 
pencils of ‘quadrics are defineé and discussed. 


2.. Analytic basis. The local coördinate bio of G. M. Green 
(with a modified unit point) is taken as the projective coúrdinate system 
throughout this paper, and the equations of the various configurations to be 
used are ‚obtained in this section by transformation from Fubini’s. codrdinate 
system. 

Fubini’s canonical differential equations of an analytic curved surface $ 
are given by 


Tuy == PC + bylu + Bor, Coy = QL + yla + Atv, (0 = log By). 


Let 0 be an ordinary point of S, chosen as the vertex (1,0,0,0) of two 
‘local tetrahedrons, one of Fukini and the other of Green. If a point of the 
` ambient three-space has the tw) sets of coördinates (2,,**-,t4), (X1,***, Za) 
relative to these respective tetrahedrons, then the following relations exist : + 


* Presented to the Society, April 9, 1937. Received by the Editors October 30, 1937. 

1 So called because each- of these pencils contains a quadric of Moutard. These. 
pencils were first studied by Su end Ichida, Japanese Journal of Mathematics, vol. 10 
(1933), pp. 209-216. 

2 Lane, “Power series expansions in the neighborhood of a point on a surface,” 
Proceedings of the Natignal Academy of Sciences, vol. 13 (1927), pp. 808-813. 
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* a, = 4X, + 316%, + 3myXs + (9/4)n( 94 — Bhu) Xs 
(1) Le = — 121X, — Ip X a, 
T3 = — 12mX3 — noX, ° 
£4 = 860X,, 


where 1, m, n, $, y, have the values 


—=1/ (By), m=1/(BF)%, n= Im, 
$ = (log By)u, - y = (log B*y)o. 
With the introduction of non-homogeneous coórdinates X, Y, Z defined in the 
customary way, 0 becomes the origin of a local -non-homogeneous coördinate 
system, and the coördinates of a point on S sufficiently “near” 0 satisfy a 
convergent power series expansion of the form 


(2) Z2=XY¥4 X? +F? + AX°'Y + BXY? -+ 0X’ + ONY | l 
+ OXY? + OLX PY? + OXY* + OE Ho | 
where all the coefficients are absolute invariants of the surface, and in particular, 


A=—3my/2, B=—3l¢/2, 
200, = 361%p — Ipu — 27myp — (9/4) Po? + 977 GO», 
16€, = 24 apy — land + 1350) — 135, 5 
(3) 160, == — 135m*q + 72m? + 27m*y? — 18014 + 72m "4 (B/B); 
160; = — 1852p + Vl pu + 27129? — 180my + TE (9/7); 
160, = Yun, — 12mu + 135ndy — 135, 
200; = 36m*q — 9Im*Yy — 2716 — (9/4) my? + Imya. 
` For use in $ 7 the formulas for the derivatives of the local coórdinates 
Xu," © *, X4 will now be obtained. Equations (1) are first solved for the X, 
the resulting equations are then differentiated with respect to u(v), and the 
Liu (Ziv) which appear are replaced by their known values * in terms of the %;. 
- The right members are then expressed in terms of the X; by means of (1), and 
when simplified with the use of (3) take the form’ 


| 861Xiw = 6BX, + (600, — 724) X2 + (12C,— 454B + 108) F, 
+ (360, — 103B — 544?) X., 
361X 24 = 12X, + 2BX, + (120, — 45AB + 216) X, 
361X u = — 36X, — 2BX, + (600, — 1084) X, 
B61X qu = 12X, — 6BX,;; 
(4) 36mX,y=6AX, + (12C,—45AB + 108) X, + (600, — -28)%, 
+ (360, — 108A — 54B*)X,, 
36mXoy = — 2A X, — 36X; + (600, — 108B)X,, 
36mX y = 12X, + 24X, + (120, — 454 B + 216) X., 
36m Xu0— = 12¥,—6AX,. 


3 Lane, Projective Differential Geometry of Curves and Surfaces, Chicago, 1932, p. 111. 
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By means of transformation 4 1) all the remaining results of this section 
are.readily established. : 
The tangents oi Darboux through 0 are given by ` 


I + X = 0= = X55 
the equazion of a i of Datboux, 


Tola — UUs = ha? =Q (k= h(u,v)), 
becomes 2 l ` 
(5) UL + KE 20 ` K = (9/2By) (Ou + 2h) ; 


the equations of'a canonical line of ‘the second kind, 


Ly — tht, — kyt; = 0 = T4, 
have the form 


— (B/2) (1 + 4k)X2— (4/2) (1 + 4k) X; =0 = Xs, 
and its polar line with respect to a quadrio of Darboux joins 0 to the point 
(0, (4/2) (= + 4k), (B/2) (1 + 4k), 1). 


If tae corresponding equations of a plane in the abo menace eoördi- 
nate systems are 


4 . 4 . 
2 650: = 0, 2 nx; = 0, 
then the transformation of Čech in Fubini’s system, 


pir = oska — j i (yéz + 3), pl = — É$, . 
pte = — PÉ m=) >. (j = const. ), 


is expressed in Green’s system by the equations 


oX: = Nomen + It),  oX2—— gene’, 
oX: == — y? VED X,=0. 


A curve on § which passes through 0 in a non-asymptotic direction and | 
satisfies the differential equation 


du—dAdu=0. (A=A(u,0)), 
has for tts osculating plane 260 the plane represented By 
BA (Mita — 2) + (B— yr? — Gud + MA? + V)t—=0 (X = 0" = dy + Ady). 
Under transformation of coérdinates (1) this equation becomes 
frig 
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(6) u(uX2.—Xs) + —9 + Ap? — Bu — 9p!) X,=0, 
where m, y”, are defined by | . 

one 
(MM: pea /m, Žž p an a Nis) = lju + My. 


The osculating plane at 0 of the pangeodesic which passes through this 
; point in a non-Darboux direction X,/X, = a is expressed by l 


(8) la + 1) (aXa — Zs) + (3a — 3 + Ap? — But) X, = 0, 
and the quadric of Moutard i in the non-asymptotic direction » at 0 has the 
equation : En ee i 
(9) ¿MZ XX) al + (a —1)X,X, 
+ (Ap? + But — p° — 2p 0 — 1) XP = 0. 

3. The curve of intersection of a surface and a quadric. The equation 
of the most general quadric : Saving second-order ponies with the surface 5 
at the point 0 is 
(10) XY — Z4 KXZ 4 KEYZ 4 KZ 0, 


where K», Ks, K, are arbitrery functions of u and v. The curve of inter- 
section C of this quadric and 5 is expressed by (10) and 


(11) 0=X— KE, PY —K,X¥? + Y? + (A— Ke) Y | 

. — (2K,K,+ K) XY? + (B—K,?)XY'+---, 
the latter equation being obtained by solving (10) for Z as a power series in 
X, Y and then subtracting from (2). The curve C' has a triple-point at 0 
with triple-point tangents satisfying the equations 


(12): I —K:.X’Y —K,XY? + Y¥'=0=—Z, 
“Comparison of equations (10) and (12) leads to the following conclusion : 


Two arbitrary non-asymptotic tangents to S at 0 determine a pencil of 
quadrics having second-order contact with S at 0 and meeting S in a one- 
parameter family of curves each containing these tangents as two of its triple- 
point tangents. The residual tangent at 0 is the same for all the curves of 
the family. 


A particular quadrie of such a pencil is uniquely determined, ordinarily, 
by characterizing the osculating plane at 0 of any one of the three branches 
of the curve 0% 


* The Moutard pencils of quedrics are the only pencils for which this is not the 
- case. But, as is shown in $$ 5, 3, for such a pencil of 'quadrks in a direction u the 
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Several particular examp.es of the above theorem are worth noting. If 
two of the triple-point tangerts lie in distinct Darboux directions at 0, the 
third tangent must lie in the regidual Darboux direction and the ae 
quadrics are the quadrics of Darboux. 

If two of the tangents coincide in a pla direction X X 2 = py 
the third must lie in the direction — 1 /?, and the quadrics determined farm 
the Moutard pencil of quadries in the direction p. If p?==— 1 the triple- 
point tangents all coincide in one of the Darboux directions, while if pê = 1 
two of the tangents coincide in a-Segre direction and the third-tangent lies 
in the conjugate Darboux dire: tion. 

If two cf the tangents lie in distinct Segre bd the third is seen 
to lie in that Darboux direction which is conjugate to the residual Segre 
` direction. Every Darboux direction thus determines a different pencil of such 
quadrics, so that each of the three pencils may be designated as the Darboux- 
Segre pencil of quadrics in th2 particula? Darboux direction considered. 

‘The Darboux quadrics and the three Darboux-Segre pencils of quadrics 
are special cases of the pencil 


rege E Lg E YZ+4EZ=0 (K, arbitrary), 


which is determined by the tangents in the directions pw, po”, — 1/p?, where 
w is a primitive cube root of unity. 

The quadrics of Darboux are thus seex to constitute the only pencil which 
cari be determined by three tangents apolar to the asymptotic tangents at 0. 
f Similarly, there exists a unique triple of tangents apolar to a given pair of . 
conjugate tangents X,/X,.—+ yu, X¿=0, which according to the abcve 
theorem can determine a pencil of quadrics. These quadrics, whose equations 
“can be shown to have the form 


XY — Z — 3p XZ — (3/42) YZ + X¿Z? = 0, (K, arbitrary), 
were defined by Davis * in an entirely. different manner. 


4. Quadrics associated with the tangents of Darboux and of Segre. 
The theorem of the last section is applied here to the quadrics of Darboux, 
the Moutard as in the Segre directicns, and the Darboux-Segre pencils 
of queda 


osculating plane at 0 of a properly chosen branch of O does determine a unique quadric 
of the pencil, except when # is a Darboux direction. In this latter case the osculating 
plane at 0 of each of the three branches of O coincides with the tangent ‘plane to S, 
unless the quadric is the quadrie of Moutard of the pencil. 

5 Contributions tosthe theory af ae nets,” abs Dissertation (1933), p. 12, 
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The surface © and an erbitrary quadric of Darboux with parameter K 
meet in a curve O whose three branches are representable, as is seen from (2) 


and (5), by the series . 

Y =—aX + 4(de? + Bes FET Hax +o 

Z =— ať’ + 4( Ae? TERTIO m (i = 1,2,3), 
where 


A 5 
—9e; m = 2ABe; + 2B? + AK +3BKe? + Ke +330; (—e)/, 
j=0 


(13) eg =1, e =w, eq =w? 





and w is a primitive cube rcot of unity. The osculating plane at 0 of each 
branch of C has the equation 


(14) aX p aE + H4e? + Ba + KZ =0, 


from which it follows that taese osculating planes are coaxial if, and only if, 
the given quadric is the quadric of Wilczynski (K =0). The common axis 
of the three planes then becomes the canonical line of the first kind for which 
k =— 5/12, which we shall designate as the first axis of Bompian.® 

It may be remarked here that the Moutard quadric in a Darboux direction 
—e; meets a Darboux quadrie (5) in the asymptotic tangents through 0 and 
in a conic lying in the plane (14). As a consequence the Moutard quadrics 
in the three Darboux direetzons have a residual point of intersection on the 
first axis of Bompiani. l 

. If the parameter K is left arbitrary, then the planes (14) correspond 
j ander a transformation of Čech with parameter 7 to three collinear points if, 
and only if, K =— 187 (tae line thereby determined being the polar with 
respect to a Darboux quadric of the first axis of Bompiani, independently of 
the value of K). This eqration defines a correspondence at each point of 
the surface between the Čech transformations and those Darboux quadrics 
for which K is independent of u, v. Thus, the quadrics of Lie and Fubini for 


which K —— 9/2 and — 3 respectively, characterize the transformations of 
Cech for which j = 1/4 and 1/6, whereas the transformation of Segre (j == 1) 
characterizes the quadric of Darboux for which K = — 18. 


The osculating plane (i4) is a stationary osculating plane if, and. gy if, 
— 9am = (Ae? + Ba + K)?; 


the value of K is thereby aniquely determined” and when substituted into 


* This line was first characterized in a more complicated way by Bompiani in the 
Rendiconti dei Lincei, ser. 5, val. 33, (1924), pp. 85-90. 

7 The value of K depends on the particular Darboux direction chosen, so that there 
exist three distinct Darboux quadrics with the property considered. 
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(14) gives as the equation of the stationary osculating plane 


(15) (dep —B) (GE +F) + [HO (a)! 12-0. 


The Moutard peneil of quadrics a 0 in the Segre direction. X N z= € 
has the form 


(16) XY —Z 4 XZ ANDAS EN: 


with K; as parameter of the pencil. The curve of intersection of the surface 
S and an arbitrary quadric > this pencil has a branch in the conjugate 
Darboux direction, the osculatirg plane at 0 of this branch being expressed by 


(17) . aX +eY + HA + Be+ Ki)Z =0. 


Since the equation of the osculating plane at 0’ of the curve of Darboux 
in the direction — es is 


(18) eR eE GA A E 
it follows that the planes (17) «nd (18) coincide only if 
Kim — (4/8)a? — (B/8)a— 18: 


This value of K; determines a unique quadric of the pencil (16), and since 
there are three Moutard penc:is in the Segre directions at 0, three corre- 
sponding quadrics are obtained im all. These quadrics intersect in the asymp- 
totic tangents through 0 and it a residual point lying on the canonical line 
of the first kind for which k =— 1/12. Under the transformation of Cech . 
with j = 1/2 the three planes 18) are carried into collinear points, on the 
second axis of Cech. 

The condition that the oscrlating plane (17) contain a line } Aas 0 
to an arbitrary point (0, a,b, J} requires that 


K; =— (4% + AJe? — (4b + Bye. 


The line } obtains in this way a smgle quadric out of each of the three Moúsard 
pencils in the Segre directions, the residual point of intersection P of these 
quadrics having the coördinates 


(4a + A) (4b + B), 4a+A, 4b +B, 1. 
As the line l varies in the buncle at 0, the point P generates the quadric of 
Wilczynski; P lies on l tf, and oaly if, 1 is the first axis of Bompiani. 


The quadric of Moutard in she Segre direction e; at 0 is that quadrie of 
the pencil (16) for which 
ae ® ; 
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the osculating plane (17) ina by this T of K; can also be described 
-as the plane containing the ncn-degenerate Conic of intersection of the Moutard 
- quadrics in the conjugate dirzctions + «e; The residual point of intersection 
of the Moutard quadrics in the three Segre directions lies on the canonical line 
of the first. kind for which k— — 3/4, while the transformation of Čech for 
which j 1/6 carries the three planes (17) determined by these quadrics 
into collinear points on the second.directrix of Wilczynski. 
` The Darboux-Segre pencils of quadrics will now be considered. For, each 
choice of e; let es, ej, €k Terr nent the three values in (13). Then the three 
directions 
Xy Xy = — 6, X3/Xo = ej, Em 


at 0 delas a Darboux-Segre pencil of. quadrics in the Darboux direction 
— ei, having the equation 


(19). X¥—Z— 2eXZ —26YZ + K8*=0 (Kı arbitrary). 


If the osculating planes at 0 of the three branches of the curve of intersection 
of the surface S and one of these quadrics be denoted by wii, mij, mix corte- 
sponding to the respective directions — ei, ej, ex, then 


eat ARE el EIER) ZH, 


min: en”. X — aY + PaZ—=0 + (h = j,k), 
where ; 
P _ — Aen — B + tér” + Kier? 

i a Rei + desen + den” f 


The condition that the plane «rs; coincide with the osculating plane of a 
curve of Darboux at 0 determines a unique quadric out of each Darboux-Segre 
pencil. The residual point 3f intersection of these three quadrics is the point 
of intersection (besides 0) cf the quadric of Fubini with the canonical line of 
the first kind for which k — — 11/24. 

A unique quadric in each Darboux-Segre pencil is also obtained from the 
condition that the three planes rii mij, rin be coaxial, the parameters K; then 
- having the values l 


s= let + Ber +2) | "(=m 1, 2,8). 
The three quadrics thus found have their residual point of intersection on the 
canonical line of the first kind for which k = — 9/20. 


The locus of the line of intersections of the planes, Tjj, Tik for all quadries 
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in the pencil (19) is a plane passing through the Segre tangent 1,/1. = es, 
X, = 0 and through the canonical line of the first kind for which k = — 3/4. 
The quadric determined by the cowdition that the planes rij, vi contain this 
canonical line corresponds to tke parametric value 


Ki = — 2Ae:? BRL, 


and the three quadrics so obtaired for i = 1, 2, 3 have their residual point of 
intersection on this same line. 


5. The Moutard pencils >f quadrics. This section is concerned essen- 
tially wita an examination of the singularity of the curve of intersection of the 
surface S and a quadric of the Moutard pencil. The curve determined by the 
Moutard quadric of the pencil is found to differ radically from the curves . 
determined by the other quadriz3 of the pencil. 

The Moutard pencil of quadrics determined at a point 0 of S by a di- 
rection X3/X. =p has the form 


(20) X¥—Z + (MR EZ + (1/ut) (242 —1) YZ + Kyl? =0, 


where Ky is an arbitrary function of u, v. The quadric of Moutard of the 
pencil is obtained when ; 


(21) eet Be ei 
Let the equation 
(22) Z=n( 7 —pX) (n 0) 


represent an arbitrary plane throagh the tangent X,/X,— p, X, = 0, cutting 
the surface S in a curve sand a yadric of the pencil (20) in a conic q. Then 
s and q have third-order contact ıt 0 for all values of n and Ky. Conversely, 
if every plane of the form (22) meets the surface S and a quadric Q in a pair 
of curves which have contact of the third order at 0, then Q belongs to the 
pencil (20). The quadric of Mcutard (9) is the unique quadric of the pencil 
for which the contact between s end q is of the fourth order for all values of n. 

If p is not a Darboux direction, there are two planes of sextactic section € 
passing through the tangent X,/F; = p, X, = 0, for which the contact between 
s and q is of the fifth order at (. The les of n in (22) which determine 
these planes are the roots of the equation : 


(23) Ain? + (8 — Bp? — £p? + Butan + (p? + 1) 42 = 0, 


8 Darboux, Bulletin des Sciences Mathematiques et Astronomiques, ser. 2, vol. 4 
(1880), p. 356. ` 
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where h is defined A 
h=? (p + 1)? — 8p*(u* +1) (A + But) + pia, 


and 
(24) a= z$ Qipi. 
0 


The curve of intersectior of S and an arbitrary quadric.of the pencil (20) 
is given by equations (20) end (11). If is not a Darboux direction, this 
curve has two branches at 0 in the direction x, whose equations are 


(25) Y =X rI 4, LY 0 >>, 
where r satisfies the equation l 
1? = — p( Ap? + But — pS — 2p — 1 — Kp) / (0 +1). 


Tf r ="0 the curve (25) is found to have a tacnode in the direction p, so that : 
in view of (21) a necessary and sufficient condition that a quadric of the 
Moutard pencil in a non-Darboux direction p at 0 be the quadric of Moutard 
(9) is that its curve of intersection with S have a tacnode at 0% in the direction 
¿ instead of a cusp. 

For the case of the Moatard quadric (9) the terms of fifth degree in the 
series (11) can be shown to be 


5 
rg: 
0 A 
Where 
Pom Co, Ti = pOr + pw? — 6p* + 12p* — 8, 
PT, = pO — 9p? + 38B + 27p0 + 34p" — 6By* —27p* — 6 Ap? + 18, 
LTs = 50% + 18p? — 6Bp — 27% p8 — bA p? + 3Bp* + 274% + BAR — 9, 
PET, = pC, —8p? + 122° — 64 + 1, Ls = Co. 
The two tacnode branches of the curve of intersection of the surface § and the 
Moutard quadric.(9) are now found to have the equations 


(26) F= +a +, Z=_XV+---. (i=1,2), 
where o,, o. are the roots of the equation 
(27) (19 + 1)0? + (3 — 3u — Ap? + But)o + h = 0. 


If rÆ 0, the oseulating plane at 0 of each cusp-branch (25) coincides | 
with the tangent plane Z — 0, whereas if r= 0 the osculating planes at 0 


are represented by, the equations ` 
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(28) Z = (We) (Y —pX) (+= 1,2). 
Setting w/o; = m, and using (37), we find that n,, nz are the roots of equation 


(23). Hence, the osculating p'anes at 0 of the tacnode branches of the curve 
of intersection of the surface 3 and the Moutard quadric in the non-Darbouz 
direction p at 0 coincide with tie planes o; sextactic section which pass through 
the tangent line in the directica p. 


Comparison of the discriwinants of (23) and (27) shows that the two 
planes of sextactic section thrrugh the line X,/X,— p, X, = 0 coincide if, 
and only if, the taenode branckes (26) have maximum-order contact at 0, this 
situation occurring for twelve values? of p. 

The results concerning tæ Moutarl pencil of quadrics in a Darboux 
direction X /X, = — e at 0 rill be stazed briefly. Each quadric Q of the 
pencil meets the surface $ in a curve C whose triple-point tangents all coincide 
in the given Darboux direction. If Q is not the Moutard quadric of the pencil, 
this curve has a superlinear branch of order 3 and the osculating plane at 0 
of each branch coincides with the plane Z—0. If Q is the Moutard quadric 
then the curve C consists of twc cusped branches and one linear branch. The 
osculating planes of the cusped branches at 0 coincide with the tangent plane 
to S, while the osculating plane of the linear branch at 0 is none other than ` 

. the plane. (15). This plane cen also be obtained as a limiting case of (28) 
as u approaches — éi. 


6. Cones associated with “he Moutard pencils of quadrics. The prob- 
lem of characterizing individusl members of the Moutard pencils of quadrics 
in the Segre directions at a poixs of a surface has already been discussed. We 
now. consider this problem for an arbitrary direction. i 

The curve of intersection of the surface § and an arbitrary quadric of the 
Moutard pencil (20) in a non-Darboux direction p» at 0 has a linear branch 
in the direction —1/y?. The =quations cf this branch are 





1 Ap? + Bat —(p"— 1)? + Ep 
Ber : Br, IR 
wir (+1)? E = 


so that its osculating plane at C is of the form 
(29) p8(u® +1) (X +42) + [Awe + But — (1)? + Ep] = 0. 


The condition that this plene contain a line 1 joining 0 to an arbitrary 


° Wilezynski, “ Fifth memoir,” “vansactions of the American Mathematical Society, 
vol. 10 (1909), p. 293. è 
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point (0,a,b,1) determines a unique quadric Qu of the pencil, since the 
parameter Ką must satisfy tha equation . 


| a . o 9 2 
(30) pK. = (u° — 1)? — Apt — a(n! +L) 24? — But — b (p? + 1) 2p! 


Associated with the direction u are two others, kw, pwo? which form with y a 
triple of directions apolar to the asymptotic directions. Thus two other 
quadrics, Que, Qua, belonging to the Moutard pencils at 0 in the directions 
yo, po?, can be defined by tkis line 1 in exactly the same way as is Qu, the 
equations of these quadrics bzing obtained from (20) and (30) by replacing 
p by po, pw”, respectively. The three quadrics Qu, Que, Que? intersect in the 
asymptotic tangents through 0 and in a residual point whosé join with 0 is a 
line 7 containing the point 


X, = 0, X: = (2e — 1) [Ap® + a(x? + 1)°], ; 
Xa = p (2—p)[B+ db(44 41), Xa = p (2 — pë) (2p? —1). 


The lines J and I’ coincide if, and only if, 
(32) a= — Ap/ (2p +1), b= —B/ (ut +2), 


so that the line 1 and the quadric Qu are uniquely determined by the given 
direction y. As p varies, l generates the quadric cone given by 








(31) 


(33) 3XY + 8AYZ + 2BXZ + ABZ? = 


If, however, the line 1 :s kept fixed and the direction p is varied, then 
l’ generates a cone which in general is of the fourth order but for special 
positions of 1 may be of the second order. To determine the conditions under 
which this oceurs, we note that any quadric cone gener ated by the line V must 
be of the form 


(34) © l TEE EE 


where p, q, 7 are functions of u, v. Substitution of equations (31) into (34) 
leads to seven equations of which the following five are independent: 


b(p—a—A) =0, a(q—b—B) =), 

Ab — 3ab — dpb — 4q (a + A) + 4r = 0, 

aB — 3ab — bag — 4p(b + B) + 4r =0, 

5AB + Ab + aB + 14al + p(11b —9B) + (11a—94)q + 33r = 0. 


These equations have five sezs of solutions for a, b, p, q, r which are exhibited 
in the following table: ” 
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Case a : b p q r 
Œ) <A — B/3 24/3 2B/3 AB/3 
(DO) Oo 0 —A/3 —B/3 —AB/3 
(IT) - —44/9 —1B/9  54/9 5B/9 7AB/27 
(IV) 0 — 1B/9 A B 5AB/9 
(7) 44/9 0 A B 5AB/9 


Hence, u necessary and sufficiz1t condition that the line Y generate a quadric 
cone as y varies is that the fizec: line l, which is the axis of the pencil of plenes 
(29), join 0 to the point (0,c,b,1) where a,b have any one of the five pairs 
of values listed in the table. 

Five quadrics belonging tc the Moutard pencil in an arbitrary non-Darbaux 
directior *° » at 0 are thus characterized, each quadric having associated with 
it a quadric cone and a fixed -mne !. In cases (I) and (II) of the table this 
line is tke first axis of Bompiax and the first edge of Green respectively, while 
in case (III) it is the canonica. line of the first kind for which k == — 17/36. 
The lines determined in cases “IV) and (V) can be described as the polars 
with respect to a quadric of Darboux of the lines AyBy, AyBx, where Ax, Ay 
and By, By are the intersectinas of the asymptotic tangents through 0 with 
the canonical lines of the second kind for which k = — 17/86, — 1/4. 

The quadric cones associa ed with these five quadrics are all mutually 
tangent along the first axis of Bompiani, the common tangent plane passing 
through the second canonical fangent. Consideration of these cones reacily 
leads to the characterization of a number of new canonical lines of the first 
kind. 

The cone (33), which is aso one of the cones listed in the table, can be 
obtained in still another way. The line joining 0 to the residual point of 
intersection of the three quaczics of Moutard in the directions p, pw, pw? 
generates the cone (33) as p varies." 

There is a certain cone ct class 3 closely associated with the Moutard 
quadries at (. The quadrics ci Moutard in the conjugate directions a, -— p 
meet in the asymptotic tangents through 0 and in a conic whose plane has the 
equation 

2p? (X + PY) + (Ap? + Bp* — pF —1)Z = 0. 


As p varies this plane envelopes the cone, which in local plane coördinates 
91°", m, has the equations 


10 Tf a is a Darboux direction >ıese quadries, as well as the quadrie determined by 
(32), all coincide with the Moutard quadric. : 

1 Bompiani, “ Contributi alla ceometria proiettivo-differenziale di una superficie,” 
Bollettino della Matem&tica Italiaw-, vol. 3 (1924), pp. 97-100. 
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7. + 73° — 4243 (Anz + Brz ee 21) = ( = N- 


The cusp-planes of this cone pass through the Segre tangenta at 0 and intersect 
in the first directrix of Wilezynski. > 


7. Envelopes of Moutard quadrics. The problem of determining the 
envelope of a family of Moutard quadrics is of sufficient importance to warrant 
consideration. This problem has been discussed only by Kimpara,? to the 
best of the writer’s knowledge, and then merely for a special case. 

The one-parameter family of Moutard quadrics at a point 0 of a surface S 
‘has an enveloping surface % which contains the asymptotic tangents through 0 
as a locus of singular points. Elimination of » between (9) and its p- 
derivative shows that 3 is an algebraic surface of order 14. The characteristic 
curve determined by 3 and a particular quadric of the family.in the direction 
' is a conic lying in the osculating plane at 0 of the pangeodesic which passes 
through 0 in the direction y. Hence, the lines joining 0 to the points on the 
edge of regression of X generate the cone of Segre. 

We now proceed with the problem of determining the envelope of a two- 
parameter family of Moutard quadrics. Let C“” be a one-parameter family 
of curves on £ which satisfy the differential equation 


(35) © do—Mu—=0 . (A=A(u,v)), 


and let it be assumed that these curves simply cover the portion of the surface 
under consideration and are-nowhere tangent to an asymptotic curve. The 
tangents to C‘ then determine a two-parameter family of Moutard quadrics 
Q%, one at each point of 8. A particular point 0 therefore has associated 
with it a curve Cy of the family C, whose tangent at 0 is 


Ki X,=0 (u = M/m), 


and a quadric Qu of the family Q®. An arbitrary curve Cv on 8, which passes ` 
through 0 in a direction X3/X.— v, determines at each of its points a unique 
Moutard quadrie belonging to Q®, the quadrics so obtained forming a one 
parameter family Q® with an envelope Ev. The quadric Qu at 0 is a member 
of this family and hence touches My along a characteristic curve Ty. 

These curves T, and the envelope E of the family of quadrics Q depend 
on the given curves 0, and their properties differ widely in two separate 
cases, namely, when the curves C are curves of Darboux and when they are 
nowhere tangent to a curve of Darboux. 


12 “Sur Penyeloppe des quadriques de Moutard,” Ryojun College of Engineering, 


Commemoration volume (1934), pp. 33-39, Sen 
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(i) Suppose first that the curves C form a one-parameter family of 
` curves of Darboux. The quacric Qu is the Moutard quadrie in the Darboux 
direction X3/X, = p.at 0, anc has the equation i 


. (36) Qi=X,X, — ER EX, + 3uXXı + + (Bu— Ap?) X 2 = 0. 

. The characteristic curve Ty determined by Qu and a curve Cy through 0 is 
i therefore given by (36) and 
Gu + Go(dv/du) = 0, 


where dv/du refers to the dizə action of the tangent to Oy at 0, and since 
dv/du = vm/l this may be wrisen 


(37) ! ; ¿En + rma = 0. 


The derivatives of A and B which appear in this equation may be readily. 
evaluated. For, 


A = — (3/2) my, Ar = — (3/2) (Muy + mya), 
m= 1/ (87), te = — (m/3) (Bu/B) — (2m/3) (yu/y), 
and consequently, ye 
l 1814, = 4AB — Ryu. 


Now from (3) it is seen that 14 can be expressed in terms of the coefficients 
appearing in series (2), and Fence JA, is expressible in like fashion. Thus 
we find 
361A, = 273A B — 648 — 48C, — 24C,, 
36mB, = 2734 B — 648 — 480, — 240, 
36mA, = 522? + 288B — 240, — 12005, 
36IBu — 52E? + 288A — 240, — 12000. 


. With the aid of formulas (4) the left member of (37) can now be expressed 
in terms of yu, v, the coefficierts of series (2), and the local coórdinates 
‚X,‘ t, Xa Elimination of fke term X. 1%, from the resulting equation by 
means of (36) finally yields tbe simplified result 


_ where the coefficients L, M, N zave ine values . 


' L = 12By(p + 2v) — 364 + 216(v— u), 
Mp = 124 (Ap + B) (un — r) — L, 
N = 72A (2r — p) — 72Bp? ON. T B*(54, + 404) — A? (di + 407) 


+ 1314Bp(v—p* + 12 3 Cue [(5— a +o). 
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If v£ p, the equations cf T, can also be written in the non-homogeneous 
form 


JN% m 
y= nk (IÓ eg, RR A 


which simplify to 
Y = aX + [R (4— Be] 4 O, EY p wAn). 


Hence, if v>£ p, the characteristic curve T% is a quartic curve with a cusp at 0 
and a cusp-tangent in the Derboux direction p. 
If Cy is tangent at 0 to the curve of Darboux Cy, then the characteristic 
curve Ty consists of the asymptotic tangents through 0 and ofa non-degenerate 
` conic lying in the plane whose equation is 


(39) 18(Ap -+ B) (nX¥2—Xs) 
+ [30% — 36u? (Au + B) — 47 ( A?p? — B?) |X, = 0, 


a being defined in (24). Since this conic is tangent to Cy, at 0, it follows that 
if Cy and Ch coincide, then Cy is part of the edge of regression of the en- 
velope E». 

The points where the Quadric Qu touches the envelope E of the two- 
parameter family of Moutard quadrics Q are determined by the simultaneous 
solutions of equations (36), (38) and (39), where in (38) the value of v is 
arbitrary but different from u. Since the plane (39) intersects the cone (38) 
in the Darboux tangent X¿/X, = p, X, = 0 and in another line 1 which passes 
through 0, and since these two lines meet the quadric Qu at 0 and at some 
other point P not lying on &, it therefore follows that the envelope E consists 
of the surface S and of another sheet generated by the point P. 


(ii) We now assume tkat the curves C“ are nowhere tangent to a curve 
of Darboux. If H ~0 is tke equation (9) ofthe Moutard quadric Q, in the 
direction y at 0, then the characteristic curve Ty determined by Qu and a curve 
Cy through 0 has the form 


H =0, lH, + vmH, = 0. 
The second of these equations can be expressed in terms of p, v, the coefficients 


of series (2), and the local codrdinates.X,,° © <, Xa, and when combined with 
(9) to eliminate the term X-X, becomes 


(40) 12p4 (pd. — Xa) [ (2r — 3u — piv) X, — (2u3 — Bu8y — 1) X] 
+ DX Xs + EX¿X, + FX = 0, 
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where D, E, F have the values 


D —44p" (Rev — 9p Br) + 4B (u° + 6p%v — 2) 
+ 12 [u (a — 4v) — ee (a — v) + Yu — dv] 
— Vpt (n? +1) (lyu + 90), 
- Ep = 1p? (v — p) (Bu? — 3 + Ap? — But) — D 
F =12Ap[ (5p* + 11) + ala? + 13) ] 
+ 12Bp0[ (1340 + 1) + 2o(114% + 5)] 
+ 4245 (54u + 40y) + Zur (40u + 54v) 
+ ABp [p(45ps + 176) + v(17642 + 45)] 
+ 124[p(u? — 188 — Ip — 2) + r(—2p? — 214* — 18u? + 1)] 


5 
— 128 $ Om! (5—a) e+ ir] 

o 
+ 3612 (3 — 3p? — Ap? — But) (luu + vMpo) 


The characteristic curve Ty is therefore a quartic curve with a double 
point at 0, one nodal tangent aways lying in the given direction y, the ot1er 
depending on v. This second tangent lies in the direction y if, and only if, 
v = m, acd lies in the direction r only if v = u or v=—1/p?. The osculating 
plane at ) of that branch of Ty which lies in the direction » has the equatior 


Al + 1) (a —1 (X — Xs) — (D + Ep) X= 


which reduces, when v4 p, to -8). Hence, if v 4 p, the osculating plane at 
0 of that nodal branch of the che racteristic curve Ty which lies in the direction 
p is independent of v and is ti» osculating'plane of the pangeodesic in the 
direction u. 

If vÆ u, the osculating plane of the second nodal branch of Ty at 0 is 
expressible in the form 


Zap" + 1) (p — v) [ (2r — 3u — piv) Xo — (Rp? — Buy — 1) X] 
+ [D(2u* — 3a —1) + E(2v— 8p — p0v)]X, =0. 


As v varies this plane generates an axial pencil, its limiting position as v ap- 
proaches « being given by 


(41) Gela? + 1) (a Xa) 

+ [Ap? (11449) + But4—11p*) + 9u°—9 + 36 (a? +1)1]X,—0, 
where w is defined in (7). Tke plane (41) depends on the curve Cy alone, 
being independent of the other «urves of the family C“, and together with 


the osculazing plane of Cy at 0, the osculating plane of the pangeodesic in the 
direction y at 0, and the tangent plane X, = 0, determines an invariant cross- 
o s 
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ratio of —4. Hence, the plane (41) coincides at every point of the surface $ 
with the osculating plane of the curve Cp if, and only if, the curves O® are 


pangeodesics. i 
If y = p, (40) reduces to 
(42) [X4 — m (Xs — X2) ] [X1 — ne (Xs — wX2)] = 0, 
where m1, na are the roots of the equation E 
(43) Prt + En—12p4(p8+1)—=0 (vu). 


The characteristic curve Ty therefore consists of two non-degenerate conics 
determined by the intersections of the quadric Qu and the planes (42). The 
harmonic conjugate o of the plane X, = 0 with respect to these two planes has 
the form 

24u* (u + 1) u) +EX,=0 (=p), 


from which it follows that this plane, the osculating plane of Ca at 0, the 
osculating plane of the pangeodesic in the direction » at 0, and the plane 
X,=0, determine a cross-ratio of — 2. 
The curves ( cannot be chosen so that at each point of 8 the two planes 
(42) coincide with-the planes of sextactic section (28) which pass through the 
tangents to C™. However, comparison of equations (43) and (23) shows 
that this situation does occur at a particular point 0 of S if, and only if, 
Cy has second-order contact at 0 with any one of a set of twelve pangeodesics. 

The quadric Q, touches the envelope E of the two-parameter family of 
_ Moutard quadrics Q at the points determined by equations (9), (40) and 
(42), where the value of v in (40) is arbitrary but different from p. Since 
the two planes (42) meet the cone (40) in two lines l, I, which pass through 0 
and are ordinarily distinct, end in the tangent X,/X, =p, X, = 0, and since 
these three lines intersect Qu at 0 and at two other points P,, Ps, it follows 
that the envelope E consists of the surface S*and of two other sheets; those 
generated by the points P,, Po. 

The lines 1,, la coincide if, and only if, 


(44) . E? + 48Fpt(p? + 1) = 0, 


where y = y in the expressions for E, F. Hence, at a particular point 0 of 8 
there are two planes either of which may serve as the osculating plane of the 
curve Cy in order that l and l, coincide. It is impossible, however, to choose 
the curves C® so that the lines J,, lə coincide for every point of S, since 
equation (35) which determines the curves -C' cannot satisfy (44) which is 
now a differential equation of the second order and second degree in dv/du. 
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A GENERALIZATION OF LOCAL CLASS FIELD THEORY.* 


A y 
By O. F. G. SOHILLING.* 


In this paper we present a aew generalization of local class field theory. 
The underlying ground fields will be perfect with respect to an archimedian 
valuation whose associated vala2 group contains the additive group of all 
rational numbers and a finite nember of infinite cycles which are generated by 
irrational real numbers. The rerulting theory has many similarities with the 
theory of fields of formal power :eries of several variables. We put stress on 
the investigation of the class gıcup of algebras; it turns out that there exist 
in general division algebras wh.ch do not possess unramified splitting fields. 
Consequently, the theory has an extirely different aspect compared with the local 
class field theory as developed ir zarlier papers of M. Moriya and the author.* 
Only in two very special cases zae can reestablish the classical results. We 
incorporated in the paper a resıt concerning the relationship between finite 
separable extensions and norme. algebras over everywhere dense subfields.* 
Moreover, we prove the existence >f perfect fields for which our general theory 
was developed. These and other =xamples seem to indicate that an axiomatic 
treatment of the'algebraic structare of general perfect fields along the same 
‘lines as in the case of discrete pe: ‘ect fields * will be quite involved, in particu- 
lar the structure of the fields cons dered as additive groups is very complicated. 


1. Preparations. Let k be an abstract field on which an archimedian 
valuation p is defined, i.e. k is a field whose elements a4 0 can be mapped 
upon elements v(a) = « of a grow I'(k) of real numbers; moreover, the func- 
tion v(a) satisfies the following »+nditions 


* Presented to the American Mashematical Society April 16, 1938, Received by 
the Editors March 28, 1938. 


1 Johnston Scholar at the Johns Hopkins University for 1937-1938, 

?0.F.G. Schilling, “ Arithmetic ir fields of formal power series in several variables,” 
Annals of Mathematics, vol. 38 (1937 . 

3M. Moriya and O. F. G. Schilling, (1) “Zur loca über unend- 
lichen perfekten Körpern,” Journal cz} the Faculty of Science Hokkaido Imperial Uni- 
versity Sapporo (Japan), ser. I, vol. £ 11936); (2) “Divisionsalgebren über unendlichen 
perfekten Körpern,” loc, cit., ser. I, vz.. 6 (1937). 

‘0. F. Q. Schilling, “A note on Infinite perfect fields,” Abstract in the Bulletin of 
the American Mathematical Society, xol. 44 {1938), no. 1, part 1. 


0. F. G. Schilling, “The structure of local class field theory,” American Journal 
of Mathematics, vol. 606 (1938). 
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v(abi == v(a) +v(b) 
v(a— b) 2 min(v(a),v(b)). 


In order to include the element 0 of & we*define (0) == © and assume the 
usual formal relations to hol] between the elements of T'(%) and the symbol œ. 

All elements a in k whose values are non-negative form the maximal order 
o of all p-adic integers in k. The maximal order o contains a prime ideal p 
which is given by all elements of k whose values are greater than the zero- 
element of T(%). The ring of residual classes o/p is a field k, the so-called 
residue class field of k with respect to the valuation p.° 

We shall assume throughout the paper that the fields k and k have the 
same characteristic y. However, most of the theorems we shall prove will also 
hold if we drop this assumption. l 

All elements of & form the points of a metric space if we define the dis- 
tance 8(a, b) between two elements æ and b of k to be equal to C6- where O 
denotes any positive number greater than 1. The space & need not be complete 
with respect to the metric, but in any case we can complete it to the so-called 
perfect p-adic closure by adjoining all fundamental sequences which are defined 
by the metric. 

It turns out that by completing the field k we enlarge neither the value 
group T (k) nor the field of residual classes ke. : 

The essential feature >f perfect p-adic fields k is expressed by Hensel’s 
criterion of redueibility : ? 


If the polynomial f(x) = a" + wert +" + an with integral coefficients 

in the perfect field k decomposes mod into the product Ul $i(x) of relatively 
4zi 

prime polynomials pi(x) with coeficients in k then f(x) already decomposes 


in k and f(x) = Mod): where &; (x) mod p = $i(2), di (3) and &;(x) have 
the same degr ees. 


It can be shown that there do exist fields k on which an archimedian 
valuation p is defined such that Hensel’s criterion holds for the polynomials 
with coefficients in the maximal order of & although the fields under considera- 
tion are not perfect. According to A. Ostrowski we shall term such fields 
relatively perfect. The validity of Hensel’s criterion implies that the valuation 


° For general statements about p-adic number fields see e. g. M. Deuring, IDEEN 
(Berlin, 1935), Chap. VI, §10. This tract will be quoted by D. 
"A. Ostrowski, “ Untersuchungen zur arithmetischen Theorie der Körper,” Mathe- 


matische Zeitschrift, vol. 39 (1934). 
. 
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p of any relatively perfect field k possesses a unique extension (K) corre- 
sponding to.each algebraic extension K of k. The value of an element Ae K 
“is given by [K:k]"v(NA) where NA denotes the norm of A taken from K 
tok. The integers of K are unigjaely characterized by the fact that their norms 

are p-adic integers. ES 
DEFINITION. A subfield k of a field k on which a valuation p is defined 

is said to be everywhere dense in k if 
(I) the valuation p of k nduces in k’ a non-trivial valuation such that 


T(k) =T (1), 


(II) the residue class fielas k and k’ coincide, 
(III) k and E are relativel; perfect. 


THEOREM 1. If k’ is an eszrywhere dense subfield of k then every finite 
separable algebraic extension K st k is the join of a suitable extension K’ ef k' 
with k; moreover [K:k] = [K k’]. . 


Proof. The fields k and k’ cbviously have the same p-adic closure X. - Let 
us assume that we proved the -Leorem for the pairs of fields k,& and KW, k. 
Then any field X over & has the “orm 


K—k-k(A) and 
R=k-k'(A’). 


where [R:k] = [A : k] =[4':X]. Since also [A’: F] = [A’: k’] we find 
[4 : k] = [A's] = [4:6]. | 


i. 


Consequently: 
(A) = k(A’) = kh’ (4). 


Thus it suffices to prove the theorem under the assumption that l is a periect 
p-adic field. 
We consider the polynomials f(x) = $ aix? of fixed degree n with coeff- 
; 4=0 : 
cients as elements of a topologica space Sa(k) where we define 


E(f (z), g(z)) = Co MMM, C>1 
and 


o(f()) = min (v1 o), * y -s v(i), . ",v(an))-® y 


The function v(P(a)) has the fcLowing properties 


" *P, K. Schmidt, “Mehrfach per ekte Kórper,” Mathematische Annalen, vol. 108 
(1933). ° : 
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v(H(z) + g(z)) = min(v(f(a)), v(9(2))) 
o(f(z)g(@) =v(f(2)) + v(9(2)). 


It can be proved that two polynomials HON g(x) in Sn(k) have the same type 
-of decomposition relative to k if v(f(x) — g(#)) is ca large. We shall 
make use of this statement later on. i 

Let g(x) be an arbitrary polynomial of S,(%) then 


gle +t) = g(t) + iD g(a) 
+ PDD 9 (a) +. o «+ DO g(x) ++ rD"Wg(zx) 


where the differential operator D‘ is defined by 


dgle) 1 
(1) = NA E 
AA ee 
It can be shown that such fcrmal derivatives are also defined if the underlying 
field of coefficients & has a characteristic x 54 0.° 

Now let K be a finite szparable algebraic extension of k. We always can 
assume that K is generated by a primitive element. A such that its irreducible 


equation f(x) has the form 


lo + as +~: ++: . F anat” + a 


where @,' * `, an-ı are p-adic integers. Since f(x) is a separable polynomial 
we have D™ f(A) 4 0, moraover 


o(D“#(A)) =A =z 


for A is an integer of K.» 
Now let a; be an arbitrary coefficient of f(x) then there exist elements a; 
in the everywhere dense subfield W such that 


v(t — gi) >A>RAZO 


where A is arbitrarily large but fixed. Let us then choose such a set of numbers 
a’, and let us consider the polynomial 


g(t) =2 ae‘ 
of degree n in k’. Then 
(f(z) —g(z)) > A. 


° H. Hasse, “Noch eine Begründung der Theorie der höheren Differentialquotienten 
in einem algebraischen Funktionenkörper einer Unbestimmten,” Crelle, vol. 177 (1937). 

19 Of. M. Moriya, “ Klassenkörpertheorie im Kleinen für die unendlichen alge- 
braischen Zahlkörper,” Journa- of the Faculty of Science H RIO Imperial University 
Sapporo (Japan), ser. I, vol. £ (1936). . 
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Since the coefficients a; of f(x are integers the relation v(f(z) —g(z)) >A 
implies that the a,’ are integers of k’; g(x) obviously is also a separable 
` polynomial. . . 
We have 
v(g(A) —F(4)) =v(g(4)) > 4 


when we substitute for the undeerminate x the root A. 

Next we show that D®Yg(2) 40. Namely, v(g(x) —f(z)) > A implies 
that also v(D® g(s) — DWf(z)) > A. Since A is an integer we can infer 

(DOTA) —DOF(A)) > A. 
If we assume that v(D™g(A)~> 2v(DOF(A)) then . 
v(DOg(A) —DOF(A)) =min(DOg(A), DOF(A)) >A>A 

in contradiction to o(DM f(A)" =A <A. 

Hence 

œ >v(DOF(A)) =3DOg(AY) =A, or D™g(A) 40. 
Consequently we can solve the =quation _ 
g(A) +4,D™9(A) =0 

with respect to ¢,. 


Since v(g(A)) > A> 2A ve can put 


v(MA))=RA+E 
where E > 0. 
Then 
v(t) =v(g(4); —v(DOg(A)) =A +E >A 
for 
v(DIg(A))=A<A. 
Consider next the integral dement 


= 1 == A + ty 
and form 
g( As) =9(A +h) IN + ED G(A) + -+ "Dg (A). 


The coefficients of the derivatives D‘ g(x) are easily seen to be integral. Con- 
sequently D'Yg(A) are integers for A was assumed ‘to be an integer over k. 
Therefore we get f 


v(hD@g(A)) =D(4) Bia +E) Z2(A + E) 


. 
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provided that n= i = 2. Hence . 
| v(g(4s)) =2(A — B). 
Putting v(g(4,)) = 2A + E, we have l 
E,=2B and v(g(41)) = 2A + E, > 2A + E = v(g(4)). 

We find . l - A 

. e(DOF(A,)) =o(DO F(A +4)) =A 
for v(DWF(A)) =A and v(i) >A. i 

As before we can prove zhat l 
v(D®g(Aı)) =A, 

hence 


DM 9(Ax) 9, 


and we can determine t, from 


g (41) + tDg(As) =0. 
Moreover, Sa 
v(t) =v(g (41) ) —o(DOZ(A,)) 

=2A +- E, — A = A — E, Z A +2E. 


Introducing the integer A, = A, + tz we find 
o(g(42)) ZA); 


if we put 
e(g(42)) = 2A + Ba, 
then 
B, = 2B, = 2E. 
Again 


v(D®g(4:)) =A. 
Repeating these arguments we can construct an element t; such that 


(ts) ZAFE and v(g(As)) =2A +E, = 2A + 2H 
‚where 
Ay TR Ara + ti. 


Let us consider the sequence of elements 
A,Ai=A+h AA A Hate. 
These elements form a fundamental sequence of algebraic quantities over le for 


v(Ai— Ay) Z A+ RE 
je. > : . 
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Since K is a perfect field th- sequence {A;} has a limit 4 in K. 
According to our constructicn we have 


lim »(y(As)) =>, 
ioc 


hence the sequence {g(A;)} corserges to O in K, or ultimately 
g(4) =0 in E. 


_ Since the polynomial g(x) is chosen in k’ the root A of g(x) =0 is algebraic 
over k’. Moreover, g(a) is irrecucible in & according to the remark at the 
beginning of the proof; a fort:ai g(s) is irreducible in %. Consequently 
[A: kK] = [A: k] = [K: k] or 

K =t (5) = kk' (4). 


In particular, k'(A) is a normal =xtension of k' if K is normal over W. 
The theorem we just proved has an analogue for the normal simple alge- 
bras over k and k’. 


THEOREM 2. If k’ is an ev2-ywhere dense subfield of k then each normal 
` algebra U over k is similar to the direct product of a normal simple algebra W 
over k’ with the field k. 


Proof. Let-® be an arbitra-y normal division algebra over k. Then ® 
can be represented uniquely as tke direct product D X DUCO of a division alge- 
bra ©’ whose degree is relatively prime to the characteristic x and another 
division algebra D% whose deg::e is a power of x. Consequently, it suffices 
to prove the theorem for the comp-nents separately. As in Theorem 1 it suffices 
to prove the theorem in the case Taat k is perfect. 


Case 1. D=D 

The division algebra D can ke represented by a crossed product (ao,r, K/%) 
where K denotes a suitable normel extension of k whose Galois group consists 
of the elements {o,7,:- -}. Sine the degree of D is relatively prime to x 
we have . l 


3 


a -r = CoCr Ogy 


where (e, x) = 1. Consequently th there exists the least normal extension N over 
k which contains K and the quantities co’/*,¢,/¢,---. Let {%,T,-- -} be 
the Galois group of N/k then 


D~ (don K/k) ~ (29, N/h) 


where ES. are suitable e-th roots of unity.” Now we can apply Theorem 1, 


e 
1D, Chap. V, $7. 


11 
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the field N has the form N = N’: k where [N’: k’] =[N:%] and where the 
respective Galois groups are isomorphic. Cbserving that the quantities ES Gi 
-are Wear Rachen: we can construct éke algebra 
l as N’/k’) over E, 
obviously i 
mm De (Es W/E) X F. 
Case. ii. D=DW, 
According to a theorem of A. A. Alber: each division algebra of the type 
we have to consider, is similar to the direct 2roduct of cyclic crossed products. _ 
Consequently, it suffices to prove the theozem for cyclic algebras (a, Z/k). 
Let Z” be the separable extension of k’ such that Z=Z’k. We have to con- : 
struct a factor set a’ in W such that 


(e, 242) X k~ (a, Z/k). 


Since k was assumed to be perfect, the element a of & is the limit of a funda- , 
mental sequence {a’;} of elements a’; in W. Using the fundamental Properties ; 
on the convergence of p-adiz sequences and series, we find that 


where to ‘shies the least subscript such that - 
v(a;,) = v(a). 
The section a’ — > (a'i — @;-,) denotes en element of 4” whose value v(a’) 


izio 


coincides with v(a). The element aa”? —€ is a unit of k and 
b=1 +e 


where v(c) > 0. The usual arguments coneerning p-adic valuations yield that 
for any prescribed N > 0 in the value group T(k) there exists a marae 
m=m(N) such that i 

v(e) ZN- 


Now let us consider the expression 
Lty=N(1+2d) =1++t(4J2+: ++ 


where A denotes a suitable primitive element of Z/k whose trace i(A) does 
not vanish. The element = can be expressed in terms of a convergent power 
series in y provided that v(y) is sufficiently „arge, say v(y) = N. Consequently 
the element 1+ y is a ncrm. We apply this result to the unit b=1+c 
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where we assume that v(c) ZN, i.e. that m is sufficiently large. Then 
b= NB with Be Z, hence 


(a,Z/k) = («> 2/k) ~ (a’, Z/k) X (b,Z/k) 
© ~ (g, Z/k). 


Again the field Z has the form Z’k where Z’ is cyclic over k’, hence obviously 
(a, ZK) X k~ (0, Z/k). | 


Remark. In Theorems 1 aad 2 we can omit the assumption that the sub- 
field k’ be relatively perfect. 


2. Specialization of the value group T(k). Let K be an arbitrary nor- 
mal extension of the relatively perfect field k and let G = {o,7,: - :) be its 
Galois group. Since k is assımed to be relatively perfect the uniquely de- 
termined prime ideal ® of K is left invar-ant by all substitutions of the Galois 
group. G contains a set-of subz-oups whieh are determined by the arithmetical 
properties of the extension K." 

I) all substitutions e £ G such that 


€ = ej with- = 1 (mod $) 


for all units e of K, form an iwwariant stbgroup I of G, the so-called inertial 
group. 
II) All substitutions res such that 
a? == cr with y==1 (mod $) 


holds for all elements a of K fom an invariant pe R of G the so-called 
ramification group. 

The-fields K (I) and K(R), which beleng to the groups I and R ae 
are called the inertial and ramiication fields respectively. If we assume that 
the degree [K:k] is relatively prime to the characteristic x then it can be 
proved that X(T) is the maximal subfield U of K such that 


T(U) = (k) and U=K, i.e. 
K(T) is the maximal unramifi-d extension lying in K, when an unramified ; 
extensior U of k is eharacterizal by the ralations i 
r(U) =Tı2) and [U:k] =[U:K]. 
If U is in particular a normal extension of k then'its Galois group induces 


the Galois group of U over k. 


12 W, Krull, “ Allg@meine Bewertungstheorie,” Crelle, vol. 167 (1931). 
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The inertial field K (Z) is in any case uniquely determined as the maximal 
unramified subfield if the field of residue classes k is algebraically perfect. 

The ramification field K(R) is alwayssan abelian extension of K whose 
Galois group I/F is isomorphic with the factor group T(K(R))/T(K(T)). 
If K is a proper algebraic extension of K(R) then [K: K(R)] is a power of 
the characteristic. Consequently K(R) =K if ([K:k],x) =1, and hence 
K is an abelian extension of K(I) where 


I=T(K)/T(K(I))=T(K)/T(k). 
Lemma. 1. If the residue class field k of the relatively perfect field k is 


algebraically closed then each extension K of .k whose degree è relatively prime 
to the characteristic x is abelian. i 


Proof. Let K be an arbitrary algebraic extension of k whose degree is 
relatively prime to x. The field K is contained in a least normal extension N 
of k. Since k is assumed to be algebraically closed we have N (I) =k. The 
results concerning the ramification feld N(R) imply that 


KCN(R) 


for ([K: k], x) =1 and [N:N(R)] is at most a power of x. Consequently, 
K is an abelian extension of k for the Galois group of N(R) over k is iso- 
morphic with T(N(R))/T(k) =T(K)/T(k). 

We now wish to specialize the value group T'(%) in order to be able to 
obtain more precise results concerning the theory of algebras which we have 
to develop later on. We assume that T(k) contains the additive group of 
all rational numbers P and a finite number of infinite cyclic groups 9,1% where 
6; (i¡=1,: > -,A) denote a set of rationally independent real numbers and 
where ©) denotes the additive group of all integers: 


T(k) =T =(P,9 7, e, ADO}, 
Each element «eT can then uniquely be represented in the form 
A 
a=B+ 2 yib; 
; i 
where Be P and ye TC”, 


_ Lemma 2. Let k* and k* denote the multiplicative groups of k and k 
respectively. If the integer n is relatively prime to the characteristic x of.k then 


[e* : 4%] = [T/nT: 1][R*: kr] 
if [k*:k*"] is finite. 
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Proof. Let us fix » elemerts ti: * *, tr in-k such that . 
olti) =0 | Gele). 
o 


Then each element a of k* car: be written in the form 


A 
Q == Y urıb 
q=1 
where 


v(a) =B +3 yt and v(b) = v(a IL ic") = BEP. 


All elements be &* whose valves v(b) lie in the rational component P form 
a multiplicative Subgroup B ct &*, and obviously &* =<(t,),* + +, {ta}, BD 
‘where {1;} denote the infinite cycles generated by the elements ti; «o. > 
denotes the join of ([t,),* > >, {ta} and B. Since 1 is the only element of k*' 
contained in both <(t,),-'* -, _ix}> and B we see that 


el Ut), ee {t}> x B. 
We find k*r = <{t,}",- +--+, {A} x B" as a consequence of 


= brn, 

“ i=1 $ 
Consequently, 

Belt 0) 3 (hyV/{h}" X X [t9/(6)* X B/B 
E = (t9/(49" X X {h}/{h}* 

We have 


[Br] — [Brida > +, DB, © (A) X Bye: 1] 
Act), >, {693° X B/E: 1] 
Mit): {899° X Bic fh X Beil] 
= ARKi} a J" X Bid P/L ay” 
X BK ft}, (A) | 
= nA[B/Br:1]. 


We next have to reduce the index [B/B":1] under. the assumption that 
(n,x) =1. Let 6 be an arb-trary element of B, then v(b) =ßeP. Con- 
sequently, there exists at least ere element c ink such that v(c) = 8/n. There- 
fore b = c*e where e is a suitable unit. Hence B == <B", e> where e stands for 
the group of units in k. Therefore 


B/B = «Br, 9/8, 0) — <B", O/B" 
= qe Ne= e/t i 


since v(e) = 0. = 
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Now let y be a unit of & and let a be its uniquely determined residue class 
‘mod p. If we assume that the equation z” — a = 0 is divisible in k by a linear 
factor z—b, i.e. 2” —a== (2<—b)g(x)e such that ((«—b),g(2)) =1 
then the polynomial: x" — y= 0 is divisible by a linear factor æ — y’ where 
7 mod p = b for Hensel’s criterium of reducibility holds. ‘Consequently, each 
unit y which is == 1 (mod p) can be written as a n-th power. 

Now let us consider p as a multiplicative mapping of the group of all 
- units e upon the multiplicative group k*. Then 


[e/e:1] = [k*: ke], 
as the application of Herbrand’s Lemma yields. Hence finally 
i [k*: ptn] = M[k*: Ren]. 
Remark. If we assume that the residue class field k possesses for each 
integer n which is relatively prime to x, exactly one cyclic extension U, of 


- degree n then obviously 
[k*:k*"] S n. 


Namely, if k contains the n-th roots of unity then Un == k(a¥/") where 
k* = k*" + ak*" +- - - + at k*, and if k does not contain the n-th roots 
of unity then surely ke :k*"] = n for otherwise there would exist more than 
one cyclic extension U, as a simple application of the Galois theory shows. 
Therefore we have 

[d : kn] = nt, 


The structure of k*/k*” is given by 
{4} XX OVA XxX {AP x k*/k*r = T(k)/nT(k) x k*/k*, $ 


COROLLARY. Let K be an arbitrary algebraic extension of k whose degree 
is relatively prime to x then obviously k*" C!NK* where NK* denotes the 
multiplicative group of the norms of all elements!in K*. Then obviously 


[(2*/NK*:1] Sn 
as the application of the preceding remark shows. 


Lemma’ 3. If the field of residue classes k is algebraically closed then the 
largest abelian extension K of k which has edi n— (n, x) = ls geen 
by b(t., .. he). 


Proof. According to the theory of radical fields we find that the ee 
abelian extension K of exponent n is given by adjoining the n-th roots of a 
e: 
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set of representatives of k*/k**, Hence [K:k] = nò according to Lemma 2. 

Now t,,* * +, t form a complet> set of representatives of &*/k**, consequently . 
K= k(t/,- te), Incidzatally, we find that each element b.of k* whose 

value is rational is a n-th powez. 

We next wish to investigate the structural properties of the class group of 

all normal simple algebras Y (15) over k. Now each division algebra D with k- 
as center is the direct product of a division algebra D’ whose degree is relatively 
“prime to x and of a division algebra D whose degree is a power of x. Con- 
sequently, the group $ (k) is taa direct product of two subgroups $’(%) and 
9 “0 (le) where all classes in &°“%) can be represented by division algebras of 
the type ©” and all algebras in 5% (%) are representable by division algebras 
of type DOO. Therefore it suffices to investigate the structural properties of 

the two components. 


3. The structure of &'(k). In order to describe the structure of 
9 00 (k) we can apply the result: of A. A. Albert and other authors cones 
x-algebras.!* With the help of this additive theory one proves 


THEOREM 3. Each divisica algebra in YOO (le) is similar to the direct 
product of cyclic algebras. 


In general one cannot say more about the structure of Y 00 (k) since it depends 
on the structure of k as an adcitive group, i.e. it is closely related to the in- 
variantive characterization of general perfect fields. However, if we assume 
that the field of residue classes k admits for each degree x” (v=1,2,: >) 
exactly one cyclic extension U, we can say more about Y 00 (k). 


THEOREM 4. §'%)(k) contains a subgroup Yu (k) which consists of 
the totality of all classes which cre split by unramified fields Uy (v = 1,2; °°). 
Gau O (k) is isomorphic with fre direct sum of A additive groups of type 
TO mod 1; where Ty% iba 1 denotes the additive group of all fractions . 
mod 1 whose noo dre rowers of x. 


Proof. Let UCO be the iränite unramified extension of k containing all 
the unramified cyclic fields U, which are uniquely determined by the extensions 
Uy over k. If (D,) and (D,) are any two classes of pa dl which are split ` 
by an unramified field then obviously - 


13 A, A. Albert, “Normal divis:cn algebras of degree pe over fields of characteristic 

’ Transactions of the American Mathematical Society, vol. 39 (1936); T. Nakayama, 
e «über Algebren über einem Körper von der Primzahlcharakteristik, IL,” Proceedings 
of the Imperial Academy of Tokyo, vol. 12 (1937). 
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{Di} XU ~ {D2} X VO —U000. 
whence 
(Dd) X {Do} x UX JO 
and 
{DAX U 0% 


i. e. all algebras which have unramified splitting fields form a ous 8, (k). 

In order'to determine the structure of Y ¿40 (k) it suffices to describe the ' 
structure of the subgroup consisting of all alzebras which are split by a fixed 
unrämified field U, for the fields Uy form a limearly ordered tower of successive 
algebraic extensions with the limit U'%) The structure of these groups 
Sy, (k) is determined as follows. Any algebra A in $ 0,00 (k) can be 
pi pelea as a cyclic crossed product (a, Uy/k). Let us fix elements t 
(i=]1,: + :,A) in k such that v(t,) = 0;, then 


v(a) AN with BeP 
izl 
implies i l ; a 
A 
a = bX” TT tie 
4=1 
where 6 denotes an arbitrary element in ky waose value v(b) is equal to By”. 
Hence 
(a, Ov/k) ~ (b,Uy/k) X (ta, peeves x (ta Dy/ky MX (e Uv/k) 
~ (ta, Uv/k)® x X (hy Z BX (6 Uv/k). 


We next prove that (e, Uv/k) ~ k. 
_ First we remark that there do not exist cyclic algebras (e, Uv/k) whose 

exponent is equal to the degree. Namely, suppose that the exponent and 
degree of (e, Uv/k) coincide. Then (e Uk) =D is a division algebra. 
Consequently, the valuation p of the grounc field & can be extended to the 
algebra D as we shall prove later on page 691. Hence the algebra of residue 
_ classes belonging to D is a division algebra D over k. Since the maximal 

order of D contains the order which is given by all sums Jute; where o; are 
integers in Uy, it follows that D has the cemter k and is explicitly given as 
(emod p, U,/k). Such a division algebra D cannot exist since we suppose 
‘that the field of residue classes k is alge>raically perfect. Consequently 
D—lk. Assume now that (e, U,/k) is an a-bitrary algebra whose factor set 
is a unit e of k. Suppose that the exponent 3, of (e, Uv/k) is greater than 1. 
We already proved that sı hes to be a proper divisor of [Uy:k]. We have | 


(e, Urk) ~ (e Dv P/E) ~k 
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where Uy‘). denotes the unigaely determined cyclic subfield of Jy such that 
[Uv: Uv] =s. Consequent y, e = N,e, where e, is a.suitable unit of Uy 
and where N, denotes the ncrm,taken from Uv to k. Next consider the 
algebra (e, U»/Uy™®). Its exponent s: has to be a proper divisor of the 
degree [Uv: Uy“)] as a repetition of the argument at the beginning of the 
proof shows, Uy“ is also algebraically perfect. If s, should be greater than 1, 
then . i G a 

(4%, Uv/Uy) — (e, Uv? /Uy 20) Ty) 


where Uy‘) is the uniquely determined subfield of Uv such that [Uv: Uv ] = se. 
Hence e, = N zez where es is a init of Uy) and where N; denotes norm taken 
from Uy» to Uy“), We can repeat this argument only a finite number of 
times since the degree [Uv:%] is finite. Observing that the norm is a transi- 
tive multiplicative function we find that e = NE with a suitable unit E of Uv. 
This statement contradicts th2 assumption that (s U,/k) + k, therefore we 
. must have (e, Uy/k) ~k in general. 

Consequently, each algebra in 9 y, (k) is similar to the direct product 
of A algebras (ti, Uy/k)Y‘. T32 elements ¢; are not norms of elements in Uy 
for Uy is an unramified extension of k. Hence 


k*/NU*y = T/T = Z (X) X X Zr(x’), 


where Z;(x”) denote A cyclic zroups of order x’. Since each of the groups 
Z¿(x) is isomorphic with the additive group of all fractions mod 1 whose 
denominators are divisors of x’, we find for y—> œ that $y, (k) is iso- 
morphic with the direct sum oZ A additive groups Tx" mod 1 consisting of 
all rational numbers mod 1 whose denominators are powers of x. 

The group 9,00 (k) is in general a proper subgroup of 9 “0 (k) and ‘it is 
not a direct factor of 9 (X) es can easily be seen by examples. We wish to 
show by two examples that $- (X) C §(k); these examples will also 
illustrate how in general the additive structure and algebraic structure of the 
given ground field k influence she structure of 900 (%). It is obvious that 
Gy, (k) CHO (k) if AZ 2. Namely, the algebra (tz, t,) with the gene- 
rating relations 

uX = ty, YZ — y = ty, uyu =y +1 


is not split if we extend k to the maximal unramified field U%. In order to 
‘prove $ OCO (k) D 8.00 (k) for a field k it is necessary and sufficient to show. 
that 8 (TU) 41 where UCO denotes the maximal unramified field over k. 
Let us assume for the present that k= UCO, Tf one considers infinite algebraic 
extensions of fields of formal pover series of one variable with coefficients in an 
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algebraically closed field of characteristic x >£0 then one finds that Y O (k)—1. 
Thus one could suspect that $ 0 (k) = 1 if T(%) =P, or = {P, 61}. We 
shall give two examples of fields k whose vglae groups T(k) have either one 
of the types mentioned and whose fields of -esidue classes are algebraically 
closed but for which 4 © (k) +1. 
Let © be an arbitrary algebraically closed field of Gharaclenete ae 0. 
. Consider then the field Q{t} which consists of all formal power series int 
with coefficients in Q. According to well-known results the field O{¢} is perfect 
with respect to a discrete archimedian valuaticn p and © is the associated field 
` of residue classes. We adjoin to Q(t) all elements ¿/" where (2, x) = 1, the 
resulting field Q{t} (<tr>) is an infinite algebraic extensian of Q{t} whose 
- value group T'(Q{t}(<#/"))) consists of all rational numbers whose denomina- 
tors are relatively prime to xy. Again Q is tke field of residue classes. Next 
we adjoin to O{t} all solutions of the cyclic equations of degree x” which are 
given by the roots of 
> ss — yy = de 


where wv = (Ya, * * *>Yv) and d» = (t4,- + -,11).14 The resulting cyclic field 
Zy has degree x” over Q(8) and p is completely ramified in Zy, i.e. p = py*” 
. Where py denotes the prime ideal of Zy. The fields Zy form an infinite tower 
of relatively cyclic fields l 
A} LZ- en AH < Ly mes, 

the join of these fields is an infinite cyclic extension Zoo of Q{t} whose degree 
is equal to x”. The value group T (Zoo) consists of all rational numbers whose 
denominators are powers of x, again Q is the ¡eld of residue classes. The join 
of O{t}(<#/"5) and Zoo is an infinite’ separadle abelian extension Aco of Q{t} 
whose value group T(Ao) consists of all rat.onal numbers P and whose field 
of residue classes 00o/Pco is equal to the algekraically closed field Q. 

The equation f (x) = zX — z = t (+X) — 0°is not solvable in any one of the 
fields Q{t}, O{t}(<#/">) and Zoo, consequantly it is not.solvable in Aco. 
Hence a solution of f(z) = 0 generates a cyzlic extension Z of degree x over 
Ao, Z is ramified over Aœ. We only have'to prove that f(x) is not solvable 
in Zo. Consider for this purpose the discriminant of the field 0(£) (z), it is 
equal pA-0(2) whereas the field Q{t}(y) which represents the only existing 
subfield Z, of degree x in Zoo has the diseriminant p%)?. Consequently 
Q(t) (2) 54 £,, hence Z = Ax(z) has degree x over Ac. The field Aco is not 
perfect, let L be its perfect closure. Then 





H E, Witt, “ Zyklische Körper und Algebren der Charakteristik p von Grade p",” 
Crelle, vol. 176 (1937); H. L. Schmid, “Zur Arithmetik de» zyklischen p-Kérper,” 
Crelle, vol. 176 (1937). 
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[ZL: L] = [Z : Aw] =x 
according to Theorem 1. l 

Next we adjoin to L a trarsegndental element T such that either 

a) v(T) = irrational 6 (fcr example an invariable element), or 

B) v(T) = rational, i.e. 7 is a pseudo limit of a pseudo convergent 
sequence of 2nd kind {a;} with 2lements in the algebraic closure of L. 

In either case we know aczording to A. Ostrowski that the valuation poo 
of L is extended in a unique feshion to a valuation $ of L(T) such that the 
field of residue classes of L (7) vith respect to $ is equal to Q. For the value 
groups we have: 


a) F(L(L)) = {T(L),T® 6} = {P, or} and 
ß) T(L(T))=T(L) =P. respectively. 


Now let & be the B-adie closure of L(T) then in either case 0/93 = 2 — o the 
maximal order of all B-adie intsgers in k—and 


a) T(k) =T(L(T)) = {= 66} or 
B) T(k) =T(L(T)) =E 


Since L(T) is everywhere dere in k we can establish a one to one corre- 
spondence between the classes cf normal simple algebras over L(T) and k. 
We wish to prove that 4) (k) +41, hence it suffices to show the existence of 
proper x-algebras over L(T). We shall deal with the 2 cases separately. 


Case a The join ZL(T) is a cyclic ramified extension of L(T) and 
obviously T(ZL(T)) =T(L(T!) for v(x) e P. Hence 


. XHZL(T)) = NT(EL(T)) = xP (L(T)) = (P, x60} 


where NT(ZL(T)) denotes the value group of the norms of all elements in 
ZL(T). Consider now the algebra (T, ZL(T)/L(T)) with the generating 
relations 

rt — et ID, uX = T, weu =r +1. 


This algebra is not similar to >(7) for then T has to be norm NT’ of a 
suitable element T” e ZL(T). Tis would imply for the values 


ox0(T) = be WT (ZL(T)) = {P, oT}, 


such an inclusion cannot be tru: according to the ramification theory. Hence 
(T,ZL(T)/LT)) ALT), or 


(T, Zk/k) eh, ie. EX (k) +1. 
A 
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Case ß. As before we consider the cyclic extension ZL(T ) of L(T).. But 


now we get. l 
xI(ZL(T))=NT(ZL(T))=T(& T))=T(ZL(T)) =P. 


The field ZL (T) is ramified over L(T) but we can no more measure the rami- 
fication by comparing the respective value grcups. l 
Since it is sufficient to exhibit an example of a perfect field whose field of 
‘residue classes is algebraically closed and for which nevertheless 4 “0 (k) 4 1 
we specialize y =2 for sake of simplicity’ Then f(t) =z + x + t° =0. 
"We consider the algebra (T, ZL(T)/L(T)) of degree 2 which is given by the 
generating relations u 


L pge- t=), =T, wru =g -t 1. 
An arbitrary element a + br of ZL(T) has zhe characteristic equation 
ge) =27 + az + a + a + pea — 0, 
hence N (a + br) =a? + ab -+ b?të. The elements of L(T) have the form 


(3a¿T*) (3c¿T*)* where 3a¿T*, 3c;Ti are po-ynomials of T with coefficients in 
L. Suppose now that the element T is a norm, then we obtain a relation 


(3,7%)? (3T?) + (SasTs) (267%) (267%) ? 
+ (3T) (30,71) 24* =T, 


where %c¿7* denotes the common denominator of the elements a, b occurring 
in the equation T.= N (a + bx). Comparing the coefficients of the different 
powers of T one finds 

t? (ao? + dodo) + #0? == 0 

Coby + Mibo = Copt t t. 


In order that T be a norm the diophantine equation do? + boat? + aot? = 0 
must have a solution do, bo in L. We can trarfsform this equation to a simple 
form by substituting ` , l 
r== d -+ cb, where d, ce L. 
Then 
rba == dba + cbo = dbo + botot? -+ caot? 
== cho l? + bo(d + cact?), 
hence r satisfies the equation l 
a [ra 0 
IO | cat rd cat 
= 7? + 24 reaot? + deat + ao 
= 1 + reat + (P + dea? + cap") 0. 
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Put c = (atè), then 
g(r) sr +r + (@4+d+t*) =o. 


The element r — (aot) bo a the equation 
tr tts —0 

which is not solvable in L azcording to our “general construction. But 
T == N (a -+ bx)'would imply that ao, bo € L, hence also re L which canrot 
be true. 

Thus ; 

e+ (T,ZLIT)/L(T)) +L(T) 
and 

(T, Zk/k) the: 


4.. The structure of &’(k}. Whereas the structure of the group Y 00 (2) 
is intimately related to the aditive structure of the underlying field k the 
structure of the group .% (k) dep2nds more upon the value group T(k) and the 
- multiplicative structure of the 1esidue class field k as we shall see. 

Let.us assume that the field of residue classes k possesses for each integer 
n which is relatively prime to the characteristic x of k a uniquely determined 
cyclic extension Un» of degree n_ moreover, we shall suppose that k is not real 
in the sense-of Artin-Schreier if y = 0.5 Let f,(12)=2"+a/04 + -+-+a,—=0 
be a generating equation of U„,tken choose elements a; e k such thata,modp—a;. 
The roots-of the equation f,(r) == 2" + ar! +- - -+ an = 0 generate then 
a cyclic unramified extension Un of degree n over l whose field of residue 
classes coincides with U,.** Since the fields U» are uniquely determined 
the unramified extensions U» wäose degrees n are relatively prime to x aze 
_ uniquely determined in a fixed a-gebraically closed field of k. i 

Let U be the infinite unrayrified extension of k which contains the fields 
Un. Then F(U) =T(%) and the field of residue classes U possesses no alga- 
braic extensions whose degrees gre relatively prime to x. We observe that the 
field U is not perfect, but it is relatively perfect provided that k is relative_y 
perfect. This remark is obvious for any equation with coefficients in U can. 
already be considered as an equazion in a sufficiently large subfield U, of U; 
since Un is relatively perfect Hersel’s criterion can be applied to the equation. 
Moreover, we have according to Theorem 2 


" 15A field k shall be called quesi-algebraically closed if all proper and improper 
finite algebraic extensions of it- are never centers of finite division algebras. This 
definition is weaker than the one usually given for quasi-algebraic closure. 

18 Cf. No. 7.. . 
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3(0) =9(0)xXU : 


where U denotes the perfect closure of U. 
: One shows as in the proof of Theorem 4 that the classes of algebras in ` 
&’(k) which are split by U or Ü form a sukgroup 9’„(k). 


THEOREM 5. The class group of algebras &’u(k) which are split by un- 
ramified fields is isomorphic with the direct sum of X additive groups which 
are isomorphic with the group of all rational numbers mod 1 whose denomina- 
tors are relatwely prime to x. l 


Proof. We verbally can repeat the proof of Theorem 4e Namely, accord- 
ing to the assumption concerning the unramäfied extensions we find that 


Y'o, (k) = So, a(k) RK go, a(k), 
where n = II pit and 8’0,,“(k) denotes tke group of all algebras which are 
B y d=1 u 


split by Up,“*. Hence . 
“u(k) = IIe 9 2001 (k) 
DEX 


where II, denotes the direct product of any finite number of algebras in the 
groups 9’y.)(k) consisting of all classes waich can be represented by cyclic 
crossed products (a, Up'/k). Consequently, it. suffices to determine the structure 
of each Yum (k). Since Up C Upa. -C Up we have to determine 
the structure of gu (k). ee (a, U,:/k) be an arbitrary algebra of the latter 


group. If v(a) =a== B+ y:0; then determine an element b e & such that 
v(b) =Bp* and fix een n ek such tha” v(t;) = 6;. Hence 


(a, Wate) ~ (5%, Uk) X (1 8%, 5/6) X (6 Us:/b), 


the 1st and 3rd factors of the right side are similar to k as a repetition of the 
argument int he proof of Taeorem 4 shows. 

We only have to observe that algebras (e, U,‘/k) whose exponent equals 
the degree pê do not exist. First suppose that x0, then k(e'»*) has to 
coincide with U,* since there can. be established a one to one correspondence 
between the unramified extensions of k and the cyclic extensions of k. Hence 
e= Ne? for — 1 has to be'a norm. Seccndly, if x = 0 then the preceding 
argument applies for all primes p42. If 9 == 2 then the existence of proper 
division algebras ove? k is excluded by the assumption that k be not real in the 


sense of Artin-Schreier. 
i . 
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Consequently, 


k*/NU* r = ¥(k)/NE (Up!) =T (k) /p'T (k) 
© =(P) X> + X Zr) 
where Z; (p°) denote cyclic g g-ups of order pi. Therefore Y” va (k) is iso- 


morphic with the direct sum >7 A additive groups of rational mabe mod 1 
whose denominators are powers of p. 


Remark. Combining Theorems 4 and 5 we see that the class groups of 
all algebras which are split by unramified fields is isomorphic with the direct 
sum of A additive groups of al rational numbers mod 1. 


Lemma 4. If the relattzly perfect field k contains all n-th roots of 
. unity—(n, x) = 1—then 


9'(0) =9(0) = b’ (k) XU = 8’ (ESE 
Pr oof. The proof of Lerma 2 yields that ' 
Br Jota =T/nT Y kr/ken and U*/U** =T/nT. 


Consequently, the maximal abelian extension KW of U of exponent % is given 
by K = U (H3, -> Ya) = k(t”, ++, t/")U. The ramification theory 
yields that any finite algebrai> extension K whose degree is relatively prime 
to x is contained in a suitable feld K™. Consequently, the class group $’(U) 
is given by the set of subgroups $’c™(U). Since the fields K™ are extensions 
of fields over k we see that eası algebra in %'r"(U) can be obtained’as the 
direct product of a suitable crcssed product with the splitting field K™ and 
of U. Hence 9’(U) = §’(ki X U. 


E 


Lemma 5. Let k be a. rela ively perfect field whose field of residue classes 
k possesses 10 algebraic extensions of degree n—(n, x) = 1—and whose value 
` group T(k) is either equal to 

{P, Px°6,,° > +, PX or {P, PxPO,,+ > +, Px°Oy, OT} 
then 


9 (l) = 1. 


Proof. Suppose that T+) = [P, Px%0,,* *,Px“0u) then k has no 
-algebraic extension Kẹ» of degrze.n—(n, x) = 1—whatsoever, for the Galois 
group of any such extension les to be isomorphic with the factor group 


T(K 1/0 (k) =T(k)/T(k). 
` Consequently G” (kje= 1. _ 
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If T (k) — {P, Px®6,,- + => Px%0p, OF} then the fields Ky —k (8/7) höre 
v(t) = 9 are the only existing extensions of degree n. Hence any algebra of 
&’(k) must have a suitable field K» as splijtiag field. Thus we have to con- 
sider the factor group k*/NK*,. Obviously each unit e is a n-th power of a 
‘suitable unit for the equation z” —e mod p =) factors completely in k. Also 
all elements a in-k whose values v(a) do not involve a multiple of 6 are n-th 
powers: choose b e k such that v(b) = v(a)n~ then a — br e = by” — (by)*. 
Finally, there exists an element T in K, whose norm is equal to 2; namely’ 
choose T == tr if ns40 (2) or T = tto with a suitable root of unity w if 
n==0 (2). Hence k* =NK*,, ie. G’(k) = 1. 

Let &-be a relatively perfect field whose value group ®(k) is equal to 
[P,9,0'9,- --,6F} and whose field of -rasidue classes k is closed with 

regard to extensions of degree n, (n, x) = 1. Ve construct the following chain 
of infinite abelian extensions ofk : 


Ky = b( <t” > +, YS) 
Ko = k(<t" e A), ° 
Ki = k(t, > day), 
Kya = k (<h>) 


` where n runs over all integers which are relatively prime to x. We have * 
Kia = Ki(<ti/">) and for the value groups : i 


T(Ki-1) = {P, AR > 9,79, HP, **, APy™} 
= {T (K), HPx®}. . . 


All the fields K; arẹ relatively perfect. 
THEOREM 6. The group &’(k) contains a series of subgroups 
9 (6) 24 (m D+ + DI (b)ra DM D DWE) ms 


such that aan 
Yoda (ke) x, = E (E acs 
= (Py mod 1) 0 +- + ++ 1 Py mod 1) (2, 


. Proof. The group $’(%) contains the subgroup §’(%) x, which consists of 
all algebras which-are split by Kı; therefore obviously $’(k)x,,— $’(k)x. 
according to the construction of the fields K;. Evidently we have ($’(k) rx.) x, 
= O'(k)x, Next we see that 

. A 


&'(k) X Ki = & (Ki) 
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for k is closed with respect to al sebraic extensions whose- degrees are relatively 
prime to x. saci ae i : 


9 (Ki) = S (k)/8' ed 


The group 9’(K;) contains the group ’(K;)x,. whose algebras are ‘split by 
the fields K,(t;1/"). Consequerily the ‘algebras f 


(ty Kl) = (t k(t) ) X Key * 


where j == 1,- +: -,t— 1, furnist a complete set of generators of 


EEO EGE € LK) io 
Next we have 


Y (k) xia x Ki = 9 (Eije = H (k) x, DACH (ke, Dn 
= Y (k) x, JE’ (ku. = = Y puree 
See mod JO +- - -+ (Px mod nen, 


. The chain of. eos has to start with 2'(1)x, necording to Lemma 5. 


Lara 6. If (Gor, K/k) aad (by q, N/k) are two crossed produsis such 
that K AN =k then (80,7, E/k) X (dz p N/k) ~ (05,7, KN/k) where 
| cs, | = | 20-168 || dem | ie the Kronecker product of the two matrices 
|| 20,7 |; | bm || which represent the factor sets. 


Proof. The algebra (G0,7, Ek) has also the field KN as normal splitting 
field. Hence (40,7, K/k) ~ (as, KN/k) where ds, y =4 gm, for S = F ({3}), 
T=T’({2}) and (3), T(2]= to, since the Galois group of KN/k is 

. according to our assumption equ: to the direct product of the Galois groups 
{o} and {3} of K and N respectively." The matrix || a’s,r || of degree ` 
[KN: k]? = [K : k] [N : k]? =e?m? is equal to the Kronecker product of the 

matrix | ao,, || and the unit matrix of degree [N:k]? as the relation 

a! {33}, (3) = %0,r implies. Hence (40, K/k) ~ (| do,r |Q En, KN /k). 

Similarly we obtain 


(by) N/k) ~ (Ex O | byn LEW/E) 


when we take in account a fixed ordering of the elements of {e} X {3} with 
regard to un direct factors, Coxbining the two representations we get 


_ (tom K/k) X (by M/k) ~ (am EN/k) = (| ao, 19 1D, b EN/E). 


17 D, Chap. V, $4. z 
. 12 
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Let A be an arbitrary simple algebra 0? the group 8’(k) whose degree 
is relatively prime to x. Then every maximelly commutative subfield K of X 
is abelian. Let K = Z, + Zu be an arbitrery but fixed representation of K 
as the join of relatively prime cyclic fields Z; with the respective Galois groups 
{oi}. The algebra A has the form 


(as,2, K/k) 


where 8,T,- - - denote the elements of the Galois group {01} X" "X {op} 
of K over k. We shall call components as,r of the factor set side components 
if S =0 e, T = oj"! Ae are not elements of the same subgroup (0;). 

We then can prove a general theorem which charactefizes the classes of 
§’(%) which are similar to direct products of classes which can be represented 
by cyclic algebras. 


THEOREM Y. A class of Y’ (k) is sinilar to the direct product cyclic 
classes if and only if the given class pozsesses an abelian splitting field 
'K = Z, * >, Zp such that the side components of a suitable associated factor 
set belonging to the class are equal to unity. 


Proof. Suppose that the algebra A of -he given class in &’(k) possesses 
a.splitting field K such thaz for a suitable 1epresentation of K as the join of 
cyclic fields Z; there does exist a factor set 23,7 whose side components (with 
respect to the fixed decomposition of K) are equal to unity.’ Then 


Uo, ayy; = Ue o! = Usa" 
and 
~ 20) == 20) 
Uy toy, =z 


for any en (t, j) of different dis: 2922, Ti [K:k] =n = M t Ny 
=[Z,:] + +--+ [Zp: k], [X: k] = n? then all sums j 


5 21) us! 
l=1 


constitute a normal simple algebra A(P of degree nH, ¿=1,2,* >+, p. The 
algebras A are contained in Y and ve can form the direct product 
AO x. ++” WH within YA. Namely, tre’ elements of different algebras 
"Y, JG) permute with each other as a consequence of our assumption on the 


side components, and [A: k] = Il [Y;:%]. Now we can normalize the factor 
4=1 


set belonging to each component A; to the cyclic normal form 


= (0,2% /k) . 
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where sek. Since all units e of k are n¿-th powers (1==1,: >+, p) we can 
write 


f A 
Me = (19,20 /1). 
j=1 


Moreover, it follows if we apply Lemma 5 that the original factor set as,r is 
associated to a factor set whick lies in the ground field k. However, ag,r € k 
does not imply that A is similar to the direct product of cyclic algebras. 

Conversely, if an algebra X is similar to the direct product of cyclic 
algebras (a;, 2‘) /k) when the solitting fields 7 are relatively prime over k 
(t==1, 2 --,p) then A is similar to an algebra which has the join 
K =Z, + Za as splitting fiel? such that the side components of the corre- 
sponding factor set are equal tc unity. Namely, each component (as, Z (4 fig) 
has the following matrix represerting the complete factor set 


Fah ae exe ls seca 


- . ay 


| Qi. . » . . $ as 
of degree m; = [2;:k].1% Hene 


A~ (4, ZO ME) XX (ap, ZW /k) 
(HB: -Ap K/h) 


according to Lemma 6. The siz= components of A; @---® Au obviously 
are equal to unity according to gle structure of Kronecker products. 

Let D be an arbitrary norme! division algebra over the relatively perfect 
field k, such that its degree n is = latively prime to the characteristic x. Then 
the valuation p of k can be extended to D by defining the value v(a) =T(D) 
of any element a s£ 0 in ® to be equal to 


= Lo (Mea a) 


where N,,, denotes the reduced orm of D over k. Since I'(k) is assumed to 
have a finite irrational base 6,,- - +, 6n we find that the factor group 
e 


180. F. G. Schilling, “The stru=ure of certain rational infinite algebras,” Duke 
Mathematical Journal, Vol. 3 (1937. 
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T(D)/T(k) 
is a finite abelian group whose invariants are proper cr improper divisors of the 
degree n. Obviously, [T(D)/T(k):1] <"[9:k] for the representatives of 
the factor groups are values of elements which are linearly independent over k. 
THEOREM 8. A division normal algebra D of degree n over k is equal to 


a cyclic algebra if and only if the factor group T(D)/T(k) contains at least 
one element of exact order n. 


Proof. Let a be an element of D such that exactly nv(a) lies in T(k).. 
` A 
Hence v(a) = a + > yidın! where at least one integer y; js relatively prime 
i=l . 
ton, ae P. Consequently, the field k(a) is a maximally commutative subfield 
of D. It must be.a cyclic extension, for 
k(a) = k(b,'/m, Dar baa), s>1, 
bkeh,n ne =n, 4 / y would imply that T.(&(a1)/T(k) has the invariants 
(Nas N2,* * `, na) Whereas a is an element which has tke exact order n. Therefore 
D= (c, k(a)) = (c, k(b¥*) ) 


with a suitable quantity c 540. . 
Conversely, if D = (c,&(b/")) then 


v(b¥*) == v(b) eT (D) 
is an element of T(D) which has the exact order n with respect to T (kX). 


THEOREM 9. A crossed product (Qo, K/k) is never a division algebra 
if there exists a subset ap,p; Of Gu,r which belongs to a cyclic subgroup {p} 
of the Galois group {o,7,: : -} and which has the form bpp; € pi, pj where 
v(Dp,py) EP. l 


Proof. Let Kp be the subfield of K which belongs to the subgroup {p} 
of {o, To” +. Then 
(Go, K/k) X Ep ~ (apup E/Kp) = (Y apup, K/Ko) 
if [K: Kp] =m. 


The element II Gptp € Kp has a rational value B according to assumption. 
. 


Choose now an element b e Kp whose value is equal to B/m, then 
e 


m 


TI ap" pb"" . 
¿=1 


A GENERALIZATION OF LOCAL CLASS FIELD THEORY. 693 
N is a unit ep of Kp and consequently 


(II apto, Kp/Ep) =~ (b", K/Kp) (cp, K/Kp) 
~ (ep, K/Kp) 
~ Kp 


since each unit ep is a m-th power, or 
(aor K/k) x Ko dl Kp. 


Suppose now that (4,7, K/k) would be a division algebra, then the degree of 
each of its splitting fields wouid be a multiple of [K:k]. We just showed 
that the field K p of degree [K:k]m> < [K:k] is a splitting field, but this 
‘contradicts our assumption tha: (@o,r, K/k) were a division algebra. 

We wish to conclude this section by some general remarks about the 
structure of normal simple algebras over. a relatively perfect field & whose 
field of residue classes k is an azbitrary field of characteristic x. 

We have seen that there do 2xist normal simple algebras A over X which 
are not split by any unramified extension U of k provided that A22. Thus 
we term a division algebra D cier k to be totally ramified if its algebra cf 
residue classes D coincides with the field k. A division algebra D is called 
unramified if its algebra of resine classes D has the same degree over k as 
Dover k. It is a known fact thet unramified algebras exist if and only if k is 
not quasi-algebraically closed.” As in the theory of fields which are perfect 
with respect to a discrete valuation we can prove the following existence 
theorem.”° 


THEOREM 10. If D is a normal division algebra over k then there exists . 
at least one unramified division algebra D over k whose algebra of residue 
classes is equal to D. 


THEOREM 11. Hach algebra of Hulk) is similar to the direct product of 
cyche algebras and of an unramited division algebra. - 


Proof. Let A= (Qo,,, U/k) be an arbitrary algebra of &.(k), then 
v (aor) = a(o,7) + y yi(o,r)&; where a(o,7) e P, yi(o,r) e TW since 
Tr(0) =T(k). Determine elements be, e le such that 
v(bo,r) = [U: k] "a (o,r) 





1% See R. Brauer, “Uber die Konstruktion der Schiefkörper, die von endlichen Rang 
in Bezug auf ein gegebenes Zentrum sind,” $ 7, Theorem 12, Crelle, vol. 168 (1932). 

20 See T. Nakayama, “ Divisionsalgebren über diskret bewerkten perfekten Körpern,” 
Crelle, vol. 177 (1937). ° 
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and fix elements t; such that v(t) = 6;. Then 
E A 
Go,rda,r II yen 
: ran 


is a factor set consisting of units eo,-e U for bo, ek and 


yilo tp) + vilr p) = yi (or, p) + yilar) (i= 1,2,---,A). 
Hence 


l A 
A — (60,7, Ufk) (Dz, U/k)( Il ae), U/k) 
i=l 


PR (ETEN, U/k) XXX (een, U/k) (ea,r, U/k) 
~ (ty Za/k) X>- -X (tay Zk) (cor, 0/k) ° 


where Z, denote the cyclic subfields of U which are induced by the characters 
related to the sets of addends yi(o,r). The algebras (t;,2;/k). whose gen- 
erating automorphisms are normalized are division algebras whose algebras of 
residue classes are equal to Z;. The algebra (eo,,, U/k) is obviously similar 
to an unramified division algebra. y 

If we suppose that all unramified are products of cyclic algebras—which 
amounts to assuming. that all algebras over k are direct products of cyclic 
algebras—then each algebra of &.(k) is representable as the direct product 
of cyclic algebras. In general, however, %.(%) need not exhaust the group 
of all classes of algebras which can be represented as direct products of cyclic 
algebras. Namely, if A= 4 then there exists a division algebra of degree 4 
which is totally ramified: 


(h ke ( Vta) /k) (ta, VER). 


All elasses which can be represented by unramified division aii evi- 
dently form a group. The classes which can be represented by completely 
ramified division algebras do not form a group. Consider the following ex- 
ample. Assume that % contains the n-th roots cf unity and that there does 
exist a unit e in k which is not the norm of an element of the cyclic extension 
k(t") (A== 2). The two algebras 


A, = (to, (8/4) /k) and A= (ta, k( (et,)/=) /e) 
obviously are division algebras. They are similar to the algebras 
(8,2, k(t) /l) and (ty te", h(to/) /k) 
respectively. Then l d l 
q X AWe ~ (REINA ~ Us, k(em)/k), 
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the resulting algebra is a divison algebra whose residue algebra is equal to 
the field of residue classes W longing to at unramified eyelio extension 
ke (e/"). of k. 

It is easy to see that in case > of X= 0 there do exist only unramified 
algebras in the class group $> k). Then each algebra Y in §’(k) has an 
unramified normal splitting fidd U, l 


a = (@e,75 U/k) 


and 
A — (60,7, U/k) 
where 
id or = Ga,rdo,r 
when 


v(do,r) = [U : k] *v(40,r). 


It is also possible to develop the arithmetic theory of simple algebras 
A= D,. However, in the procis one has to avoid any argument which may 
necessitate the use of bases of orcers and ideals. The existence of at least one 
maximal order M which contains a given order of highest rank in Y can be 
proved by applying well ordering. Since T(k) is everywhere dense in the 
additive group of all real numbers it can be shown that an algebra A = D, 
(r>1) contains continuously many maximal orders. We do not wish to 
develop the arithmetic theory hære for it has only indirect bearing upon tbe 
problem of local class field theorr. 


5. Generalization of classizal local class field theory. We showed in 
section 3 by two examples tket there exist under certain circumstances 
proper division algebras in &’(7) if the field of residue classes k is alge- 
braically closed, although A=C,1. We can expect for this reason a satis- 
“factory and complete characterization of the abelian fields K over k whose 
degrees are relatively prime tó tae characteristic x. Theorems 5, 6, and 7 
of the last section show that the sumber A of rationally independent irrational 
generators of the value group I:'k)—they may be ordered according to in- 
creasing absolute values—can assume the following determinations in order 
that the group &’(k) be isomorphic with the additive group Px mod 1: 


Case 1). For each n there exists a uniquely determined extension U, of 
degree n over k then A= 1, and i 


Case ii). The field of resida2 classes k is algebraically closed then A = 2. 
We shall put more stress on the first case since que readily can extend 


the methods used there to the seccnd case. First of all, Lemma 5 shows that 
+ 
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the group &’(U) which belongs to the unramified closure of the given ground 
fields is equal to one. Since 8’(k) X UC &’(U) we see that all classes of - 
algebras in §’(k) possess unramified cyclic splitting fields. “Therefore 
&’(k) = &'.(k) and hence a 

G’(k) = Py® mod 1 


according to Theorem 5. Thus we proved 


THEOREM 12. The class group of algebras 4’(%) over a relatively perfect 
field whose value group T(k) = {P, 0,2} and which possesses for each 
integer n —(n, x) = 1 —a unique unramified extension of degree n, is iso- 
morphic to the additive group Px mod 1. . 

In the following statements it shall be understaod that the relative degree 
of any field K and the degree of any division algebra considered, shall be 
relatively prime to the characteristic x. 


THEOREM 13. The Galois group of any abelian extension K over k is 
isomorphic with the norm class group k*/NK*. ° 


Proof. We first show that each field K of degree n is splitting field of 
each normal division algebra D of degree n. Let D be an arbitrary division 
algebra of degree n then according to Theorem 12 


D = (1, Un/k) 


where (v, n) = 1 and v(t) = 9, for a fixed choice of the generating auto- 
morphism of the Galois group of U, with respect to hk. 

The general ramification theory of A. Ostrowski yields in the particular 
case we have to consider, that the inertial field K (1) of the given field K is a 
field U;, where f/n. Moreover, [K:K(I)J=n/f=e and hence as a con- 
sequence of our assumption on T(k). 

i=—TH ° 
where T denotes an element of K such thato(N T) =0, E a suitable unit of K. 
Consider now the algebra ** 


D X K ~ (TE, U,K/K) 
Xx ~ (Te, UnK/K) (E, UnK /K) 
~ (T, UnK/K)*(E, UnK/K) 
~ (E, U,K/K) 
~K 
e 
22 Compare with C. Chevalley, “La theorie du symbole de restes normiques,” Crelle, 
vol. 169 (1933). Pr 
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where (T°, UnK/K) ~K as a consequence of [U,K :K]=e and where 
(E, UnK/K) ~K since the fields of residue classes k and a fortiori K are 
quasi-algebraically closed. Now Jet Z, be an arbitrary cyclic extension of 
degree n then I 

E (kis, = G (ke) y, = Zn) 
for 


D X Zum Zn 


where D, is any generator of -he cycle class group 9’(k)p, Sie mod 1; 
Z(n) denotes a cyclic group of order n. ee 


. E/E, = 2(n) 


holds for any cyclic field Z». 3! oreover, the same result can be proved for the 
cyclic fields over arbitrary finit: extensions L of k since the residue fields L 
are still quasi-algebraically close] and possess for each n exactly or one unramified 
extension of degree n. 

Next let K be añ arbitra>- normal extension of degree n over k. The 
ramification theory yields-immeliately that the Galois group of K over k is 
solvable. Using a compositior chain of the Galois group such that the re- 
spective factor groups are cyclic we find that we can find a chain of subfields 
kC: CKE OC Ki C>- CK between k and K such that the fields K; 
are cyclic extensions of the fields Ki... Application of the previously obtained 
result concerning the norm Bet groupe of oe extensions yields 


Kr [UE = nó Ki- J) 
when N; A the reatie ram taken trom K; to Ki... Consequently 
[*: N K*] S [K:k] 


since the norms-are transitive multiplicative functions... Now let. K be an 
' abelian extension of degree n wth the Galois group 3= (0,7,- * -}. Then 
there exists at least one factor set @o,, of elements in K such that the n-th 
and no earlier power of it is eq#valent to the unit factor-set. The existence 
‘of do,r is the immediate consequ: nce of the similarity relation 


DSK K~K 
where D denotes an arbitrary generating algebra of 8’(k)v,. We form the 
elements e i 

po = [| 0o.-, 
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they determine an isomorphism between 3 and a subgroup of AUTES. a 
Since [k*: NK*] Sn we have 


Sa k*/NE* 
Thus we proved the isomorphism theorem for the abelian extensions of k. 


Remark. The group of all algebras which: have unramified splitting fields, 
i.e. &’u(k) is isomorphic with the additive group of all rational fractions 
mod 1 provided that also for the degrees x" there exist uniquely determined 
cyclic unramified fields. 

In the classical theory the isomorphism 3 =: k*/N K* is given by a definite 
realization by the norm residue symbol.?* Tae possibility of normalizing the 
aforementioned isomorphism depends upon the fact that an arithmetically 
significant automorphism which generates tke cyclic Galois group belonging 
to the unramified fields can be found. Thus, -£ we make no special assumption 
on the algebraic structure of the residue class field k we have to find a sub- . 
stitute for the so-called Frotenius automorphism.  » 

Let U be the infinite cyclic unramified extension of k which is equal to 
the join of all unramified extensions U, of %. The Galois group of U with ` 
regard to k is then a totally disconnected compact group O = {o,: + :).2% It is 
easy to give an explicit representation of the group O. Let then — 


RCOUMCITVAIC---CV CUMC.---CU 


be an arbitrary—but necessarily enumerable—tower of unramified fields ap- 
proximating U and let O; = (0;,! * -} be’ the Galois groups of U with 
respect to k. Since US/U%- and U'/k are normal the substitutions 0; of 
O; induce exactly the substitutions 0;-, of O.1, or Oi. is a homomorphic map 
O;*¢; of O; Then O can be-isomorphically represented by the sequences 
[01, 02,* * +, Ois 01,‘ * *] oí elements 0; e Opsuch that 0;.. = 0; * bi. : 

In order to obtaina substitute for the Frobenius substitution let us fix 
an arbitrary approximation of U andvan arbitrary generating automorphism 
o, of U,. Then we take an arbitrary but fixed element y of our uniquely 
determined representation of O which induces the substitution. o, in U,. Since 
each unramified field U» is contained in U the automorphism y. - determines 


22 Yasuo Akizuki, “Eine homomorphe Zuordnung der Elemente der galoisschen: 
Gruppe zu den Elementen einer Untergruppe der Normenklassengruppe,” Mathematische 
Annalen, vol. 112 (1936). 

23 Cf. paper quoted under No. 19. 

.”*J. Herbrand, “Théorie arithmétique des corps de nombres de degré infini, II. - 
Extensions algébriques de degré infini,” Mathematische Annalen, vol, 108 (1933). 
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uniquely a generating substitation ym of the Galois group belonging to Un 
over k. We shall use this element y, in order to normalize the representation 
-of the elements of the class groupe@’(&)c,. According to the theory of eyclic 
crossed products we know that any cyclic algebra (a, Un, on) is equal to 
(ar, Un, Yn) where on = yn? is a generating substitution of the Galois group 
and sr=1 (mod n). Hence sach algebra of G’(k)y, is similar to a power 
of the normalized division algebra (t, Un, Yn) where ¢ denotes a fixed element 
of le whose value is equal to 9e 1 (k). Itis readily seen that this normalization 
for a fixed degree m is consistent with the normalization of all other degrees m 
which are multiples of n; one only has to take in account the familiar rules 
concerning cyclicecrossed products. The substitutions y, and normalizations 
(t, Un, Yn) have algebraically the same significance as the classical normaliza- 
tions with respect to the Frokenius substitution. Consequently, we are able 
to define a generalized norm -esidue symbol. Let (a, Zn, Sn) be an algebra 
which belongs to the class grcup of algebras split by the arbitrary but fixed 
cyclic field Z,; S, a generatinz automorphism of the Galois group. Suppose 
now that: SI i 
(a, Za, En) — (t, Un, Ya)’, 


then we define the norm resicue symbol (a, Zn) to be the substitution Sy”. 
Using this definition we verbally can take over the theorems of the classical 
local class field theory. One also observes going over the known proof of the 
existence, ordering and translation theorems that the latter are preserved for 
the type of relatively perfect fields we consider under case one. “Thus we 
can state 


THEOREM 14. Let k be a relatwely perfect field whose.value group T(k) 
is isomorphic with {P, 61} ard whose residue class field k admits for each n 
exactly one cyclic extension o] degree n, (n,x) =1. Then the law of reci- 
procity, existence, ordering and*translation theorems of the classical local class 
field theory hold for k as ground field. 


. In ease two where the fielc of residue classes k is algebraically closed and 
where A— 2 we can repeat all >receding considerations. However, it is neces- 
` sary to consider either &(<t,?/">) or k(<ts/">) as the universal splitting field 
of the group $’(%). In either case we obtain the equivalent of the local class 
field theory. It only has to >é pointed out that the generalization of the 
Frobenius automorphism has no more an invariantive arithmetical significance. 


Remark. It is possible to establish the results of clássical local class field 
theory even if the assumptions made on page 695 are slightly weakened. Namely, 


& 
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we can generalize the value group T to arbitrary subgroups of the. ‘additive 
group of all real numbers with. the restriction that 
i . 
T/nT = z T/T = Z(n) for ell n in case i), 
and 


T/nrT =L r/r = Z(n) X Z(n) Dr all n in case ii). 


However, it should be observed that the representatives of the factor groups 
can well be different for different values of x. Nevertheless, for powers of. a 
single prime one can choose cne and the same representatives, if the integer n 
is composite then the representatives can be brilt up additively from the repre- 
sentatives of the prime factors of n. In gereralizing the proofs of the pre- 
ceding theorems this fact has to be taken in a2count, in particular with regard 
to the selection of elements of the perfect jelds whose values are equal to 
representatives of certain factor groups. Going over the proofs of the preceding 
theorems one easily observes that the generalization is obvious. 


6. Examples of perfect fields with prescribed value group. We wish 
to give in this section several examples of perfect fields k whose value groups 
T(k) are isomorphic to a prescribed group {P,4,T19,- - -,0,1'9) of real 
numbers and whose fields of residue classes k are giyen too. 

Let k be an arbitrary field of characteristic x. Consider then.the a 


of rational functions k (To, t.,* * *,tT1) and Dut 
*) v(to) ==] 
( l v(zi) = b; (1 =1,- eA) 


where 6; are given real numbers which are >ationally independent. The set 
of A+ 1 relations (*) defines then a valuatien p on k(z,, £1,' * +, 2%) whose 
valuation ring contains the ring of polynomids k[z,, 2,,* + -,2,] and whose 
field of residue classes obviously coincides with the given field k. Next we 
adjoin to k(2,a@1,° © >,a) the radicals xp! where p runs over all primes 
which are different from the characteristic y and where j—1,2,---. The 
resulting field k (To, 3,,* * ` , 2x) (<%o'/?’>) admits then, according to the general . 
valuation theory, a valuation whose value grcup is equal to 


{Px®, gro; ine ATO} 


and its field of residue classes coincides witk k. 
Now we distingufish two cases 


(i) x=0 di) x60 
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Case +). We.adjoined all n-th roots of z, and thus obtained an infinite 
algebraic extension K of h(a, 21, ° + >, æ) (<2o/">) on which there is defined 
a valuation $ whose value group igequal to {P; 4,1%, - - -, 1} and whose 
field of residue classes is still equal to k. Taking the -adic closure of X we 
obtain a perfect field k which has the desired properties. - 


Case ti). We adjoin to k(z,,%,,* + *,2,) (<x02'>) the roots of tha 
eyclie equations 


yv* — ay = dy where dy = 1/zp,* * -,1/zp) is a vector of v elements, 
(r=1,2,* -). 
e A x 
The valuation p of k(zo, 2,,* * * ,&\) possesses again at least one extension $ 


in the infinite algebraic extension 


K = k (zo 8, + *,%1) (KEPS) (<y>). 


The -adic closure k of K is then a field which possesses the required value 
group and residue field. 

It is also possible to prove the existence of fields k with given valie group 
by an entirely different method. Let now k be an algebraically closed field of 
characteristic x. Consider the field 


k (zo, Y; Ti, ` 7 *, Ta) 
where 3 


co 
y = Y aye," 
4=0 


and where (14) > œ is a sequence of rational numbers whose denominetcrs 
are powers of primes p > x, so that ultimately arbitrarily high powers of all 
the primes p occur in the denominators. Obviously, infinitely many such 
selections can be made for the sequence {7;}. Put then 


v(2p) == 1 

v(y) ="0 

(u) =0; (t==1,---,A). 
We thus determine a valuation of the field Z=k(z,y;2,' + +, 2) whose. 


field of residue classes is equal to k. The value group belonging to p contains 
the components 
y TOS TO, pTO, --, AT, 


But we can prove more: . 


SL) = 4 9P30,T0,- -- ALO}. 


702 0. F. G. SCHILLING. _ 


In order to see this we only have to prove the əxistence of elements in L whose 
values are equal to 1/p/ for each py and j==1,2,:--. We apply for this 
purpose an argument which is used in the gheory of Puiseux developments of 
algebraic function fields of two variables. Namely, consider the subfield 
k(a, y) of two variables. It is contained in the perfect field M of all formal 


co 
power series >, b;z,% where bj ek and {s} > œ are arbitrary sequences of 
‘ ¿=0 $ 


rational numbers. The perfectness of this feld can readily be proved. The 
element y == Sajt)"' which is transcendental over k(x,) is contained in the 
field M. We have to show that suitable rational functions of x, and y have the 

‘values 1/pi. Let then a;29/?! be the term ir y = Sa;,"* whose denominator 
is exactly equal to pi, according to our assúmption on the sequence {r;} such 
a term is uniquely determined. We next suppose, in order to apply induction - 
with regard to 1, that we already proved the existence of rational functions of 
Zo; y whose values are equal to 1/p! where p and 1 belong to the exponents tv, 
v<j. We write the series y = Xar," in the form 


s 
4-2 oo 
y = Ñ apto! + a. ++ SY ame. 
p=0 g=14+1 


= N, + Aito A + a; + 8% 


Next we consider the element 
Y oe Ss’ + 44.4074 


and its conjugates 
Dp = S’ + ays (o"t) % 


_ where op denote the qi.z41— r automorpäisms of the field M given by 
DT — rT", Er denoting a fixed r-th root of unity. (ri. =%4.1/7) form 
the product ° 


Il (y —9)- 


As in the classical theory of Puiseux developments it is seen that IL(y — 9») 
is an element of k(z,,y). The first term of the product (y —Yp) has then 
a first term z,” where the denominator m is exactly divisible by pi. There 
still may occur powers of other primes in m, however, they belong to the 
rational numbers rz (u=0,---,+—2). We write then s/m as a sum of 


elementary fractions 
: ° i-2 


È spp + sip 
u=0 
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where pp are the denominatozs of ry. According to induction, there exist 
elements zy in k(z.,.y) such that 
v (zu) = 1/ Pa't. 

The element í 

i-2 

Hal (y — De) =z 

ga 
has the value - 
s/p', or 2 == cT" P + S” 


where e = 0 and S” consists of powers of &, whose exponents are greater than 
s’/p! anc whose denominators satisfy the same conditions as those of 9”. Let 
s” be a solution of the congruence 


s's” ==1 (mod p’), i.e. ss" = 1+ -gp', g an integer.. 
The element z?” has the form l 
+, 


consequently the element 2°”x, has the value 1/p!. Thus we see by repeating 
this process that any power of a prime ps5 x can occur in the denominators 
of the values belonging to suitable rational functions of x, and y. Therefore, 


T(%(20,y)) = {Px} 
and hence 
T(K (ao, Y; T °° @y)) = (PX, TIO, > +A), 


Again as before we have to dis-inguish two cases according to the value of the 
characteristic x. If x= 0 then we find that already 


T (k (T0, Yi Putt, Za) ) = {P, gro, N ng ATO}, 


Consequently, the perfect closire k of k(x, Y; tı * *,T1) has the desired 
properties. * We remark that tbe perfect closure contains also all formal power 
series Sb;r + where bjek and R;—> œ denotes any sequence of rational 
numbers whose denominators are relatively prime to x. If x5£0 then we 
form the infinite algebraic extension N of k(a, y; %1,* © ©, ©) which contains 
all solutions of the equations 


YX + j = år, (v=1,2,: " >. 


The valuation p of k(zo, Y; £ * +, ) has then an extension $ in N whose 
value grcup is equal to {P,6,T(9,- - -,0,1'%) and whtse residue class field 
` is equal to k. 
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The last construction can.also be appliec if the field of residue classes k 
is not algebraically closed. We start again w-th a series y = Zax", then we 
extend k(2,y) to its unramified algebraje closure k(2, y) and apply the 
previous considerations to k(a,y). We find that T(k(2,y)) = {xP}. 
Since k(2,y) is an unramified extension of k(x,,y) with respect to the 
valuation as given by v(z,) = 1, v(y) = r, we have ' 


T(k(2,3y)) =T (k(209)), i.e. 


there exist rational functions of xp, y whose values are equal to 1/p* where 


(2, x) =1. . 
In order to construct perfect fields of zharacteristic Ô with prescribed 


value group where fields of residue classes have characteristic x, we start with 
a x-adic number field & and adjoin transcendental quantities a,,- + - ; za to it. 
It is evident how the construztion can be completed. Also it is fairly obvious 
how to construct perfect fields k whose value groups T (k) have the type 


(GTO, GOTO), = GATE 
where the G are Steinitz-numbers describing the possible denominators of the 
respective components.” Incidentally, if @o@,- - - Ga = [I p° and’ 
= 
(Gi, Gj) =1 when ij 


the usual local class field theory holds over k if the field of residue classes 
admits for each integer n exactly one cyclic extension of degree n, as in the 
preceding sections we have to restrict our considerations to fields and: algebras 
whose degrees are relatively prime to the cheracteristic. 
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25 E, Steinitz, “ Algebraische Theorie der Körper,” Crelle, gol. 137 (1910). 


THEORY OF MULTIGROUPS.* 


r 
By MELVIN DRESHER and OYSTEIN ORE. 


‘Various problems in non-cammutative algebra lead naturally to the intro- 
duction of algebraic systems in rhich the operations are not one-valued. Let 
us‘ only mention co-set expansiar’s in groups with respect to non-normal sub- 
groups or residue systems of one-sided ideals in rings. In the following we 
shall discuss the general theory of multigroups, i.e., algebraic systems satis- 
fying all the axioms of a group except that the multiplication is multivalued. 

The history of the theory of multigroups is very short. Multigroups (or 
hypergroups) were first definel by Marty (1934), who has studied their 
properties and applications in several communications. Another contribution 
‘to this theory was made last year by H. S. Wall? In addition one should 
mention two short notes by Kurtzmann* and some considerations by Ore * on 
co-set expansions in groups and their properties as multigroups.** 

In the following we have adopted the most general definition of a multi- 
group. We assume only the existence of solutions of linear relations and not 
the existence of. two-sided unite and two-sided inverses as in most previous 
investigations. We also find taat the theory appears more elegant in this 
general form. \ 

The first chapter contaira a discussion of the definitions and representa- 
tions of multigroups, together with examples. _ One also finds a theory of . 


* Received eel 28, 1938. 

1 F., Marty, (1) “Sur une généralisation de la notion de groupe,” Huitième congrès * 
des mathématiciens scandinaves, Sty=kholm, 1934, pp. 45-49; (2) “Röle de la notion 
d’hypergroupe dans l'étude des grou>=s"non abéliens,” Comptes Rendus, vol. 201 (Paris, 
1935), pp. 636-638; (3) “Sur les zroupes et hypergroupes attachés & une fraetion 
rationelle,” Annales de Vécole normae, 3 sér., vol. 53 (1936), pp. 83-123., : 

"2H, S. Wall, “ Hypergroups,” American’ Journal of Mathematics, vol. 59 (1987), ; 

pp. 77-98. i 

3J. Kuntzmann, (1) “Opératioas multiformes. Hypergroupes,” Comptes Rendus, 
"vol, 204 (Paris, 1937), pp. 1787-178€: (2) “ Homomorphie entre systèmes multiformes,” .. 
` Comptes rendus, vol. 205 (Paris, 192”), pp. 208-210. f 

Oystein Ore, “ Structures and zroup theory, I,” Duke M athematical Jourral, vol. 3 
(1937), pp. 149-174. : a 

“Added in proofs: Further contributions have appeared since the completion of 
this paper: L. W. Griffiths, “On hypergroups, multigroups gnd product systems,” 
American Journal of Mathematics, ol. 60 (1938), pp. 345-354; M. Krasner, “Sur la 
primitivité des corps Padiques,” Mathematica, vol. 13 (1937), pp. 72-191. 
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scalars, i. e., elements for which the multipl cation is unique. The concept of 
a scalar was first introduced by Wall. Herz we extend his results 'in various 
ways. $ ' È 

In the second chapter we consider the properties of sub-multigroups. 
Usually they do not possess properties corresponding to those of subgroups in 
groups. The new concepts of closure and reversibility are introduced, and it 
is shown that for reversible sub-multigroupe there exists co-set expansions and 
quotient multigroups. These investigations are connected with those of Marty 
and Kuntzmann on the hornomorphisms of multigroups. 

The last chapter deals with normal su>-multigroups and the decomposi- 
tion theorems for multigroups. One can define two important types of nor- 
mality in a multigroup. The weaker form ¿or normality is sufficient to obtain 
analogues of the first and second theorem o? isomorphism and the theorem of 
Jordan-Hölder. The stronger form of normality can be shown to be! equivalent 
to the condition that the quotient multigroup shall be an ordinary group. 
Strongly normal sub-multigroups can onlr exist in ‚multigroups: which are 
homomorphic to ordinary groups. These imvestigations finally lead to a very 
interesting type of multigrcups which we cell ultragroups. These ultragroups 
are characterized by the property that they have composition series in which 
every quotient multigroup is an ordinary group. 


CHAPTER I. General multigroups. 


1. Definitions. A multigroup M is aa algebraic system with'one opera- 
tion called multiplication. This multiplicetion usually satisfies the ordinary 
group axioms except that the product is not unique. We enumerate the axioms 


as fcllows: | 


I. The product. If a and b are two elements of M then the product a:b 
(simpler ab) is a sub-set of M 


(1) a:b = (¢1, C2, * *). 


Let us observe explicitly that we make no essumptions on the number of ele- 
ments in the product; it may be arbitrary end vary from product to product. 
" We also extend the definition of a product to arbitrary subsets. If 


A= (asters) 
B= (b,,b»,- + *) 

then sj 
A B=(: > :,45bj,: - +) = Saib; 
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is the ses consisting of all elements of M contained in some product a;b;. We 
shall write A D a, when a is ar element of a set A. 


Il. The associative law. For any three elements of Mi we have 
(ab)c —=a(be) — abe. 


These products have a meanirg according to the definition of products of 
sub-sets. 


III. The quotient aviom. To any two elements a and b there shall exist 
other elements x and y such tkat 


(2) arb, yarb. 


Any system whose elements satisfy these axioms we shall call a multi- 
group. If only the first relation (2) has a solution we shall call M a right 
multigroup and if only the sezond has a solution we have a left multigroup. 

An element e sueh that 

. ea a 


for alla in Mt shall be called a ‘eft unit, and a right unit is defined analogously. 
A unit is an element e such that 


& 4, ae a 
for all a. If 
e'a =d 


for all a, then e shall be callec a left scalar unit. The right scalar units are 
defined in the same manner. If 
ae = ea = 4 


for all a then e is a scalar unit or absolute unit. 


THFOREM 1. Let the mulsigroup M contain a left (right) scalar unit e. 
If there. exists any right (left) unit in M then it-is unique and equal to e | 
and e is the only left (right) scalar uniz of M. If Mt contains an absolute _ 
unit ther there are no other units. a 


Proof. Let e, be a right vnit. Then 
e by == er De 


e 
and henc2 es = e. Any other left scalar unit would also have to be equal to e. 
We shall say tleat a is a ieft inverse of a when 


} i | 
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-at-ade 


where e is some unit element. The left inverse depends on the unit element e- 
and even for a fixed ¢ an element will usualfy have several inverses. We shall 
usually assume that by left inverses the corr2sponding e is a left unit, An 
. inverse must always exist according to the quotient axiom. One defines right 
inverses in a similar männer.and we shall associate a right i inverse with a Bu 
unit element. a two-sided inverse a” has the properties 


i 


a-aDe 4 ade 


where e is some (two- sided) at element. Such inverses are not postulated 
` in our multigroups. 

One finds easily. that if avery product ir a lora aan but one 
element the multigroup is a group. 

A multigroup can always be imbedded in ‘a groupoid, i.e. a Sale with 
a unique operation. Let us define a complex in M to be a subset obtained by 
forming a product of a finite number of elements. Tha product of two such 
complexes is again a complex and the multi>lication, satisfies the associative 
law. One can also imbed a multigroup in a ring by writing (1) in the form 


a:b = c, + + 


By introducing rational integral coefficients to indicate the multiplicity of the : 
occurring terms one can define the sum (and difference) of two complexes. 
We shall also say that two multigroups Y? and DY are isomor phic if there 
exists a one-to-one correspondence between treir elements stich that i a 
then ab c implies a’b’ D c’. : i 
The definition of a mulii tigroup which w= have given here and which we. 
‘shall adopt in the following, corresponds to she definition of hypergroups by 
Mariy. Almost all the investigations on multigroups by Marty and by Wall 
and Kunizmann presuppose a stronger defirition of a multigroup.| Instead 
of the quotient axiom one assumes: ` 


lj 
| 


IV. There exists eN -sided ) unit elemants. | 
V. Every element has two-sided inverses. 


Nore: It might be mentioned that one can have Go in which every element 
is a unit. Such multigroups might be called unit multigroups. 


Any multigroup satisfying these conditiens may be called a regular multi- 
group. It is obvious that the conditions [7 and Vv imply the existence of 
solutions of the relatiens (2). From i 

a-a0Xe, , acre . 
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j 
i 
where eis a unit follows namaly 
a $ i 


í eo aat-bDOb 
J 
} 
and hence b- ¿7? contains an element Y and a*- b an element z such that (2) 


` holds. I 


2. Representations of multigroups: The multiplication in a finite 
mültigroup may be represented by a Cayley square much in the same way as 
for a finite group. The only dyfference is that the various places in the table 
will contain several instead of a single element. . We shall only illustrate this 
by an nl ofa multigroup of order 3. 


ea b 
e a,b a,b 
a eb eb 
b e,0 6,4 


Sn & 


One finds that the assbejative law is satisfied. m is worth noting that: va = xb 
for all x. 

If M is a multigroup of arder n one can represent M isomorphically by 
means of generalized pooni Ton in which each index corresponde to a set 
‘of numbers. Let a: > -,@, be the elements of M. To an-elemen; b of M 
we let correspond the symbols 


: Gy, bh Vfl, 7,0 
Pro (es, ` a a Gee ee) 
“where B; contains the indices X those elements of M which are contained in 


a;b. Such a substitution P» is a unit if and only if B; contains i for every i. 
If in the same manner | 


a = 1 
a. o e.a 12 --m. 

Po 15 ? EN >» ( 3 3 > 
Q10, * * > On Ca, Cs, eng Ch N A 


ther. we define the product substitution 


la °° yar 1,2, °°,” 
Poe (5 : co = lee Ci Po: Oa: Po: del) . 
By this definition one obtains en isomorphic representation of the multigroup. 
. One can also define a mciria representation of M in a manner which 
corresponda to the ordinary. regular on of a group. One lets a 
‘correspond to a matrix . 
; . o> Àa = (de) ) 


:9 


Pe, 
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where 
l q =1 when ati a; 
am = 0 otherwige. l 
One finds that if ` f 
E a+b = (c,,Cs,* °°) 1 


then one has for the corresponding matrices 


Aa: do = Ac, + Ac. — ` Y 


3 
We shall not discuss further the properties o7 this representation." 


3. Scalars. We shall say that an element a is a left scalar when aw is a 
single element for alla. A right scalar is defined similarly. When ag and xa * 
are single elements for all æ we shall say that a is a scalar. Obviously the 
product of any two scalars of same type is again a scalar of the same type. 

For the moment we shall consider only left scalars. We shall say that 
a product ab is a left scalar when abs is a sirgle element for all x. 


THEOREM 2. When a product ab is a left scalar then a is a left scalar 
and a'b = x is a left scalar element. 


Proof. Since every element in M is contained in some product ba we 
have that ay is single element for all y. Herce a is a left scalar and ab is a 
single element. . 

We shall say that the cancellation law aolds for a left scalar « if any 
relation 

on = ay 


implies z = y. In a finite multigroup the cancellation law is always satisfied 
because any element is representable in the frm «x so that the two sets {s} 


‘and {av} contain the same number of elements. 


We shall now prove: 


THEOREM 3. Let M be a multigroup in which the cancellation law holds 
for left scalars. The existence of a left scalar then implies the existence of a 
left scalar unit. 


Proof. Let a be a left scalar and let us letermine an e, such that 
(3) Q` ba = Q. 


Then one finds for an arbitrary x 


5 Compare Wall, loc. cit. (part 1). 
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C la’ T= ar. 
If now y is some element in eg then ay = as or y =q. This gives 


(4) | De 
' for all æ. 
Under the assumptions of Theorem 3 one can also show: 


THEOREM 4. To each left scalar a there exists a unique left scalar in- 
verse a! such that s i 
(5) a: VI == Al A = la. 


. 
Proof. The cancellation law gives the existence of a unique a such that 


a: al = eq. 
From this relation follows 


a: ada Og A= A= A la 
and hence we have 
2: Y =H" lg 


or y = ĉa for every y in at-a. Theorem 2 implies that a? is a left scalar. 
When the cancellation law holds for left scalars one can strengthen 
Theorem 2 to: 


THEOREM 5. When ab is a left scalar then both a and b are left scalars. 


Proof. If bz contains c, and cə then ac, = ace or cı = Ca. Hence bx is a 
single element. 


THEOREM 6. Let Dt be a radtigroup with a right unit r, in which the 
cancellation law holds for left ssulars. If W contains a left scalar then the 
set of all left scalars is a group wth r as unit element. 


Proof. It follows from Theorem 1 that r is the only right unit and the 
only left scalar unit of WM. The group property of the scalars follows from 
the two preceding theorems. l 

Let us now consider multigroups with (two-sided) scalars.* 


THEOREM 6. If a multigroup contains a scalar element then it contains 
an absolute unit element e and “he set of all scalars is a group with e as | 


unit element. é 


° These are the only,scalars considered by Wall. 
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Proof. Let « be the given scalar. We determine ea such that 


Gog = a. 
o 
Then one has for any x 


TO ey == La. 


Since every element of Yt is representable in the form va this means that es 
is a left scalar unit. In the same manner one establishes the existence of a 
right scalar unit and hence an absolute unit according to Theorem 1. 

To prove that the scalars form a group 18t us determine a”? such that 


ae 
e 


Then 

a ata ao 
and as before this implies 
, y ata = y 
for all y. Hence we have 
a|- a= a aT mm e, . 


The inverse is a scalar according to Theorem 2. It is unique because any 
relation ax = ay implies s == y as one sees by multiplication with a”, 
The group of scalars has been called the nucleus of M by Wall. 


THEOREM 7. Let M be a finite multigroup. If W contains both a right 
and a left scalar then all scalars are two-sided. 


Proof. Since M is finite the cancellation law holds and M contains 
right and left scalar units acecrding to Theorem 3. This implies the existence 
of an absolute unit element by Theorem 1. Furthermore we have for any 
left scalar « ` f 


aT: a= a aT mE e 
e 


, and Theorem 2 shows that « is a scalar. 
It is also easily seen: 


THEOREM 8. In any regular multigroup with an absolute unit element 
every left or right scalar is a scalar. 


4. Examples. The decompositions of ordinary groups furnish us with 
some of the most important examples of multigroups. Let us consider the 
quotient systems in groups as our first application.’ 

Let & be a group and $ any subgroup. The co-sets a (or $a) form a 


7 Compare O. Ore, loc. cit., chap. I. ë 
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set which we shall call the quosient Pe &/S of © with E to $. This 
quotient system is a multigrocp when one defines the product to be 
AG EGA (019, 0.9, * 3) 


where the c;Ö are those co-sets which "contain elements from the left-hand 
product. The multigroup is en ordinary group if and only if $ is normal in 
©. We shall assume that this is not the case. This is equivalent to saying 
that the normaliser group N cf $ in © is a proper subgroup of ©. 
Under this assumption waefind: The only unit element in G/H is $ and 


a} $=9, §- aH ağ. 
If b. $ is to be a r. h. inverse of aS then one must have 
a} -b§ > §, 
hence en must exist elements ho and h, in $ such that 
o  Ghob— Ii,  DV=h a- hyt. 


It then follows easily: Any interse of aS has the form hat: $ where h belongs 
to $. These inverses are all toth r. h. and l. h. inverses, hence o5 is Rn 


multigroup. 

To determine the scalare in G/H let us consider Ale condition for an 
equation . 
(9): a% : b9 = c&. 


to hold. One sees that c must have the form 

l c= ab: h l 
l and when this value is substituted in (9) one finds 
19 =$. 


Hence a relation (9) holds ii and only if 6% belongs to the normaliser of $ 
in ©. This shows: The only right-hand scalars of &/& are the co-sets of the 
normaliser of $ in ©. There are no left-hand scalars. . * 

Another important type of multigroups is defined by the co-set expansion 
of a group & with respect to two subgroups M and N 


G = M N + MaN + - 
. These double co-sets form a multigroup when one defines 


eMaN - TIN = (MeN, MeN, as -) 
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where as before the right-hand side contains those co-sets which include ele- 
ments from the 1. h. product. One might denote this multigroup by MNG/R. 
One can determine its units and inverses and one finds that it is a regular 
multigroup. The results are somewhat complicated and they shall not be 
reproduced here. It may be of interest to note that scalars only exist when 
the two groups are permutable. 

In the simplest case where M — N let us denote tae multigroup NN G/N 
by 6 /N. This multigroup has the absolute unit N. The inverse of NaN is 
unique and equal te NaN. Again the scalass are the co-sets belonging to 
the normaliser of N in ©. 


CHAPTER 2. Co-set expansions. 


_1. Closed sub-multigroups. Let MW be a multigroup. We shall say that 
a sub-set A is multiplicatively closed when it has the property that if a, and az 
belong to A then all elements contained in the product a,a, also belong to YA. 
We shall say that A is a sub-multigroup of M, if it satisfies the axioms of a 
multigroup, i. e. if the relations 


Qt Oe, ya, D We 


always have solutions in X. 

When X and $ are two sub-multigroups then the cross-cut (A, B) of 
their common elements is multiplicatively closed. Usually (W,8) is not a 
sub-multigroup; because if d, and d, are two of its elements the relations 


dz D do, yd, D de 


need not have solutions in (A, B). 

This leads us to the consideration of more special types of sub-multigroups. 
We shall say that a sub-multigroup Y is left closed with respect to W if for 
any two elements a, and a, in A all the solutions y of the relation 


(1) l Ya, > 02 
lie in Y. Similarly we say that Y is right closed when all the solutions of 
(2) 40 > ae 


lie in A. Finally X ig closed when all the solutions of (1) and (2) lie in Y. 
One sees immediately : 
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THEOREM 1. The cross-cut (A,B) of two (left) closed sub-multigroups 
is void or œ (left) closed sub-multigroup. 


The definition shows that a (left) closed sub-multigroup must contain all 
(left) units of M. Hence if M contains left units the cross-cut of two left 
closed sub-multigroups is never mid. In the following we shall usually assume 
the existence of such a unit element. Let us also observe that any (left) closed 
sub-multigroup contains all its ‘left) inverses. 

The union [A, B] of twc sub-multigroups (or multiplicatively closed 
sub-sets) consists of all those el®ments which are contained in some product 
made up of factors from Y and B. The union is multiplicatively closed, but 
it is usually not a“sub-multigroup even if Y and Y are closed. These remarks 
show that if the void set is incluled in the multiplicatively closed sets, one has: 


THEOREM 2. The set of al multiplicatively closed sub-systems form a 
structure. l 


A similar theorem does usially not hold for the sub-multigroups. 

One finds that in the multizroups defined by ordinary co-set expansions 
G/ every sub-multigroup is closed. The same holds for the double co-set ' 
expansions © /§. 


2. ‘Reversibility. Let M be a multigroup. We shall say that a sub- 
multigroup A of M is left revers-ble in M if any relation 


04M, D Me 
where a, belongs to Y implies the existence of an a, in Y such that 
mM, C ama. 


When m; is taken as an element in Y one finds that m, is an element of 
N, hence: « 


THEOREM 3. Left reversib-lity implies right closure. 
Similarly we say that A is right reversible in M, when any relation 
ma D ma 
implies the existence of an a, in $f such that 
m E mala 


. Finally X is reversible in Nt when it is both left and tight reversible. - Ac- 
cording to Theorem 3 a reversikle sub-multigroup is closed. 
- . 
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We can now prove: 


THEOREM 4. Let YA anc B be closed and x (left) reversible in N. Then 
(X, B) is closed and (left) nel in $. 


Proof. According to Theorem 1, (A 3) is closed. Furthermore since 
21 is left reversible any relatzon 
dibi 2 be 
where d, belongs to (A, B), implies that y 
bı Ca, ba 


» A . 
and since Y is closed we have a, == dz. 
` We are now able to prove: - 


THEOREM, 5. The union of two reversible multigroups is a reversible 
l multigr oup. " 


. Proof. If c, and cz are Sale elements in [Y,B] then we shall first 
have to prove that any relat ons ; 


(3) ver D Cay ay > Co 


imply that x and y be in [2L 8]. It is ie to consider the first of these 
relations. Each element of the union is contained in some product of factors 
from Y and Y, Let us sup ose that 


(4) i Andy’ + + Ab; D Cy ; 
is the product of shortest leagth containing c,. When c, in (3) is contained 
‘in Y or Y our assertion is rue by the reversibility of A and Y. Hence we 


may prove it in general by induction, assuming there exists solutions for all c, 
contained in products of shcrter length. From (3) and (4) one obtains . 


Tanba’ - * yb, Dez 


and hence there exists an elment d such that 
l Py eet A 
This in turn implies the exi.tehce of an'x, sach that 
2° by Dez, mUrxd. 


The first of these relations show that s, telongs to [Y, 8] and since d is 


contained in a product of shorter length tkan c, it follows from the second 
Š e . 
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- that z also belongs to [Y, B]. The reversibility of- a, 3] follows in a similar 
manner. 
` Now let us define further: _et Qt be a multigroup with (left, right) units. 
We shall say that M-is (left, right) reversible in itself when any relation 


N" Ma Ma 
implies the existence of a left inverse m, and a ea inverse my” such that 
Me E m1 ma, mı C m mg. 
From this definition follows: 


THEOREM 6. Let W be (l2ft) reversible in EN: Then every ode 
sub-multigroun is left reversible in WM. 


When this theorem is combined with Theorems 4 and 5 one obtains: 


ER Y. Let Mt be a rultigroup which is reversible in itself. Then 
the set of all closed sub-multigrcwps of M form a structure. 


Let us observe that in ord:nary groups the co-set expansions @/® and 
@/ define multigroups which are reversible in themselves. 


3. Co-set expansions. Le; A denote some sub-multigroup or even only 
a multiplicatively closed sub-set cf M. By Am we shall denote the set of all 
elements contained in some procuct a: m where a belongs to Y. We shall 
call Am a left co-set of M with respect to A. 

From now on we shall supp>se that Y is left reversible in M. Since any 
relation 
: Am, D ma 
implies . € 
i Ta, CA: Ma 
or 

Um, = Um; 

we can state: i 


THEOREM 8. Any element ia a co-set Am generates the same co-set and 
a co-set contains its generating elzment. , 


This gives us the main theoz2m : 


THEOREM 9. , Let X be a lef! reversible muiltiplicatively closed sub-system 
of a multigroup M. Then Mt haz a unique co-set expansion 
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(5) M = Am, + Am + * Ars 
where the co-sets Am are disjoint sets. a 


Proof. Every element in M belongs to some co-set and two co-sets with 
a common element are identical according zo Theorem 3. 

Two co-sets will-usually not contain the same number of elements. Let 
us also observe that the left reversibility of $ Ru that A is a right multi- 
group which is right closed. 

The existence of double co-set expansidns may be derived under similar 


conditions. We prove: 
o 


THEOREM 10. Let A de a left reversible and B a right reversible multi- 
plicatively closed sub-set of Mt. Then M has a double co-set expansion 


(6) M —= AmB + AmB p 
where the co-sets AmB are disjoint sets. 


Proof. As before it suffices to prove that any element in a double co-set 
generates the same co-set. Now if 


amb Dm 
then there exists an m such that 


ACam, mCam 
and such that 
mb D n, m C mb. 
This gives 
amb, D am Dm 
and our assertion is proved. 
As a special case we have: 


o 
THEOREM 11. Let A be a sub-multigroup reversible in M. Then there 
exists a unique double co-set expansion 


(7) M = AmA + Am A +: > > 


4. Quotient multigroups.® Let us assume that Y is a left reversible 
sub-multigroup of M. Then Y is seen to be one of the co-sets (5). These 
“co-sets Am may be considered to be the elsments of a new multigroup which ` 
` we shall call the quotient multigroup of M with respect to A and denote by 
M/A. We define the product of two co-sets to be 


3 Compare Marty (3). 
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Am, Im = (Ani, Ana) 


where the co-sets on the right are, those which contain elements from the left- 
hand complexes. To prove tket D/A is is a multigroup one must show that the 
relations 

Am, Az D Um, Ay- Am, D Ama 


always have solutions. One sees however that it is sufficient to choose x and y 
such that 
mit D Ma, ym, D Ma. 


THEOREM I. Let A be a left reversible sub-multigroup of WM. The left 
co-set expansion of M with respect to U defines a quotient multigroup X/A 
with the left scalar unit X. l 


One might add that whea M contains a right unit then it must be żon- 
tained in A since Y is right closed, and hence Y is a right unit. It is the only ` 
right unit according to Theorem 1, chap. 1. When Y is closed, then Y is the 
only right or left unit. 

Now let us consider any multigroup Y between M and Y, i. e. 


MI BO Y, 


One can expand Y in co-sete with respect to % and these co-sets obviously 
form a sub-multigroup B/A ci M/A. One finds without difficulty that if Y 
is closed or reversible in M ic some sense then B/A has the same property 
in N/A. 

Now let us consider the converse correspondence. Let B* be a sub- 
multigroup of M/A containinz A. We can then show that B* when con- 
sidered as a set of elements ix M will be a multigroup Y containing A. To 
verify this we shall have to show that the relations 


(8) ab Dba byDb, 


have solutions in Y: when b, and b, are elements of this set. 
To find an z satisfying tbe first relation (8) let us observe that.since B* 
is a multigrcup there exists au 2, in Y such that 


Ar 5 Wb, =) Aba. 
This implies 
14242 * db, 2) ba o 
and hence ENA contains an e.ement x such that the first relation (8) holds. 
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To find a solution y of the second relaticn (8) let us determine 2; in Y 
such that 
Xb, $ Az, AL 


From this relation follows that one cán determine a Za in Y such that 
b 1° Ža D a 


for an arbitrary a in Y. Since Ab, contains bz it follows by right multi- 
plication with b, that a. solution y of (8) in Y exists. 
=. Let us observe that one can also consider the co-sets of a double co-set 
expansion (6) or (7) as the elements of a new multigrqap AXM/B or 
MIA. Similar results can be derived for stch multigroups. 


5. Homomorphisms. We shall say that a multigroup M is homomorphic 
to another multigroup M* when there exists a correspondence m > m” between 
the elements of the two systems such that when ° 


; , «abc 
“then ` 
až.: b* D cr, 


Furthermore ` we suppose that every element of M* is des image of some ele- ` 
ment of M. i 
Obviously the co-set correspondence 


m— Um =m* ' 


which we have studied, defines a homomorphism of M upon M/A. Also the 
double co-set expansions determine multigroups OO to M. : 


m => WmB, n= and. 
We shall study a de of the ae ot such EN TERN 


THEOREM 12. All those elements of M hich correspond to a left scalar 
unit of M* form a right multigroup which is right closed. All those elements 
of M which correspond to an absolute unit e ement of M* form a closed sub- 

‘multigrowp. 


Proof. First if e* is an idempotent in M* ioe an element such that 


z 


a ‘pF? —_ er, 
> Compare Marty (3) and Kuntzmann (2). e 
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then the elements in D corresponding to e* must form a set X which is multi- 
plicatively closed. Now let e* te a left scalar unit, and a, and a, two elements 
of Y. From a relation mg — aj follows immediately «* = e* and z also 
belongs to A. 

In order to derive further properties of the homomorphism it is necessary 
to make assumptions on the inrerse correspondence from M* to M. Let us 
say that there exists a strong (left) homomorphism between M and a when 
the following condition i is satisfied. 

Let - 

. “ath Det. 


Then to any by and any co corresaonding to b* and.c* respectively there exists 
an a corresponding to a* such tkat 


a+ bo D Co. 


One sees easily that the co-espondence between M and a left co-set ex- 
pansion M/A is a strong left homomorphism. This need not be true for the 
two-sided co-set expansion M/E. 

We can now prove: 


THEOREM 13. Let Mt be sirongly left homomorphic to M* and let X be 
the right closed, right sub-multigroup which consists of the elements corre- 
sponding. to a left scalar unit e* of MF. Then A is left reversible in M and 
Më is isomorphic to the quotient multigroup M/A oe by the left co-set 
expansion of M with respect to Y. 


Proof. Let us suppose that two elements m, and m, have the same image. 
From 
e* - q, = m*, es m*, = e* : m*, 


“ . 
follows.on account of the strong Aomomorphism 
a © Mi > Ma, m, C az: ma 


where a, and a, belong to A. Hence all m with the same image belong to the 
same left co-set Am and two elements of the same co-set obviously have the 
same image. l 

If one wishes to characterize also the double co-set expansions one ‘must 
make a slightly different eonditzon on the homomorphism: If 


a*®-$*- c* dr . 
14 j . 
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then it must be possible to datermine to any bo and do such an a and such a c 
that 


abo c D de 


When this condition is satisfied and X is the closed sub-multigroup of M which 
corresponds to an absolute unit element of I?*, then two elements of M with 
the same image belong to tke same double co-set with respect to Y. 


6. Some special multizroups. Let us conclude fas chante by a short 
discussion of the properties of those multizroups which are obtained from 
co-set expansions G@/§ in groups. The multigroup defined by the left co-set 
expansion of a group with respect to a subgreup has a single unit element and 
is reversible. In addition it satisfies the following condition: 


Cancellation law. Let I be a multigroup with a single unit element e. 
We say that M satisfies the (left) cancellation law when any relation 
ab Db 
implies a = e. . 
We can prove: 


THEOREM 8. A mult-group satisfying the (left) cancellation law is 
regular 


Proof. We shall have to prove that every left inverse is a right inverse 
and conversely. From 
mi-m oe 
follows 
mm: mZm 
or 
mm! De. 


From this last relation foll>ws..conversely. 


mm m" m 
or i 
mi mDe. 
We can also prove: 


THEOREM 9. A mult-group. satisfyine the left cancellation law is left 
reversible. ` 


Proof. Let us guppos: that 
(9) abe. 
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We determine z such that xc Z b and find 
a: ab > ae De. 
Hence one concludes x == a" ard (9) implies 
at-e > b. 


` The double co-set expansions of a group © /§ have still simpler proper- 
ties, They belong to the following type of multigroups: 


Completely regular multigroups. A multigroup is said to be completely 
regular when it cOntains a single unit element e and every element has a unique 
inverse such that 

mm" De, mi-m> e. 


For such multigroups one can prove: 


THEOREM 10. lg a completely regular, reversible multigroup the right 
and left co-set expansions contain the same number of co-sets. 


Proof. Let (5) denote tke left co-set expansion of M with respect to a 
sub-multigroup X. We want to show that 


(10) M = my M+ mot A+--- 


is a'right co-set expansion, We show first that every element x belongs to some 
co-set (10). Since x belongs zo some left co-set, we have 


am; 2 «x 
which successively implies 


amt De „mia, sC m-at. 
Secondly no two co-sets (10) ara identical since 


; maD my! 
is seen to imply 
Mj Cat. mi 
against assumption. 

Let us mention finally that under some very restrictive conditions one can 
also prove a theorem analogous to the theorem of Lagrange, that the order 
of a subgroup divides the order of the group. 
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CHAPTER 3. Decompos:tion theorems. 


1. Normal sub-multigroups and qfoiient systems. We shall now 
introduce the concept of a normal sub-multtaroup or more general, a normal 
set in a multigroup W. A set A is normal in Mi, if for any m in Mt we have 


mA—-U m 


i.e. every element contained in a product P'a is also contained in some 
product az: m. 

For a normal sub-multigroup left or right closure implies closure. Simi- 
larly left or right reversibility implies reversibility. Since we usually wish ` 
to be able to perform a co-set decomposition of Yt with respect to a normal 
sub-multigroup A, we shall in most cases suppose also that Y is reversible in WM. 

One finds easily: 


. THEOREM 1. Let A be a normal reversible sub-multigroup of M. The 
quotient multigroup D/A is strongly homomarphic to Vi and has the absolute 
unit A. Conversely by any strong homomorghism M —> M* those elements of 
Mt which correspond to the absolute unit element of M* form a normal re- 
versible sub-multigroup Y of M such that M/A is isomorphic to M*. 


Proof. According to the results of §5 chap. 2 it is only necessary to 
prove that if e* is an absolute unit element of M* then those elements A of W 
which correspond to e* form a normal sub-maultigroup. Since for any element 
of M* 


e? m* =m* = 72* - e* 


it follows that all elements with the same -mage must belong to the cö-set 
Am and the co-set mA. 

‚When MX is normal and reversible in LT? then the right and left co-set 
expansions are identical and the a system M/A is uniquely determined. 
We prove next: : 


THEOREM 2. Let A be a normal revers-ble sub-multigroup of m. Then 
there exists a one-to-one correspondence between the normal reversible sub- 
multigr = of M/A and the normal reversible sub-multigroups of Mt con- 
taining Y. we 

“Proof. It is seen immediately from tke definition of M/A that every 
‘normal reversible sub-multigroup Y between M and X corresponds to a unique 
normal reversible sub-multigroup B* of M/S. To prove the converse let B* 

e 
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be a reversible normal sub-multicroup of M/M. Since B* is closed, it contains 
the unit element Y, hence it ccrresponds to some multigroup between A -and 
M. From . 
TE Am—-Um Bd -- 
we also find il 
3 m=m:Y 


for any m, hence B is normal ia M. To prove finally that any relations 


by + m, ma, m,*b. me 
imply 


my, Cd. “Ma, My G Ma* bz 


it is only necessary to consider zhe corresponding relations which hold for the 
co-sets containing these elements. 


2. The theorem of isomor>hism. We'shall now deduce various struc- 
tural relations for normal sub-maltigronpa.” 


THEOREM 3. Let Wi be a nultigroup with units of some kind, ana let 
A and B be normal reversible sut-multigroups. Then the union [Y, 8] is also 
a normal reversible sub-multigr3up and all its elements are contained in some 
product a: b. 


Proof. It follows from the definition of normality that it is only neces- 
sary to assume that Y is normel in order that every element of the union be 
of the form a or b or contained in a product a-b. When A contains a left or 
% a right unit of Mi, then every element of the union is contained in a product 
a-b. This is always the case wten M contains some unit element and Y and 
B are reversible. The normality of the union follows from 


m-Ü-B—Um B-A-B-m 
and the reversibility has been proved in Theorem 5, chap. 2. 
THEOREM 4. Let M contain some unit element and let A and B be nor- 


mal reversible sub-multigroups. Then the cross-cut (U, BD) is normal and 
reversible in A and Y. > 


Proof. Since M contains unit elements the cross-cut D = (A, Y) is not 


void. . Furthermore D is reversible in. and in Y according to Theorem 4, 
$ e l 
1° See also Marty (3). 
e 
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chap. 2. To prove the normality of D ir 9 let us observe that since D is 
contained in A we have 

ID C AL 
and since Y is closed one finds _ 


DD C De 


and the equality is obtained by the converse argument. 


THEOREM 5. The Dedekind relation. et M contain some unit element 
and let A, B, € be normal reversible sub-mulmgroups such that EIA. Then 


(1) | (C, [,8]) = [Y, €, 8)]. 


Proof. The right-hand side of (1) is cbviously always contained in the 
left-hand side. To prove that the left-hanc s.de is contained in the right-hand 
side we need actually only that A is norma. and reversible. Any element c 
contained in the left-hand side then satisfes a relation 


cCa:t a 
and since A is reversible it follows that b == d is contained in €. Hence we have 


ceCa:c 
where d is contained in (%, €). 


Finally we prove the theorem of isomarahism: 


THEOREM 6. Let A be normal and rev2rsible and B closed in the union 
[A,B]: We suppose further that the crosz-cut (U, B) is not void. ‚Then 
(A, B) is normal and reversible in Y and there exists an isomorphism between 
the quotient systems 


(2) [L, BI/A = Y (A, B). 


Proof. It follows from Theorem 4, ckap. 2 that (A, B) — D is reversible 
in Y. The normality of Din Y follows as im Theorem 4. Now let 


(3) 0 B= D+ bE + 
be the co-set expansion of Y with respect zo D. We can then show that `` 
(4) [A B] =A FELH 


is the co-set expansion of the union with resect to N. First every element of 
[A, B] must belong*to one of the co-sets (4) since every b DR to some 


co-set (3). Secondly any relation 
o 


THEGEY OF MULTIGROUPS. 127 


b= bj ij 
would imply that 
b, Cbj-a 


where a belongs both to Y and 3, hence-to D since Y is closed. This is im- 
possible however since b; and t; belong to different co-sets (3). Finally one 
sees that the correspondence esteblishes the isomorphism (2). 


3. The theorem of Jordan-Hölder. The preceding results are sufi- 
cient to prove the analogue of tÆ theorem of Jordan-Hölder for multigroups. 
A chain of sub-multigroups 


(5) 2 TS Did 


shall be called a composition seres when each YA, is normal and reversible in 
the preceding. We shall call (5) a maximal composition series, when no 
further terms can be intercalatec such that the series remains a composition 


series. 
° 


THEOREM 7. Any two maximal composition series between A and Y have 
the same length and the quotien: multigroups defined by consecutive terms in 
one series are isomorphic to thosz defined by the other in some order. 


Proof. The proof follows a ong the lines of the ordinary proof of the 
theorem of Jordan-Hölder using induction with regard to the length of the 
chain, If (5) and 

YD B,D---DB,—8B 


are the twc chains, then one compares them to the two chains 


YA, > (W, B,) 2 - = -D % 
ADB 2 (IM, B,) D. z -DB 


for which the theorem is true a-cording to Theorem 6 and the induction 
assumption. 

One can also prove the theor2m of Jordan-Hölder in the stronger form 
of a refinement theorem correspon ling to the theorem of Schreier-Zassenhaus 
for groups. This requires the prcof of a lemma analogous to the lemma of 
Zassenhaus. We shall omit these considerations here since they do not add 
materially to the theory of multigwups. 


a Strong normality. In ile preceding we have, used a definition of 


normality which is as weak as possble, but still sufficient to prove the theorem 
i : 
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of Jordan-Hölder. There are however other une types of BT with 
interesting pr operties. 
One slight strengthening of our defingicn of normality is the following: 
The sub-multigroup N shall be said to be normal in m when any product 
ay * m can be written in the form m‘ a, and conversely. ` 
One can prove a few more properties o= normal sub-multigroups | on the 
basis of this definition. A’ more important type of normality may be defined 
as follows: 


e f i a $ 

Strong normality. A sub-multigroup- W of Wè is strongly normal when it 

contains left and right unit elements of M and satisfies the following con- 
dition: To each m, there exists some left imverse m,™ such that 


(6) ` mm. CU 

and to each m, some right inverse ms such that 

(7) mart = my CL | A 
Through multiplication of (6) and (7° by m, and m, one finds 

(8) mil = In. 

for all m, so that strong normality implies ias in the. sense we have used 

in the preceding. We can now prove: 


THEOREM 8. Bironi normality implies- reversibility. ` 


Proof. We shall show first that a strongly normal sub-multigroup A is 
closed. This requires that any æ and y such that - ` 


(9) . i T'ha D Aa, ay Daz 


belong to Y. On account of the normality (35 it is sufficient to show that the 
second relation (9) implies that y belongs io A. According to (6) there exists 
a left inverse y of y such that 


(10) y y CA. 
From the second relation in (9) follows 
Day yt Dar y”. 


When this relation is multiplied by a leit inverse of Ae it follows that y 
belongs to A. Frome (10) one concludes in the same manner that y belongs 
to A. ; 
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To prove the er of A we shall have to show-that a.relation 

(11) a: M, D Ma 
implies the oa of an az ia x such, that 

mı C üa * Mo. 
In any case we can find an element z such that 

32:-mMm m, 

and this implies according to (11) that 
a e 412: Ma > Mo. 


When this relation is multiplied by a suitable left inverse of m. wz find as 
in (10) 
nz ADA 


and from the closure of A one easily concludes that z belongs to X. 
We can now prove further: l 


THEOREM 9. All right and left inverses of an element m belong to the 
same co-set with respect to a.sirongly normal sub-multigroup, U... 


Procf. Let m be any left inverse of m and m’! the left inverse for which 


mm TY, 
Then 
nm mC mi 
or 
« CHI. 


This shows that all left inverses of m belong to the same co-set m*-Y. But 
the right inverses of m must aso belong to this co-set since 


mm": Da, 
hence a suitable inverse a, of a gives 
mm a De 
so that mta, contains a right inverse of m. 


Thecrem 9 implies : 
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THEOREM 10. The conditions of strong normality are equivalent to the 
relation . 
(12) mUm” = A 

e 


to hold for all m and all inverses m”., 
It ui shows that 
m>- m CM, ma MCA 
for all inverses m,* and m>. E if 
Mit Ma, ym, > Ma 


A: 
then one finds that any other solutions of these relations belong to the co-sets 
zU and yA respectively. 


5. Quotient groups. The preceding investigations on strong normality 
enables us to prove certain characteristic properties of strongly normal sub- 
multigroups. The following theorem is of great interest: 


THEOREM 11. When A is strongly normal in W then the quotient multi- 
group M/A is an ordinary group. 


Proof. According to Theorem 1 the quotient multigroup M/YA has the 
absolute unit element A. Theorem 9 shows furthermore that -.. 


mA- m>- A= N. 


This relation shows according to Theorem 2, chap. 1 that mA is a left scalar 
in M/A. In the same manner follows that ml is a right scalar hence every 
element of M/A is a scalar and the quotient multigroup is a group. 

The following theorem supplements Theorem 11: 


THEOREM .12. The necessary and sufficient condition thal a multigroup 
M be homomorphic to a group G is that M contain a strongly normal sub- 
multigroup A such that the group M/A is isomorphic to G. 


Proof. Let-us observe first that the theorem only assumes homomorphism 
` in the weakest sense, but that the proof shows that M must be strongly homo- 
morphic to G. Let e* be the unit element of G. According to Theorem 12, 
chap. 2 all those elements of M which correspond to e* form a closed sub- 
multigroup A of M. Next let m, and mz be two elements with the same image 
m* in G. We determine x and y such that 


T: Mı > Ma, my D Ma 
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and find 


or 


hence x and y belong to A. Tris shows that W is reversible and normal and 
all those elements which have t= same image belong to the same co-set mW. 
One also finds that all inverses of m have the same image and m m CN. 
This shows that Y is strongly rcrmal. Finally the correspondence between M 
and W/M is a strong homomorfhism. 

From the fact that M/A :s a group one easily concludes: Every multi- 
group Y containifig the strongl; normal sub-multigroup A of M is reversible. 
When ® is normal in M it is ae strongly normal. Hach Y corresponds to a 
sub-group of M/A and to a normal subgroup if B is normal in W. Conversely 
every sub-group of M/Y corres> nds to a sub-multigroup B of M containing 
A, and a normal subgroup of £2/2 corresponds to a strongly normal sub- 
multigroup B. i 


THEOREM 13. The strongk, normal sub-multigroups of W form a Dede- 
kind structure. 


Proof. If Y and B are the strongly normal sub-multigroups then it is 
obvious that the union [A, B] —Y - B is strongly normal. For the cross-cut 
D= (A, BD) one finds that mD- belongs both to A and to Y, hence to D. 
From Theorem 5 follows that the Dedekind axiom is satisfied. 

Let us say that a chain of meltigroups in Wè is a strong composition series 
when no further strongly norma” terms can be intercalated. From the second 
law of isomorphism follows: 


THEOREM 14. Any two mccimal strong composition series between two 
sub-multigroups U D B have the same length and the simple quotient groups 
defined by consecutive terms in cre chain are isomorphic to those of the other 
in some order. ` 


One can also extend this th=rem by proving an analogue to the refine- 
ment theorem of Schreier-Zassenlzaus for an arbitrary strong composition series. _ 
We shall need the following sheorem for certain applications: * 


THEOREM 15. Let A be a sfongly normal sub-multigroup and an arbi- 
rary sub-multigroup containing 1+ unit element of Mt. Then the cross-cut 
D = (A, B) exists and is a stronz'y normal sub-multigroup of B such that 


(A, J/N = 8/2. 
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Proof. The cross-cut D is not void, because any b in Y must possess an 
inverse b also contained in Y, and b-b belongs both to A and to B. To 
show that D is a sub-multigrcup we shall have to'show that the relations 


di: £ D dao y- d Dd 


have solutions in ®, when d, and ds belong to ®. “There exist, however, 
solutions in BD and these solutions must also lie in u since A is closed. Further- 
more the complexes 


bD, Dip 
belong both to Y and to ®, hence D is strongly normal in.B. Finally if. 
. 


is a co-set expansion of B with respect to D, then 
(14) [A, B] = bA + bf +> >> 


is a co-set expansion of [9,8] with respect to Y. It follows namely that 
since every element of [A, B] is contained ir some prodtct a:b every element 
of [A, B] belongs to some co-set (14). If tvo co-sets in (14) were equal one 
would have a relation bia D b; and hence tke relation 


bix D b; 


would only have solutions x in Y according to a preceding remark. ‘ There is 
however always a solution in ’®, hence bid > b; where d belongs to D. This 
shows that b; and b; belong to the same ce-set in (13) against assumption. 
The correspondence between the co-sets (13) and (14) is options. an 
isomorphism. 


6. Ultragroups. One finds that the cross-cut of an ‘erie set of 
strongly normal sub-multigroups is again strongly normal. The cross-cut of 
all strongly normal sub-multigroups of Yt we shall call the core of M and 
denote by ©. 


THEOREM 16. The core € is a unique minimal sub-multigroup of Mt ur 
that M/C is a group. 


The core has the property that it contains all products m - m and m*-m 
where m”! is any inverse of m. 

The core € may itself-contain a core €,, the second core of Mt. This may 
contain a core Ez, etc. The quotient multigroups €;../€, are all ordinary 
groups. It may happen that this sequence-of cores exhausts the-multigroup Mt 


- (15) MI III DE 
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where e is a unit element. W> shall say that the multigroup M is an ultra- 
group when there exists s some song composition series 


(16) M I, DY De 


exhaustirg WM. Since all A; are closed, an n ultragroup can contain only a single’ 
unit element. 


THEOREM 17. The necesst-y and sufficient condition that Dt be an ultra- 
group is that it be exhausted b y its chain of.cores: . ge 


Proof. The condition is ckviously sufficient. To prove the necessity we 
shall have to assume that the dessending chain condition holds for the strongly 
normal chains in W. Let us suose that a strongly normal composition series 
(16) exists in M. If €, were ta last core of M then according to Theorem 15 


En > (En, T) > (En, Yo) > * ; "2 6 


would be a further strong com> sition chain for ©, against assumption. 
The following example shers ue existence of de a which are not 
ordinary groups: ` 


e c 
a c 
b bc b,c ea ea 

c b, o b,c ea ea 
Here e, a form a subgroup whit is strongly normal in ane whole multigroup 
and the quotient group is of order 2. 

As in the case of groups the quotient groups %;./%; do not determine Yt 
uniquely, This leads to a more general formulation of the Schreier extension 
problem, ramely to determine tke ultragroups which correspond to a given set 
of quotient groups. 

To conclude we shall prove 


THEOREM 18. Every sub-m-utigroup containing the unit element of an 
ultragroup is itself an ultragroux. 


Proof. If the ultragroup 12 has the strong eee series (16) 
then one finds according to Thes-em 15, that 


® 2 (8, W 2 (84) 2- ‘De 
is a a strong composition series foz B. ° 


e. 
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. THE GENERAL RATIONAL SOLUTION OF THE en 
f ax? — by = 72% 


By E. FoGELS. 


The diophantine equation a 
(1) ax? — by? = 2° 
o 


was treated by Euler, Lagrange, Legendre and other authors.’ Euler assumed 
that 2Va + yv? b = (uVa a+vvb b)*, and found the two-parameter soluticn 


(2) w= au’ + 3bur? y = Bau*v + bi, z= au? — bv’. 


He noted that (2) is not zhe general solution. For, instance, the solution 
z= 4, y = 1, z = 3 of the equation 22? — dy? = 2° is "not given by (2) with 
rational parameters u and v. Consequently there are irrational numbers u, v 
that give rational 2, y, z. l 

We suppose that (To, Yo, 20) is a rational solution of (1). Solving in 
algebraic numbers u, v the system 


(3). Yo = 3au?v + bv’, Zo = au? — be?, 
we have E 
a(au? — 3buv?)? = (au? — bv?)® + b(3au?v + bv)? 
= 2° + byo? = ML”, 
or | 
(4) f au? + 3buv? = + to. 


From (3) and (4) we get the equations 
(5) dau? — 32u — To == 0, 4bw* + 3290 — Yo = 0. 


Here u and v are algebraic numbers of degree = 3, in case Zo,. Yo and Zo are 
rational. If one of these equations is reducible, then the other is too; because 
we have zo == au? — bv?. Thus we shall consider only the case where both 
equations (5) are irreducible, or u and v are algebraic numbers of degree 3. 


* Received by the Editors, September 5, 1937. 

1L. E. Dickson, HMstory of the Theory. of Numbers, II, New York, 1934, pp. 531- 
539: See also L. E. Dickson, Introduction to the. Theory of Numbers, German trans- 
lation, 1931, p. 93. . 
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A simple consideration shows that the algebraic domains R(u) and R(v) are 
identica:.? Therefore we have the relations . 


(6) © «E= puta 
(1) v= a+ put ya, 


where p, q, a, B, y are rational coefficients. 
The product of two numbers of the domain #(u) is 


(8) (24 Bu -+ yu?) (A + Bu + Tu?) 
GA (BT —yB)g +(0B + BA +(8T + yB)p + yTq)u 
+{aP + BB + yA + yTpju?; 
hence we have the following: If the algebraic number v is defined by (7) 
and if ; 
v= A + Bu + Tu, 
then . 
(9) Aa? +2qBy B=223 + 2pBy + ay, T= fp? + ay + py. 


With these results we obtem from (8) the number vë. Substituting the 
values of v, v?, v? in (2) and usmg (6) we express the rational numbers z, y, 2 
in the fcrm a) + mu + azu?, vhere each of the coefficients a, and a, must 
vanish. Thus from the equaticn z = — bA — bBu + (a —bT)u* we get 


(10) =— bA, B=0, T=a/b. 
Further, from the equation « = 4ag + (4ap + 3bA)u we get _ 


(11) x= 406, A = — (4ap/3b). 
Finally, the equation 


y= %a(3gB — pa) + 4a(2pB + 3qy)u + ha(3a + 2py)u* 
gives 
. (12) y= %a(8qB— pa), 3a +2py=0, pg + 3qy =0. 


~ . Thus we get five relations >=tween the coefficients p, q, a, 8, y Three of 
. these relations are independent. 2. g. 


(13) a = Am  q1—=—%ApB,  3bf* —bpy — 3a — 0. 


* From equations (5) we get dc" = 32, + Toft, 4v? = — 3% + Yfv. ` Therefore we 
have 42, = dau? — 4bv? = 62, + m/f — Yov: or %/u = Yo/V — 2%. Hence the domains: 
R(1/4) =R{u) and R(1/0)==R(> are identical. 

e 
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Supposing y 54 0 * we-find p == 8 (b8? — a) /by’, q =— eae: — a) oy 
Then from the equations (10)-(13) we see that 


E ERS RE 5, y —da(b82 — a) /by?. 


Writing 
(14) Bes, — (2/by) =t, 
we get the solution 


(15) z=as(? — ab) #, y = a ($ — aby, z==a(s? — ab) t’, 


where s and t are independert rational parameters. - 
If for any s the equation (6) or the equation 


(16) o.  & == 3 (s? — ab) é — 2s (s? — ab) oo (£= byu) ` 


is reducible, then (15) gives the same rational solution as (2). But in all 
cases when ab = 0, there is en infinity of rational numbers for which (16) is 
irreducible. In the corresponding solutions the parameters u, v-in (2) are 
` algebraic numbers of degree 3. 
It follows that (15) is the general rational solution of the equation (1}. 
From the equations (15) we 'haye s =a2/y.. Consequently the equation 
(16) is reducible for all numbers of the form 


au? + 8buv? 


en 3au?y + bv’, 


where u and v are rational, and conversely : if the equation is reducible, then 
s can be represented in the form (17). 

In Euler’s example the equation 2x? — 5y? == 2° has the solution «= 4, 
y = 1, z = 3 : s = 8 and the equation (16) is irreducible. We get the solution 
from (15) by taking t = %: i . 


Nors. In the preliminary R TA it was not T that a and b 
should be integers and “ rationality.’ was not restricted. . Therefore the results 
found are useful in any domain of rationality R, if we suppose that the coefi- 
cients a, b, the parameters u, v (resp. s, $) and the solutions z, y, z are numbers 
of the domain R. 


LATVIAN UNIVERSITY,” Ss 
RIGA, LATVIA. 


s x 
3 The case y= 0 corresponds to the equation (ey? =z? that we shall not 


consider. r 


THE DISTRIBUTION OF INTEGERS REPRESENTED BY 
QUADRATIC FORMS.* 


By R. D. James. 


1. In a paper published some time ago, Landau * proved the following - 
result. 

Let B(x) denote the number of positive integers m x which may be 
represented in the form m = w+ v?, where u and v are integers. Then 


lim AE = b, 


where b is a positive constant. 

The object of the present p:per is to show that a similar result holds for 
the integers represented by a birary quadratic form of discriminant d= — 3. 
We consider only primitive integral forms au? + buv + cv? of discriminant 
d = b? — 4ac, in which a, b, anlc are integers having no common factor > 1. 
An integer m is said to be represented by such a form if there exist integers 
r and s such that l 

= m = ar? + brs + cs?. 


Tuecrem. Let B(x) dente the number of positive integers ma 
which are prime to d and whicF are represented by some primitive integral 
form of discriminant dS — 3. Then? 


B(x) — bz, Voge t= 0 (a/og €), 
where b is a positive constant. “he explicit value of b is given in Section 5, 


This theorem does not inclule the Landau result because of the assump- 
tion that m is prime to d. For any particular numerical value of d this 
restrietion could be removed, but t does not seem possible to do so if a general 
statement is desired. 


2. In this section we examine the form of the prime factors of the 
integers m which are representec by au? + bww + cu”. We make use of the 
Kronecker symbol (d|p) when > is a prime. It is defined as follows. If p 

.is an odd prime, a 


* Presented to the American Maz_ematical Society, April 9, 1938. Received by the 
Editors, March 17, 1938. 

1E. Landau, “Uber die Einteiliz.g der positiven ganzen Zahlen in vier Klassen,” 
"Archiv der Mathematik und Physik (3), vol. 13 (1908), pp. 305-312. 

* We write f(a) =O(gle)) if tr æ > a we have |f(0)] < Kg(z), where K is a 
positive constant. e i 
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: 1, if d is a quadratic residue of p, 
(d[p) 0, if pla, 
—1 if disa non= residue of p. 


If p = 2 and d=0 or 1 (mod 4), ' 


1, if d=1 (mal 8), 
(d|2) = 0, if 2ld, 
L—1 if d= ð (med 8). 
In our case d = b? — 4ac and hence the sondition d=0 or ı (mod4) is 
satisfied. 


Lemma 1. Let p be any prime for whizh (d|p) =—d. If m= pM, - 
where p{M, then m is not represented by any primitive form of discriminant d. 


Proof. We use the notation (a,b,c) fer the form au? + buv + cv?. We 
may assume that pfa. Fer, if pla but pfc, the transformation u = — FV, 
v= U transforms (a,b,c) into the equivalent form (c,— b,a), and equiva- 
‘lent forms represent the same integers. If pla and plc, then pfb, since the 
form is primitive. Then the transformation u= U, v==U-+ V trans- 
forms (a,b,c) into the equivalent form la+b+c, b-++ 2c, c) in which 
pt (a+b+c). 

Suppose now taat m = p*t!M is represented by (a,b,c) with pfa. 

shall show that this supposition leads to a zontradiction. We have 


(2. 11) m = Pry = ar? + brs + cs}, 
ap = (Rar + bs)? — ds?, 
so that 
(2.12). (2ar + bs)? = ds? (mod 4p?***), 


We now distinguish two cases. 


Case I. Let p be an odd prime. Sing (d|p) =—1 it follows ‘from 
(2.12) that p|s, p| (2ar + bs). Since p~a this means that p|r, and from 
(2.11) that p?|]m. Thus we have 


pM = ar? + brs, + csı?, 


where r me Tp, S= sıp. Repetition of this argument leads to the equation 


(2. 13) pM = ar + bra; + cs”. 
As before we have f 
(2. 14) (2arı + bs)? == ds»? (mod 4p), 


and from (2. 14) end (2.13) we find that p]r,, ave p?|pM. This is a con- 
tradiction since pfM. 
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. Case II. Let p=2. Than the congruence (2. A becomes 
(2ar + 3s)? = ds? nod 27748) 
When (al?) = — 1 we have Ze (mod 8). “Hence 
(2, 15) © (Rar + bs)? = Bs? (mod 8). 
Since d is odd, b must be odd acd it is easily seen that r and s in (2. 15) must 
both be even. We therefore haye 
. 211Y 2 ar? —+ Bris, + cosy, 
Proceeding as in (ase I, we firally obtain , 
2M =ar}? + bins + csi’, . 
(ar: + bsi)? = 5s” (mod 8). 
As before r: and s: are both even so that 4|2M. This contradicts 21M. 


LEMMA 2. Let m be any integer prime to d. Write m= MN?, where 
M has no square factor > 1. Tf no prime p for which (d|p) = —1 divides 
M, then m is represented by sae primitive form of discriminant d. 


Proof. It is well known * -hat the number of representations of m by a 
representative system of ae forms of discriminant d is given by 


(2.21) | y(m) = II {1+ (dlp)}, 


o p|MN2g 


where w is the number of automorphs of zhe form. ‘Bach product is positive 
or zero and hence the right side of (2. 21) is greater than or segue! to the term 
in which g = N. Thus 

(2.22) | v(m) =2 11. (1+ (dlp)}. 


_ No prime p for which (d|p) ==— 1 divices W. Therefore each term of the 
product (2.22) is equal to 2. “his shows that y(m) > 0. 


3. In this section we intrzduce the Dirichlet series associated with the 
- function B(s). Let b(n) be d«Äned as fdlows: 


1, if n is prime to d and represented 
b(n) | by some form of diseriminant d, 
0, otherwise. 
Then we have 


BA = 300) 


®L, E. Dickson, Ingroduction to the Theory of Numbers, Chicago (1929), Section 50. 
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_ If s= ø + ti is a complex variable, the Dirichlet series 
7 e ie We 

(3.1) | f(s) 72 gm» 
is absolutely convergent for ¢ > 1. 

Throughout this section and in esta 5, p will always denote a prime 
for which (d|p) =+1, and q will always denote a prime for which 
(ajg) =— 1: o 


Lemma 3. Foro >1 we have . 


f(s) =r) a). 
o 
Proof. The infinite BR ig Se ina since the absolute 
value of the infinite series 3p”* is less than 3n”", ‘which i is a convergent series. 
Using Lemmas 1 and 2 we have 


MP0 a9: 
Un ee u Ei 2) 
PU, k 


where the prime indicates that the summation is over all integers n whose 
prime factors are = N. Also, i 


A > b(m)nr* Y bn) + Zoe 
Then o a” 
| Ta) IL AZ 

= | POS [= = ne 


< sas fo urdu = Ob a+ nad 1)", 


Hence 


lim (1 e — pe) i (1— N — > b(n)ne} = 0. 
N>% pEN EN n=1 
Moreover, 


lim 1] (1 — yo) ua fe oe 
N> pÉN 
‚and 
lim 5 b(n) ns 
: Nocon=1 
exist and therefore: ae equal. 


The next step is to express f?(s) as the ‚product of two Dirichlet L- 
functions. Let A = — d and let a E . 
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fi (mA) =1, 
xo (1) -{6 otherw-se ; 


x(n) = II (ip), when n= IL ps. 


Then yo(%) and xı(n) are a modulo A. For o > 1 let 


sx) = Exu(n) 0, | (¡=61). 
Lemma 4 Foro >1 we Ípve ; . 
P (5) =9(s)L(s; xo) LCS x3), 


where — © 
l g(si — u ee 
Proof. By the argument weed in the proof of Lemma 3 it can be shown 
- that — j f 
La) = IP — x (p) g)> HE A 0107. 
Hence j 


L(s, xo) L (s; x1) = i Gp 1 LIFE 
A $ q 
The desired result now follows from Lemma 3. 


Lemma 5. The function f 3) defined by (3.1) for a >1 and elsewhere 
by analytic continuation has the following properties.. There exists a corstent 
c > 1 such that i 


(1) [f(s)| < Qog | #|)* for o=1— (log | #|)~, |t| = 3., 

-(II) In the domain o = 1— (log | |), |t| 23; 2 1— (log 8), 
|t| S35 with a out aoe s=1— er to s=1 the function fls) is 
regulat, ; 

. (II) For |s—1|= (log z-e the function (s —1)s°f?(s) may de er- 
panded in the absolutely convergant series 


(DP) =a+ Sass, 
where a > 0 is given by 
Ey (MAA a9(a)L(1, oe 


Proof. The properties of tte L-functions which we use here are to 3e 
found in Landau’s Handbuch der Lehre von der Ver mene der Primzchlen. 


4 See, for example, E. Landau, Farlesungen Iber Zahlentheorie, I, ‘Leipzig (1927), 
pp. 83-87. 
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(I). For e 2 1— (log |t|)=, |t| 23 we have 
| | L(s,x)| < Ax log | £ |, 
| 9(s)| < Az, 
. Hence : a 
| P (s)| < 4,%4,(log | ¢ |)? 
< (log | t|)”, 
provided n is chosen so that (log 3)?"-? => A,?A.. 


(II). The function L(s, xo) is regular in the given domain except for 
a simple pole with residue A“#(A) at s=1. The functions g(s) and 
L(s, xı) are regular throughout the domain. Since s=1 js excluded by the 
cut, it follows from Lemma 4 that f?(s) is a regular function. Finally, 
because of the cut, the function f(s) itself is regular in the given domain. 


(III). The functions s?g(s) and L(s,xı) are regular at s=1. The 
function L(s,xo) has a simple pole with residue A*#(A) at s=1. Hence 
for | s— 1 | 8 we have 


I) = g(t) + Bes(s—1)), 
L(s,x1) = L(x) + Bai (s— Us, 


` x 
l (s—1)L(s, x) = A74 (4) Tal). 
From these equations it follows that 
00 

ss —1)P(s) = g (1) LCL, x) A*6(A) + 2 hi (s — 1). 
We now choose c so that - 
(log 3)? Z A’ Aa, 

(log 3)-¢ S 8. 

This completes the proof. 


e . 
4, Before proceeding with the proof of the main theorem we state and 


prove two lemmas. 
Lemma 6. If8=1/l0gr,2=e %Ss=%, we have 
(a +.8)*—1}{log(1 +97 = s + 0(1/108 2). 


Proof. Using Taylor’s theorem we have 
2 
G+ =148 + ser 1<é<1+s; 


E 
lg (+8 =8 ie,  1<19<143. 


"Hence A a 
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5 — 28% < < (1+ 8)*—1 < 8s + 282, 
8—5° <icg(1+8) <84+8, 
(828) 18 < (HE NEL < (6+ 28) (1—8)2, 
s— Y8 < { (1-6 *— 1) flog (1+ 3) }* <s+ 78. 


The statement of the lemma follows from the last inequality since 3 = i/log x. 


Lemma 7. Let 9=1— {log3)--. Then 


f zs (1 — s) 3d Va o/ Vlog 2 + 0(z/log 2). 
Proof. We Rave 
(4.1) e 2#(1—s)- s= f ze (1 —s)dds + of’ 0 (1— s) 2ds} 
-f ce(1—s)ids + O (4). 
Now let 1 — s = v/log v, so thal ds = — dv/log x and gs = ve”, Than 
(4.2) $; "ar (1—9) (e Voga) f eo tde, 


Next, we have 
loge x 00 
(4.3) f erido — J. eddy + Of f yd) 
0 0 logg 


=r} + O((1/Viog2) f ed) 
= "+ O(1/Vloge). 
From (4.1), (4. 2), and (4.3) we obtain 


1 — —— 
f at (1 — $) ds = y" 2/vVlog x + 0 (2/log z) + O(2%). 
8 
This proves the lemma since z’ = O(a/log x). 


5. We are now in a position to prove the main theorem. The conditions 
satisfied by our function are precisely those satisfied by the function f(s) used 
by Landau in the paper referrel to in Section 1. We may therefore use his 
equation (8), page 311. We here 


(5. 1) ae b(n) log (z/n) = (i f s?uf(s)ds + O(a exp (— Voz x)). 


In this equation replace x by x +82, where 8=1/l0g s. From this new. 
equation subtract equation (5.1: This gives 
Š l 
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log(1 +8) 2 b(n) = (1/1) f° [U +3) Doterfls)ds 
— 2, os b(n) log( (a +,82)/n) + O(a exp(— Vlog ‘log z)). 
Now 
A m SIR + 82) /n) = 0 (82 log(1 + 8)) 
and hence | 


ı 
(5.2) B(2) = (1/ni) f, (1 +.8)*—1}{log(1 + 8) J staf (s) ds + O (èz). 
o 
The proof is completed in three steps. 
First Step. In the integral in (5. 2) replace s*f(s) by Hiva (1—s)”. 
By Lemma 5, (111) the error will be ; 


AS, (a+ TEE + 8) erde). 
By Lemma 6 this is ` 
of suéds] = otf, rds} = 0 [[2*/log 7]; } = O(x/log 2). 
Since ô == 1/log z, (5.2) becomes 
(5.3) Bla) = (Val) f; (0149) — 1 og (1 + 8) 735 (1 — s) tards 
+ O(a/log x). 
' Second Step. In the integral in (5.3) replace { (1+ 8)*—1) (log (1 +8) }* 

by s. By Lemma 6 the error will be 

O{ (1/log x) fra — s) +atds). 
By Lemma 7 this is O(z/logz). -Then (5. 3) becomes 


(5. 4) B(a) = (Val $, z (1—s)3ds + O(a/log 2). 


Third Step. Replace the integral i in (5. 4) by its value from Lemma 7 
This gives 


B(s) = ba/V log z + O(z/loge), 


where b = Va/r and a is given by (3.2). 
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ON THE REPRESENTAT-INS OF THE SYMMETRIC GROUP.* 


By G. pz B. ROBINSON. 


Introduction. In the study of the irreducible representations of tke sym- 
metric group two methods are available. The first is an application of tre 
Frobenius-Schur theory of the characters which is valid for any group, the 
second is the ‘substitutional aralysis’ of Young. Neither of these methods 
tells the whole story, and they should be used in conjunction.* 

Here we propese to show that the two problems dealt with by Murneghar ? 
in his paper “ On the Representations of the Symmetric Group,” lend them- 
selves.to a treatment by Young’s methods. An answer to the first »oblem 
may be obtained from a formula given by Young; * we shall clarify this soma- 
what embodying the result in tke rule Y or Y”. Littlewood and Richardson * 
have given a theorem involving a rule LR which, if accompanied by a setis- 
factory proof, would provide an answer to Murnaghan’s second probler. We 
propose to supply a proof, basinz it directly on Y. The chief advantage of 
these methods is in the simplicity of the final expression of the result. It is 
unnecessary to refer to any tades, and the irreducible components appear 
explicitly,—no cancellation is naressary. On the other hand if we are con- 
cerned with the characters * the Frobenius-Schur theory is essential. Tn the 
last section of the paper we give :llustrations of the application of these rules. 

I must express my thanks to Mr. D. E. Littlewood for suggestions which 
led to the revision of the original draft of $5 on lattice permutaticrs, A 
specific acknowledgment is made -n the text. 


1. The product and power representations of the full linear group. 
The theory of the representations of the symmetric group Sn on n symbols is 
very closely associated with tha; of the rational representations of th full 
linear group L, whose degree we shall take to be 1. There is an infin ty of 
such irreducible representations but those of order n are to found amongst the 
irreducible components of the Kronecker product 


(1.1) (L) =LXLXLX: -n factors. 
* Received Fəbruary 4, 1938; Revised April 18, 1938. 


1 [20], chapter V. + 
2 [51, p. 469 and p. 478; cf. also _8]. 


3 [21], Part VI, p. 199. . A . 
* [3], p. 119. 
s [8]. e = 


. 745 


746 G. DE B. ROBINSON. ' 


The degree of I,(), known as the product representation, is 1?, A very 
elegant reduction of I, (L) has been given by Schur,’ who shows that with 
every irreducible representation * (A) of Sy of degree fa is associated an irre- 
ducible representation TW (L), or as we shall write {A} of L. This reduction 
is accomplished by constructing matrices of degree 1* permutable with Tb (LD), 
which interchange the n sets of variables * according to the permutations of Sy. 
These n! matrices yield a representation of Sn, and from Schur’s Lemma it: 
follows that {A} appears in 1,(Z) with multiplicity fa. 

If we suppose that all the factors in (% 1) operate on the same set of 
variables the resulting representation is known as the n-th power representa- 
tion of L and denoted P,(L). Corresponding to a given partition (1, %,--*, &v) 
or (a) of n where a, = 42 =>: - 2 ay, we may construct the representation 


Pa (ZL) X Pa (E) K++ X Pa,(L). 


Let us denote by Pa the sub-group of Sn of order a,!a2!: + + ay!, which is 
the direct product of the sub-groups Sq, on the first æ, symbols, Sa, on the next 
æ, symbols, and so on. This sub-group gives Tise to a pèrmutation representa- 


‘tion * of S, of degree 
n! nN 
alalt mi Na d 


; which we may denote A(«), extending the notation to write 
(1.2) Aal) = Pa(L) X Pa D) XX" +X Pay (L): 


In Beetle In(L) = Am (L). Evidently Am (L) = Pa (L) = {n}, so that . 
we may write (1.2) in the form 


(1.3) Aw (L) = {a} X {a2} X X fa). 

Clearly also we may write - ; l 

(1. 4) i Aw (L) = Ap (L) X Am (2), 

where the numbers Bs, Ba, Bas Yu Yz’ > Yn are the œs Bu Te- 


arranged so that & = Bin and y; = yju for all 2, j A+ po, > Bi ==1, 
nom and l+ man, 


“[131, §§ 1 and 2. i 
7No confusion will result if we use the same symbol (A) to denote the corre- 
sponding conjugate set of S, 
` ®Cf, [19] and [1]. ° 
* [10]. 
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By identifying the characzers it follows that {A} appears in Aw (L) 
with the same multiplicity as does (A) in A(a). 


2. A formula of Young applied to the reduction of A(a). A method . 
for determining the irreducible somponents of A(a), or of Aga, (L), has been 
given by Murnaghan.** We shall make use of a ı formula ® of Young’: which 
is applicable io the situation: 


f 
: alo mr: [19% Ta. 
ra fa 


n! 


(2.1) 





It is not necessary here to go into any detailed account of Youngs analy- 
sis, we shall merely give enough to explain the symbols involved. Corre- 
sponding to a conjugate set (a) of S, we may construct a tableau 


Qir die!" * ha, 
Q21 22 © * Aras 
[a] : ; 
. Qvi Aya * Avay 


where, as before, a; = %;,, for all + and Ian. From the rows of [a] 


we construct substitutional expressions (au: EA ` * lia} representing the sum 
of all the operations of Sq,; multiplying these together we obtain 


Pa = (011 Qin’ * * Grey} [ar 22° * * Gragg} * * [Qy1* * * Ova). 


The brackets { ) and their sroduct P, as well as other expressicns Na, 
Ta which we shall form are specially chosen members of the group-ing to 
which S, gives rise. The members of this group-ring may be thought of as 
operators but we shall not stress this interpretation. The relation with our 
former P, is so close we need mot distinguish between them. 

Similarly from the j-th cclamn of [9] we construct (4; @2;° * +)", where 
now bial odd permutation hes coefficient — 1. Such an expression Young | 
calls a ‘ negative symmetric grcup, and from the columns we obtain 


= {a1 Gar" ta} (012.02 * H Yo as (Asa, * 4 Fi 


Thus with any given arrangement of the n letters in the tableau fam [a] 
we may associate the product PaNa, and denoting summation over all possible 
n! arrangements by T we may write 


»° [13]; [5], pp. 444-448; and 78], p. 45. We use A(a) with the same meaning as 
does Murnaghan, while our (Aj hes a different significance. 
#75], The-results are tabuleted up to n = 9. 
. 


4 
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We may define the tableau La] as standafd if the letters in each row and 
column appear in the order of somes given sequence. It can be shown that 
just fa of the n! are standard, where u 5 


pos 


1 r,8 


fa=n!" I (a +15)! > 





and that Ta may be expressed in terms of them only: 
h N 
Ta= É (PN PN, ++ Pra N)» 


where N’ == N,M,. The introduction of the multiplicative factor M, is neces- 
sary to obtain orthogonality, but we need not go'into this. For us the im- 
portant fact is that corresponding to each conjugate set (a) we have a tableau 
[a] and a resulting Ta which leads directly to the irreducible representation * 2 
of Bn. 


12 It may be worth while at this point to relate some recent work by Specht [14] 
. and [16] with this analysis of Young. Following Schur [12], if we replace the sym- 
bols a,,, in dictionary order, by 2, (i=1,2,- - n), we may uniquely associate with 
each tableau [a] the product of powers : ‘ 


. 1 . ' ; . v1 
: (a) = (o, z, La A AS . ' Bayras) + (Gy ay nayz" Pn ) 


A permutation P of 8, Will. leave 6(#) unaltered or transform it into ôP (s) according 
as P is, or is not, contained in P,. Instead of treating the group ring directly Speak 
constructs functions 


= 351019010) 


Lay! 
N Y £(Q)Q, as exbove, 

and ¿(Q) =+1 as Q is even or odd, ae under the permutations of S, yield a 
modul M (8, d, ay (2)). Confining our attention to standard tableaux this modul leads 
to the ir ee representation (a) of 8,. Specht’s method of constructing the actual 

_ matrices is the same as Young’s and the results are identical (cf. [21] Part IV, p. 253; 
for a résumé of Young’s theory cf. Part In, pp. 258-269. In Part VI the theory is 
further developed to give the actual matrices of the representation (a) in orthogonal 
form according to a very simple rule contained in Theorems 4 and 5, pp. 217 and 218). 
In [18] Specht generalizes Young’s T, to apply to any permutation group P,. 
It can be shown that i 

Ty I= (1 apri) E fP, 
, PCS . 

(ef. [21] Part IV, p. 256) where pas is the characteristic of Po a (a). Specht writes 
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We may now write (2.1) ia the following manner: ** 
(2.2) A(a) — [118%] (a): 


In this form it gives the reduction of A(a) which we are seeking. 
Young ** defines the operai-on Ss as follows: 


“ S;s where r < s rep-=sents the operation of moving one letter from 
the s-th row up to the r-th row, and the resulting term is »egarded 
Y: as zero, whenever any gow. becomes less than a row below it, cr when 
letters from the same -ow overlap,—as. for instance, happens when 
a, = asin the case of Susan.” 


As an illustration we have 


(2.3) A(3,2, Re a A AO ee ee Sn+80'50] (8 2,1) 
= (3,2, 1)+ (8?) 4 (4, 2) + (4, 17)+ (4, PE 1)+ (È 21) + (6). 


3. The Littlewood and Richardson rule for the reduction of {8} X ly). 
The second problem treated by Murnaghan ** is the reduction of. {6} X {y} 
into its irreducible components (2) of order n. His method is based or Schur’s 
expression of the characters as. determinants or as quotients of aliernants. 
This method has been used by Tpecht.** 

Littlewood and Richardson aave also studied this reduction. Their means 


Xg f(@ = (9,/d) Y xfr), 
. . pep. 
where f(s) is a rittonad integral homogeneous function of the. Di Ig is the degree of 
the irreducible representation of F,» and h is the order of P,. Corresponding to the 
relations amongst the 7’s ; . 


Pa Ty Ta 
To: Tg = 0, 
> I= J Tw ; 
a 


we have 
Xgl Ef (a) ) = Xf (e), XlX o (2))=0, MiP.;Fle)) SEMP, Xf (2) ). 


The function f(s) is da (2) in tae case-of the symmetric group, and is similarly 
obtainable from the tableaux in th2 case of the alternating and hyper-octahedrıl group 
(ef. [15] with [21] Part V), otherwise how actually to construct it is unkncwn. 

1 Cf. [9]. 

14 [21] Part VI, p. 199. For 2 changed interpretation cf. Y” at the enc of 54, - 
which clarifies somewhat the appH ation of Y, and is applied to the example | 12.3) 
at the beginning of § 7. 

15 Actually he considers the cor-esponding problem for finite groups. 

1 [17], p. 155. 

` 0 g > 
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` of approach is through what they call Schur or S-functions, which are none 
other than the characters of the (a). Their reduction of the product of two 
S-functions of degrees / and m into a sum of S-functions of degree n, corre- 
sponds exactly to the reduction of {8} X {y} into its irreducible components 
{a}. Their chief contribution to the theory is the following theorem: 17 


To every tableau which may be constructed according to the following rule 
there corresponds an irreducible component {a} of {8} X {y}, and all such 


components are thereby obtained. R 


LR,: “Take the tableau [8] intact and add to it the letters of the first 
row of [y]. These may be added to one row of [B]; or the sym- 
bols may be divided without disturbing their order into any num- 
ber of sets, the first set being added to one row of [B], the second 
set to a subsequent row, the third to a row subsequent to this, and 
so on. After the addition no row must contain more symbols than 
a preceding row, and no two added symbols may be in the same 
column. ` 

Next add the second row of [y], ascording to the same rules 
followed by the remaining rows in succession until all the symbols 
of [y] have been used. 


l LR;: These additions shall be such that each symbol of a given row of 
[y] in the compound tableau must appear in a later row than the 
letter in the same column from the preceding row of [y].” 


In what follows we shall establish a connection with Young’s equation 
(2.2) which will enable us to extend the methods used by Littlewood and 
Richardson to give a proof of their theorem.*® 


4. A proof of the Littlewood and Richardson rule. As a first step it 
will be convenient to modify somewhat Young’s tableau [a] on which the Ss 
of (2.2) are supposed to operate. If we interchange a pair of rows leaving 
the letters in the same columns as before Pa remains unaltered, and the only 
change induced in (2.2) is in the interpretation of the operators Srs ;——others 
amongst their products will yield the components of the right-hand side. In 
particular we may rearrange the rows of [a] so thet those of [8] come first, 
followed by those of [y], thus: 


17 [3], p. 119. A : 
i 18 There are some Slips in the application of the theorem to the reduction of 
{4 3, 1} x (2; 1}, pointed out by Murnaghan [7]. A 
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bu Die 275 big, 


b i Bop, 

F bye, 
[8; =] .... . 
Cir Cig Cıyı 

Car ° * Coya 

Cur ` Cpyy 


The corresponding representation of the full linear group L remains th2 same, 
ie. {a} == {B37}; and (a) = 3;y). If we generalize the Srs so that r may 
-be greater than s, we may describe the passage from [a] to [8; y] by means 
of a product S of Ss. In particular So = S32°S2, transforms 


aca aaa 
[3,2,1]: b é into [3,1;2]: c 
c bb 


To pass from an operator es applied to [a] to that as applied to [£; y] 
it is only necessary to multiply >y Sy”* and keep track of the letters involved, 
which we may do by an appropriate prefix. E. g. we may write Sy? = mE 23? Sse 
and the operator Sə as appliec to [3, 2, 1] lenda to 


DSa: Das a Voz e aj? 


or simply S23” as applied to [3,1;2]. If after the multiplication an operator 
Srs remains where r > s, as ir the case of 1 operating on [3, 2,1], we may 
first combine it with the other members of Sy”, ignoring the prefixes, and 
remultiply, The resulting tatleaux will in this case not be identical with 
those derived from [3,2,1], certain letters in the same columns being inter- 
changed, but the correspondence between the two sets of tablaux is unique. 
Corresponding to (2.3) we hare 


(4.1) A(8,13;2) = [S2 + S2.7 + Sas 812 + Sia + Sis8ee 
+ S2381812 + 8137 + Si Sa] (3, 1; 2). 


In order to avoid confusior we shall write these ‘operators S,; as applied 
to this modification [8; y] of [=] as Ars, the operators S,s as applied to [8] 
as By, and as applied to [y] es Crs. Combining (1.4) and (2.2) we may 
write f 


»A more complicated exampl2 would be 1 operating dn [4,3,2,1] leading to 
Si 878 = Ka Sa operating on [4 1; 3, 2]. 
3 e e 
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(4.2) S(T (B; y} = [SUB 1(8)] X [SOMIT 


= (8) x[2[URr]y}] +: + > 
+ {D X Buero. 


From the above interpretation of Sss operating on [B; y] it is clear that we 
may identify. Árs for s = A with Bas; e.g. in (4.1) Si: = Aig = Biz 

Young’s original restrictions Y on the Srs as applied to [a] still hold ` 
since they are not affected by the above correspondence. Thus we may think 
of the tableaux arising on the left of (4.2) under the operations Ars as eae 
into sets representative of the irreducible cofnponents 2° of 


{8} X Am (L), a e 


and built on [Al derivable from [8] by the B,s operating according to Y. 
The rule of operation of the A;n; we write as: 


Y,: Take the tableaux [8] intact and add to it the letters of the first ` 
row of [y] under Ain. These may be added to one row of [8], 
or the symbols may be divided (without disturbing their. order) 

` into any number of sets, the first set being added to one row of [B], 
the.second to a subsequent. row, the third to a row subsequent to 

! this, and so on. After the addition no row must contain more sym- 

e bols than a preceding row, and no two added symbols may be in the 

same column, 

Next add the second row of [y], according to the same rules 
followed by the remaining rows in succession, until all the symbols 
of [y] have been used, 


` Fa: To obtain tableau built on [B] replace [8] by [8] in Ys. 


The parenthesis in Y, is unnecessary at this stage, in fact all the letters in a 
given row of [y] may be taken to be the same (cf. the example at the be-. 
ginning of § 7), but it will be needed shortly to add definiteness to the resulting 
tableaux. It is important to remark, that LR, and Y, are identical. 

If we let Bi = % and yı = 0%," * `, yv = Mr, Ya becomes unnecessary 
and Y, may be written Y”, which is equivalent to Y in view of the equation 


(4. 3) Aca) (L) = {%1} X Ataris.. an) (L). 


This change of viewpoint seems ‘to clarify the application of Y and loss it 

a very simple matter to write down the tableaux representative of the irre- 
ducible components of Aa). . 

e ` : 

; 20 By suppressing the œs we arrive at a tableau reits of (BY and we may 

think of [$] as occupying the upper left hand corner of the compound tableau, leading 

to the idea that this is built on Bl. 
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5. Lattice permutations. Permutations of the m letters | 

(5.1) . CY e2- >> cy Ya 

have been studied at some length, and a particular class called lattice per- 
mutations have been given prominence by MacMahon." The definitior of a 
lattice permutation is that amorgst ‘the first r terms of it the numker of 
c's = the number of cps =- - - = the number of e,’s for all r. If we add a 
second suffix to the c;’s according to the order of their appearance, for each i, 
we may define a set of numbers wich may bə called indices of the permutation. 
Considering first only the c,’s ard the ce’ 5; if Cos follow Ct and precede Cr, t+ 
its index is defined as s— t and we write | 


it, 


which may be positive, zero, or negative.. las pointed out by Littlewood ‘and 
Richardson ?? the resulting pernrutation of, 612037: is a lattice permutation if 
and only if nc ies > 0. Similerly we may define indices ios, isss, etc. and 
any permutation of the letters “5.1) is lattice if and only if no isms > 0 
(ame, 2,°° +, ists An important property of a lattice permutation is 
that by comparing it with the nazural arrangement, or identical permutation, 
of the symbols we may uniquely associate it with a standard tableau, and con- 
versely. E.g. with the permutation 

14 

1231 we associate the tableau 2 , 
3 


the lattice permutation indicating in which row the corresponding symbol is 
to be placed.. Thus the number ož distinct lattice permutations ?° of the -etters 
(5.1) is just fy. : 

We now show how any non-lattice permutation may be associated with a . 
lattice permutation., The steps 32 the process are as follows: 


(a) Considering only the cs and the c.’s in the permutation, taze the 
first co with the greatest positive ti2; and change it into a cy. Re- 
allocating the second sflixes repeat the process, continuing urtil the 
c38 and the c.'s are al. lattice. 

(b) Considering only the c.'s and the c,’s in the permutation so mcdified, 
take the first cz with zreatest positive ¿zas and change it into a cs. 


21 14], vol. I, p. 124. 
22 [3], p. 121. Dr. A. Young has drawn my attention to the fact that the index 


4 is almost identical with a member used by him ({21] Part VI, $15). In his 


T,T+1,8 
notation Vrat,,7 S irris + 2 and the condition that i,,,„ 0 is the same as 
Yr rd 0r that his gecond tableau functior LEGAS ES 1) > 0. 


23 Any two such we may speak of as belonging to the same class.. ` 


16 
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If this change upsets the 1-2 lattice property correct for it by 
changing a cz into a c, according to (a) ; this may or may not be the 
new Co. Re-allocating the second suffixes repeat the process, con- 
tinuing until the c,'s, cs and ers are al lattice. ; 

(c) Making use of the indices” lzas, dass, * * * , 4p-1,ns proceed as above, con- 
tinuing until all the cı’s, c2’s,- Ara cy’s are lattice. 


This * we shall refer to as the association I. l 
Let us think of these changes in the light oz Y” as applied to [y], and 
‘associate them with the operators C;; in the following manner. f 


(a’) Changing a c, into a c, we associate with the operator Cy». 

(b’) If changing a c, into a ca does not spoil the f-2 lattice property 
we associate it with the operator Oss. 

(b”) If changing a c, into a ca does spoil the 1-2 lattice property and 
we must change a cz into a c,, we associate it with the operator Cis- 

(c’) Similarly changing a c4 is associated with Cas, Cos, or Cus as further 
changes are necessary; etc. Finally changing a cy is associated with 
Cusp, Cp-2,m °° OF Cap 


Thus with each non-lattice permutation of the letters (5.1) we may also ässo- 
ciate an operator 
(5. 2) Cre Oha a MOY , 


which is one of those * applied to [y] under Y”. This we shall describe as the 
association II. 

We are now ready to pass on to the conclusion of the proof of the Little- 
wood and Richardson theorem, but before doing so it will be worth while to 
consider in greater detail these two associations I and II in the case 
Yı = yz =: ` `= ym = 1. The tableau [y] is in this case l 


m 


and each-of-the operators (5.2), which we shall denote L,, leads to a standard 


24] am indebted for this association I to Mr. D. E. Littlewood. 

25 Clearly the lattice condition assures at, each stage that the number of letters in 
any row is not less than the,number in a succeeding row of the corresponding tableau. 
Changing the “ first c,,, with greatest positive tere” precludes the possibility of two 
letters from the same row appearing in the-same column, as will be clear from the, 
following example. The permutation 630361020103 ledds to 01010106363 under the association 
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tableau and a corresponding _attice permutation L,. Thus with each of the 
m! permutations of the letters we can associate under I a lattice permutation 
L, and under ll a lattice pernutation In, and L, and Ls belong to she same 
class. Conversely, by reversing the steps (a), (b) and (c) we may pass back- 
ward to thé permutation which ? we mäy Benge (S). This passage may be 
indicated thus: 
123: - - m——= L,-——> (8). 
(be) 

I£ we ee the röles of the two lattice an L, and L,it is not 
difficult to see that 
i 123° m —.—— (83. 

(L,)* 
Clearly -£ Lı = Lz then 8? 1. This remarkable duality enables us to con- 
struct a square table having 3j- rows and columns which is symmetrical about 
its leading diagonal, down whieh appear the Sfy solutions ?? of $? =1. The 
remaining substitutions of Sm eppear in blocks of f,?, and Xf,? =m!. There 
follows this table constructed for m == 4, 


1234 | 1231 



































1213| 1123 1122 1212 1112 | 1121 | ii! 1111 
1 Su S28 828783 818283 : B88 8181380 82881 Sr S828 
1234 | 1234 
1231 1243 1342 2341 
(34) (234) (1234) 
1213 1423 1324 2314 
(243) (23) (123) 
1123 ' 4123 3124 2134 
(1432) (132) (12) | 
1122 2143 3142 
12) (34) (1342) 
1212 2413 3412 
(1243) (13) (24) 
1112 3214 4213 4312 
: . (13) (143) (1423) 
1121 3241 4231 4132 
(134) (14) (142) 
1211 3421 2431 1432 
| (1324) (124) (24) 
1111 4321 
(14) (23) 














I and to the operator C, under II, not to EN and the N O0 (cf. the end 
of the third paragraph on p. 122 o? [3]). id ' 

30 Assuming that the identical permutation is transformed by 8 into tLe given 
permutation. e . 

27 [2], p. 197, since all the irreducible representations of Sp are real. 
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6. Conclusion of the proof. We have how reached the final stage of 
our argument and may confine our attention to those tableaux built on [8] 
. which are representative of the irreducible components of 
: ` E 


(6.1) (8) X BIC 1] = {8} X (1): > + {8} X Im). 


We follow Littlewood and Richardson ** and from any such tableau read the 
c:'s from the right omitting the second suffix, beginning at the first row and 
taking the remaining rows in succession. Written in this order we have a 
permutation of the letters (5.1). A little cansideration will show that if a 
tableau built on [B] according to Y, (or ER,) is to satisfy LR, it is necessary 
and sufficient that the permutation of the cs obtained as above described 
should be a lattice permutation. l 
We assume the Theorem to be true for all products {8} X {F7}, where 
[7] is derivable from [y] under the C,s, and apply an induction to prove it 
for {8} X {y}. That is, we assume that all tableaux satisfying the appro- 
priate LR, yield the irreducible components of {8} X {7}, since as we have 
seen DR, is automatically satisfied; this is equivalent to saying that the 
corresponding permutation is a lattice permutation. But clearly this is neces- 
sarily so in the case of {8} X {m}, where all the letters of [m] belong to the 
` same row. Hach non-lattice permutation of c1”! C32- + - cpYe is associated with . 
an operator II@\rs under the association II, and conversely with each such 
operator is associated a set of tableaux built on [8] according to EF, and LR». 
Thus those which remain, namely the lattice permutations, represent tableaux 
built on [8] according to LR, and yield the irreducible components of 
{B} X fy}: ? Ä 


7. Examples of the application of the rules Y, Y”, LR. We may obtain 
the irreducible components appearing in l 
(2. 3) A (3, 2, 1) a [1 + Sos + Sis + Si2 + 812823 + 812815 + Si 823 4812813] (3, 2, 1) 
dia (3, 2,1) F (37) A (4,2) + (4, 1) + (4,2) + (5, 1) -+ (5, 1) + (6), 
by the more systematic rule Y”. Taking the tableau [3, 2, 1] to be 


aaa 
b b 
c 


we write down the first row intact, and add the letters of the second row 
according to Y,. To the resulting tableaux, namely 
. . 


. 28 [3], p. 121. 
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aaabb, ogaab, ` aag 
b l bb 


e 
we must add the letter c, obtaining from the first 


aa ab b c= By:78;3[3, 2,1], a4 4 b b= 882[3, 2, 1]; 


© 
from the second, 
e n è 
a aab 6==S1535[8,2,1], 200b=8,82[3,2,1], aaab= 8.[3,2,1]; 
b . oc b 


c 
and from the third, 


a a a c= [8,2,1], aa a= Ñz[8,2,1], aa a= [3,2,1]. 
bb E bbc bb 
- c 
These tableaux yield the requ:red components. 


As an illustration of LR we shall write down the tableaux representative 
of the irreducible components of {4, 27,1} X {2°}. It will be easier to build 
on [4,22 1], and since this tableau remains unaltered we shall represert its 
elements by »’s. We write 


[4, 22,1] : © «© eo [2°] : a, de, 
oe bı ba 
. . j Cy Ca 


and begin by adding the letters of the first row of [2°] to [4, 22,1] according 
to LR, (=Y,). Then to these tableaux we similarly add the letters of the 
second and third rows of [2%], subject at each stage to LR». 


eee o Ay Qz e... o Ay, Ba, e o e o & he, ee © © (14d; 


. e dy be . © b,b . «bib © e e biba. 
ee Cj Ca ee Cy 5 e aCi ‘ . a 
. e . C2, . .* Cy 
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e... 8G, Ge, © © » cell) = ©» chi, > © © © Odes © è © ody: 
oe b . e b . 0 by > + by .. 
oe & . A e eG a 3 . ee 
« be . b, . e C . b 
Co ` C1 Ca bz ú 4, ba Cy 
` Ca Le C2 
a. o o Gy, © © © © dy o... om 8 e h; o . . © dy e...» ot; 
e» Gob, $ * dy by .. Ob; e o ab; © o 0b © » Gob, 
ee bz Cy . œ de Cy ee ba ee 3, . 8 Cy .. 
» Ca . e Cz Ca e s be . be 
Ca Ca Ca 5 Cı Ca 
ed, o... jo... el, + e ol; + © © eQ; ùo olm: 
+ e ob, . o Oe by . © a . Qe » > de . e 0 
. »( eo a o 2 b . « Dy o e b “a 
. © Cy . bac > bz » Cy » b 
be - ba Ce C1.C2 be be cy 
Ca C2 Co C2 
e o © e; e o e èt; eo 8 ooh: . » è ey, e e © Q; 
.ch «e Dd, ee eed, ` . eb 
ee ty » .. e eC ee 
° de . da ° dz . . Cy 
ba be Cy bı be az do 
Ca Ca Cı C2 be be 
Ca Ca 
. © © 0 Ay: ee o o, e... . ...», e... 8 8; 
.. .. 0102 $ + 4102 » © (02 e © Gy dy 
.. © © by be + e biba ° . o b . + b 
. by : » C1 Ca . Cl © bi e ba 
lz Cy Ca Ca Cy Ca 
ba 
C2 
e... o; » o o o: oe ee, eee 85 eee o 
. tı Os, . ¢ GA. ee hh e.t ee a 
A .. e.h + + by oe 
..c . b x ° 42 i ° de ° Qz 
Da ba C1 E dz ba Cy bı ha 
C2 C2 C2 . & . Cy Ca 
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ee oo; oe ee: e e oo 
. > Q 78h .. 

e. ob ar en 

e C 2 © . by ` - 9 Ay 

lz : 2 Cy 7 dz bı 

be be oe ] b Cy 
Ce 62 Parto e 


While the number of tablearz which it is necessary to sonstineht in a given 
product may not be small, nevertheless after a little practice the application 
of LR becomes quite mechanical. and is entirely elementary. Hach tableau 
representing an irreducible comp-nent, we have the equation 


{4, 2°, 1} x er > (6, 42, 1) + (6, 4, 3, 2) + (6, 4, 3, 1?) + (6, 4, 2,1) 
‘ + (6, 3°, 2,2: + (6, 3, 2?) + (6, 3?, 1°) F (6, 3, 22, 12) 
. + (6, 2%, 1) FI (5, 42, 2) + (5, 42, 1?) + (5, 4, 3?) 
" £ 2(5, 4,8, 21) + (3,4, 2°) + (5, 4, 3, 1%) 
#5, 4, 2, =) + (5,38%, 1) + (5, 32,22) + (5, 8%, 2,1%) . 
+ (5,3, 2°, + (5, 37, 2, 1?) + (5, 3, 25, 1) + (5, 25) 
+ (5, 3%, 1%) + (5, 3, 22, 1%) + (5, 2%, 12) + (4%, 3) 
+ (£, 2, 1) vt (4, 3°, 1) + (4, 3, 2?) + (4, 3, 2, 1?) 
+ (4,2%, 1) + (4, 3°, 1°) + (4, 8%, 27,1) + (4,3, 24) 
+ (4; 37, 2, 15) + (4, 8, 2%, ee 1). 
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THE ANALYSIS OF THE KRONECKER PRODUCT OF IRREDUCI. 
BLE REPRESENTATIONS, OF THE ‘SYMMETRIC GROLP.* . 


By 2. D. Mwawacran. : 


Introduction. The well kLown theorems which are known as the Dlebsch- 
Gordan series, and which are fundamental in invariant theory anc in the 
application of group theory to Juantum mechanics, are two in number. The 
first furnishes the analysis of zhe Kronecker product of any two irreducible 
representations of the two-dimensional unimodular linear group into its irre- 
ducible components; and the 3-cond furnishes the. analysis of the Kronecker 
product of any two irreducible representations of' the three-dimensioral rota- 
tion group. The irreducible representetions ‘(rational-integral) cf the n- 
dimensional linear group are eash describad by j Sn, positive integers (whose 
sum is the degree of the re>esentation in question); hence wher n= 2 
j has only two possible values I and 2 (the identity representation, 92 degree 
zero, is exceptional, being chawacterised by the number zero). A. further 
simplification is introduced br the demend that the two-dimensional linear 
group be unimodular: in this case each irreducible representation (continuous) 
is rational-integral and is charazterised br a single label (a positive inzeger or 
zero). Thus the first of the tvo classical Clebsch-Gordan series furrishes the 
analysis of the Kronecker prodact (m) X (n) of two irreducible representa- 
tions (m) and (n) of the bno ensign unimodular linear group, each term 
in the analysis being described ty a single non-negative integer. The i-reduci- 
ble representations of the n-dimensional rotation group are each described by 
¡<= k positive integers where k--='n/2 if n is even and k == (n—1)/2 when 
n is odd (the identity represexiation, which is characterised by the number 
zero, being again exceptionalf. Hence when n—3 each irreducible repre- 
sentation is again characterised by- a single label and the second of zhe two 
classical Clebsch-Gordan series Eırnishes the analysis of the Kronecker product 
(m) X (n) of two irreducible representations (m) and (n) of the three- 
dimensional rotation group, esch term in the analysis being described by a 
single non-negative integer. Ira ‘recent paper (1) Brauer describes a method 
for finding the analysis of the Kronecker product of two irreducible repre- 
sentations of a semi-simple conifauous group and makes the following remark: 
“Dans le cas d'un groupe d’orcre fini, on ne connait pas de loi expl-cite de 

. ; ; ; ee Wu 
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cette nature.” We give in this paper the analysis: of the Kronecker product 

of various pairs of irreduciblé representations. of the symmetric group on n 

letters. “Each irreducible representation -of ¿his group is described by jx n 
positive integers, whose sum isn, so that a restriction analogous to that imposed 
in the classical Clebsch-Gordan series "would be to demand that n= 2 which 
would reduce the question to a triviality. - Fortunately no such restriction is 
necessary: the coefficients in the analysis are ‘independent of n. This is the 
central result of the present paper and we think it well to add a few words 

of explanation here ‘to make what is meant quite clear. The simplest non- ` 
trivial instance of the theory furnishes the analysis of (n— 1,1) X (n—1,1) 

i.e. the Kronecker square of the irreducible representation (em —1, 1) of the 

symmetric group on n letters (the representation (n) , described by the single 

positive integer n, being the identity representation, acts as a unit.in the. 
formation of Kronecker products). ` The result, valid for arbitrary n, is 


(n—1,1) X (n—1,1) = (n) + (1—1,1) + (n— 2,2) + (n—2,1?). 


However, one must understand that if a partition af n which occurs in the 
analysis is disordered, i.e. not in normal non-increasing order, it must be 
restored to this normal order, or discarded, in the manner described in detail 
in our previous paper (2) p. 461.. Thus when n == 2 we obtain on the right 
the two disordered terms (0, 2) and (0,1?) ; of these the first must be replaced 
by — (12) and the second discarded (because it contains an element, 1, which 
is greater than the preceding element, 0, by unity). Hence (1?) X (1?) 

= (2) + (12) — (12) = (2) which is the trivially evident fact that the Kron- 
ecker square of the alternating representation of the symmetric group on two 
letters is the identity representation of this group. When n = 3 we obtain 
amongst the four terms in the analysis the term (1,2) which must be dis- 
carded so that 


(2,1) X (2,1) = (3) + (291) + (2). 


For higher values of n no disordered partitions ‘of n occur in the analysis, 
Thus 

n= 4; (3,1) X (3,1) = (4) + (3,1) n (22) + (2,1) 

n= 5; (4,1) X (4,1) = (5) + (4, 1) + (3,2) + (8, 17) 


and so ot. ‘We give in the present paper the analyses of (n —p,Azs,° * *) 
X (n— q, po, * ') for the following values of p and q: p = 1, q = 1,2, 8,4, 5 
(there being 18 of these) ; p=2,q=2,3,4 (there being 19 of these) ; p = 3, 
q=3,4 (there being @1 ofethese). It is not surprising that: the formulae 
become increasingly complicated as p + q Increases; in es the analysis of 
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(n—p, he ::) X (n—4, Ha, - +) does not contain any component whose 
initial element < n--p—g. Those we give suffice ‘(in combination with 
certain elsmentary and obvious deyces) to give the analysis of all products 
provided <8 and we append these analyses. It would have been possible 
to construct these analyses from the character tables (by a Fourier analysis 

. method) but such a method ‘is exceedingly tedious and anyone attempting it 
inevitably feels himself classed amongst the “ hewers of wood and drawers of 
water.” By availing ourselves >f the two central facts 


(a) that the coefficients of the er are independent of n and 
(b) that the analysis of (x — p,- © +) X Ore q,* * +) does not go deeper 
- than the terms (n—2—49.:' °°) 


we are able to dispense with she troublesome Fourier analysis. Thz page ` 
references in the following paregraph refer to our paper (2). We clcse this 
introduction with the doubtless unnecessary remark that the Kronecker 9=oducts 
discussed here must.not he con!used with the “direct” products treated in'a 
previous.paper (8). The direc: product of two irreducible representations of 
the symmetric groups on m and n letters, respectively, may be regarded as a 
Kronecker product but not of representations of the symmetric groups; we 
have to take the attached irrelucible representations, of degrees m and n, 
respectively, of the full linear group and then the Kronecker product, cf degree 
m + n, of these irreducible representations of the full linéar group (aot the 
symmetric group) is attached to the direct product of the two given. repre- 
sentations of the symmetric group. 


1. Description of the method. The essential fact that the coefficients 
of the anelysis of (n— p,As,-*-) X (n—q, po, * * *) depend only on (As, **-), 
(ua: * -), whose sums are p an] q, respectively, and not on n is an immediate 
consequence of a remark made jn a previous paper (4) in which we gave ex- 
plicit formulae for the characters of various representations (n— p, Aa,"*") of 
the symmetric group on n letters in terms of the class numbers (a)=(%, %2,***). 
We pointed out there that thefarmulae of this type did not involve n explicitly; 
they are in fact polynomials la (%, %, “> +) with, coefficients depending on 
(Az, * * :). Since the characters >f a Kronecker product are simply the products 
of the characters of ‚the, factors the ‘fact that the coefficients . occurring in the 
analysis of our Kronecker produet are independent of n is a foregone con- 
clusion. The rule for rearranging disordered partitions of n is an immediate 
consequerce of the following fact (p. 460) : if (A) = On - +). is any partition 
of n the characteristic, to (8) of the irreducible ‘Tepresentation (A) is a de- 
terminant with the property 
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Pe.. Ap Apa. (8) = — Se... da Wy Rpt ds) 
Since 
oa (s) == 3 taxis 
it follows that ; . . 
(a) —._y(a ) 
KA RE TREE 


(Ci. end of $ 1, p. 742, of our previous paper (4)). 

It remains to show that the product (n— p, As,* * *) X (n—4, po," * *) 
does not contain any terms whose first elenfent is “ess than n— p— q. To 
do this we observe that the characters of A(n), the identity representation, are 
1; that those of A(n— 1, 1), whose characteristic is gn+(sfs., are a, (see (4) 
p. 740); that those of A(n—2,1*), whose characteristic is gn-2(s)s,*, are 
“(a — 1) and so on. Since any polynomial in «, is a linear combination 
of the quantities 1, a1, a,(¢,—1),-- -, it follows that any polynomial in «, 
of degree m is a linear combination of the characters of the representations 
A(n—j, 14), 7 =0,1;---,m. Again the representation A(n — 2,2), whose 
characteristic is io == 44n-2(S) (81? + 82) has da, (a, — 1) + uz for 
its characters so that a, is a linear combination of the characters of repre- 
sentations which go no deeper than A(n — 2,- - +). On considering 
A(n — 2 — j, 2, 11) whose characteristic is ae 


Gn-2-4(8) q2 (8) q (8) = 3gn-0-5(8) (812? + 51452) 


we see that the product of any polynomial in a, of degree m by as is a linear 
combination of the characters of representations A(A), the representations 
involved going no deeper than A(n—m-—2,: + +). It would be pedantic to 
continue the argument; it being now clear that any polynomial in (a,°--, an) 
whose term of greatest weight is k S n (the weight w of any term PL + OP 
being defined by pı + 2p2 +: * © + Npn = w) is a linear combination of the 
characters of representations A(A), the representations involved going no 
deeper than A(n —k,-- -). But the expression for the characters of 
D(n—p,: ++) has no term of weight > p; hence the expression for the 
characters of the product D(n— p, + :) X Din — q,’ < *) has no term of 
weight > p+ q. In other words the compound representation D(n— pP, *) 
X D(n—gq,:-+ >) is a linear combination (in fact with integral, but not 
necessarily positive, coefficients) of the (pamporma) representations A(X), 
no representations deeper than A(n— p—q,** -) being involved. This im- 
plies (ef. (2) pp. 469-479) that the product D(n — p,:**) X D(n—q,:: >) 
is a linear combination (with positive integral coefficients) of irreducible repre- 
sentations D(A), no representations deeper than D(n-—p—q,* * :) being 


involved. . ° 
; š . 


THE KRONECKER PRODUST OF IRREDUCIBLE REPRESENTATIONS. 765 


We shall illustrate in detail the metaod of determining the coeficients 
occurring in. the desired analys:s by considering the first two instances. We 
first observe that if we write (A) Xt (u) = En RO) (summation convertion !) 


the coefficient symbol Io. w is SY RIDE ITC. in its lower labels: 


l je EI 
simply because Kronecker multiplication is commutative. More tkan this 
ER ü is symmetric in all thre ‘labels (A), (a), (a). In fact the relation 


(A) X (1) = IS wa which serves to Cefine the integers ge q) forees 


(7) = gle) 
. XD IDO 


where (j) is any class of.the symmetrie group on n letters. On multipl-cation 
by nix.) —n! and summation over all classes (j) we obtain (owing to the 
erthogonstity relations amongs: the characters and the fact that th>y are 
all real) 


1 : eo 
o g0 See REINE 
INW 71 AO 


proving the symmetry of the cozfficient symbol IG) i) in all three labes (A), 
(x), (v). In other words the coefficient ož (v) in the analysis of (A) X (p) 
is the same as the coefficient cf (a) in the analysis of (A) X (v). If in: 
particular (v) is the identity representation (n) we see that (n) doss not 
appear in any Kronecker produet (A) X (u) unless it is a Kronecker square 
(A) X (A) and in this case it oecurs exact.y once (for (A) X (n) = (a)). 

_ , These remarks are sufficient to enable us to proceed with our, now trivial, 
calculations. Thus to analyse (+. — 1,1) X (n— 1,1) we write it as flows: - 


(n—1,1) X (n—1, 1) = (n) +e (n—1, 1) + 02(n—2,2) + e9(n—2, 1) 


our problem being the determination of the three coefficients C1, Ca, C2 which 
are independent of m. Setting »— 0 we find cı = cy, since 


(—1,1)=—(0), (—2,2)—=—(1,—1) —=0, (—2, 19) =—(0,—1,1)=(0).. 


There is of course no symmetri> group when n= 0; but g(s) =1 aad we 
may regard (0) as 1.- Setting n= 1 we obtain cz =1; for (0,1) vanishes * 
as also does (— 1,1?) since this last contains an element (the third) which is 
greater by 2 than an element (the first) two steps ahead of it. Finally stting 
n = 2 we find c, = c2; for the product of (12) by (1?) is the associate, mamely 
(2); of (12) and (0,1?) vanishes. Herce c =4 02 == =1 so thet the 
desired analysis is f 

o « 
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| (mn —1,1) X (n—1,1) = (n) + (n—1,1) + (n—2,2) + (n—2,1"). 


` In proceeding with the next example (n —1, 1) X (n—2,2) we know 
that the coefficient of (nm) is zero whilst at of nm 1,1) is 1. Hence we 
write 


(m—1,1) X (n—2,2) = (n—1,1) is ,2) + eg(n—2, 12) 
+cs(n—3, 3) + ee, ı(n—3, 2,1) + er (n—3, 1°). 


. Setting n 0 we get ce — cy. = 1, since (— 2, 2) vanishes, as do also (— 3, 3), 
(— 3, 2, 1), whilst Ei 1) =— (0), (—%, 1?) = (0), (—3, 1°) ee (0). 
Setting n = 1.we find cz = 2, since (0,1) vanishes, as do also (—1,1?), 
(—2,3), (—2, 1°), whilst (— 1,2) =— (1) and (—2,2%1) = (1). Setting 
n == 2 the left hand side becomes the associate of (0, 2) = — (1?) i.e. — (2). 
The right hand side becomes (1— ca) (1?) — ¢s{2) and since the simple. 
characteristics of the symmetric group on two letters are linearly independent 
we obtain the two relations c: = 1; cs = 1; setting n = 3 (in which-case the 
factor (1,2) on the left vanishes) we obtain the two relations: Ca = 1, 62,1 = 612 
so that cs = 1, c2=1, C = 1, (21 =1, (2 = ‘0. The various analyses given 
. in the next section were obtained in this way. 


2. The results of the analysis. Denoting by (a, Az," * . *,A;) the irre- 
ducible representation D(A) of the symmetric group on n = À, Hate tp My 
letters we have: 


1). (n— 1,1) x (n—1,1) nas Gs iG T E a: 
2). (n—1,1) X (n—2,2) = (n—1,1) + (n—2,2) + (n—2, 1?) 
a | + (n—3,8) + (n—3, 2,1). 
- 3). au 1) X (n—2, a 1) + (n—2,2) + (n—2,1) ` 
+(n—8, 2,1) + (n—8, 1°). 
4). (n—1,1) x (n—3,3) = E 2) + (n—3,3) + (n— 3,2,1) 
+ (2—4,4) + (n— 4,3,1). 
5). m 1) X (n— 3,2, 1) = (n— 2,2) + (n—2, 1?) + (n—8, 3) 
+ 2(n—-8, 2,1) + (n— 3, 1%) 
+ (n—4, 3,1) + (n—4, 2) 
+ (n—4, 2, 1%). 
6). (n—1,1) X (n—3,12) = (n—2, 1°) + (n—3,2,1) + (n—3, 1) 
+(n—4,2,12) + (n— 4, 1$). 
7). TEE X (n—4, 4) = (n— 8,3) + (n— 4,4) + (n— 4,3,1) 
l . + (n— 5,5) + (n— 5,4, 1). 
8). (n—1,1) X (n— 43, 1) = (n—3,3) + (n—8, 2,1) + (n—4,4) 
+2(n—4,8,1) + (n—4, 2) 


9). 


10). 


11). 


12). 


13). 


14). 


15). 


16). 


17). 


18). 
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1 + (n—4, 2,17) + (n—5,41) 
+ (n—5,3,2) + (1—5, 8,12). 
THET 1) X (n— 4, 2* = (n— 3,2,1) + (n—4, 3,1) + (n—4, 2?) 
+ (n—4, 2,17) + (n— 5,3 2) 
"+. (n— 5, 27,1). 
(n—1, a X (n— 4,2, 12) = (n—3,2,1) + (n—83, 1°) 
+ (n—4, 3,1) + (n—4, 2%) 
+ 2(n—4, 2,17) + (n— 4, 1%) 
e + (n— 5,3, 1?) + (n—5, 3,1) 
+ (n— 5, 2, 18). 
(n—1,1),X (n—4, 1*) = (n—8, 15) + (n— 4,2, 1?) + (n—4,1%) 
+ (n—5, 2,18) + (n—5,1*). 
(n—1,1) X (n— 5,5) = (1—4,4) + (n— 5,5) + (n—5,4,1) 
+ (n— 6, 6) -+ (n—6, 5,1) 
(n—1,1) X (n—5,4, 1) = (n—4, 4) + (n— 4,8,1) + (n—5,5) 
+ 2(n—5,4,1) + (n—5, 3.2) 
. ’ + (n—5,3,1?) + (n—6,5,1) 
ee a eng l 
(n—1,1) x (n —5, 3,2) a (n—4, 3,1) EN (n— 4, 2?) + (n—5,4,1) 
+ 2(n— 5, 3,2) + (n— 5, 3,1?) 
+ (n— 5, 2*,1) T (n— 6,4,2) 
— (n— 6,3?) + (n— 6,3,2,1). 
(n—1,1) X (n— 5,3,12) = (n— 4,3,1) + (n— 4,2,1?) 
™ (n—5,4,1) + (n— 5,3,%) 
—2(n—5,3,1%) + (n —5, 2,1) - 
— (n—5,2,1%) + (n—6,4, 1?) 
— (n—6,3,2,1) + (n—6,8 1%). 


(n—1,1) X (n—5, 24,1) = (14,2%) + (n—4,2,18) + (n—5,8,2) 


+ (n—5, 8, 12) + 2(n—5,?,1) 
= (n=— 6,2, 1°) + (n—6, 8, 9,1) 
+ (n— 6, 2%) + (n— 6, 2?, 15. 
(n—1,1) X (n—5,2, 1*) = (n—4,2,12) + (n—4,1*) + (n—5,3,1?) 
; + (n—5,2*,1) + 2(n— 5,2,1*) i 
+ (n— 5,1") + (n— 6,3, 1°) 
+ (n—6, 22,12) + (n— 6,2,14). 
(n—1,1) X (n—5, 1°) = (n —4, 1*) + (n— 5, 2, 18) + (n—5, 1°) 
. EN (n— 6,2, 47) + (n— 6, 15. 
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19). 


21). 


22). 


23). 


24). 


25). 
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(n—2,2) X (n—2,2) = (n) + (n—1,1) +2(n—2,2) + (n— 2,12) 
+ (n— 3,3) +2(n—3, 2,1) 

+ (4—3,1%) + (n—4,4) 
+ (n—4,3,1) + (n—4,2%). 


. (n—2,2) X (n—2,12) = (n2-1,1) + (n—2,2) + 2(n—2,12) 


+ (n— 3,3) + 2(n—8, 2,1) 
+ (n— 3,19) + (n— 4,8,1) 
+ (n—4, 2, 17). 
(n— 2,2) x (n— 3,3) Bi (n—1,1) +e(n — 2,2) T (n—2, 1?) 
l +2(n—3,3) + 2(n—3, 2,1) 
+ (n—4, 4) + 2(ne- 4, 3,1) 
-+ (n—4, 2?) + (n—4, 2,1?) 
+ (n—5,5) + (n—5,4,1) 
+ (n—5,8,2). 
(n— 2,2) X (n— 8, 2,1) = (n— 1,1) + 2(n—2,2) +2(n—2, 1?) 
+ 2(n— 3,3) + 4(n—8, 2,1) 
+ 2(n—3, 1°) + (n— 4,4) 
+ 38(n— 4, 3,1) + 2(n—4, 2?) 
+3(n—4, 2, 1%) ar (n—4, 1*) 
+ (n—5,4,1) + (n—5, 3,2) 
T (n— 5, 8, 17) + (n—5, 22,1): 
(n—2,2) X (n—3, 1°) = (n—2,2) + (n—2,12) + 2(n—3,2,1) 
+2(n—3,1%) + (n—4,3,1) 
+ (n—4,22) + 2(n—4, 2, 1?) 
FÆ (n—4, 1*) + (n—5, 3, i?) 
+ (n—5,2, 18). 
nl 2) X (n— 4,4) = (n— 2,2) + (n— 3,3) + (n— 3,2,1) 
+2(n—4, 4) + 2(n— 4, 3,1) 
+ (m—w4, 2) + (n—5, 5) 
+ 2(n—5,4,1) + (n— 5, 3,2) 
F (n—5, 3, 12) F (n— 6,6) 
+ (n— 6, 5,1) F (n— 6,4,2). 
(n—2,2) X (n—4, 3,1) = (n—2,2) + (n— 2,1?) + 2(n—83, 3) 
+3(n—3,2,1) + (n—3,1?) 
+2(n—4,4) + 5(n—4,3,1) 
+2(n—4, 22) + 3(n— 4, 2, 17) 
+ (n— 5,5) + 3(n—5,4,1) - 
+3(n—-5,3,2) + 3(n—-5,8,12) 
+2(n—5,22,1) + (n—5, 2, 13) 


26). 


27). 


28). 


29). 


30). 


31). 


THE KRONECKER PRODICT OF IRREDUCIBLE REPRESENTATIONS. 769 


+ (n—6, 5,1) + (n—6,4,2) 
+ (n— 6,4, 17) + (n—6, 3°) 
+ (n—6,3,2,1). 
(n— 2,2) X (n—4, pja (AS: 2) + (n—3,3) 4+-2(n— 3,2,1) 
+ (n—3,1%) + (n— 4,4) 
+2(n—4,3,1) +3(n—4, 2) 
+ 2(n—4,2, 1?) T (n— 4,15) 
+ (n— 5,4,1) + 2(n—5, 3, #) 
e +2(n—5,3,12) + 2(n—5,2,1) 
+ (n—65, 2,18) + (n—6,4,2) 
+ (n— 6,3, 2,1) + (n— 6,25). 
(n— 2,2) x (n— 4, 2, 1: j= (n— 2,12) + (n— 3,3) + 3(n—3, 2,1) 
+2(n—3,1°) + 3(n—4,3, 1) 
+ 2(n—4, 2?) + 5(n—4,2,12) 
+2(n—4,1%) + (n—5,4,1) 
+2(n—5,3,2) +3(n—5, 3, 1?) 
. + 3(n—5, 27,1) + 3(n— 5,2.1°) 
+ (n—5,18) + (n— 6,4, 1°) 
+ (n— 6,3,2,1) + (n—6, 8,14) 
aa (n —6, 22,12). 


(1—2,2) X (n—4,1%) = (n— 3,2,1) + (n—3, 1°) + (n—4, 2?) 


+ 2(n—4, 2, 1?) + 2(n—4,1*) 
F (n— 5, 3, 1?) + (n— 5, 22, >) 
+ 2(n— 5,2, 1°) + (n— 5,1% 
l + (n—6,3,12) + (n—6,2,15). 
(n—2, 1?) x (n—2, 1?) = (n) + (n— 1, 1) +2(n—2,2) 
+ (n—2,12) + (n—8,8) 
+2(n—3,2,1) + (n—3,1%) 
. + (n— 4,2?) + (n—4, 2, ae) 
© + (n—4, 1%). 
(n—2, 1’) x (n— 8, 3) ST (n— 2,2) + (n— 2, 1?) T (n— 3,3) 
+2(n—3,2,1)+ (n—3,1%) 
+ (n— 4,4) + 2(n—4,3,1) 
+ (n— 4,2?) + (n— 4,2,12) 
+ (n— 5,4,1) + (n— 5,3,17. 
ene, 12) X (n— 3,2,1) = Te 1) + 2(n—2, 2) +2(n—2, 1?) 
+ 2(n— 3,3) +4(n— 3,2,1) 
+ 2(n—3, 1°) + (n— 4,4) 
+3(n—4,3,1) +2(n — 4,2. 
17 oe A 
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32). 


33). 


34). 


35). 


36). 


F. D. MURNAGHAN. 


+ 3(n—4, 2,17) + (n— 4,1‘) 
+ (n— 5,8,2) + (n—5, 3, 1°) 
+, (nm — 5, 27,1) + (n—5,2, 1%). 
(n— 2,1?) X (n— 3, 1°) = (n—1,1) + (n—2,2) + (n—2,1*) 
° + (n—3,8) + 2(n—8, 2,1) 
“fe (n—8, 1°) + (n—4, 8, 1) 
+ (n— 4, 2) + 2(n—4,2, 1?) 
+ (n— 4, 14) ag (n— 5, 22,1) 
l , + (w— 5,8, 1°) + (n— 5,1"). . 
(n—2,12) X (n—4,4) = (n— 3,3) + (n— 3,2,1) + (n—4,4) 
l + 2(n—4, 3,1) +e(n — 4,2, 12) 
+ (n—5, 5) + 2(n— 5, 4, 1) . 
+ (n—5,3,2) + (n— 5, 3, 1?) 
+ (n— 6,5,1) + (n—6, 4,12). 


2 13 X (n—4, 3,1) = (n—2, 2) + 2(n— 3, 8) +3(n— 8, 2,1) 


+ (n—3,1%) + 2(n—4,4) 
+ 4(n— 4,3, 1) + 3(n— 4, 22) 
+3(n—4,2,12) + (n—4, 14) 
+ 3(n—-5, 38,2) + 3(n—5, 8, 1?) 
+ 2(n—5, 27,1) + (n— 5,2, 1°) 
+ (n— 6, 4,2) + (n— 6, 4, 12) 
+ (n— 6,3,2,1) T (n—6,3,1°). 
(n— 2,17) X (n—4, 2?) = (n—2,1%) + (n—3,3) +2(n—3,2,1) 
+ (n— 3, 1°) +3 (n — 4,3,1) 
T (n— 4, 2?) + 3(n —4, 2, 1?) 
-+ (n— 5,4,1) + 2(n—5, 3, 2) 
+ 2(n—5, 3,17) + 2(n—5, 27,1) © 
+ (n+—5,2,13) + (n—6, 3?) 
+ (n—6,3,2,1) + (n— 6, 27, 12), 
(n—2, 17) X ae 2,1?) = (n—2, 2) + (n—2, 17) + (n— 3, 3) 
-+ 3(n— 3,2,1) + 2(n—3, 1°) 
+ (n—4,4) + 3(n—4, 3,1) 
+ 3(n— 4,22) + 4(n—4, 2, 1?) 
4-2(n—4, 14) + (n—5,4,1) 
+ 2(n—5,8,2) + 3(n— 5, 8,12) 
F 3(n— 5, 2%, 1) + 3(n— 5, 2, 1°) 
+ (n—5,1°) + (n— 6,3,2,1) 
+ (n—6, 3, 1°) + (n— 6, 2°) 
+ (n 6, 2, 17), (n— 6,2,14). 


37). 


38). 


39). 


40). 


41). 
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(n—2,12) X (n—4,11 = (n—2, 1?) + (n— 3,2,1) + (n—3, 1°) 
l + (n—4, 3,1) + 2(n—4, 2, =?) 
e t+ (n—41*) + (n—5,3,1?) 
+ (n—5, 22,1) + 2(n—5, 2,15) 
L (n—5, 18) + (n—6, 2, 1% 
+ (n— 6,2, 1*) + (n—6, 1°). 


(n— 3,3) x (n—3,3) = (n) + (r-—1,1) +2 (n—2,2) + (n— 2,1%) 
+ 2(n— 3,3) + 2(n— 3,2, 
CE + (n— 3, 1°) +2(n— 4,4) 
+ 3(n—4, 3,1) +2(n— 4,22) 
+ (n— 4, 2,1?) F (n— 5,5) 
+ 2(n— 5,4,1) +2(n— 5,3,2) 
+ (n— 5,3,12) + (n—5, 27,2) 
+ (n— 6,6) + (n— 6,5,1) 
. + (n—6, 4,2) + (n—6,3°). 
(n— 3,3) X (n—3,2,1. = (n— 1,1) + 2(n—2,2) + 2(n—2,1*) 
+2(n—3,3) + 5(n— 3, 2,1) 
+2(n—3,1%) + 2(n—4, 4) 
+5(n—4,3,1) +3(n—A4, 27) 
+4(n—4, 2, 12) T (n—4, E, 
+ (n—5,5) + 3(n—5, 4, 1) 
+ 3(n—5,3,2) + 3(n— 5,3,1?) 
+2(n—5, 27,1) + (n— 5, 2, =") 
+ (n— 6, 5, 1) ag (n—6, 4, 2) 
+ (n— 6,4,12) + (n— 6,3,2,1). 
(n— 3,8) X (n—3, °) = pees + (n— 3,3) + 2(n—38, 2,1) 
š + 2(n— 3, 1°) + 2(n—4, 3,1: 
+ (n— 4,2?) + 3(n— 4, 2, 1%) 
+ (n—4,1%) + (n—5, 4,1) 
+ (n— 5, 3,2) + 2(n—5, 3, 17) 
+ (n— 5, 2?, 1) + (n— 5, 2, 2*) 
+ (n— 6,4, 17) + (n—6, 3,15). 
(n— 3,3) X (n—4,4) = (n—1,1 + (n—2,2) + (n— 2,1?) 
+ 2(n— 3,3) + 2(n—8, 2,1) 
+ 2(n—4,4) + 3(n—4, 3,1) 
+ (m— 4,2?) 4 + (n—4, 2, 1?) 
+2(n— 5,5) Y 3(n—5, 4,1) 
a . + 3(n— 5,3,2) + (n—5, 8, 1*) 
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+ (n—5, 22,1) T. (n— 6,6) 

+ 2(n—6, 5,1) + 2(n— 6, 4,2) 
+ (n— 6, 4, 1°) + (n— 6, 3?) 
+ (n—6, 3,2,1) + (n—7%,7) 
+ (n—?, 6, 1) + (n —?, 5, 2). 
+ (n—7, 4,3). 

42). (n—3,3) X (n—4, 3,1) = (n—1,1) + 2(n—2, 2) + 2(n—2, 1?) 
$ + 3(n— 3,8) + 5(n—-3,2,1) 
+%n—3,1°) +3(n— 4, 4) 
+7(n—4,3,1) + 4(n—4, 2?) 
+ 5(n—4, 2, r) + (n—4, 1*) r 
+2(n—&, 5) + 6(n— 5,4,1) 

+ 6(n— E,83,2) + 6(n—-5, 3, 1?) 
+ 4(n—6&, 22,1) +2(n—5, 2, 1) 
+ (n—6,6) +3(n—6,5,1) 
+ 4(n— 6,4, 2) + 3(n—6,4, 1?) 
+ 2(n— 6, 3%) + 4(n—6, 3, 2,1) 
+ (n—6, 3,1%) + (n—6, 2°) 
+ (n—6, 2, 1) + (n—7, 6, 1) 
+ (n—7,5,2) + (n—?, 5,12) 
+ (n—7,4,3) + (neds 4,2,1) 
+ (n—?, 32,1). 
43). (n—3,3) X (n— 4,22) = (n—2,2) + (n— 2,1?) +2(n— 3,3) 
+3(n—3,2,1) + (n—3,1°) 
+ (n—4,4) +4(n—4, 8,1) 
+3(n— 4,2?) +4(n— 4,2,1?) 
+ (n—4, 14) + (n—5, 5) 
+3(n—5,4,1) +4(n—5, 3,2) © 
+3(94—5, 3,1%) + 4(n— 5,22, 1) 
+ 2(n—5, 2, 1°) + (n— 5,1") 
+ (n—6, 5,1) + 2(n—6, 4,2) 
+ 2(n— 8,4, 1) + (n— 6, 32) 
+ 3(n— 8, 8, 2,1) -++ (n— 6, 3, 1°) 
F (n— 6, 2°) + (n— 6, 22, 1?) 
+ (n—1,5,2) + (n—1, 4,2, 1) ` 
+ (n— 1, 8, 2%). 

44). (n—3,3) x (n—4,2, 12) — (n—2,2) + (n—2, 12) + (n—3, 8) 
+ 4(n— 3,2, 1) + 3(n — 3,15) 
+ (n— 4,4) +5(n—4,3,1) 

+ 4(g—4, 2) + 7(n—4,2, 1”) 
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+3(n—4,1%) +3(n—5,4,1) 
+4(n—5,3,2) + 7(n— 5, 3,12) 
+5(n—5,2%,1) +5(n—5,2.1°) 
+ (n— 5,15) + (n—6,5,1) 
+ 2(n— 6, 4,2) + 3(n—6, 4, 1”) 
+ (n— 6,3?) + 4(n—6, 8, 2,1) 
+ 3(n— 6, 3, 1°) + (n— 6,2; 
+ 2(n—6, 27,1) + (n—6,2,11) 
. + (n— 7,5, 1?) + (n—?, 4,2,1) 
+ (n—1, 4,18) + (n—7, 8,2, 1%). 
45). (n— 3,3) X (n—4, 1*) =.(n— 3. 2,1) + (n—3,1%) + (n—#,3,1) 
+ (n—4, 2?) + 3(n—4,2,1°) 
+ 2(n—4, 1*) + (n—5, 3, 2) 
+-2(n— 5, 3, 1") + 2(n— 5,231) 
+3(n—5, 2, 1°) + (n—5, 2) 
A (n— 6,4, 1?) + (n— 6, 8, 2.1) 
una +2(n— 6,3,1°) + (n— 6, 2%, 12) 
T (n— 6, 2, 1%) + (n— 7, 4, 15) 
+ (n— 7,3,14). 
46). (n—3,2,1) X (n—3,2,1) = (n) + 2 (n— 1,1) +4(n—2, 8} 
+ 4(n— 2, 1?) + 5(n— 3,8) 
+3 (n— 3,2,1) + 5(n—83, 15} 
+ 3(n— 4,4) + 9(n—4, 3,1) 
+ 3(n— 4, 2?) + 9(n—4, 2, 1%) 
+ 3(n—4,1*) + (n—5,5) 
+ 4(m— 5, 4,1) + 5(n—5, 3, *) 
+ 3(n— 5,3, 17) + 5(n— 5,2? 1) 
+ 1(n—5,2,1*) + (n—5, 1°) 
i + (n— 6,4,2) + (n— 6, 4,15) 
+ (n — 6,3?) + 2(n— 6,3,2,1) 
+ (n— 6,3,1?) + (n— 6, 2°) 
+ (n— 6, 2,12). 
47). (n—3,2,1) X (n—3,1*) = (n—1,1) +2(n—2,2) + 2(n—2, 1?) 
+ 2(n— 3,3) + 5(n— 3,2,1) 
+2(n—3, 1°) + (n— 4,4) 
+ 4(n—4, 3,1) + 3(n—4, 2%) 
+ 3(n—4,2, 17) +2 (n— 4,14) 
+ in—5,4, 1) + 2(n—5,3,%) 
+ 3(n—%, 3,1%) + 3(n—5,22, 1) 
4. 3(n— 5,2, 1%) + (n—5, 15) 
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+ (n— 6, 8, 2,1) + (n—6, 8, r) 
+ (n— 6, 27,1?) + (n— 6,2,14). 
48). (n— 3,2,1) X (n—4,4) = (n—2,2) + (n— 2,1?) + 2(n—3, 8) 
4°3 (n—3, 2,1) + (n—3, 14) 
© +42(n—4,4) + 5(n—4, 3,1) 
+ 3 (n—4,2%) + 38(n— 4, 2, 1?) 
+ 2(n—5,5) + 5(n—5,4,1) 
+4(n— 5, 3,2) +4(n—5, 3, 1?) 
+ 2(nN— 5, 27,1) F (n— 5,2, 1°) 
+ (n— 6,6) + 3(n— 6,5,1) 
+ 3(n— 6,4,2) +3(n—6, 4, 12) 
+ (n— 6,387) + 2(n—6, 3, 2,1) 
+ (n— 6,3,18) + (n—7, 6,1) 
+ (n—*, 5,2) + (n—?, 5, 12) 
+ (n— 7,4,2,1). 
49). (n—3,2,1) X (n—4, 8,1) = (n—1,1) +3(n—2,2) +8(n—2,1?) 
+5(n—3,3) + 9(n—3,2,1) ` 
+ 4(n— 3,1?) + 5(n—4, 4) 
+ 13(n—4, 3,1) + 8(n— 4, 2?) 
+ 11(n—4, 2, 17) + 3(n—4, 1%) 
 +3(n—5,5) + 10(n—5,4,1) 
+ 11(n— 5, 8,2) + 12(n— 5, 8,1?) 
+ 9(n— 5,2%, 1) + 6(n—5, 2, 18) 
+ (n—5,15) + (n—6, 6) 
+4(n—6,5,1) + 6(n—6, 4, 2) 
+ 6(n— 6, 4, 17) + 3(n—6, 3?) 
-+ 8(n— 6, 3, 2,1) + 4(n—6, 3, 1*) 
_ +2(n—6,2°) + 3(n— 6, 2%, 12) 
+ (n= 6,2, 1*) + (n—7, 5, 2) 
+ (n=, 5, 17) F (n—7, 4, 3) 
+2(n—7,4,2,1) + (n—7, 4, 1°) 
F (n— 7, 8°, 1) + (n— 7,3, 2?) 
+ (n— 7,3, 2,17). l . 
50). (n—3,2,1) X (n—4, 2) + (n—1,) +2(n— 2,2) + 2(n—2, 12) 
+3(n—3,3) + 6(n— 3,2,1) 
+ 3(n—23,1%) + 3(n—4, 4) 
+8(n— 4,3, 1) + 5(n—4, 2?) 
+ 8(n—4, 2, 17) + 3(n—4, 14) 
s . + (n—5,5) +5(n—5,4,1) 
+ 7 (n—6, 3,2) + 8(n—5, 3, 12) 
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+ ¥(n—B, 2%, 1) + 5(n—5, £, 1°) 
+ (n—5, 15) + (n— 6,5,1) 

+ 3(n—6, 4, 2) +3(n— 6,4, 1?) 
+2(n— 6,3?) + 6(m—6, 3, £, 1) 
4 3(n— 6,3,15) + 2(n—6, 5°) 
+ 3(n— 6, 2%, 1%) + (n—6, 2.14). 
F (n —?, 4, 3) + (n—%, 4, 2,1) z 
+ (n—7, 37,1) + (n—7,3,2) 

+ (n—7,3,2,12) + (n—?,2,1). 


51). (n—3,2,1) X (n—4, 2, 1?) = (n—1,1) +3(n—2,2) +3(n—2,1?) 


| 


+ 4(n— 3,3) +9(n— 3,2, 1 

+ 5(n—3,1%) + 3(n—4, 41 

+ 11(n— 4,8,1) + 8(n—4, #2) 
+ 13(n—4, 2,1?) + 5(n—4,14) 
+ (n— 5,5) + 6(n—5,4,1) 

+ 9(n— 5, 3,2) + 12(n—5,é, 1?) 
+ 11(m—5, 27,1) + 10(n—á, 2, 19) 
+3(n—5,1°) + (n— 6,5,1) ` 
+ 8(n—6, 4,2) + 4(n— 6, 4,1?) 
+2(n— 6,3?) +8(n—6,3, %1) 
+6(n—6,3,1°) +3(n—6, 2) 
+ 6(n—6, 2%, 1?) + 4(n—€, 2, 14) 
+ (n—6,1%) + (n—¥,4,2,1) 

+ (n— 1,4, 1°) + (n—1, 3”, 1) 

+ (n—?, 3,22) + 2(n—1, 8, 2, 1%) 
+ (n —?, 3, 1°) + (n— 7, 2%, 1) 


+ (n—7, 24, 19). 


52). (n—3,2,1) X (n—4, 1*4) = (n—2,2) + (n—2, 1?) + (n— 3,3) 


+ 3(n—8, 2,1) + 2(n— 3,15) 
+ 3(n—4, 3,1) + 3(n—4,2) 
450-423, 1) 4 2(n—4, H) 
+ (n— 5,4,1) + 2(n— 5,3, #) 


. + 4(n— 5, 3, 2) + 4(n—5, E, 1) 


+ 5(n—5, 2, 1°) + 2(n—5, P) 
+ (n—6, 4,12) ee 1) 
+ 3(n—6, 3,15) + (n—6,£ 

+83 (n— 6, 2°, 12) + 3(n—6, 7 14) 
+ (n—6,1°) + (n—Y, 3, 2, 2) 


+ (n—*, 3, 15 + (n—?, 24, 13) 


+ (n—7,2,1°). 
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53). (n—3, 13) X (n— 3, 1) = (m) + yan ‘1) + 2(n—2, 2) 


54). 


55). 


+ (n— 2,12) + 2(n—83, 3) 
+ 2(n— 8, 2,1) + (n—3, 1°) 
+ (434) + 2(n—4,8,1) 


4.2(n—4, 2%) +2(n—4, 2, 12) 


+ (n—4,1*) + (n— 5,3,2) 

+ (n— 5,3,12) + 2(n— 5, 2%, 1) 
+ 2(n—5,2,1°) + (n— 5, 1?) 
+ (n 76,23) + (n—6, 2?, 12) 
+ (n—6,2,1*) + (n—6,1*). 


(n— 3, 1°) X (n—4, 4) = (n— 3,2,1) + (n— 3, 1%) + (n— 4, 4) 


+2 (n— 4,3,1) + (n— 4,2?) 
+ 2(n—4, 2,12) + (n—4,11) 
+2(n—5,4, 1) + (n— 5,3,2) 
+ 3(n— 5,3,17) + (n— 5, 2*, 1) 
+ (n—5,2, 18) + (n—6, 5,1) 
+ (n—6,4,2) + 2(n—6, 4, 1%) - 
+ (n— 6,3,2,1) + (n—6, 3,12) 
+ (n—1, 5,1?) + (n—?, 4,13). 


(n—3,1°) X (1—4,3,1) = (n—2,2) + (4—2, 1) + 2(n—3, 3) 


+ 4(n—3,2,1) + 2(n—3, 1°) 
+2(n—4,4) + 6(n—4, 3,1) 

+ 4(n—4,22) + 6(n—4,2,12) 
+ 2(n—4,1*) + (n—5, 5) 

+ 4(n—5,4,1) + 5(n—5, 3,2) 
+ 6(n— 5, 3,12) + 5(n—5,2*,1) 
+4(n—5, 2, 1°) + (n— 5, 15) 

+ (n—6,5,1) + 2(n—6, 4, 2) 
+ 3(n-76,4,1%) + (n— 6, 3?) 

+ 4(n— 6, 3, 2,1) + 3(n—6, 8, 18) 
+ (n— 6,2) + 2(n— 6,2, 12) 
+ (n— 6,2, 14) + (n—1, 4, 2,1) 
+ (n—%419) + (n—, 8, 2, 12) 
+ (n— 7,3, 14). 


. (n—3,19) X (n— 4,2?) = (n— 2,2) + (n— 2,12) + (n— 3,3) 


+3(n—3,2,1) + 2(n—8, 1?) 
+ (n—4, 4) +4(n—4,3,1) 


er + 4(n—4,2, 12) 


+ (n—4)14) + 2(n—8, 4,1) 
+ 3(n— 5, 3, 2) +5 (n— 5, 3, 1?) 
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© +3(n—5,%,1) + 3(n—5,£,1*) 
+ (n—6,4,2) + (n— 6,4, 15) 
+ (n—6, 8%) + 3(n—6, 8, 2,1) 
+ 2(n— 6,3, 18) + (n—6,%) 
+ 2(n— 6, 27,17) + (n—6,2 1*) 
+ (n— 7%, 37,1) + (n—1, 3, 2,12) 
+ (n—1, 2%, 13). 

57). (n—3,18) X (n—4,2.1*) = (n—1,1) +2(n— 2,2) +2(n—2, 1?) 


7 + 3(n—3,3) + 5(n—3,2,1) 
+ 2(n—8, 1°) + 2(n—4, 4) 
e : + 6(n—4,3,1) + 4(n—4, 22) 


+ 6(n— 4, 2,1?) + 2(n—4,1*) 
+ (n— 5,5) + 3(n— 5, 4,1) 
+ 5(n—5, 8,2) + 5(n—5, 2,12) 
+ 6(n— 5, 2°,1) +5(n—5,2 1°) 
+ 2(n—5, 1°) + (n— 6, 4, 2) 
. + (n—6, 4,12) + (n— 6, 3?) 
+ 4(n—6,3,2,1) + 3(n— 6, 3, 1°) 
+ 2(n— 6,2) + 4(n—6, 2%, 1?) 
+3(n—6,2, 14) + (n—6, 1°) 
+ (n—?, 3, 2?) + (n— Y, 3, 2,12) 
+ (n—, 38,14) + (n—7,2%,1) 
+ (n— 7, 27, 18) + (n—7, 2,1%). 
58). (n—3,1%) X (n—4,1%) = (n—1,1) + (n—2,2) + (n—2, 18) 
l + (n— 3,8) +2(n— 3,2,1) 
+ (n— 3, 1°) +F (n—4,4) 
+2%(n—4,3,1) + (n—4,22) 
+2(n—4,2,12) + (n— 4,14) 
. + (n— 5,4,1) + (n—5, 3,2) 
++ 2(n—5, 3,12) + 2(n—5, 2 1) 
+ 2(n— 5,2, 1°) + (n— 5, 1°) 
+ (n—6,3,2,1) + (n—6, 3, 1°) 
‘+ {n— 6, 2°) + 2(n—.6, 22, a 
+ 2(n— 6, 2,1%) = (n—6, 1°) 
+ (n— 7,2,1) + (n— 7,2,1) 
aF (n—1, 2,1%) F (n—7, 15. 


3. Tables furnishing the analysis of the Krenecker products for a < 8. 
Since the product of any irreduciole representation (A) of the symmetric group . 
on n letters by the afternating fepresentation (1%) is the associated irreducible 

. . t 
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representation (A)* the product (A) X (x) is the associate of the product 
(A) X (1)* or, equivalently, the associate of the product (A)* X („). In fact 
these statements merely reflect the fact that ee mültiplication is 
associative: 


(A) X {(#) X = La) X (#)} X (1). 


For when (v) = (1*) the left-hand side of this equality is (A) X («)* whilst- 
the right-hand side is {(A) X (a)}*. As a corollary we have: (A)* X („)* 
= (A) X (1); for the left-hand side= {(A)* X (1))*= {(A) X (u)}** 
= (A) X (1), the operation of taking the asfociate of a representation being 
reflexive. These facts shorten considerably the following tables. The coeffi- 
cients appear in the body of the tables; if we enter the tablés on the left with 
a product (A) X (w) the representations which are multiplied by the coeffi- 
cients are found at the head of the table. The product (A) X (»)* is found 
at the same place in the table but at the right rataer than the left and the 
representations which are multiplied by the coefficients occurring in the table 
are found at the foot of the table. If a product (A) X (+) is not found in the 
table either (A) * X (n)*, which is the same as (A) X (x), or (A)* X (a), which 
is the associate of (A) X (), will be found. The general formulae already given 
„furnish all products up ton 6 and all products for n = 7 save (3%, 1) X (32, 1) 
and its associate (3°,1) X (8,27). From the symmetry properties of the coeffi- 
cient symbol g {%} , ) pall coefficients in the analysis of (32, 1) X (8%, 1) are known, 
from the other products in the table for n= 7, save cı and ¢3,.% These are 
determined from the character table for n= 7 the sum being determined by an 
even class and the difference by an odd class. For n= 8 the formulae given 
determine all products save those from (4?) X (42) to the end of the table. 
The following detail of the analysis of this product will show clearly how all 
analyses of products which are not furnished by. the formulae of section 2 may 
be obtained. From the symmetry properties of the. coefficient symbol we have 


(2) X (42) = (8) + (6,2) + (5,1%) + or(4%) + cas (4,3,1) + caa (4, 2) 
+ 64,0,12(4, 2, 17) + c32, (87,2) + c22,12(3°, 1?) 
+ 3,02. (8, 27, 1) + c2(2%). > : 
From the table of characters (5, p. 179) for the symmetric group on 8 letters 
we find 


(a) from the class (1, 7), Ca = 0. 

(b) from the. class (2,6), «—B=—=2 where o = C429 + C3413, B == Cass 
+ C3,22,10 , 

(c) from the class (3,8) a—y= = (3%, Where y = ce 4 Co, 

(d) from the class (2%), 3y — ß + 4a — 6032, = 14. 

(e) from the class (1°), y + 58 + 4a +€s,2 = 10.0 
Hence a = 2, B=0, y ==, 05, =0. 
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(£) from the class (15, 


(g) from the class (1$, 


2) we find Yy + 5p + 2a’ —0 where 


a == C4, — Ct; E = C31 — e, 13 Y == (4 — Cog. 


=) we find y + 28" =0. 
(h) from the class (2, 8%) we find a + —2y =0, 
Hence a = 0 = 8’ = Y so that Caaf = ca 


C = Cot = 1 and we have the analysis given in the table. 
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= Le C4,3,1 = tera = 3 


In the following tables the products by the identity representation (n), 
which acts as a unit, and by he alternating representation (1*), wacch sends 
each representation into its ass8ciate, ar2 omitted. Thus the table for n == 2 


is not given. 


n=3. 


(2,1) X 12,1) = (3) + (2,1) + (1%). 














2 n=4 (4) (3,1) (22%) (2,12) (19) 
(3,1) X (3,1) 1 1 1 1) x (2,1%) 
| (3,1) X (22) 1 1 2 1) x (22) 
(28) x (22) 1 (22) x (22) 
(0) (1) e) a 
3. n=5, (5) (41) (3,2) (3,12) (22,1) (2,1%) (1°) 
ayxan i 1 7771 (4,1) X (5,1 
(4,1) X (3,2) E: Vilas E. Y (4,1) X (£2,1 
(4,1) X (3,12) 1 1 1 1 1 (4,1) X i, IF 
(3,2) X (3,2)| 1 1 1 1 1 1 (3,2) X £21 
(3,2) X (3,1?) 1 1 2 l l (3,2) x (6,17 
(3,12) X (3,1?) 1 1 2 1 Bx 1 BA (3,12) x (3,1 
15121 85,1) (3,12) (3,2) (41) (6) 
o PE A 
TE seeshesixak 
(5,15 X (5,1); 1 1 1 1 (5,1) X (2,14) 
(5,1) X (4,2)| 1 P1121 (5,1) X (2%, 13) 
(5,1) x (4,12) 1 1-1 1 (5,1) x (3, 1°) 
(5,1) x (3?) 1 1 (5,1) X (2°) 
(5,1) X (8,2,1) Pe} LATE F (5,1) X (38, 2,17 
(4,2) X (4,2)| 1 1 2 1 2 1 1 (4,2) X (22, 13) 
(42) X (412) | 112121 1 (4,2) X (3,1% 
(4,2) X (3?) 1 1.1 1 1 (4,2) x (2%) 
(4,2) X (3,2,1) 1221 2 2.2 3 4 (4,2) X (3,2,2) 
(4,17) X (4,12)| 1 1 2 11 2 1 1 1 1 (4,12) x (3,13) 
(4,12) x (32) 1 1 11 1 (4,12) x (2%) 
(4, 12) X (3,2,1) 1 2 2 1 42 I2 1 (4,12) X (3,2,1! 
(32) x (8211 1 11 (32) X (28) 
(33) X (321)] 1.11 21 lel ef (3%) X (3,22) 
(3,2,1) X (3,2,1) I1 2 3 4 2 5 4 2 3 2 1+) (8,2,1) X (3,2,1) 
See AT aS 
ee ee ee . 
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í e 
-~ e an 
~ Raten Sa 
AAA RANA Ta fF a Ua 
n= DESSERT 
(6,1)X(6,1)} 1 1 1 1 (6, 1) X (2, 15) 
(6,1) X (5,2) 11111 (6, 1) X (2%, 1°) 
(6,1) X (5, 1%) 111 l 1 e (6, 1) X (3, 1*) 
(6,1) X (4,3) 1 1 1 1 (6,1) X (23,1) 
(6,1) X (4,2, 1) 11121111 (8, 1) X (3,2, 1?) 
(6, 1) X (4, 1°) 1 1 1 1 1 -(6,1) X (4, 19) 
(6, 1) X (33,1) 1 1 1.1 1 (6, 1) X (3, 2%) 
(6,2)X(5,2)) 1 12 11 2 1 1 1 (5, 2) X (22, 19) 
(5,2) X (5, 12) 1121211 1 (5, 2) X (3, 14) 
(5,2) X (4, 3) 11112 Lid. (5, 2) X (23,1) 
(5, 2) X (4, 2, 1) 1222 42 2 2 3 1 (5, 2) X (3, 2, 1) 
(5, 2) X (4, 18) 1 1 2211 2 1 (5, 2) X (4, 1%) 
(5, 2) X (33,1) 111212 1 2 (5, 2) X (3, 22) 
(5,12) Xx (5,12) 1 1 2 1 1 2 1 1111 (5, 17) X (3, 11) 
(5,12) X (4, 3) 1 1 12 1 4.1 1 (5,1?) X (2%, 1) 
(5, 12) X (4, 2, 1) 12224232311 (5, 12) X (3, 2, 17) 
(5, 12) X (4, 13) ı 1112111211 (5, 12) X (4,1°) 
(5, 12) X (31, 1) 1 13 112211 (5, 12) X (3, 2) 
(4,3)X (4,3) 1 1 1 1 1 1 1 1 1 1 1 (4,3) X (23, 1) 
(4, 3) X (4,2, 1) 1221422238111 (4, 3) X (3, 2, 12) 
(4, 3) X (4, 13) 112211211 (4,3) X (4, 1?) 
(4,3) X (33,1) 111121112111 (4,3) X (3, 2) 
(4,2,1)X(4,2,1)| 1 2 4 4 4 9 5 5 5 8 3 3 3 1 (4, 2,1) X (3, 2, 17) 
(4, 2,1) X (4, 13) 1222523 3522221 (4, 2,1) X (4, 1%) 
(4,2,1)X(84,1)}. 12 38 2 5 8 3 3 5 22 2 1: (4, 2, 1) X (3, 22) 
(4,15) (4,18)} 1 121 22 122 2 1 2 2 1 (4, 18) X (4, 18) 
(4, 12) X (32, 1) 1 1132223111] (4, 17) X (3, 22) . 
(33,1) (32,1) 1 1211321232 1 1 1 (32, 1) X (3, 2%) 
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THE EQUATIONS OF MOTION OF THE MOON. 
ee By Ernst W, Brown.* 
=. 


1. In Volume 1 of this Cournal, G. W. Hill published a paper entitled 
“ Researches in the Lunar Theery ” whick has had far-reaching effects on the 
later development of the subject From a study of it H. Poincaré coaceived 
and developed the idea of the periodic orbit which in his hands became the 
basis for an extentled study of the mathematics of the problem of three bodies. 
The calculation and classification of orbits of the type studied by Hil have 
formed the subject of many papers by various authors since his time. In my 
own case, it formed the starting point for a complete recalculation of the action 
of the sun on the motion of the moon. It is mainly the methods used in this 
last work that I am going to rezonsider here. 

It is not wise, I believe, to imagine that the work of a great master in his 
subject cannot be improved, especially when extended calculations are involved. 
As time goes on, new techniques are developed and in our own time calswlating 
machines have come within the reach of everyone, so that a method previously 
rejected on account of the extended computation required may become easy 
and simple with but slight changes. My own experience in several cases leads 
me to think that it is worth whi.e to returr to the foundations even when they 
go so far back in time as those o€ Celestial Mechanics, and to examine whether 
valuable changes cannot be madz. 


2. The present paper is the result of auch an examination. In my calcu- 
lation, I adopted Hill’s equations as they stood merely adding the terms in 
the disturbing function which complete aceuracy demanded and adapting the 
_ solution of the equations to the additional terms. Two or more years ago it 
occurred to me to try the effect of referring the motion to axes which fo_lowed 
- the mean position of the moon. I found ‘ater that Euler had had the same 
idea in his second theory. H_ll had used axes which. followed the mean 
position of the sun. There was a reason for this change as the coórcinates 
would then take the form a-+ 2, y where x, y are small and therefore ex- 
pansions in powers of z, y were possible.’ What I did not expect, however, was 
that the equations for z, y could be put irto a form such that the firs: gave 
z and then the second gave y wich the same degree of approximation that had 

E ‘ . e 
* Professor Brown, who successfully undertook the great task of developimg and 


applying Hill’s theory of the Mogns motion, ded on July 22, 1938, some day: after 


revising the proof of the present paser. Eprgors. . 
> .. 
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‘been obtained before by the troublesome solution of two simultaneous equa- 
tions. Further, the homogenous equation for x had fewer large terms present 
than the earlier equation which it superseded, that HE y being substantially the 
same as before. 

A further advantage in caleulatidh is due to the fact that the lowest power 
of n’ or m present is the second; in Hill’s equations the first power occurs. 
Finally they have permitted me to find out the loss of accuracy due to small 
divisors which has occurred through the whole thecry. This last feature is 
_ developed below and leads to the satisfactory result that the loss is considerably 
less than I had supposed. This fact has already appeared in the verification 
now under way. ` . 

When e’ = 0, the time disappears explicitly en Hill’s equations. This 
property has considerable advantage in theoretical researches and in the search 
for periodic orbits. But it is of no advantage in the calculation of satellite: 
orbits. On the contrary it ista disadvantage in: the latter case because the 
elimination of ¢ deprives the equations of the advantages mentioned above for 
the new form. s: 


3. The next step was an attempt to abbreviate the calculation of the 
various terms in the equations. In the so-called homogeneous form, if we 
neglect the small ratio of the distances, every term is a second degree term 
in v, y, z or their derivatives. As the codrdinates consist of series of harmonic 
terms, by far the greatest part of the work consists of the multiplication of 
pairs of harmonic series. If then a technique could be developed for the multi- 
plication of harmonic series by machinery practically the whole of the work 
of calculating the action of the sun, on the moon‘ could be done in perhaps a 
tenth of the time it originally required. I was fortunate in interesting my 
friend and former pupil, Professor W. J. Eckert. of Columbia University, in 
this problem. He had already adapted several commercial machines of the 
Hollerith type to the solution of problems of*celestial mechanics, and had 
developed a computing laboratory for their effective use. With the aid of the 
facilities of this laboratory we have been able in a year or two to test and 
extend calculations which took me nearly twenty years to carry out with the 
old-fashioned methods. These facts are mentioned because we are using the 
new equations in this verification. 


4. The equations have also been used in another connection, namely, the 
exact calculation t of a portion of the motion of, the perigee which had been 


neglected as insensible in the earlier work, but which I had found by another 
‘oe. e 


1 Monthly Notices of the Royal Astronomical Society, vol. 97 (1936), pp. 116-127. 
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method? must be large enough to account for most of the previously unex- 
plained difference between the observed and theoretical values. 

These equations appear to be the best to adopt for satellite motior when 
we can use the variation orbit es a first approximation and expand in powers 
of the eccentricities, inclination and ratio 07 the distances. For a satellite with 
a large eccentricity like Jupiter WIII which seems to require the ellivse as a 
first approximation, I hope to give elsewhere a method which appears t> have 
considerable advantages over that which Professor Brouwer and I hav2 used 
for this body and for which I was responsible. 


+ THE Non-EoMOGENEOUS EQUATIONS. 


5. The equations of motioa referred to an z-axis in the direction of the 
mean position of the moon, lorgitude nt -+ e, the y-axis perpendicular to it 
in a fixed plane and the z-axis perpendicular to this plane are: 


on 

&— nj + (1+ x) (5 nae, 

j4 2ni E 

5.1 l Y +2n2 + (4a) By? 
; Re. ae 

E Par Mae S 


where a(1 + 2), ay, az are the zodrdinates of the moon, ar the distance and 
Qa? the disturbing function due to the sun, supposed to move in an ellipse 
in the zy-plane. 
When the'moon is undisturbed and moves in a circular orbit in the plane 
of xy we have 
Tun Y == 2 = 0, t==1, a=0, 9/0 — n. 


Hence the factor in brackets in -he first two equations is small. 
If we adc the integral of*-he second equation multiplied by 2n to the 
first we obtain an equation which may be written 


z+ (142) (rata) ta SiE- (a) dt + const. 
Since 
1/1? = 1 — 8a + 62? — y — Yer? + 


p/a? differs from n? by a small quantity of at least the first order erd we 
know that © contains a factor of the second order; this equation therefore gives. 


© + n?z == terms of the second order +y-const. - 


2 Ibid., vol. 87 (1986), pp. 5686 
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provided the integral introduces no small divisors of the first order. The 
point of this equation is the fact that y or z are not present as first order terms. 
The equation can therefore be solved to giye an approximation to v. 

Since the last term on the left is of the second order, the second equation 
of 5.1 evidently gives y when we know x. The third equation gives z in the 
same manner as the first gives z. ? 


6. The actual procedure is so similar to that used in my Theory of the 
Motion of the Moon, that it is not necessary to repeat the various steps here. 
The chief difference is due to the fact that the various approximations to 2, y 
are obtained separately instead of together by the solution of a. pair of simul- 
taneous equations as in the work mentioned. It may be noted that the 
a(1 + s) + aiy of this paper is the same as the uf“ of the earlier work. 

As the form of © differs somewhat I shall give it completely below, as far 
as it is needed. ` 


We have * 
e E—M E—EM+1M nr 
6.1 Da’ == me Preta ws + > 
where 
5 a* a 
o = Sr Ar? — 1/2), == y (rs? — rs), 


15 
> 5 (3% Sty* — 1548276 + rt), 
rr S = (14 2)1’ cos (wt + € —nt—e+ E”) 
+ yr sin (n't + — ni —c+ E’), 
P= (14a) E, 


where n’t + €, E” are the mean longitude and equation of the center of the 
sun’s orbit. In 6.1, £, M are the masses of the earth and moon. 

In order to expand these in powers of e” it will be found convenient to 
use complex quantities by putting 


Lltoty=w, 14 giy = s, nteni 


E', » are functions of V= nt -+ d -—w, an angle which disappears when _ 
e’==0. The expansions of the various functions of 7”, E” needed will then 
be found in T. M. M.* 

We also put 


=D, eDi=f; 





m’. n? E+M 


m! + B+ Mm nat, a N) => = gpa’ 











° e 
3 Brown, Lunar Theory, Chap. 1. 
+ These letters are used to denote my “Theory of the motion of the Moon,” pub- 
lished in vols. 53 and 59 of the Memoirs of the Royal Astronomical Society. 
` e . 
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If we are using numerical values, that of y can be inserted at the outset Other- 
wise we put q == 0 and make a correction for it at the end. 
s 
THE HOMOGENEOUS EQUATIONS. 


7. Multiply the equatiors 5.1 by z, y, 2 respectively, add and imtegrate. 
Noticing that $ occurs in Q, through the coördinates a, y, z as well as explicitly 
where it is shown and where it is presen in 4”, 1” and denoting this explicit 


occurrence by 00/0t, we have 
e 


11 He+74+#) — PA + 2)? + 4°} o Fa di + const. 
Now ¢ occurs explicitly through .)=nt4-e—nt—eé and shrough 

nt+e¿-—o =l. We have therefore ' 

ET DON da | 

__ 29 | =. t Z sin(D — F) —L cos(D —F’) y (na) ae mn 








ne -51- LES sin (D— m) —¥ cos(D — P’) 


, il 
7.2 (140% vr 000 + 
this giving the ee of Q The right-hand member of 7.1 is therefore 





2—O(n— a) — 1’ (# di + const. 
The integral vanishes with e”. 
Again, multiply equations 5.1 by 1+ æ, y, z respectively and ald; wwe 
obtain a result which may be Written. 


13 $F (rt) — (a+ yt +) eng (14 2) —áy) 
. 0 
4 MARA) 


where Q in the right-hand member is suppcsed to be expressed in terms cf r, 8. 
Adding this to 7.1, we not= that the negative power of r disappears and 
we get 


7.4 taa ENA HD) 
=op Ean) —w Say dt + const. 
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. By multiplying the first two equations of 5.1 by — y, 1 + a, and adding, 
we get a second equation independent of negative powers of r. This may be 
written after integration . . 


7.5 (142) — iy En((1 +2)? +) =0Q + const. 


Finally, multiplying this by 2n and adding the result to the previous equation 
we obtain 


1.035 CERES AEH +2) 
=0+1 7 + Q(ntn Na? gp d+ cont 


For calculation subtractfrom each side of the equntion— Im? (a? + y?—22?), - 
The right-hand member will then contain no term free from one or both of 
the explicit angles 2D, 1 except a small term depending on the square of the 
tatio of the parallaxes. 

To get an equation for z, we subtract the first of 5.1 multiplied by z from ` 
the third multiplied by (1 +2) and obtain Be 
7.7 (I+a)(@-+n%) +a — + nj — (1+2) athe}? 

The equations 7. 6, 7. 5, 7. 7 are those needed. It will be noticed that if 
we express the codrdinate 1 + x by a single letter and confine Q to the portion 
wz, the equations are homogeneous and of the oud degree in T, y, 2 apart 
from the arbitrary constants. 

8. Constants. The constants of the theory are found asin T. M. M., 
except perhaps the constant a. It is best to leave this to the end of the work . 
and find it from the first of equations 5.1, or 7.3, the latter having the 
advantage of also giving 1/7. In substituting the results obtained for g, y, z 
therein, I recall that here æ is defined to contain no constant term. It con- 
sists entirely of cosines of multiples of the anglês D, L, V, 2F, while y consists 
of sines of the same angles. In the coördinate z the multiples of F present 
are odd, and the harmonics are sines. . 


9. Loss of accuracy due to smalt divisors. The approximate para- 
meters are m = 1/13, e = 1/20, y = sin $1 = 1/22, € = 1/60, a/a’ = 1/400. 
The effects of the first three of these generally will be discussed as though each 
of them was 1/10. 

Small divisors may arise in the v, z ‘equations from terms which have a 
period of a month, and in the y equation from ‘terms of periods long com- 
pared with a month. The l&tter will also arise in Q so that y may involve 
the square of the small divisor. 
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Small divisors are of two xinds. Both of them are independent of the 
mean motion of the moon. Those containing the mean motion of the sun will 
have the factor m and those independent of it the factor m?. Examples of 
the former are 2D — 1, D, Y, 2D — 21, and of the latter, 2F—-21, D +F, 
D+V—1. It will be noticed that each “long period term is associated with 
two short period terms obtained ky ‘adding and subtracting 1 from its argument. 

Suppose that we determine at any one step, as in T. M. M., the terms 
containing a given characteristic, i. e., those which have as a factor any given 
powers of e, y, e',a/a’. In any such group there are either monthly or long 
period terms but not both. This is because the arguments in any such group 
always differ by even multiples cf D, l, Y, F. Thus as we proceed from lower 
to higher characteristics, short p2riod and long period terms occur alternately, 
except as far as multiples of V are concerned. But as © =1/60, and the 
main argument proceeds by decimal places, the additional factor 1/6 takes 
-care of accumulations and no special treatment is necessary. . 

Let us first take the cases o? divisors which have m as a factor. Since Q 
contains the explicit factor m? there is no loss of accuracy from these terms 
in Q even when a double integration is involved. Thus the only terms which 
might cause a loss are those in $° + y? + 2 in the x-equation, those in s} — yt 

. in the y-equation, and the simila> terms in the z-equation.. But in such terms 
each of the coefficients is at the highest .1, so that no loss occurs when the 
product is divided by a number »f the order .1. 

Of the terms which have divisors with a factor m? the most important 
are the long period terms with arguments 2F— 2l, 2D + 20 —2l, 
2D + 21 —2F and the associated monthly terms with arguments which differ 
from these by + l. 

For the first, the term with ~he lowest order characteristic is the monthly 

. term with the argument 2F — 1, and this is therefore the first to be computed. 
Now in the a-equation (7. 6), the terms on the right have the explicit factors 
m2, so that no loss arises from tkese. In the second degree terms on the left 
as before, each factor is at most 1 so that one place is lost from these. But 
as the term arises mainly from tke terms with argument l, 2F in v, y and as 
the term with ergument 2F can `e taken to an extra place without difficulty 
we can avoid tkis loss. There is also a combination from 2° with arguments 
1—- F, —F, but the former can also be taken to an extra place. Herce we 
can avoid all loss for the term with argument 2/4 — E. , 

The next in order is the long period term with argument 2F — 21. The 
additional part of the characteriszic takes care of®one @ecimal place, and the 
net loss is thereZore one place. 

In the succeeding monthly term therg is no additional Joss, das the 
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only place where this might occur is in 4? + 9? and this involves the dee: 
tives of.the long period terms. 

The second group of terms starts with the monthly term having the 
argument 2D +2” —1. The only combination in the second order terms in 
which accuracy is lost is that with atguments 2D!+ 21,1. But the term with 
the former argument having a coefficient of the order .0001 can be taken to 
an additional place without trouble, so that loss ef accuracy can be wholly 
avoided. In the succeeding long period term with argument 2D + 27 — 21 
we lose one place. With the monthly term 29 + 2” — 31 no accuracy is lost. 

The next term which needs consideration is that with ar gument D+Y—I 
and having the characteristic ee’a/a’ so that it is.of the fifth order. The pre- 
ceding monthly term with argument D +1 can be found without loss of 
accuracy because neither of the terms which might cause it isso great as .01. 
Hence proceeding as béfore we see that with this. group only one place is lost. 

Finally for the term 2D + 2’ —2F which is the first of the group, the 
chief losses occur from the terms with argument 2D + 21, 2F in x, y and 
2D+ 2 —F,Finz. As2D+ 2’ —Finzisa monthly term with a divisor 
m? there would be a loss if we do not take the term 2D + 27 in x to an extra 
place, which we can. Hence 2 can be obtained without loss and the term with 
argument 2D + 21 -—2F with a loss of one place. There is no loss with the 
succeeding short period terms: 

Incidentally it may be noticed that there is no loss of accuracy in the 
coördinate v due to a preceding short period or long period term, and that 
the only loss of accuracy is in y when the division is of order m?. 

Hence in the whole theory, it is not now difficult to see that the maximum 
loss can be reduced to two places of decimals. As I started in T. M. M. with 
11 places of decimals, it is probable that as far as the small divisors are con- 
cerned the theory is correct to 07001 in longitude. This result is considerably 
better than I had hoped. With the equations actually used it was not easy to 
limit the apparent losses in the manner shown: above. They may, however, 
have been avoided in the course of the arithmetic without the computer being 
aware of the fact. The verification toewhich reference was made earlier kas 
proceeded sufficiently far to enable me to state: that amongst the terms con: 
taining even multiples of D,F—-about half of the whole number — there 
appears to be no error in the earlier work greater than 001 in longitude, on 
the assumption that the transformation from rectangular to polar codrdinates 
“ has been correctly computed. Two of the terms containing odd multiples of 
D apparently have errérs of 4.03, 7.04. But it is not certain whether these are 
apparent only, some further work being necessary to decide the matter. 
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SUR LES AVANCES DU NOEUD ET DU PERIHELIE 
D’UNE PLANETE SOUS L’ACTION D’UNE ANNEAU CIRCULAIRE. 


Par [EAN CHazy, Paris, 


1. Dans mon Livre La thærie de la Relativité et la Mécanique céleste, 
pour discuter les différentes explications possibles de V’avance observée du 
périhélie de Mercuee par rappor 4 la théorie des grosses planétes, j’ai étudié * 
Vaction séculaire d'un anneau cirzulaire et homogène ayant pour centre le corps ` 
central, sur les mouvements du n-eud et du périhélie d'une planète: et Von sait, 
selon le principe de la méthode de Gauss, que Vaction d'une autre planète 
animée d'un mouvement circulaize ? équivaut à Paction d'un anneau circulaire 
et homogene. J’ai appliqué la méthode de caleul classique fondée sur les 
éléments osculateurs et’ le systénce différentiel de Lagrange. 

Dans un Mémoire posthume ë qui rassemble ses recherches de Mécanique 
celeste, Fatou a étudié plus généralement les mouvements presque circulaires 
d'un point matériel dans un champ de gravitation présentant un axe de révolu- > 
tion et un plan de symétrie perpendiculaires, et dérivant d’ailleurs d'un pctentiel 
newtonien, voisin le plus souvent 1u potentiel du corps central. Fatou applique 
des méthodes directes dans lesquelles les parties principales des avanzes du 
neud et du périhélie peuvent se déduire de deux équations différentielles 
linéaires du second ordre, dont les coefficients sont presque constants. 

Je veux ici, dans le but de corıparer les deux sortes de résultats, et develop- 
pant d’ailleurs trois Notes antér.eures,* reproduire ou du moins résumer le 
caleul de Fatou. 


2. Nous déterminons le champ considéré par le potentiel 
P(r, 2) =p/r + R(r,2) 


par unité de masse: a désigne le zoefficient attractif du corps central O, r la 
distance d'un point matériel P au point O, z la cote du point P comptée sur ` 


1 Loc. cit., t. 1 (1928), pp. 195-208. . 
2 Tous les mouvements circulaires et tous les anneaux cireulaires que nous con- 
sidérons dans cet Article ont pour ceLtre le corps central. 
3 Acta Astronomica, Série a, vol. 2 (1931), pp. 101463. ° 
4 Oomptes rendus des séances de VAcadémie des Sciences, Paris, t. 203 (1936), pp. 
706, 844 et 981. . . 
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Vaxe de revolution Oz à partir du point O ou du plan de symétrie I, et les 
deux fonctions F et R sont paires par rapport à la variable z. La fonction R est 
petite le plus souvent par rapport au tefme a/f. Les deux variables r et z 
conduisent à des formules plus simples que les coordonnées semi-polaires. 
Considérées comme fonctions des coordonnées cartésiennes correspondantes, 
F et E sont des fonctions harmoniques, et les équations de Laplace relatives 
á ces fonctions se transforment en les deux équations 
Pr 22 PF.) 209F WE PR, 22 PR. 2 OK ; 
Ma ee mm AT tr ir m 
équivalentes bien entendu Iune à Pautre; Véquation de Laplace relative à la 
différence 
PK 1 
Be 





se réduit de même à l'identité à deux termes connue 


-82 (1 20 
ORION 


Les deux dérivées 07/02, 0%R/02% ont évidemment la même valeur, ‘et 
d’ailleurs Fatou a.montré que leur valeur commune est negative dans, les 
différentes applications. 

Nous étudions des mouvements du point matériel P dont Porbite est, 
voisine d'une circonférence de centre O situéé dans le plan de symétrie I, 
et qui sont d’ailleurs de sens direct. 

En coordonnées semi-polaires, soient 11, 6 etz (r= Vr? + 22), Fatou 
considère dans le mouvement du point matériel P Vintégrale des aires 


(2) n F= (C > 0}, 


Véquation du mouvement relatif sur la projection du rayon vecteur sur le plan II 


A Fr, 
Fy — fi = ie m 3 
ou 
„n C, Fry 
(3) Ti — 7 Fr? 


et enfin Péquation de projection sur Oz 


e e 
y oF 2, ôF 
a). oa tt i" 
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En particulier soit un mouvement circulaire ayant lieu dans Je plan de 
symétrie II, et où p et œ désignent le rayon et la vitesse Banane P ntégrale 
des aires ey se réduit a a °. , 

pu = C, 


et montre que la vitesse angulaife w est constante; et Péquation (3) ze réduit 
` à Péquation 


od 0F/0p désigne la valeur de la dérivée partielle 9F/0r pour r= p z= 0. 
Et Pon tire de ces équations 


(5) A as el, 


3. En premier lieu, dars un mouvement qui tend vers le morvement 
circulaire précédent,.c’est-A-dize ot la constante des aires C a exactement la 
même valeur que dans ce mourement circulaire, et où le rayon vecterr r a Jes 
valeurs voisines du rayon p, calculons la durée de la révolution draconitique et 
Vavance du nœud. Dans le mouvement considéré, au second membre de 
Péquation (4), z est en facteur, puisque la dérivée ĝF'/ðz s’annule avec z, Yune 
expression voisine de 


et par suite de 


p et w étant définis par la constente C et par les équations (5), et — q désignent 
la valeur commune des dérivées secondes 9°F/d2? = #R/0z? pour r = p, z = 0: 
q est positif puisque cette valear commune est négative. . Dès lors ’quation 
- (4) peut s'écrire 


(6) l l Der as 


e désignant une quantité trés petite. 

Considérant z comme le seule fonction incomme, on sait que Pécuation 
(6) s’integre par deux quadrazures; Fatou étudie ces quadratures, mais, si 
_ nous nous bornons au terme principal de son calcul, nous pouvous dire que 
Véquation (6) est une équatior linéaire en z-dont les coefficients sort à peu 
prés constants, et dont par suite suite les solutior& sont voisines de fonctions. 
périodiques de periode: 2/ Vtg +q. 
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En particulier la durée de la révolution draconttique, soit Ta, c’est-a-dire 
Pintervalle de temps compris entre deux instants consécutifs où la cote z 
s’annule en passant du négatif au positif, fend dans le mouvement considéré 
vers la méme quantité 


me 


Ve’ +g 
L’avance du neud, soit èQ, c'est-4-dire la difference entre 27 et langle 
des rayons vecteurs correspondant aux deu» instants qui précèdent, tend, 
puisque la vitesse angulaire tend elle-même vers œ, vers la valeur 





lim 30 — 2x (== — 1) : 
Vor +4 
La fonction q étant positive en pratique, la valeur algébrique 30 est négative: 
en fait, dans le sens. du mouvement, le neud a, non une avance, mais un retard. 


4. En second lieu, concernant le terme principal del’avance du périhélie, 
le calcul de Fatou peut se réduire à ceci. Soit un mouvement qui tend vers 
le mouvement circulaire considéré dans le plan II, mais ayant lieu lui-méme 
dans ce plan. L’équation du mouvement relatif sur le rayon vecienr, soit 


fal E 
rm tar? 
peut, comme précédemment l'équation de projection sur Oz, être considérée 
comme une équation différentielle linéaire dont les coefficients sont á peu prés 
constants. En effet le second membre s’annule pour r = p, d’apres la definition 
de p et parce que la constante C a la méme valeur que dans le mouvement 
circulaire limite, et d’autre part il a pour dérivée pour r == p 


302 | PF ° ĝ32F 
TE IA ie 


quantité que nous supposons negative: done Péquation peut s'écrire 


(+ ta) (r—p), 


e, désignant une quantité très petite. Donc les solutions de la dernière équa- 
tion sont voisines de foncttons périodiques dont la period est la quantité 


e 


e . aa 


ER: 
ya é . 
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En particulier la durée de "a revolution anomalistique, soit T's, d’ess-A-dire 
Pintervalle de temps compris en-re deux instants consécutifs où lė rayon vecteur 
r est minimum, tend vers la m3me,quantité. On peut d’ailleurs transformer 
cette quantité, et écrire, compre tenu, des équations (5) et de Péquacion de 
Laplace mise sous la forme (17, $ 





MT a RT 
— q désignant comme ci-dessus,la valeur de la dérivée 0°F/02” pour = p, 
z==0. La révolution a done pour durée limite 


Br ; 
Va — g’ 
et Pavance du périhélie, soit der, est-à-dire la différence entre 2a et Vangle 
de deux rayons vecteurs minime consécutifs, tend vers la valeur 
lim da = *(—2——1). 


Vai —q 


lim T, = 





q étant possitiz, la valeur algébrique 87 est positive aussi: tandis que le meud a, 
dans le sens du mouvement, un cetard, le périhélie au contraire a effectitement 
une avance, 


5. Nous allous montrer enzore que dans les deux cas les résultats ostenus 
peuvent étre déduits de la méthode classique de détermination des petits 
mouvements d'un système matériel dont la position dépend d'un nombee fini 
de paramètres; et cette méthode donne même une extension du résultat ebtenu 
dans le second cas. 

En effet, dans le mouvement du point P, fixons encore la constante des 
aires C, éliminons langle polaire 6 au moyen de Pintégrale des aires (2), et 
considérons dans le plan passant 3 3 chaque instant par l’axe Oz et par la position 
du point P, le mouvement relat£ de ce point défini par le rayon NOTE r et 
la cote z, ou par les coordonnées cartésiennes 7; et z. f 

La force relative dans ce meuventent est a priori la résultante de? la force 
primitive, qui dérive de la fonction F, de la force centrifuge et de la force 
centrifuge composée correspondantes: Mais ‘la force centrifuge est, ax fac- 
teur — 2 prés, égale au produit vectoriel de la rotation instantanée du plan 
passant par Oz et par le point F, rotation dirigée suivant Oz, et de la ~itesse 
relative du point P, vitesse située dans le méme plan, qui est le plan du mouve- 
ment relatif que nous étudions. Done la force tentrifuge composée est per- 
pendiculaire à ce plan, et par suite wintervient pas dans le mouvement ~elatif 


2 $ e . 
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considéré, en particulier y a un travail nul dans un déplacement virtuel 
quelconque. 

La force centrifuge n’intervient que, par sa projection sur le plan du 
mouvement: cette projection se déduit de Vaccélération normale du point 
coincidant, c'est la force perpendiculdire à Oz, et de valeur algebrique 6”r, dans 
le-sens où Pon s'éloigne de Oz; son travaiè dans un déplacement virtuel du 
point P, de composantes 8r,, $2, a pour expression 


` . g? q? i ' q? 


š yo RR A j ‘,@ è 
La force relative dérive ainsi, en fonction des variables r et z, de la fonction 


C? hee 
Ir), 


On peut dire aussi que l’&quation des forces vives du mouvement primitif, 
soit TE 
124120? +2?=2F + 2h, 


h désignant la constante des forces vives, se transforme dans le mouvement 
relatif oú Pon a 


en l’&quation ` 


pea 
1,2 4 A wo + 2F-+4 2h, 


de sorte que le travail des deux forces centrifuges dans un mouvement relatif 
réel quelconque, est égal nécessairement, á une constante additive pres, á la 
quantité — [0?/2 (r? — 2?) ]. y 
La valeur z = 0, une valeur commune p du rayon vecteur r et de la dis- 
tance 7, à laxe Oz, et la vitesse w donnée par l’équation’ p*w = C, déterminent 
un mouvement circulaire du point P,,si ces valeurs correspondent dans le 
_mouvement relatif considéré à une position d’équilibre relatif. Or la dérivée 


3U Cz - OF 
De = (eet de 


est nulle identiquement aveg 2, puisque F est fonction paire de z: donc les 
valeurs peez=0 doivent annuler expression de la dérivée 
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wor oF 

or Gat dr? 
soit A 

0 oP? , oP 

raa a ag aa 


équations équivalentes aux équations (5). 

Pour étudier les mouvemerts du point P voisins du mouvement. circulaire 
correspondant à cet équilibre relatif, nous sommes ramenés à étudier parmi 
les mouvements relatifs considézgs les petits mouvements voisins de la position 
d'équilibre obtenue. Appliquors la méthode classique avec r— p et z comme 
variables indépendantes. ; 

La force vive relative est 

X 2 
Yeti mer +2”, 
et se réduit à 1? + 2? si Pon fatt r = p, z =0 dans les coefficients de r”, 1/2, 
z?, De même, dans la fonction de force réduite, le terme rectangle est nul, 
car la dérivée 020 /0r0z est nulle à cause de la parité de F et de U; la dérivée 


9°U /02° se réduit à la quantité négative 


selon la notation antérieure; enfin la dérivée 020/01? se réduit à la quantité 


302 OF i ae 
seer a Fo a ee +9 


que nous transformons comme dans le calcul antérieur, et il suffit que cette 
derniére quantité soit négative pour que la position d’équilibre considéree soit 
stable. La fonction de forces réTuite est ainsi, après multiplication par 2, 


— (o — g7 (r — p)? — (rg). 
La méthode classique donne alors les deux équations 


| 1” == — (w* — q) (r — p), 
2 = — (w? + q)2 


Nous nous trouvons donc dans le cas simple où, au lieu de former un système 
différentiel linéaire d’ordre 4, ler équations des petits mouvements sont deux 
équations différentielles linéaires du second ordre déterminant séparement 
chacune une variable. Les péricles fondamentales sont les deux quant-t6s 


e . . 


(7) 


800 JEAN CHAZY. 


ar Qa 


vag Ver q 
considérées précédemment. Donc, selon la proposition générale, dans les 
mouvements du point P voisins de mouvements circulaires, le rayon vecteur + 
et la cote z sont représentés par des développements suivant les puissances des 
valeurs initiales fo — p, Zo, 1, Z'o. Les termes linéaires de ces développements 
sont donnés par les deux équations linéaires (7), ce qui met en évidence que 
les durées des révolutions anomalistique et dragonitique tendent respectivement, 


quand les valeurs initiales tendent vers zéro, vers les deux quantités 2r/ V e? — q 


7 


et 2m/Vo? + q, Vot se déduisent immédiatement les limites des avances du 
périhélie et du neud. [Remarquons que ces limites de la durée de la révolution 
anomalistique et de avance du nœud sont valables dans un mouvement quel- 
conque voisin d'un mouvement circulaire, C'est-à-dire sans supposer comme 
précédemment lorbite située tout entiere dans le plan de symétrie du champ 
de gravitation]. ñ 

Les quatre valeurs limites étant obtenues ainsi dé façons très simples, 
je les formerai dans un autre Article en introduisant les éléments osculateurs 
du mouvement et le systéme différentiel de Lagrange. 


PARIS, 


DIE SYMMETRISCHEN PERIODISCHEN BAHNEN DES 
RESTRINGIERTEN DREIKORPERPROBLEMS IN DER 
NACHBARSCHAFT EINES KRITISCHEN 
KERLERKRSISES. 


Von Ernst HÓLDER. 


Beim restripgierten Dreikörperproklem ergibt sich im folgenden die 
Mannigfaltigkeit der (zur Syzygienachse symmetrischen) periodischen Bahnen 
(K) in der Nachbarschaft eines (“ kritischen ”) Keplerkreises K’ mit ganz- 
zahligem Hillschen Periodenquotienten m als Sattelfläche 


(I) u= E(x — 142 + - > E(k, å), E(0, 0) = b 0. 


Diese wird von der Ebene versehwindenden Massenprozentsatzes y im Punkte 
p = x = é == 0 berührt und in Jen beiden Kurven geschnitten, die der Kepler- 
kreisen é= 0 und den synodisch nach einem Umlauf geschlossenen Kepler- 
ellipsen entsprechen; « ist der Zuwachs der Jacobischen Konstante von K 
gegenüber der von XK", é im wesentlicher der (m + 1)-te Fourierkoeffizient 
in der Kosinusentwicklung des Radiusvektor von K nach den Vielfachen der 
Elongation, ein Parameter, dez sich für „= 0 näherungsweise auf die Ex- 
zentrizität reduziert; a = (m/m +1))*® ist der Radius von K®. 

Fixieren wir mit Wintner * den Massenprozentsatz u > 0, was der Ström- 
grenschen Gruppenfortsetzung entspricht, so ergeben sich auf der Lösungs- 
fläche hyperbelartige Kurven, velche die von Poincaré? betonte analytische 
Fortsetzung der Lösungen einer natiirlicten (isoenergetischen) Schar erster 
Sorte (über den kritischen Wert x == 0 hinaus) in die Lösungen einer natür- 


1 A. Wintner, a) “Uber eine Revision der Sortentheorie des restringierten Drei- 
körperproblems,” Ber, der Sächs. £kad. q. Wiss. zu Leipzig, Bd. 72 (1930), S. 2-56; 
b) “Sortengenealogie, Hekubakomplex und Gruppenfortsetzung,” Mathematisshe Zeit- 
schrift, Bd. 34 (1931), S. 350-402. Auf diese Arbeiten stütze ich mich fortwährend, 
auch wegen ausführlicherer Literaturangaben sei auf sie verwiesen. Die von mir be- 
nutzte graphische Darstellung der Lösungsmannigfaltigkeit ist freilich eine andere als 
die auf der Massenschranke beruher de Wintnersche. 5 

2H. Poincaré, “Les solutions périodiques et les planètes du type d’Hécube,” 
Bull. Astr., t. 19 (1902), S. 177-198, insbes. S. 185; die Figuren dort sind nur schematisch 
zu verstehen. Die zweite scheint mi- auch nicht in allen Teilen die Tabelle von Brendel, 
“Theorie der Kleinen Planeten 1,” Abh. der Gez. d. Wiss. zu Göttingen, Neue Folge 1, 
Nr. 2 (1898), S. 128,ewiederzugeker. 

. . 801 


802 : ERNST HOLDER. 


lichen Schar zweiter Sorte vermitteln—Scharen, die nach den Untersuchungen 
von Levi-Civita ® bezw. Birkhoff + feststehen. 

Als Gegenstück werden auch die Veshältnisse in der Umgebung eines 
Keplerkreises K° mit rationalzahligem Periodenquotient m—q/J, J > 0, 
(q, 7) =1 wenigstens angedeutet, die sich ähnlich behandeln lassen. Dann 
gehört K° zwei verschiedenen Mannigfaltigkeiten von Lösungen an, welche die 


synodische Windungszahl 1 bezw. J haben, also, zum ersten bezw. zweiten’ 


Poincaröschen Genre gehören und sich, wenn man wollte, in natürliche Scharen 
erster bezw. zweiter Sorte zusammenfassen ließen. Auch in jeder Ebene 
p= const, existiert ein Dr durch den zwei verschiedene Lösungs- 
zweige hindurchgehen. > 

Die aus (1) approximativ folgende Beziehung 


= bx, 


im wesentlichen, hat sehr elegant Tisserand * hergeleitet — durch störungs- 
theoretische Näherungsbetrachtungen, die sich aber wohl nicht so leicht zu 
einer strengen Methode für die Gewinnung des vollständigen analytischen 
Zusammenhangs ausgestalten ließen. Bei Tisserand ist zunächst nicht von 
periodischen Lösungen die Rede. Erst in einem kurzen Zusatz zur Darstellung 
seines Traité faßt er die ursprünglichen Entwicklungen von Radiusvektor und 
wahrer Länge als Fourrierreihen auf, deren Koeffizienten die in der. störenden 
Masse linearen Approximationen der entsprechenden Koeffizienten einer 
periodischen Lösung sind. Diese hatte inzwischen, geleitet durch die Delaunay- 
.sche Mondtheorie,-Hill € bemerkt und zugrundegelegt, als er im restringierten 
Dreikérperproblem Saturn—Titan—Hyperion, auf das übrigens auch Tisserand 
seine Theorie angewandt hatte, die Bewegung des Hyperion und die Titan- 
masse berechnete. Analytisch könnte die periodische Lösung mit derselben 
Methode der unendlich vielen Koeffizienten ermittelt werden, die Hill bei der 
Variationsbahn des Mondes entwickelt hat. Diese .Methode hat neuerdings 
Wintner 7 mathematisch begründet und er hat auch die Anregung zu ihrer 


3 T. Levi-Civita, “Sopra aleuni criteri di instabilità,” Annali di Matematico (3), 
vol, 5 (1905), pp. 221-308. 

*G. D. Birkhoff, “The restricted problem of three bodies,” Rendiconti Palermo, 
vol. 39 (1915), pp. 265-334. 

SF. Tisserand, a) “Sur un cas remarquable du problème -des perturbations,” 
Bull. Astr., t. 3 (1886), pp. 425-433; b) Traité de la Mécanique Céleste, t. 4 (1896), 
p. 113 f., insbes. p. 116 f., söwie p. 491. Diese Untersuchung sowie die folgende von 
Hill hat Wintner, loc. cit. 1), a) hervorgehoben. 

°G. W. Hill, “ The mgtion of Hyperion and the mass of Titan” (1888), Coll. Math. 
Works, vol. 2 (1906), pp. 185-143. i 

7 A. Wintner, a) “Zur Hillschen Theorie der Variation des Mondes,” Mathematische 
Zeitschrift, Bd. 24 (1925), $. 259-265, b) “ Über die Differentialgleichungen der 
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Anwendung auf das Problem der synodisch ganzzahligen Kommensurailitaten 
gegeben, die von Martin ® ausgsführt worden ist—allerdings nicht bis zu einem 
vollständiger Überblick über die Mannigfaltigkeit der Lösungen. Dasu muss 
man in der Rechnung noch eiren Schritt weiter gehen und auch das Glied xé 
in (I) ermitteln. Ich tue das hier auf Grund der Lichtensteinschen ? Theorie 
nichtlinearer Randwertproblerce, die mir!’ am nächsten liegt und deren ich 
vielleicht auch deshalb hier gedenken darf, weil sie ja eine grosse Analcgie mit 
dem von Hill tatsächlich durchgeführten Verfahren hat: das Randwertproblem 
der symmetrischen Konjuktion nd Opposition ist für symmetrische Bahnen 
mit dem der Periodizität gleichwertig, und die Berechnung der Sxcrungen 
mittels mechanischer Quadraturen wird in der analytischen Theorie durch eine 
unter Zuhilfenahme der Greerschen Funktion gebildete Integrodiffe-ential- 
gleichung ersetzt, die nach der Methode der sukzessiven Approximatior. gelöst 
wird. 


1. Unter dem Einfluß des Newtonschen Gravitationsgesetzes sollen zwei 
Massenpunkte M, (Masse 1—u, “ Sonne”) und M, (Masse u, “ Jupiter ”) 
umeinander Kreise beschreiben; der gemeinsame Radius der Relativahnen 
sei gleich der Längeneinheit. Die Einheit der Zeit ¢ sei so gewählt, caf die 
konstante Winkelgeschwindigke.t der Linie M,M, gleich Eins ist. 

_ In der Ebene der beiden Relativbahnen bewege sich ein Aufpunkt P == Py 
(“kleiner Planet”), welcher der Gravitationswirkung yon Mo und’ iy, aus- 


Himmelsmechanik,” Mathematische Annalen, Bd. 96 (1926), S. 284-312; e) “Uber die 
Existenz der Hillschen Mondbahn of maximum lunation und der Poincaréschen Echling- 
bahnen,” Mathematische Zeitschrift, Bd. 28 (1928), S. 430-450;. d) “Über die Kon- 
vergenzfragen der Mondtheorie,” Mcthematische Zeitschrift, Bd. 30 (1929), S. 211-227. 

$ M. Martin, “Upon the existence and non-existence of isoenergetic periocic per- 
turbations of the undisturbed circular motions in the restricted problem of three Eodies,” 
American Journal of Mathematics, vol. 53 (1931), pp. 259-273. 

°L. Lichtenstein, “ Untersuchurgen über die Gestalt der Himmelskörper, IV. Abh. 
Zur Maxwellschen Theorie der Saturnringe,” Mathematische Zeitschrift, Bd. 17 :1923), 
S. 62-110; “ V. Abh. Neue Beiträge zer Maxwellschen Theorie der o. Szeliger- 
Festschrift, S. 200-225 (Berlin, 1925). 

Vgl. E. Holder, a) “Mathematische AN zur Himmelsmeckanik,” 
Mathematische Zeitschrift, Bd. 31 (-929), S. 197-256, insbes. S. 225-239. Eine .anwen- 
dung der Methode auf das Problem der synodisch ganzzahligen Kommensurabilitäten 
enthält meine Note b) “Die Verzveigungsgleichungen für die kritischen Kreise des 
restringierten Dreikórperproblems,” Ber. der Sächs. Akad.- der Wiss., Bd. 83 (1931), 
S. 179-184, Aus dem dort gezeigten ausnahmslosen Nichtverschwinden des Koefirienten 
von a in der Verzweigungsgleichung folgerte ich damals mit Martin die-Nichtezistenz 
einer von K° ausgehenden natürlichen Schar erster Sorte. Dieser Schluss mus aber 
ausdrücklich auf die von Hrn. Martia betrachteten Scharen eingeschränkt werden. Das 
vollständige Ergebnis wird erst Bier gegeben und liefert eine positive MassenscLranke 


auch fürx=0,E=0. 
e . 
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gesetzt ist, ohne diese Körper zu stören. Als Koordinaten von P nehmen 
wir die kartesischen Koordinaten g, y in dem rotierenden Achsenkreuz, dessen 
Ursprung in Me liegt und dessen -Achse hach M, hin gerichtet ist. 

Die Lagrangesche Funktion dieses restringierten Dreikörperproblems ist 
(1) A=A(2,y,8, 431) =T+]+0, * 


wo 
(2) T= ¿(0 + y?), f = sj — ye, e 
(3) DC A tle ty 


und der Punkt die zeitliche Ableitung bezeichnet. 
Da die Zeit ¢ in A nicht explizit vorkommt, gilt das Jacobische Integral 


(4) T= =k. 


2. Man gewinnt nun cie zur Jacobischen Konstanten k gehörigen Bahn- 
kurven der Gestalt nach als Extremalen des geometrischen Va Re 
öfA*dr = 0 mit der Maupertuisschen Wirkungsfunktion 


(5) A* = [2(U +h) 27°] + ff, 


wobei T*, f* aus T, f entstehen, wenn man die Geschwindigkeitskomponenten 
t, y durch die Ableitungen a’, y’ nach dem Parameter r ersetzt. Dieser ist 
aus Homogenitätsgründen willkürlich und soll als der durch 


(6) T == 1 COS T, y =rsinr 


definierte Polarwinkel + (“Elongation”) genommen werden, der also jetzt 
unabhängige Variable ist, während die gesuchte Funktion der Radiusvektor 
r=tr(r) ist. Es wird dann 


(7) . A* = [2(0 +k) O Ml 2°. 

Der zeitliche Ablauf r=r(t) der Bewegung, der uns hier nicht weiter 
interessiert, bestimmt sich wegen (4) hinterher durch eine Quadratur aus 

e 
day  2(0 +k) 

dj Mr 

3. Wir untersuchen hier die Bahnen K, für die der Radiusvektor eine 
in + mod 2r periodische Funktion r(r) ist und die in der Nachbarschaft der 
zum Zweikörperproblem p == 0 gehörigen Keplerschen Kreisbahn 


(8) 


e 
(9) * Ke: T= ACOST, Y =Gsinr 


' yon P, liegen. Die Bahn It ° hat die Jacobische Konstarfte, vgl. (51), 
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(10) ki == — (201? — a 


und die mittlere Bewegung n mit wat = 1. 
Der Charakter der gesuchten Lósungemannigfaltigkeit (K) hängt wesent- 
lich davon ab, ob für diese Ausgangslösutıg K? der Hillsche Periodenquotient 


a) =1/(n—1) 


eine ganze Zahl ist (singulärer, kritischer Fall) oder nicht (regulärs- Fall). 
Die mittlere Bewegung ist jets n = 14+ 1/m. 
Übrigens sind aus dynamischen Gründen die Werte 


(12) m= — Í, 0, o, —¿ 


auszuschließen ; sie entsprechen bezw. den Grenzfällen, daß K° ins Unendliche 
rückt, in die Sonne hineinfäll;, mit der siderisch direkten oder retrograden 
Jupiterbahn identisch ist. 

Eine eingehendere Betrachtung bedarf nur der singuläre Fall; er kann 
nur für einen siderisch direkten Planeten eintreten. ` Denn die ober2n und 
unteren retrograden Kreise gehören zu 


(18) — I< m < — 4 bew — 4 <m <0, 
können also niemals kritisch erden. 

4. Für die zu untersuchenden Bahnsn (K) sei der Radiusvektcr 
(14) r=a(1 + ¢) 


gesetzt; £ =£(+) muß die aus der Grundfanktion A*, Formel (7), abgaleitete 
Lagrangesche Gleichung für £ befriedigen. Daß K in einer Nachbarschaft 
von K’ liegt, bedeutet, daß für K der Massenprozentsatz u und die Differenz ' 
k = k—%k° der Jacobischen Konstanten ebsolut genommen kleine Werte be- 
sitzen und daß auch £(r) und seine Ableisung £’(r) dem Betrag naca unter- 
halb gewisser Schranken bleiben. Wir entwickeln am besten gleich 1%, wo 
auch U=U(r,&;p,x) aufzufassen ist, nach Potenzen von p, x, &, €. Dies 
wird für jeden einzelnen Wert von a gemecht. i 
Zum Zwecke der Entwicklang schreiken wir ausführlich 


(15) 2U +k) = a (1 4 £)*— 2ua(1— €) cosg + p? — (Pal + at + % 
+ 2(1— 10 (14 E | 
+ Aula? (1 + £)? — 2a(1 +9 cos r + 1] 


und bekommen für die Lagrangesche Funktion den Ausdruck 
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(16) A*==a[(V + 2Wy + 2x4 12) (14 26 + 2 + 27) 2 + (1 + &)? 
mit i 

an Vea HHA (A +o), 

(18) W = [8 + 2a(a— cos 7)¢ + a] ?—a(1 + E) cosr—at(1 + E)”; 
hier it | 


(19) d == 1—2acost-+ a? 
und, was sofort benutzt wird, (11) zufolge _ . 
(20) ai—a=am*, a= (m+ iym. 


In der Entwicklung von V und W brauchen wir, wie sich herausstellen 
wird, die Anfangsterme bis zum dritten bezw. ersten Grad in £: 


(21) Vo (AP E (a 20) 207 
= a?m-*{1 + 2(1 — a) mE + (1 + 20°) mL? — 2a Smt} 
== am-*{1 —2(2m + 1)€ + (8m? + 4m + 2 — 2(m + 1)22°} 
und u 
(22) M=-d!—atT—acostr + (a* - (cos r — ajad? — a cos 7)É.. 


Wir erhalten daher 


(23) A*=a(V + Wut 2x + p?)R(1 HEHE? — 300") + (14440 
= aV (1 + ¿4 467 — Hg?) + a?(1 4 £)2 
POVEDA E) AV (1 Oe $A, 

Dabei ist 


(24) Vi—=am*(1—(2m + WEM) 
Hm 41) (2m? + mp DE h 


(25) V¿¿am(1+(2m+ 1)6+4@m? + 8m +1) +}. 
V% ist der Abschnitt davon bis zu dem Glied mit ¢ und 
(26) aVW, =m(d* — a" — a cost + [a* + ad (cos r — a) — a cos r 
Y (2m 4-1) (d+—at — a cost) JE +++ +}; 


Am, A® und nachhes A“ enthalten außer einigen für die Lagrangesche 


Gleichung belanglosen, von £, £ unabhängigen Gliedern: solche Glieder -dritter 
. + 
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Ordnung in «, u, f, €, die den Faktor u Sean ferner Glieder vierter und 
höherer Ordnung. Schließlich wird 


(27) a?mA* = 4? — 4 (m+ 1)°® — (m +1)? — m(m +1)% 
: + a-?m?{2 (m + 1) Le = am? (3m +2) Lx? 
+ 36 (m +1 (8m + 1)£% + 30% 
+ [2(m + 1" d* — (2n- + 8)acosr 
+ ad? cos r — ad? — (2m + 1)a]£4) + A 
= 40? — 4 (m + 4)% + Bat! 
abgekiirzt. 


5. Die Lagrangesche Gleichung ist - 


(28) L(Y =E" + (m + 1) = Biar? — Ip (Bunt) N} 
=— Mk (1 — 1) Bs jure ph! + UU 1) Big ER ee” 
+ IB’ tr} 
= — Boral’? + (8300806? — 2 Booı266”) + Brorok + Beorox* 
` +F (2P ozokt = Bior”) + Boop + Yi)  y, 


Hier enthält wG) die Glieder zweiter Ordnung, soweit sie y als Faktor aaben, 
sowie die Glieder dritter und hctherer Ordrung. 

Die Ermittlung der in r mod 2 periodischen Lösungen der ee 
Differentialgleichung (28) führ: im regulären Falle m 4 1, + - mittels 
der Greenschen Funktion von Df) zu einer nichtlinearen e 
gleichung, deren Lösung £ == £(-; x, p) sich für kleine Beträge von x, » durch 
sukzessive Approximationen ergist und auch die Arneses Gleichung (26) 
erfiillt.und periodisch ist. 

Im kritischen Fall m = 1, +2, + 3,- - -hat L(Z) = 0 aber die period echen 
Nullösungen Z == cos pr, sin pr nit p = m + 1, und es muß mittels der ~erall- 
gemeinerten Greenschen Funktioa@ (7,7x) zur nichtlinearen Integrodifferential- 
gleichung . 


a l 
(29) Er) — £ cos pr —nsinpr— | G(r, T4) Wades 
0 = 
mit i i . = i . 
i 7 2r 4 
(30) ef & cos p- dr, =: esin pr dr 
0 


übergegangen werden. 


6. Sind p,x und auch É, y beliebig vorgegeben in einem gewissen vier- 
dimensionalen Interval Q um den Nullpunkt pe=x« æ £= q = 0, so ergibt 
sich durch sukzessive Approximationen genau eine Lösung £ = (rT; pm K E y) 

o . 
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von (29); die sich in eine Potenzreihe nach K, #, €, y entwickeln läßt. Damit 
die gewonnene Funktion £, die in r mod 2r periodisch ist und die vorgegebenen 
Werte É, y als Parameter im Sinne von (30) hat, aber auch eine Lösung der 
ursprünglichen Lagrangeschen Differentialgleichung (28) ist, muß £ noch: me 
sog. Verzweigungsgleichungen ° 
Mee 

(31) R= (a/m) fA LA S= (a/m) i f Y sin pr dr = 0 
befriedigen. 

Schreiben wir in £ die Glieder erster Ordnung, die aus der ersten Ap- 
proximation entnommen werden können, aus, so kommt 


(32) {= 2a-%m?(m +1) + But &cos(m+I)r + nsin(m+1)r+- ag 


der Koeffizient 8 von p ist für das folgende belanglos. 
Zuerst berechnen wir 


(33) B= {[12Booso + 4(m + 1)"Boo2] (m + 1) 


+ (a/m)*[2Bx020 + 2(m + 1)B1002 1 }xé de 2B 4 RY 
= (18m (m +1) + (441) (m41)948(m +1) (Bm +1) Jet 


+ RBP y + Bo, 
also 
(34) R=—6m(m + 1)xé + 2B Mp + RO, 
wo . C 
gan 
(35) gema) — (a/m)? af Bono cos (m + 1)7 dr 


und R sowie nachher 8) Glieder zweiter Ordnung mit dem Faktor y sowie 
Glieder dritter und höherer Ordnung enthält. 
Die analoge Rechnung ‚gibt 


(36) 8 Emm + aH 8); 
der Koeffizient von p verschwindet hier ‚offenbar aus Symmetriegriinden. 


7. -Vor allem benötigen wir das Nichtverschwinden des Koeffizienten 
von m, 2B) — am? : 2A) in der Bezeichnung meiner, früheren Arbeit b), 
in der ich den diesbezüglichen Nachweis allgemein erbracht habe. 

Man führt dazu die Laplaceschen Koeffizienten A,? ein, die durch die 
Fourierentwicklung s 


(87) (1 — La cos g + 4)? = As + 23 AP cos pr, As? = Aj? 
r ` p=1 
(0<«a< 1, s reell) 
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definiert sind. Sie können bexanntlich mit Hilfe der Gaußschen hy ergeo- 
metrischen Reihe dargestellt werden 


/ 


(8) de= A= Aa a rss s+ lel ipl +h a. 


Für uns ist vor allem wichtig def für 0 < s sämtliche Glieder der Reihe 
positiv sind. 
Wir setzen jetzt s— 4 und unterscheiden: 


1. Fall eines direkten unteren Planeten (za). Hier gilt mit z= 4 


ny... 


(39) LBP — 4pA,? — 20°A?,,, + (Ae + Art 


8+1 arl 


Die Aj” genügen nun bekanntlih den Identitäten 


(40) 0 = AP — (1+ 0%) An + a(4 3 + 433), 
d 
Ar (1 — 0%) Ara. 


Aus (39), (40), ergibt sich durch Subtraktion 
(41) IB — = (4p—1)AP, 2 + (1 — a?) AP. 3/23 Bo == 2pA?, 72 + a AP) > C. 


2. Fall eines direkten oberen P_aneten (#7-%-:). Dann ist mit a =1/4 


m=-2, -3, 


(42). BBO) — Apa As? Lada + (AW; HA); 


8+1 8+1 


dies mit. a multipliziert und davon (40), subtrahiert, gibt 
(43) 2aB®) — (4p — 1) AP, j — (1 — a?) Aap, 


aB = (2p — 1) 4?, 2, — a $- Atp < 0. 


_ (In der Arbeit b) hiess übrigens in diesem 2. Fall aB® einfach BW). 


8 Für „= 0 haben die Keplerschen Kreise verschwindende Parameter 
én. Die eigentlichen Keplerelipsen müssen die feste grosse Halbachse a, 
gegeben durch (20), mit m = 1,-+ 2,- - +, haben, um im synodischen Achsen- 
kreuz v, y die Winkel-Periode 2r zu haben. Was die übrigen Elemente betrifft, 
so nehmen wir als Epoche ¿== ) den Zeitmoment, wo die Bahn von Po die 
positive Syzygienachse kreuzt. Von dieser, als X,-Achsé siderisch fixiert, 
zählen wir (alles siderisch) die mittlere Länge A = nt, die wahre Länge » und 
die Perihellänge w ; die mittlere Länge der Epoche ist e= 0. Die Exzenirizitat 
e sowie | w | oder |w— | sein klein vorausgesetzt. Sei noch die exzen- 
trische Anomalie u, die Flicheakonstante c= ‘na? (1°— e), so gelten die 


Beziehungen ý en 
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(44) A—w=—u—esin u, r=a(l—ecosu), dv = ordt = (c/n)r da. 
Somit gelten fiir Radiusvektor und wahre Linge die Potenzreihen nach e: 

e 
(45) r=a(1—ecos (A—0) +: * :), v=A-+2esin (A— w) +n 


Die Ellipsen, für die | w | bezw. | w — | klein sind, bilden eine zusammen- 
hängende stetige Schar, die man erhält, wenn man | w | klein und — 1 < e 
< +1 nimmt. 

Führen wir jetzt den von der Syzygienachse gezählten Polarwinkel ein: 


(46) r= t= A(L— n?) + 2esin (10) +>, 
(47) pr= (m + 1)r =A + pe sin (A—w) +", 

so ist umgekehrt : 

(48) A= pr— 2pe sin (pr—W) +: +°, 


(49) cos (A— w) = cos (pr — w) + 2pe sin? (pr— T) +: cc. 


Nach (45), wird jetzt für eine Keplerellipse die durch (14) definierte Grösse 
é= ¿(r|e, w) eine Potenzreihe in e,@ deren Koeffizienten (sogar schon 
mod 27/p) periodische Funktionen von 7 sind. Unsere Parameter werden * 


(50) E= —e +t, YA == ATAN 


Es ist daher auch f= €(r|é,@) eine Potenzreihe in & w. 
Für die betrachteten Keplerellipsen ist die Jacobische Konstante die 
Differenz von absoluter Energiekonstante und Flächenkonstante c 





(51) k—h—c, h= ho =— 1/ (2a), c=C0(1—e?)3, co = à = ns, 
Es ist daher | 

(2) «= (¢— 09) =— col (1 e281] — fool? + —x(6 0) 

eine Potenzreihe in é, w, die der Gleichung . 
(53) P(x, & w) =r — Foe +++ += 0 

gentigt. 2 


9. Bei der Diskussion der Verzweigungsgleichungen (31) muß ich mich— 
jedenfalls im Mement—auf die Bahnen beschränken, die zur Syzygienachse 
symmetrisch sind: &(—r)=£(r). (Für „= 0 lassen wir in den Potenz- 
reihen £, x, P der vorigen Nr. das Argument w = 0 einfach weg). Es ist dann | 
von vornherein „= 0 su set®en, und dies ist auch hinreichend dafür, daß die 
Lösung der Integrodifferentialgleichung (29) die Symmetrie bzgl. der Sygy- 
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gienachse hat. Die zweite Verzweigungsgleichung S — 0 ist dann identisch 
in p, x, & erfüllt; es muß also 3 den Parameter 7 als Faktor enthalten. 

Wir haben nur noch die Bedingung R= 0 für die Parameter p, x, É 
zu studieren. Da B® 0 ist, bestimant sich der Massenprozentsatz als 
Potenzreihe in x, £ 


(4) po fle, f) = bip: b=3m(m+1)/B0 0, 


Nun beachte man: die Potenzreihe £(+|£) in é zusammen mit der Potenz- 
reihe (52) «—x(£) und u=9 in den Ausdruck R eingesetzt, gibt eine 
Potenzreihe in é, die identisch ~erschwindet. Auf der Lösungsfäche “54) im 
Raum der Koordiyaten x, é, » liegen also jedenfalls die Punkte der parabelar- 
tigen Kurve (53) P(x,£) = 0 in der Ebene p= 0, ferner, wie man ebenso 
sieht, die Punkte der Geraden ¿=0, »—0. Auf jeder der beiden im 
Ursprung irreduziblen algebroicen Kurven muß also sicher f(x, é) = 0 sein. 
Daher gilt mit einer Potenzreike E(x, é) die Teilbarkeit * 


(55) Pu, é) =¿P-E = E(k — 3006? + +) B(x, é), E(0,0) = b 0. 


Der Purkt k = é= 0 ist ein Sattelpunkt der Lösungsfläche (54). Die 
Kurven p = const. auf der Lösungsfläche haben in der Nähe von x = é == 0 
` hyperbelartigen’ Charakter.*? 

Betrachtet man (etwa unter der Voraussetzung m = 1,2,: +) cie zum 
festen Wert x, < 0 gehörige “natürliche ” Lösungsschar X, (erster Sorte) 
sowie die zum festen Wert x,> 0 gehörige natürliche Lösungsschar 3, (zweiter 
Sorte mit:€ < 0)—natiirlich nur innerhalb des Quaders Q —, so karn man 
wohl sagen, daß jeder Lösung von 3, durch Gruppenfortsetzung auf der 
Lösungsfläche (also bei festem u > 0) eine Lösung von 2, entspricht. Analog 
sind die Verhältnisse für positiven Exzentrizitätsparameter é, dem bei p==0 
die Perihellánge w = vr pcia Nur sind jetzt beide xı, xz > 0, sie können 
also auch gleich sein. 

Auch die zum festen Wert r == 0 gehörige, nétiirliche Schar Z, existiert. 
Es ist dann 


(56) p= bbe qc, 
also ES 
(57) é= (— beu) + 


Diese vom kritischen Kreis ausgehende natürliche lineare Reihe 2, von 
1 Vgl. Osgood, Lehrbuch der Fuzktionentheorie IL, Leipzig- Berlin 1924, p. 87, 2. 
Zusatz. Die entsprechende algebraiscie Tatsache gründet auf „einem von meinem Vater 
bewiesenen Satz: O. Hölder, “ Zum Invariantenbegriff,” Math. Natur. Mitt. Wiirtt., Bd. 
1 (1884), S. 60-82. 
12 Vgl. Hadamard,*Cours d’an@lyze I, p. 367 f., Paris, 1927. 
s e 
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periodischen Lösungen entgeht der Betrachtungsweise von Martin, der p = «* 
schreibt und, loc. cit., p. 267, 

(58) f= 0 (°) = O (pt) 

voraussetzt, 


& 





10. Auf der Lösungsmannigfaltigkeit liegt, wie noch gezeigt werden soll, 
die vom kritischen Kreis K° ausgehende isoperiodische Schar (der Lösungen 
von der synodischen zeitlichen Periode Ty = 27m) in der Ebene p= 0, sie 
besteht also nur aus den Keplerellipsen vom Periodenquotient m.** 

Für die Lösungen der Integrodifferentialgleichung (29) ist die zeitliche 
Periode, durch (8) definiert, 


(9) TM STUHL + (1 + Or 


Setzen wir hier (54) zufolge p= bk- -> ein, so ergibt sich (auf der 
Lösungsfläche) ; R 
(60) T= Tí, £). 
Es geht nun , 

9% T , OT ĝu TN pa E 
(61) de Bk dn ax >(&), für K, é= 0, 
und es kann bei der an der Stelle u = k = é = 0 zu nehmenden Ableitung 
rechts vor der Differentiation u == &— 0 gesetzt werden, d.h. man berechnet 
den Limes längs der yon y abhängigen Lösungsschar p == == 0 von (29), 


12 Vgl. Wintner, loc. cit., 1, a) S. 49. . . 
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die offenbar die Schar der zu u == 0 gehörigen Keplerschen Kreise mit den 
Halbachsen a(1 + y) sein muß. In dieser Schar ist 


(62) T = Qa (a2 (1 + y) 7? — 1) =T,(1— A (a3? — 1) “y + ne .) 5% 
=TH1+ (ma Ly o) 
und : e 
(3) b= 3r (1 4 NAH y) = B+ A(t — ay Fo 
my too, 

also für x = 0 è y 
(64) = = 37T, (n + 1) ma-* = 6rméa”? 0. 
Da sich in (61) nunmehr der Limes rechts von Null verschieden ergeben hat, 
geht durch x =é= 0 genau ein linearer regulärer Zweig «—x(£) der Kurve 
T(x, é) == To hindurch. Dieser muß notwendig (52) k = $c% +--+, 4=0 
sein. 

11. Nur andeuten kann Eh die Rechnungen, die auszuführen wären, 
um in der Nachbarschaft des Koplerkreises K° der mittleren Bewegung 


(65) n=p/g, p,qeanz, (p,q) =1, p—gq> 0, 


dieser p—q==J mal syndosch durchlaufen, die (zur Syzygienachse sym- 
metrischen) periodischen Bahnen zu übersehen, die sich (mindestens) nach 
dem synodischen Umlauf 27) schließen. Es ist dann der Periodenquotient 


(66) m=q/(p—q) =q/7 ud m+i=p/J, ((p, 7) =1). 
Multiplizieren wir die Differentialgleichung (28) mit J? and setzen 


(67) 7/7 = 8, 
so kommt 
El 2 a y . YT — 
(68) rn. (b= J). 


Davon sind die im Intervall 053 2r periodischen Lösungen zu suchen. 
Das zugehörige Intervall 0 S r < 21] heißt das primitive Intervall. 

Was die Entwicklung der Lösung £ der zu (68) gehörigen Integro- 
_ differentialgleichung anlangt, so ändert sich, da ja die Differentialgleichung 
dieselbe geblieben ist, an dem konstanten Glied erster Ordnung gar nichts. 
Wir haben 


¿=2a?m*(m + 1) + Bu + Ecospd + y sin pS ++: - 
== 2a?m*(m + 1)x + En + Ecos (m 4+41)7 + y sin (m+1)7+:-* 
nach wie vor, wo jetgt > 
3 b > 


(69) 
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2m and Ñ 

¿rtf £ cos pá dè = (Ja) f £cos (m + 1)rdz, 
27 and 

af Leine = (Jn)* f ¿sin (m + 1)rdr 


und £ ein wieder nicht in Betracht kommender Koeffizient ist. 
Setzen wir von vornherein Symmetrie bezüglich der Syzygienachse, d. h. 
y = 0 voraus, so brauchen wir nur die eine Verzweigungsgleichung 


(70) 


(71) B= (a/m)%e f K cos p8 d8 — (a/m) r] f “acon E E A, 


zu betrachten. Darin berechnet sich der Koeffizient von xé în derselben Weise 
wie früher für J = 1, nur hat man zum Schluß das Integral 


21) 27 
(72) f cos? (m + 1)rdr =J È cos? pò dd = Jr. 
0 0 


Ein Glied mit u allein tritt in (71) für J > 1 nicht, auf. Der Koeffizient 
Boro = J?Bono Von p in Y läßt sich nämlich in eine Kosinusreihe nach 
t == Jè entwickeln; ein Vielfaches dieses Winkels kann aber niemals gleich 
dem Winkel p8 sein, mit dessen Kosinus Y in (71) zu falten ist. Denn daß 
ein Vielfaches NJ = p wird, ist bei der Teilerfremdheit von p und J nur für 
J == 1 möglich. Im ganzen bekommen wir für (71) 


(73) Res J*-6m(m+1)cKE ++ - -= é(6par +: : :) =0. 


Dazu muß man noch beachten, daß & = 0 gelten muß, sowie £=0 ist. Denn 
für é= 0 hat die zu 075 2rJ gehörige Integrodifferentialgleichung eine 
eindeutig bestimmte, in x, a reguläre analytische Lösungsschar. Diese muß 
man bekommen, wenn man von der zu 0 == 2r gehörigen. Integrodifferen- 
tialgleichung ausgeht; deren Lösungen sind jg, da der reguläre Fall vorliegt, 
ohne weiteres Lösungen der Lagrangeschen Gleichung für die Bahnkurven 
und haben als Kosinusreihen in + wieder wegen der Teilerfremdheit von p, J 
vermóge (70) den Parameter é= 0, genügen also der u 0 S r5 2a] 
gehörigen Integrodifferentialgleichung mit é = 0. 

Die Verzweigungsleichung (73) zeigt, daß die Mannigfaltigkeit der 
symmetrischen Lösungen zerfällt; auch bei festem » erhalten wir zwei Lösungs- 
gruppen, entsprechend Bahnen mit der synodischen Windungszahl 1 bezw. J. 

Weitere Rechnungen bedürfte die Bestätigung der Vermutung, daß die 
Zeitspanne JT, = 2rmJ = 2rq selbst als primitive synodische Periode von 
Bahnen mit p > 0 nicht vorkommt. 
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SYMBOLIC DYNAMICS. 


By Marston Morsa and Gustav A. HEDLUND. 





1. Introduction. In both its qualitative and quantitative aspects, modern 
theoretical dynamics is largely concerned with recurrence and transitivity. 
The qualitative study of dynamics owes. its inception to Hill ‘and Poincaré. 
Its development in the past three decades has been dominated by the work of 
Birkhoff, to whom belongs the principal credit for the. trend of modern 
research in dynamics. The quantitative (metrical) study of dynamical sys- 
tems is of more recent origin, but, with the establishment of the ergodic 
theorems of Birkhoff and von Neumann, its development has been rapid. 

The methods used in the study of recurrence and transitivity frequently 
combine classical differential analysis with a more abstract symbolic analysis. 
This involves a characterizatior of the ordinary dynamical trajectory by an 
unending sequence of symbols termed a symbolic trajectory such that the 
properties of recurrence and transitivity of the dynamical trajectory are re- 
flected in analogous properties ol its symbolic trajectory. For general research 
of this character one may refe? to papers by Hadamard, Birkhoff and the 
authors. . Papers which are special in that they refer to spaces of constant 
curvature, but which are significant by virtue of the symbolisms involved have 
been written by Artin, Koebe, Martin, Myrberg and Nielsen. ` Martin and 
Robbins have contributed: papers on purely symbolic aspects. 

In the general theory as developed up to the present, the dividing line 
between symbolic and differential methods has not been sharply defined. It is 
a first aim of the present paper to separate the symbolic aspects from the 
differential aspects and to develop the symbolic theory on its own account. 
In this way many interesting amd important dynamical questions can bz given 
an algebraic formulation quite apart from the elassical: ‘theories of differential 
equations. . 

A symbolic trajectory T' is Zormeg from symbols taken from a finite set 
of generating symbols subject tc rules of admissibility which are dependent 
on the underlying Poincaré fundamental group. The trajectory T taken with 
one of its symbols is called a symbolic element. Symbolic elements are ana- 
logues of line elements on an ordinary trajectory. A metric is assigned to the 
space of symbolic elements and this space turns out'to be perfect, compact, and 
totally disconnected. The necessery first theorems on symbolic recurrence and 
transitivity are then rapidly developed in a way suggestive of the differential 
treatment of Birkhoff. . 


. . 
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We come to the more novel developments of the paper. Recall that the 
recurrency index R(n) of T is a minimum number m such that each block 
of m successive symbols of 7’ contains every block of n successive symbols of T. 
If R(n) exists for each n, T is termed recurrent (cf. Morse [2], p. 94). In 
$ 7 we are concerned with conditions on R(n). A typical condition is that 
R(n) > 2n for every non-periodic recurrent T. Ing = 8 we make a special study 
of the Morse recurrent trajectory (Morse [2], p. 95) obtaining R(n) explicitly. 
This is the first and only known evaluation of R(n) for a non-periodic re- 
current trajectory. We give a definition of almost periodicity of symbolic 
trajectories somewhat similar to the ordinary defirition of Besicovitch ([1], 
p. 77) and show that the Morse trajectory is not almost Periodic. Most of 
the known recurrent trajectories are almost periodic. In § 9 we give general 
methods for deriving new recurrent trajectories from a given recurrent tra- 
jectory. For the Morse trajectory, R(n)/n is shown to have an inferior limit 
of 5.5 and a superior limit of 10. In $10 we define a recurrent trajectory 
for which the inferior limit of R(n)/n is finite while the superior limit is + co. 

We continue with a study of transitivity. An admissible symbolic sequence 
of the form d,dsd,:-- is termed a ray. We assign the Baire metric (cf. 
Hausdorff [1], p. 101) to the space of rays. * Let 0(n) be the minimum length 
of a block which contains a copy of each admissible n-block. A ray B which 
contains a copy of each admissible block is termed transitive. If R is transitive, 
let ¿(n) be the minimum length of an initial block of Æ which contains a copy 
of each admissible n-block. We generalize a theorem of Martin [1] and in- 
clude a hitherto unpublished theorem of R. Oldenburger on the impossibility 
that ¿(n) = 6(n) for two successive values of n (n >1). A typical general 
theorem states that the set of transitive rays for which 





o. pn) 
en Iln) = 
is a residual set of the second*category. 
Symbolic dynamics as the authors conceive it forms one of the three 
divisions . 
(1) representation theory, 
(2) symbolie dynamics, 
(3) existence of space forms, 


of the whole theory. The representation theory is concerned with the con- 
ditions on space forms undgr which trajectories admit a one-to-one symbolic 
representation in terms of which the recurrence or tr ansitivity of the trajectory 
can be determined. These conditions will ingolve the Poincaré fundamental 
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group of the space and different_al conditions such as that of uniform instability 
(cf. Morse [4], p. 64). In (E) one is concerned with the existence cf space 
forms satisfying the conditions disgovered in (1). The questions involved are 
rather deep extensions of the H.lbert, Koebe theory of spaces of negative curva- 
ture (cf. Hilbert [1], and Koeke [1]). A simple typical theorem is thet there 
exists no two-dimensional Riemarfnian manifold of the topological type of the 
torus satisfying the condition oí uniform zeodesic instability. The bearing of 
such studies on questions of topological and metric transitivity will b2 made 
clear in later papers. . 


2. Symbolic sequences. Having seen the significance of symóowlic se- 
quences we shall Now develop their theory on an independent basis. We start 
with a finite set of » distinct symbols term=d generating symbols. We suppose 
that » > 1. If a, represents a generating symbol, sequences of the form 


(2.1) o at, 
(2. 2’) Or Ory Arya toy 
(2.27) A A 
(2.8) (ras Arye” © * Orem, 


will be termed indexed sequences (written I-sequences). More particularly 
T-sequences of the forms (2.1), (2.2) and (2.3) will be termed I-trajecfories, 
I-rays, and I-blocks respectively. It will be convenient to term the gererating 

“symbol represented by a» the va-we of an. The I-blocks (2.3) will be said to 
have the length n and will frequently be termed n-blocks. 

Suppose A and B are J-sequences of symbols an and bm respectively. We l 
shall regard A and B as identical and writs A = B if and only if the ranges 
of the indices n and m are the same and a, and b„ have the same value. Let 
r be an integer, positive, negative or zero. Suppose that the ranges of n end m 
are such that symbols a, and $, correspond in a one-to-one manner w-th an 
corresponding to Dur. If then én and bn,- have the same value we shall say 
that A and B are similar and write A~ B. We shall also write 


Be=L,A,« A= DB. 
If r= 0, D,Á = A, but in general D,A is Cifferent from A when r 0. 

The class of I-sequences similar respectively to an I-trajectory, I-rey, or 
I-block will be termed a trajectory, ray, or block, and will be represent2d by 
the sequence of values involved without indices. För example if 1 anc 2 are. 
generating symbols, the unending sequence 


e 
121212» 
is a trajectory but mot an I-trafectory.. 
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Corresponding to an J-sequence A we shall refer to I-subblocks or I-subrays. 
We shall thereby mean subsets of consecutive symbols of A ‘indexed as’ in A 
with successive indices differing: by unity. Thus if A is of the form. 


4, 62 ds Qe, 


- dz is an /-subblock, but aa is not an I-subblock. 

In classical dynamics an element based on a 'mution T is a point P of T 
together with the direction tangent to T at P. The symbolie analogue of such 
an element is defined as follows. Let (a) bê an J-trajectory and a, the r-th 
symbol of (a). The /-trajectory (a) taken with a, will be termed an J-element 
based on (a) at ar, and will be denoted by E(r,a). We térm r the index of 
E(r,a) and a; the preferred symbol. Let E(s,b) be an /-element of index s 
based on an J-trajectory (b). We shall regard # (7, a) and Els, b) as identical 
and write . i 

E(r,a) = E (s, by 


if and only if (a) = (b) and r=s. We shall say that E(r, a) is similar to 
E(s,b) and write E(r,a) ~ H(s,b) if 


D(a) = Ds (b). 


- The class of J-elements similar to a given I-element E(r, a) will be termed a 
symbolic element E. Two symbolic elements are regarded as identical if the 
corresponding classes of J-elements are identical, We say that E is based on 
(a) and represented by F (r, a). . 

. We shall give an illustrative example. Let (a) be an I-trajectory in which 
a, equals 1 or 2 according as n is even or odd, and let (b) be an I-trajectory 
in which bas = an. Evidently l l 


E(0,a) 4E(0,b),  E(0,q) ~ E(1,b). 
More generally if n is A m is odd, 
_ E(n,a) —E(m,b) 
and these similar elements serve to define a arbol element E. There are 
just two different symbolic elements based on (a) or (b). 


"3. The space of symbolic elements. We shall assign a distance ME 
to any two symbolic elements F, Ez. To that end we say that an I-block of 
` the form . e - i 2 


Crom’ © *Cr* ` "Crım 
. y .. 
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is centered aè Cr. Let E, and E, be reprasented by indexed elements E (r, a) 
and E(s.b) respectively. If E,5£E,, let m be the length of the longest 
I-blocks of (a) and (b) which aze similar end centered ata, and bs respectively. 
We then set 


(3.1) | BE. = E(r, a)E (s, b) = Lim (md). 


In the special case where m = D we regard the distance (3.1) as infinite. If 
E, == Ea, the distance (3.1) is taken as zero. It is clear that the Cistance 
E,E, is independent of the particular I-e.ements E(r, e and E (s, b) chosen 
to represent E, and E, respectizely. 

The distances so defined setisfy the rsual metric axioms: 


(3.2) EE, =0 if and ony if E, = E, 
; (3. 3) EE, = E:E,, 
(3. 4) Ey EB, S E E, + BE, 


Relation (3. 4) follows from tke stronger relation 
(3. 5) BE, < max(E,E,, E,E,). 


In case any cune of. the distanc2s involved in (3.5) is 0 or œ, (3.8) holds 
trivially as is readily seen. Excepting these cases, let h, k, and m be the 
reciprocals of E,Ez, EıE, and EB; respectively.- Consider the case = m. 
Evidently then h = m so that kK = min(k,m). The latter relation yie-ds the 
condition 
1/h S max(t/s,1/m) ` 


from which (3.5) follows. The case n = k leads to the same result. 

Recall that a metric space X is compaet if each infinite sequence of points 
of M contains at least one subsequence which converges to a point of M. With 
this understood we shall prove fhe follewifg. 


x o 
THEcREM 3.1. The space M of cll eymbelic elements is compact. 


Let Fn be the n-th element int an arbitrary sequence of symbolic elements. 
Suppose E» is based on the J-trajectoty (c”). Without loss of generality we 
can suppose that the preferred symbol in (a”) has the index 0. We shall 


define a doubly infinite matrix of [-trajectories 
(3. 6) Ts; 2 (1]=1,2,:- >) 


as follows. Since there is at most a finite rumber of generating E there: 
exists an infinite subset of the symbols a : 


. ao% (n=1,2,* - >) 
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which have the same “ value” cp. Let the I-trajectories 71; be a subsequenca 
of the I-trajectories (a") in which a” has the value cp. Proceeding inductively 
we suppose that the first k — 1 rows of the matrix (3. 6) have been determined. 
The k-th row shall then be a subsequence Tr of the (k — 1)-st row such that 
the symbols of Tx; of index k—1 have a common: value 6x1, While the symbols 
of index 1 — k have a common value cix ° 

Let (c) be the I-trajectory 


* Ca Co C1 * ` , 


Then (c) has an J-block of length 2k — 1, with center at co, in common with 
Tur. Let €; be the element of index 0 based on Tin and let € be the elemert 
of index 0 based on (c). Then 

i. 

EE, S abi | | 
so that the elements Ex converge to €. eR the elements Es are a sub- 
. sequence of the given elements En, and the -proof of the theorem is complete. 
_A metric space is termed totally disconnected if its connected subsets all 
. reduce to points. Cf. Hausdorff [1], p. 152. Recall also that if C is a con- 
nected set and d is a distance assumed by a pair of points of C, there exists 
a pair of points of C' which assumes an arbitrary distance between 0 and d. 
In the case of the space M of symbolic elements, the distances take on only 
the discrete values 1/n, so that the space M is totally disconnected. 

Finally, the space M is perfect. We already know that. M is compact. To 
prove that M is perfect it is necessary to show that in every neighborhood of 
an indexed element #(0,a) there is an I-element E(0,b) not similar to 
E(0,a). To that end we take (b) so that it has a prescribed block A of (a) 
centered at ao in common with (q), but that all longer blocks of (a) with 
centers at a, differ from corresponding blocks*of (b). The element £(0, b) 
will not be similar to #(0, a) but will have an arbitrarily small distance from 
H(0,a) if the block A is sufficiently long. We accordingly have the fol- 
lowing theorem. e i 


THEOREM 3.2. The space of all symbolic elements is compact, perfect 
and totally dosconnented: | 


By cotas of a well known theorem in point set theory (cf. Hausdorff [1], 
p. 160), Theorem 3.2 has ms following corollary. 


COROLLARY. The space of all symbolic elements is the homeomorph of the 
Cantor, perfect, nowhere dense, linear set.  »' . 


SYMBOLIC DYNAMICS. 821 


4, The space of rays and the space of I-trajectories. Let R, ard Rz be 
rays with indexed representations of the form 


If R, 5€ Re, the rays R, and R. have common initial blocks of finite ra_ximum 
length m. With Baire (cf. Hausdorff, p. 101) we then set 


1 

l , = Ba = m+ı a 
If R, == Ro, we set #,R,-0. The distance so defined satisfies tl= usual 
metric axioms ineluding a stronger triangle relation similar to (3.5 . One 
readily sees that the space of rays is compact, perfect and totally disco-nected. 

This ‘distance function in the space of rays is similar to that previously. 
defined in the space of elemenss. We define a distance between I-tra@ctories 
which is based on an entirely Cifferent concept and is analogous to the Besico- 
vitch metric of the theory of almost periodic functions (cf. Besicovitch [1], 
p. 73). j l 

Let (a) and (b) be I-trajectories. Let | a; — b: | be 0 if as and b; have 
the same symbolic value, and i if this is not the case. We then set 


Se 1 2 
[a, b] = liw. sup. mF ¡2 | ag — b |. 





It is easily shown that this distance function satisfies the usual metric axioms 
with the exception that [a,b] .=0 does not imply (a) =(b). A simple 
example proving this last statement is obtained by letting all the syr_bols of 
(a) be 1, and all those of (b) te 1 with the exception of the symbol of index 0 
which shall be 2. 

IE (a) ~ (a) and (b) ~ (b), it, will not in general be trae that 
La”, b”] = [a, b], but correspoading to (a’) therg always exists a (0) ~ (b) 
such that the equality does hold. Recalling the notation of § 2, let .D,(a) 
denote the I-trajectory (a”) ir which is = ai Thus D,(a) ~ (a) Fur- 
thermore, if (a’) ~ (a), there exists an r such that D,(a), = (a). We shall 
establish the following lemma. 


Lemma 4.1. If (a) and (b) are two I-trajectories and r is intse ral, 


(4.1) [D-(a), D-(b)] = [a b} 
_ Since D-(D_+(a)) = (a), it is sufficient to prove (4. 1) under the essump- 
tion that r > 0. Denoting D,- b) by (b’) we have 
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la — S 1 4—»; | 


re Sm] 


id la— wit apy ele > ae 


nT 


Since 0 < | a; — b; | <-1, the last two terms approach 0 as n becomes infinite. 
Thus : 


lim. sup. mri 2 | di — b | = lim. sup. wT 2 | a; — bi |, 
. l 

which is the stated result. f 
Let T be a trajectory and let (a) be an I-trajectcry reprgsenting T. Given 

e >0, T will be said to admit the e-translation r if [D,(a),a] <e From 

(4. 1), this definition is independent of the IT- trajectory chosen to represent T. 

Any trajectory admits the e-translation 0, and this will be termed the trivial 

e-translation. 


As in the puss of almost periodic functions, a set of integers - a 
<m LT LT = - is termed relatively dense if theenumbers | Ti — Tics |, 
i=0,+1,:--, form a bounded set. We define’ the trajectory T as almost 


periodic if given e > 0, T admits a relatively dense set of e-translations. A 
periodic trajectory is evidently almost periodic.’ We shall presently define 
recurrent trajectories and shall use the notion of almost periodicity in the 
classification of such trajectories. Most of the known examples of recurrent 
trajectories turn out to be almost periodic, but the Morse recurrent trajectory 
of § 8 is not almost periodic, as we shall see. 

5. Restricted sequences. In the applications to dynamical theory the 
sequences admitted are not formed freely from the generating symbols, but 
are subject to certain limitations. The simplest of these restrictions may be 
called the restriction of inverses. Im this case the generating symbols form a 
set of the form e e 


TS `, ap hy", “Op”, (p > 1) 


in which as” is termed the inverse of a;. Jn this case a sequence is inadmissible 
if a symbol and its successor are inverses. In other cases a circular order C 
of the generating symbols may appear and an integer r, with the restriction 
that p-blocks in the order C with p > r are to be:excluded. Another type oí 
restriction prohibits succegsive blocks of certain definite forms. 

In general problems restrictions of, all of these types will appear. What 
these restrictions are in any pgoblem depends upon the underlying group theory 
and topology. A detailed study of these restrictions will appear in a later 

. ` e 


` 


. e 
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paper: In the present paper w= are fortunately able to abstract the essentials 
of these zonditions as follows. 

Certain blocks of the generating symbols will be distinguished and termed 
admissible. A ray or trajectory all of whose subblocks are admissible will be 
termed admissible as well as ny element based on an admissible trajectory. 
The conditions of admissibility orf.blocks are as follows. 


` (a). A block is admissibve if and only if all its subblocks are adrvissible. 

(8). Corresponding to ary admissible block A there exist at least two 
generating symbols e, dependert at most upon the last two symbols 07 A and 
such that Ae is admissible. £ similar condition holds replacing last by first 
and Ae by eA. 

(y). Corresponding to avy two admissible blocks A and B there pais 
at least one generating symbol e dependent at most upon the last two symbols 
of A and the first two symbols of B and such that AeB is admissible. . 

(8). There exist at least two generating symbols a and B such that all 

blocks formed from a and B atone are admissible. 


These conditions are satisfied when there are at least two generating 
symbols and their inverses and the only restriction is the restriction of _nverses: 
They are also satisfied by the well known Nielsen symbolism (ef. NisBen [2], 
pp 211-217) for surfaces of genus p > 1. Various symbolisms deve oped by 
the autkors satisfy these cond_tions, including one which replaces tre Nielsen 
symbolism to advantage. 

We state the following theorem. 


TEEOREM 5.1. The set of admissible elements form a compact. perfect, 
totally disconnected subset Q of the space M of all elements. 


That Q is compact may ke seen as follows. Let E, be a sequenze of ad- 
missible elements based respecsively on trajectoriest,. Let E be a limit element 
of the saquence En. Suppose that E is based oh the trajectory t. Esch block > 
in ¢ must appear in some trazectdry t, and accordingly be admissible- Hence 
.t and E are admissible, and & is compact. 

To show that Q is perfectlet E be an arbitrary admissible element Repre- 
sent E by an I-element E(0, 1). Let A be a (2n + 1)-block of (a) centered 
at do. By virtue of admissib lity condition (8), the block A can be extended 
to form an admissible /-trajeztory of the form š 


(5.1) * + “Ona A lnrrln2 6 > . 


where the symbols @ and ¢4,7,> n, can be successively chosen in two different 
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ways. Let E” be an element of index 0 based on (5.1). With the freedom 
of choice of the symbols e, and e; it appears that the elements E” include 
elements different from E. But these elements also include elements arbitrarily 
near E since A is arbitrarily long. 

The set Q is accordingly perfect” It is totally disconnected since the space 
M is totally disconnected, and the proof of fhe theorem is complete. 

A theorem similar to the above is true of the set of admissible rays, taking 
the metric of rays into account. Unless otherwise stated, the only trajectories 
and rays which will be used will be those which are admissible in the sense of 
this section. 


6. Limit trajectories and minimal trajectories. Let t be a trajectory 
represented by an /-trajeetory (a). If there exists-a positive integer r such that 


Aner == An (“=(0, +1, +2," . Jy 


£ will be said to have the period r. A trajectory of period r is determined by 
each of its r-blocks. There are accordingly at most cquntably infinite many 
distinet periodic trajectories. i 

Let 3 be an arbitrary set of admissible trajectories. A trajectory ¢ will 
be termed a limit trajectory of 3 if the elements based on trajectories of 3 
include among their limit elements at, least one element based on t. The set 
3 can consist of a single trajectory, for example of the trajectory ¢ given by 


(6.1) -+ -222022020220222 -. 


The trajectory: - - 222 - - - is a limit trajectoryiof the trajectory (6.1). 
‘A periodic trajectory has no limit trajectory because it bears at most a 
finite number of elements. Let ¢ be a non-periodie trajectory, and (a) an 
I-trajectory representing t. Any two I-elements with indices n and r respec- 
tively based on (a), with n >r, are dissimilar. ‘For a similarity relation 
between these two elements gvould imply that fa) had the period n — +, con- 
trary to hypothesis. "The elements based on ¢ with positive indices must then 
have at least one limit element, and we term such elements positive limit 
elements of i. Negative limit elements gare similarly defined. 
A trajectory can have more than one distinct'limit trajectory. Letting 


a” stand for a block a: - -a of length n we see that a trajectory of the form 
(6. 2) > + + Bta Papa Qt > - j 
has the trajectories - - ee --and> > - 88B- - - as limit trajectories. More 
generally let the set of, admissible blocks be enumerated in the form 

Ao Aa t a . 
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If generating symbols e, and bn are successively chosen in accordance with 
block condition (y) the trajectary 


(6. 3) AS ADA 1Aoe-AreoAa * SR 


will be admissible. It will have avery admissible trajectory as a limit trajectory. 
The elements based on the trajectory (6. 3) are everywhere dense in che set Q 
of admissible elements. Such a trajectory is termed transitive. 

In the remainder of this section we shall be concerned with a fundamental 
type of limit trajectories termec Minimal trajectories. The dynamical counter- 
part of such trajectories was frst introduced by Birkhoff [1]. Birkhoff also 
developed their géneral theory. In this connection the symbolic meshod was 
first used by Morse ([1], [2]) to establish the existence of non-periodic recur- 
rent motions. ‘Theorems 6.1 and 6.3 of his section and Theorem 7.2 of the 
following section are the abstra2t symbolic analogues of dynamical theorems of 
Birkhoff. The proofs presented here are independent of the theory of dif- 
ferential equations. 

Let s be an admissible etree and n an arbitrary positive integer. The 
number of different n-blocks ol s is finite. It will be denoted by P«(n) and 
termed the n-th permutation number of s. If ¢ is a limit trajectory of s, 


(6. 4) P,(n) 2 Fi(n). 


A trajectory s such that the equality ho!ds in (6.4) for every n and every 
limit trajectory t of s will be sermed mirimal. 

We understand that periodic trajectcries are minimal. They satisfy the 
above definition vacuously sinc2 they have no limit trajectories. We continue 
with a proof of the following theorem. 


THEOREM 6.1. Among the positive (or negative) limit trajectories of 
an admissible non-periodic trajectory T there is at Jeast one admissible minimal 
trajectory. . 


We shall give the proof for the case of positive limit trajectories. To that 
end we shall define certain symbols ihdudively as follows: 


H, = the set of positive limit trajectories of T. 
pı = the minimum of P¿11) for tin Ho. 
H, = the subse; of H, for which P+(1) = pi- 


py = the minimum of Piin) fof t im... 
H, == the subsei of Hy. fcr which P:(n) = pr. 
o e ` 
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The set Ho is not empty since T is non-periodic. Hence H» is not empty. 


Moreover f 
H.,DH,D Ha" “>. 


We continue with a proof of the folowing statemert. 
(a). The set H, is closed in the sense that it includes its limit trajectories. 


That Ho is closed follows from the definition of limit trajectories. Pro- 
ceeding inductively we shall assume that He, is closed and prove that Hy is 
closed. In case the set H, has no limit trajectories, Hn is certainly closed. 
Suppose then that H, has a limit trajectory t. To show thad + is in Hp, recall 
that Hn-ı > Hn and that ¢ is accordingly a limit trajectory of Hp... Since 
Hy. is assumed to be closed ¢ is in Hn. By virtue of the definition of pn, 


(6.5) 007 Pin) = mm 


On the other hand, ¢ is a limit trajectory of trajectories of Hn», and the n-th 
permutation numbers of trajectories of H, equal pn. Hence 


(6.6) >. Pon) S pa. 


Hence the equality prevails in (6.5) and (6. 6), and tisin H». Thus Hy is 
closed. 

The sets Hn form a decreasing sequence of closed sets. It follows from 
the compactness of the space of admissible elements that the intersection H 
of the sets Hn is closed and non-void. Let s be a trajectory of H. If sis 
periodic, s is minimal and the proof is complete. If s is not periodic, let ¢ be 
a limit trajectory of s. Since t and s are both in H» for every n, t and s have 
the same n-th permutation number for every n. Hence s is minimal, and the 


proof is complete. e 


THEOREM 6.2. Ifs isa quinimal trajectory and t a limit trajectory of s, 
then t is a minimal trajectory and s a limit trajectory of t. 


Every n-block of s is in f since s is minimal, so zhat s is a limit trajectory 
of t. To show that ¢ is minimal, let r be one of its limit trajectories. Then 
r is also a limit trajectory of s. Since s is minimal, the n-th permutation 
numbers of ¢ and r equal that of s, and so equal each other. Hence í is minimal, 
and the proof is complete. 

The set of limit trajectories of a trajectory ¢ will be termed the derived 
set of t. If sis a non-period%k minimal trajectory, each member of its derived 
set S has s as a limit trajectory, and hence has the same, derived set. That 
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_ this property is characteristic »f non-periodic minimal trajectories is implied 
by the following theorem. 


é 
THEOREM 6.3. A set S 2f trajectories which is the derived set of each 
of its members consists of nor-periodic minimal trajectories. 


Since the derived set of e periodic trajectory is a no trajectory of 
the set S can be periodic. 
If sis a trajectory of S ard t is a limit trajectory of s, 
9 


(6.7) 7 P,(n) > Pı(n). 


But ¢ is in § and thus s is a limit trajectory of t, so that the equality sign 
must hold in (6.7%). Hence s is minimal and the proof is complete. 

The elements based on trejectories of S form a compact, perfect, totally 
disconnected set H. This is behind an earlier result of Morse that there exist 
discontinuous recurrent motions. Cf. Morse [2], p. 99. The set H is the 
homeomorph of the Cantor, perfect, nowhere dense, linear set. In particular 
H has the power N of the continuum. Since there is at most a countable 
infinity N, of elements based om each trajectory of S we can conclude that the 
trajectories of 8 have a power 3 such that Noa = N. But Noa = a (cf. Haus- 
dorff, pp. 30-31) so thata =— N. The set S thus has the power of the continuum. 

We shall refer to the following definition. A set of trajectories which is | 
the derived set of each of its members or which reduces to a single periodic 
trajectory is termed a minima: set of trajectories. 


7. Recurrent trajectories. Let h.be an admissible sequence, finite or 
infinite, and n a positive integer. A least integer m (if any exists) such that 
each m-block of h contains ever7 n-block of h will be called the n-th recurrency 
index Ra(n) of h. If his a rey or a trajectory and Rı(n) exists for each n, 
h will be termed recurrent and R,(n) the recurrgncy function of h. 

We begin with the following theorem. ® ` 


THEOREM 7.1. If s ts a -ecurrent trajectory and t is a limit trajectory 
of s, then t is recurrent and s ix a limit trajectory of t. Moreover- 


2.(n) = R(n). 


Bach block of t appears in s.since ¢ is a limit „trajectory of s. .Let 4 be 
an arbitrary n-block of s. A copy of A is found in each block of s cf length 
R,(n), and hence in each block >f ¢ of length Rs (e). Hence Rı(n) exists with 
(1D : = 2: (n) E R(n). 


. . è ` 


828 MARSTON MORSE AND GUSTAV A. H3DLUND. 


Since each block A of s appears in £, s is a limit trajectory of t. The rôles _ 
of s and t can then be interchanged so that the equality prevails in (7.1). 
The proof of the theorem is complete. . 

The following theorem is the symbolic PON of a theorem of Birkhoff. 
Ci. Birkhoff [2], p. 199. 


THEOREM 7.2. A necessary and sufficient condition that a trajectory s 
be recurrent is that it be minimal. 


We begin by assuming that s is minimél but not recurrent, and seek a 
contradiction. If s is not recurrent, there exists a block U of s with the | 
following property. There exists a sequence An of blocks of s whose lengths 
become infinite with n and which do not contain U. Without.loss of generality 
we can suppose that the length of An is odd. Let En then be the element based 
on s with preferred symbol at the center of An. .Sinze the space of admissible 
elements is compact there exists'a subsequence of the elements E, which con- 
verges to an admissible element F. Let ¢ be the trajectory on which E is based. 
It is clear that ¢ does not contain the block U. Hence ts. It follows that 
t is a limit trajectory of s. Since s is minimal, t and s must then contain the 
same blocks. From this contradiction we infer that s is recurrent. 

It remains to show that s is minimal if recurrent. If s is periodic, s is 
minimal. Assume then that s is not periodic and let S be the derived set of s. 
` It follows from Theorem 7.1 that S is the derived set of each of its members. 
We conclude from Theorem 6. 3 that s is minimal, and the proof is complete. 

It is natural to ask what limitations on recurrency indices R(n) and 
permutation indices P(n) are imposed by conditions of periodicity or recur- 
rency. We give a partial answer in the following lemmas and theorems. 


Lemma 7.1. If P(n) is the number of different n-blocks in a tr ajeclory 


t, P(n+1) È P(n). R e 
Let the different n-blocks*in ¢ be enumerated in the form | 
(1.2) Bi "7 [ie 12° + +, P(n)], 


2 
and let e; be the successor of B; in some position in £. The (n + 1) -blocks 
Bye; are all different, and the lemma follows immediately. 
If (a) is an indexed trajectory, a block B of (a) whose first and last 
symbols are a, and dm will be denoted by [r, m]. We shall term r the first 
index of B and m the final index of B. 


THEOREM 7.3. Atr ajector yt for which P(m + 1) =P(m) for some m 
has a period w S P (m). . . 


SYMBOLIC DYNAMICS. 829 


Let (a) be an indexed representation of t. There are P(m) dissimilar 
m-blocks B; in (a). The elemants immeciately following copies of E, in (a) 
must always be the same. Otherwise there would be at least P(m) +1 dis- 
similar (m + 1)-blocks. Simiarly the elements immediately preceding copies 
of B; must always be the same 

Consider the blocks B = [i $ 1,7+m]. Since there are just P(m) 
dissimilar m-blocks, for some i there must exist a similarity relation of tLe form 


(7.3) [P+ Lim] HH itm o], 


in which 0 < oS P(m). We shall show that (a) has a period œ. Wə begin 
with an inductive ‘proof of the relations, 


(7. 4) Gisr = Miri (r ze 1, 2, 2 ‘) 5 


That (7. 4) holds for 7=1,2,- : + ,m follows from (7.3). Assuming 
that (7. 4) holds for r= 1,2,- >- n =n, we shall prove that (7. 4 holds 
for r==n +1. The w-blocks with final indices «+ n and 1 + n -+ w respec- 
tively are similar by virtue of cur inductive hypothesis. It then follers from 
the principle stated in the first paragrapk of this proof that (7.4) hclds for 
r==0pg +1. 

It follows similarly that aur = luru for r£ 0. We thereby meke use 
of the fact that two similar m->locks mus: be preceded by symbols wita equal 
values. One starts with the similarity relazion (7. 3). and proceeds inductively. 
We conclude that (a) has the period w, and the proof is complete. 


COROLLARY. For a non-periodic trajzctory P(m + 1) > P(m) fr each 
m> 0. 


There exist trajectories for which F(n + 1) =P(n) +1, so that the 
relation P(n +1) > P(n) of,the corollary is in a sense the best possible. 
An example of a recurrent trajectory for which Pin +1) =P(n) —1 for 
each n > 0 will be given in a leter paper. 


Lemma 7.2. If tis a trajectory which involves p generating symbols and 
has no period less than w, then 


(7.5) Pin) =n+p4—1 
for all values n for which P(n: < w. : 

Relation (7. 5) is clearly tzue when n = 1. From the preceding theorem 
P(m +1) > P(m) for each m for which P(m) Z o. Relation (7. 5) Zollows 
inductively. 7 s 


4 « . 
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THEOREM 7.4. If t is-a non-periodic trajectory Eveline R genera? 
symbols, 


P(n) Zn ta —1.: 


Lemma 7.3. If tisa recurrént trajectory ‘with no period less than w, 


then . 
(7.6) Be) = Pte) tmz Inte 
for N n such that P(n) < o. a 


Suppose that P(n) <w and set R(n) =m: Since t is recurrent, each 
m-block B contains each of the P(n) n-blocks of t. Hence 


(1.7) = moP(n) Hal 


We shall exclude the equality in (7. 7). 

. Suppose B has the form [r +1,r-+ m] in añ indexed eek (a) 
of t Suppose m = P(n) + n—1. Then no two n-blocks of B are similar. 
In particular the initial n-block A of B does not appear twice in B. But 
R(n) = m so that A appears in the I-block [r +: 2,7 + m -+ 1], and since A 
appears but once in B, A appears with final index r + m + 1. Since A appears 
with final index r+n as well, Gren = arım for'arbitrary r. Hence ¢ has a 
a f 


m—n+1=[P(n) + n— 1] —n +1 = P(n) <v. 


This is contrary to the hypothesis that ¢ has no period less than w. Hence 
m > P(n) +n—1, and (7. 6) follows with the aid of (7.5). 
“ Lemma 7. 3 and Theorem 7. 4 yield the following theorem. 


THEOREM 7.5. If tis a noy-periodic recurrent trajectory involving y 
generating symbols, e Sai 


(7.8) R(n) ='P(n) +n Zn + pI, 


where R(n) and P(n) are respectively the recurrency and permutation in- 
dices of t. 


It will be convenient to set P(0) = 0 for each trajectory t. 


THEOREM 7.6. If a trajectory t involves u genes rating symbols and has 
a minimum DAA b ë l 


(7.9) Barthel. | (n= 1,85). 
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Moreover there exists a largest ivteger m such that P(m) < u. For suce an m, 
(7.10) Rin) È npa d - (n=1,2,:::,MÉo—u), 
(7.11) R(n) = posi ©. (n=m+1,m+2,: + ). 


Relation (7.9) is immed:ate. To establish ‘the existence of a largest 
integer m-such that P(m) < », observe that each integer n > 0 for which 
P(n) < w satisfies the relations 


n+ a—1S R(n) Erst; 


by virtue of (?. 6, ind (7.9). It ‘follows that. m exists and is at most -w — po 
Relation (7. 10) follows from “7. 6). : 
To establish (7. 11) let n >e any integer > m. Then P(n) Z« and 


(7.12) > R(n) SP) Hn—1Z20+n—1 


Relation (7.11) follows from "7.12) and (7.9). . 

Let (a) be an arbitrary [-rajectory. Let n be a positive integer, and let 
m be an integer, positive, negazive or zero. For n and m fixed, let H m) be 
the minimum length of those blocks of (a) with initial index m whick -ontain 
copies of all n-blocks of (a). H no such block with initial index m exsts, let 
'H(m) =+ 00. If, as m ranges over all integers, the set H(m) is bcunded, 
it is clear that the n-th recurrency index R(n) of (a) exists and 


(7.13) R) = max. H (m). 


Let r be any integer such tha: H(r +1) assumes the maximum of H{m). 
The R(n)-block [r + 1, r + Rn) ] will then be termed a minimax n-covering 
in (a) or in the trajectory ¢ represented by (a). The length of a minimax 
n-covering B in t is R(n) and fhe final n-Block in B does not otherwise appear 
in B. These two properties are characteristic proVided R(n) exists. 

We are led to the following theorem. 


THEOREM 7.7. If tisa trajectory for which R(n-+1) and R(n- exist, 
R(n+1) >R(n). 


To prove the theorem let B be. a minimax n-covering in t. Let A be the 
final n-block in B and e the symbol following A. The (n -+ 1)-block le does 
not appear in B since A has ro ds appearance in B. Hence R(2 +1) 
> k(n), as stated. 

It may happen that R(n + 1) = Ein) + 1 for- nhntely many values 
of n as the recurrent trajectory of the following section shows. 


832 MARSTON MORSE AND GUSTAV A. HEDLUND. 


8. The Morse recurrent trajectory. In this section we shall recall the 
definition of the non-periodie I-trajectory T first defined by Morse [2], p. 95, 
and shall give the explicit values of the “corresponding recurrency function, 
denoting this function by p(n). 4 

Recall that the symbols « and 8 can,be combined in any way to form 
admissible blocks. We here take « and 8 as 1 and 2 respectively. Set 


ly = 1, bo E 2, 
(8. 0) a, = lobo, 8, = bot, 
Ons == Gndn, Dans = By An, s 


understanding that the blocks a,b, and buan are to be expanded as blocks of 
Ps and 2’s of length 2"*, The I-trajectory T shall have the representation 


(8. 1) " ' * C 20.100102" * "+ 
In T we set ; . 
(8. 2) Coli" * * Ca, == An. 


Note that (8. 2) is consistent for all n, since am is an initial subblock of a, for 
m< n., The symbols c; are thereby defined for 1>0. To complete the 
definition of (8.1) we set 


(8. 3) Cor = Cros (r > 0). 
The subray 
(8. 4) R= Cotice: * > 


of T thus starts as follows: 
(8. 5) 1221 2112 2112 1221 2112 1221 1221 2112---. 


Corresponding to an arbitrary block A, the block which consists of the 
symbols of A in inverse order will be denoted by A”. We note that 
o 


(8. 6’) On = Un”, ba == Da ty (n even) 
(8. 6”) On = dy”, bn =n, (n odd). 


Relations (8. 6) are clearly true when n = 0, and their truth in general follows 
inductively from the relations _ 


Ong = (mbm) = Dm tan, 
bma = (Omam) A = ay byt. 


® A 
From (8.6) we infer that the 2"-block of (8.1) whose final index is —1 is 
ant == a, when n is even and ant = b„ when # is odd. eThus the 27*-block 
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whose initial index is — 2” is and, when n is even and bed, when n :s odd. 
Each block of T appears in such a 2%*-block for n sufficiently large. Since 


lny = db * > 


each block of T appears in the subray R of (8.4). The recurrency ndices ` 
of T (if they exist) are thus completely determined by this subray. 

Let A be an arbitrary block of 1’s and 2s. The block obtained fom A 
by replacing 1 by 2 and 2 by- 1 will be denoted by A’. An easy inductiv- proof 
shows that a 
(8. N) f On = Dn, Bn = Un» 


The trajectortes T’ and Tn. Tal T’ be a trajectory with an indexed repre- 
sentation (e) in which e, = c; for i= 0, and for i < 0 equals 1 or 2 according 
as c; is 2 or 1 respectively. The 2*-block of T whose final index is —1 is 
ün or bn according as n, is even or odd. The corresponding 2*-block @ 7” is 
then d'n = bn or b’n = an according as n is even or odd. We infer th_t each 
block of T” has a copy in the subray Æ of (8.4). The recurrency indice of T” 
(if they exist) are then completely determined by R. Since this is also true 
of T we have proved the following lemma. 


Lemma 8.1. The recurrency indices of T and T’, if they exist, arz equal 
and are uniquely determined by the ray R in (8.4). 


We :ntroduce a trajectory Tn, n = 0, whose generating symbols are an 
and bn, and which is obtained from T or 7” according as n is even or add, by 
replacing 1 by a, and 2 by bn. It follows from the relations (8.0), (8.3) and 
(8.6) that an expansion of the symbols a, and bn in Tp into blocks of 1’s 
and 2s will yield T. Unless otherwise stated Ta shall be lia as a 
trajectory in the symbols an and bn unexpanded as blocks of 1’s and 2 For 
example anb, will be regarded as a 2- block of Tn, or, if we choose, as a ane 
. block of T, . 

_ We shall make use of the following propextics of the ray R of (3.4). 


_ (a). There are no more thah two successive 1% or Xs in R. 
(b). Hach 5-block of R contains the blocks 12 and 21. 
(c). Each 5-block of R contains either the block 11 or else the bock 22. 


To establish (a) we note that each 3-block of R will be found im one of 
the expanded 2-blocks of T,; that is, in one of the blocks 


ab, = 1221,. aa, = 1212, 
ba, = 2112, bib, = == Marl, e- 


and no more than ‘avo successive 1’s or 2’s appear in these blocks. 
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To verify (b) observe that a 5-block B which did not contain 12 would 
contain 21 in its first 3-block by virtue of (a). Its final 3-block would then 
be 111 contrary to (a). We infer that B, contains 12, and similarly 21. 

To prove (c) we infer from (a) that there car be no more than two con- 
secutive ars or bs in T,. In particular R cannot contain the block 12121 
since R would then contain the block PARA or bababa according as 12121 
possessed an even or odd first index. Similarly R contains no block 21212, 

“and (c) follows directly. ` 

Statements (a), (b) and (c) are true if R is replaced by T or 7” since 
each block in T or T’ appears in the subray R. ` 

We continue with the following lemma. e 


Lema 8.2, The recurrency index p(n) of the trajectory T has the values 
p(1) =3, p(2) = 9, p(3) = 11. 


That p(1) = 3 follows from (a). We continue by showing that p(2) S 9. 
To that end consider a 5-block B of T,. The block Bewill contain the blocks 


(8.8) abı = 1221, ba, = 2112, 
by virtue of (b) and either 
(8. 9) i 0101 == 1212 or bib, = = 2121, 


by virtue of (c). The only 2-blocks in r: are 12, 21, 11 and 22. If By denotes 

the block B expanded in terms of 1’s and 2’s, we see that each 2-block of T 

appears in By interior to By. Thus the end symbols of By can be deleted and 

the resulting block B’, contains all 2-blocks of T. But any 9-block of 7 will 
contain some block of the nature of B’, so that p(2) S9. 

= That p(2) is not less than 9 follows upon ‘considering the 9-block of T 

with initial index 10. Thig block has the fortn 


121221211, 


and will contain no block 11, if the final 1 is removed. Thus p(2) = 9. 
To show that p(3) = 11, recall that there are no more than two successive 
1’s or 2’s in T so that the only 3-blocks are 


(8.10) ~ 112, 122, 121, 211, 221, 212. 


Consider the block By of the preceding proof. It contains the blocks (8. 8) 
and at least one of thé blocks (8.9). It follows that B, contains each 3-block 
(8.10). But any 11-block of T will contain a Bo, so that p(3) S 11. 
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That (3) = = 11 follows upon iiig that the 11-block of T witk initial 
index 3 has the form 
12112 2112 12, 


and that removal of the final symbol from this block leaves no subblock of the 
form 212. Hence p(3) = 11, ang the proof of the lemma is complete 
Let 7”, be the trajectory obtained from T” by. grouping the symbos of 7” 
into 2-blocks with even first indices, regarding 7’, as generated by the blocks 
a1, by. It is readily seen that 7”, is formed from the blocks a,, bı exacty as T 
is formec from the symbols 1 and 2 respectively. We shall make use-of this’ 
fact in proving the following lemma. 
e 


Lemma 8.3. No two r-blocks of T(T’) for which r= 4 are equa unless 
their first indices are equal mod 2. l 


1 

It is sufficient to prove the lemma for the case r == 4. To that end >bserve 
that each 4-block of T(T”) as it stands is in some 6-block A of T(7”) with 
even first index. LeteA, be the 3-block of T,(T”,) determined by A. Since 
p(3) = 11, each 3-block of T,(T”,) appears in the 11-block of T,(T” ) with 
` first index 0. The lemma follows upon verifying its truth for the &-block 
of T with first index 0. For each 4-block of T appears in this 22-block with a 
first index which is unchanged mod 2. 

The following lemma is useful. 


Lemma 8.4: If p(m+1) exists and m= 2, 
p(2m) = 2p(m + 1) —1. 


We need only to show that each block B of T of length 2p(m +1) —1 
contains a copy of each 2m-block æ of T. We distinguish two cases. 


Case 1. The first index of x is even. Herezz determines. an m-Lock of 
T, and sə appears in each expanded p(m)-blogk of Tı. Hence v appears in 
each [%p{m) + 1]-block of T. Thus p(2m) exists and 


2p(m) 1 = p(2m).” 
But a f en 
i p(m +1) = p(m) +1, 
in accordance with Theorem 7.7. Hence oe 
2p(m + 1) —12 eM + hee soa 


This completes t the pane in Case 1. 


836 MARSTON MORSE AND GUSTAV A. HEDLUND. 


Case 2. The first index of x is odd. Let c’ and c” be respectively the 
elements of T which precede and follow the above block B. If B has an odd 
first index, c’B has an even first index and a length 2p(m +1) and so contains 
a copy of each (m + 1) -block of T}. Hence c'B must contain a copy y of =. 
But the index of y is odd in accordance with Lemma &. 3, so that y does not 
include c’. Hence x appears in B. If B has an even first index, Be’ contains 
a copy y of x. But the index of c” is odd, while the final index of œ is even. 
Hence y does not include g” and lies in B. 

The proof of the lemma is complete. è . 

Since p(3) exists it follows from the lemma that o(4) exists, then p(6), 
p(10), etc. But if p(t) exists, p(m) è exists for. m <n. „We conclude that 
p(n) exists for all n. 

We come to a principal theorem. 


THEOREM 8.1. For m= 2 the recurrency function p(m) of T satisfies 
the relations 


(8. 11) p(2m) =2p(m + 1) —1, ° 
(8. 12) | p(2m +1) =2p(m + 1). 


Proof of (8.11). It will be sufficient to show that the equality prevails 
in Lemma 8.4. To that end let g be a minimax (m --1)-covering in T, as 
defined in $7. The length of g is p(m + 1), and the final (m + 1)-block 
of g appears only once in g. Let x be an arbitrary 2m-block of T of odd first 
index, and let y be an (m + 1)-block of T, which when expanded contains x. 
When m= 2, x appears only as an interior block of the expanded y in ac- 
cordance -with Lemma 8.3. Since a 2-block of 7 of even index is uniquely 
determined by either of its symbols we see that y is uniquely determined by x. 
It thus requires copies of all (m + d)-blocks of T, to cover all 2m-blocks of T 
of odd index. In particulawit will require a Copy cf the final (m + 1)-block 
of g. As a block of T, g can*then be shortened on the right by at most one 
symbol and, when expanded, still cover ad 2m-bloeks of T. The equality 
accordingly holds in Lemma 8.4, and the proof of (8.11) is complete. 


Proof of (8.12). Recall that p(2m + 1) exceeds p(2m). It follows then 
from (8.11) that l 
(8. 13) p(2m + 1) = 2p(m + 1). 


It remains to show that the equality prevails in'(§.18). To that end let B 
be a 2p(m + mock of T, and let c’ and c” > nl the symbols pre- 


a . 
o 1 
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ceding and following B. Let x be an arbitrary (2m + 1)-block. of T. We 
distinguish between several cases., 


Case 1. The index of æ is “Sven, that of x odd. 
Case 2. The index of c is even, tpat of x even. 
Case 3. The index of c’ is, odd. 


Case 1. The block z appears in some expanded (m + 1)-block of T,. 
Hence x has a copy y in c'B, for the first 2p(m + 1) -block of c’B determines 
- a p(m + 1)-block of T,. But the index of y is odd so that y does nct include 
c' and thus lies in B. 


Case 2. Here c” has an odd index and the last 2p(m + 1)-block of Be” 
determines a p(m + 1)-block of T,. Hence x has a copy y in Be”. But the 
final ind=x of y is even sò that y lies in B. 


Case 3. In this case B determines a p(m + 1)-block of T,, hance con- 
tains a copy of each (m + 1)-block of T,, and accordingly a copy of =. 


Thus a copy of 7 appears in B in all cases. The equality accordingly 
prevails in (8.13), and the proof of (8.12) is complete. 

With the aid of the preceding theorem we can derive a general formula 
for p(n) when n = 3. To that end we first show that integers n= 3 can be 
represented in the form l 


(8. 14) © n=% +p, (p— 2,8, > -,3 +1), 


where r= 0 and r and p are uniquely determined by n. The smallest and 
largest values of n given by (8.14) for a fixed r are respectively 


gr + 2, art + 1, 


and when r is replaced by r +, 1 the smaflest value of n is 


; e 

are tg, © 
Thus as r ranges over the values 0, 1, 2, -+ and p over the corresponding 
values listed in (8.14), n takes on®each of the integers 3,4,-- once and 


only once. We continue with the proof of the following theorem. 


THEOREM 8.2. For values of n of the form (8.14) the recurrency func- 
tion p(n) of T has the value . 


(8.15) ` | p(n) = 10-2" + p1. 
When r = 0 in (8. 14) g=2 and n = 3. We have seen that p3) = 11, 
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so that (8.15) holds when n = 3. When r=1, we see that p=2 and 3 
while n=4 and 5 respectively in (8.14). Relation (8.15) affirms that 
p(4) = 21 and p(5) = 22, and these valueg are correct as follows from (8. 11) 
and (8.12) respectively upon setting m = 2. We proceed inductively assuming 
that (8.15) holds for a fixed r and the related values of p, and seek to prove 


that . 

(8.16) pla) =10-2r 4 q —1 

where E 

(8. 17) p=2*+q u (g—=2,° a ‚gr 41). 


We distinguish between the cases where q is even and q is odd. 


Case 1. q even. Here q has the form 2s and 


p= 2(2rts). 
Upon setting m — 2" + s in (8.11) we find that 
(8. 18) plu) = 2p(2-+s+1)—1. , | 
Upon referring to (8.17) we see that s -+ 1 ranges over the values 
(8. 19) 2,3, 241. 


When n=2" +- s + 1, p =s + 1 in (8. 14) and the range (8. 19) is also the 
range prescribed in (8.14). We can accordingly use our inductive hypothesis 
to infer that 

(8.20) p(2 +s+ 1) 1097 + p—1 = 10:2 + s. 


Upon returning to (8.18) we conclude that 
pla) = 2 (10:2 +8) —1 = 10- 2 4 g — 1. 
Relation (8.16) thus holds when q js even. 
Case 2. q odd. Let q'ind y be values of q and y given by (8.17) with 


q odd. Corresponding to q and u there exists a pair of even integers qi, pa 
again satisfying (8.17) with a, — 2m and ° 
e 
g=n+i, „em+ı 

Upon using the result established under Case 1, 

p(m) =p(2m) = 10-2 + q, —1. 
But l 

, p(@m-+ 1) =p(2m) +1 
by virtue of (8.11) and (8.12), so that in Case 2 
e 
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pelu) == 10-29 4 q, = 10-277 + q—1 


Thus (8.16) holds in Case 2, and the proof of the theorem is complet. 

This explicit determination of p(n) is the first such determinaticn for a 
non-periodic, recurrent trajectory. š 

The manner in which p(n) yaries with n is illustrated by the fcllowing 
table: 

n=1,2, 3, 4, 5, 6, 7, 8, 9, 10, 11,12 18, 14, 15, 16, 77, 18, 

p(n) = 3, 9, 11, 21, 22, 41, 42, 43, 44, 81, 82, 83 84, 85, 86, 87, 28, 161, 
where the groups underlined are related in an obvious manner. For a given r 
in (8.14) the smallest and largest values of p(n) sre respectively 





10-27 +1, 11-2", 
We see that for a fixed r, ae 
10:2 +1 p(n) _10-P+p—1, 11-2 


D>- ee Ze C 


We are thus led to the following theorem. 


THEOREM 8. 3. If p(n) is the recurrency function of T, 


(8. 21) ~ lim. inf. pm ; lim. sup. am) = 10, 
n0 n 2 n00 a 
and 10 and 11/2 are the limits respectively of p(n) n for sequences o” values 
of n given by 
n=Y +2 m= ett (r=0,L ->). 


If e is a prescribed positive constant and r is a sufficiently large positive 
integer, the ratios l 
p(n) _ 10:27 4+p—1 Zuge 
re AA 
assume values within e of each*value & between tLe limits (8.21). There 
accordingly exists a subsequence of yalues of n for vhich 





For all values of n, p(n) < 10n, while for each posit.ve e and sufficiently large 
values of n, 2p(n) > (11—e)n. l 
That the trajectory T is not periodic follotvs gm Theorem 7. € 
In 3 4 a trajectory has been defined as almos: periodic if it admits a 
e . 
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relatively dense set of e-translations for any positive < We show that a recur- 
rent trajectory is not necessarily almost periodic by proving that the Morse 
recurrent trajectory admits only the trivial e-translation if e < 1/4. To that 
end we first prove two lemmas. 


Lemma 8.5. If + + 81890, * * “is a sequence of the numbers 0 or 1, and 
p and x are integers, x > 0, then : 
is Km 
lim. sup. py 3 9 = lin sup. y ar ae — lim. eup. gop FT de 
The first equality follows at once from the relationship 


: 1 z poo 
Ms wei ar” 


As to the second, let n == xm +- r, 0 = r<x. Then 





n -Km-L ” KMAY 


zm we Te re +i! dan 2 


where the last two sums are not present if r=-0. Hach of these last two sums 
approaches 0 as n becomes infinite. It follows that 


wim 


lim. sup. 5 Sept Ad lim: sup. 3, [1 +1 = & 


n>00 dm 


: 2xm +1 1 Em na 
== use an ae i 2xm + 1 Zn Hi dl Rem + 1 KM > 1 Zu i 
The proof of the lemma is complete. 

We recall that Ta is the trajectory with generating symbols a, and bn 
obtained from T or T’, according as n is even or odd, by replacing 1 by a, and 
2 by bn and that an expansion of the symbols a, ard 6, in Ta into blocks of 
Ts and 2’s will yield T. . ` 


e 
Lemma 8.6. If r= 22%, f= V, and (c) and (4) are I-trajectories repre- 
senting T and Ty, respectively, 


[D (c), (c)] =€Da(4), (d)]. 


It follows from Lemma 4. 1 that the value of [D-(e), (c)] is independent 
of the particular indexed representation (c) of T which we use. We shall find 
it convenient to take (c) as the J-trajectory (8.1). Then D,(c) is an F- 
trajectory (c’) in which en Similarly we can suppose that in (d), 
d; in expanded form is given, by 


di = Ci? | * Ceia- 
. 
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for (d) is then an indexed representation of Tp. Since r= 2?q, DP'g_d) has 
the form (d’) -where d’; es dig = Cio®p* * * Ccin1y2®-—1, In expanded fam. 
Since d; and d’; are either ar or bp, it follows from (8.7) that n their 
expanded form, d; and d’, are either identical, or »ne is obtained fom the 
other by replacing 1 by 2 and 2 by 1. If we set 
(441) 2Y-1 

(i—i) = 2, | oy — c; |, 
it follows that a dl 

{U1 — di} = 2 | d'i — di | 


With the aid of Lemma 8. 5, we then see that 


[Dr(e), (c)] = lim.: sup. m1 > | di — c: | 


5 
= lim. sup. ==> Ci — ce 
m-00 p- 2- en m + 1 ¿22 2, i ' | 
= 
= lim. su Ci—e 
moc. im -F 1 F 1 me | el 


= lim. reall at, > {d’; — Gs} 


im 


— lim. so Bin FT, 5 | di — i | 


zn 


= lim. sup. 5 + I È |d: — di = [D;(4), (4)]- 


The proof of the lemma is complete. 
We come to the proof of the desired theorem. 


Turoreu 8.4. The Morse recurrent trajectors admits only the trivial 


e-translation 0 if e < 1/4. . 
a 
It is sufficient to show that à a 
(8. 22) [D+(c), Wie zu rAG 


where (c) is again the indexed representation (8.1. of the Morse recurrent 
trajectory. l 


Case 1. r odd. Let 


n+3 n+3 
On = > l ci — C4 | = >) | gr |. 
. dien izn o 
Since r is odd, the first indices of Cr-rên-rs10n-r+20n-ra8 ANA CrCa+1Cn+2Cn+3 are not 
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congruent mod 2. It follows from Lemma 8. 3 that these two 4-blocks cannot 
be similar, so that on = 1. Applying Lemma 8. 5, we find that 


1 . 


D,(c), == lim. u d; — 
[D-(0), (c)] — lim. sup. 37 È eier 
. b 4n+3 7 
a a 
= lim. sup. 2 > O4 


n> 8n +1 ia 


Since on = 1, it follows that > da Z 2n + 1, and hence 
e 


iu 


=} 


2n +1 
(8.28) [D-(e), (c)] = lim. Sup. 51 TA > in aF an 1 


We have proved (8. 22) when + is odd. 

Let (@) be the I-trajectory obtained from (c) by replacing cn, n < 0, by 1 
if cn» is 2, and by 2 if cn» is 1. ' Then (@) is an indexed representation of the 
trajectory T”. Since Lemma 8. 3 holds for T’, as well as T', a proof similar to 
that given for (c) yields the relation 


(8. 24) [D-(é), (¢)] = Bo r odd. 
Case 2. reven, Since rÆ 0, r = 2q, where g is odd. From Lemma $. €, . 


(8. 25) [Dr (e), (e)] = [Da (4), (2)]. 


The symbols of (d) are a, and bp and if in (d) ive set ap = 1, bp = 2, we 
obtain (c) or (č) according as p is even or odd. Since q is odd, (8.23) or 
(8.24) applied to the right side of (8.25) yields , 


[Da(4f, (4) 
® 
Combining this inequality withe (8.25) we conclude that 
[Dr(¢), (0)] = > "+ even. 


The proof of the theorem is complete. 
The following corollary is an.immediate consequence of the preceding 
theorem. 


COROLLARY. The Morse recurrent trajectory is not almost periodic. 


Upon distinguishirfg recurrent trajectories according to whether they are 
almost periodic or not, we can state that recurrent trajectories of the type of 
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Morse are the only ones so far defined which are not almost periodic. In 
particular, the recurrent trajectories defined by B-rkhoft ([4], p. 22) are 
almost periodic. The proof of thisand the further -levelopment of th theory 
of almost periodic trajectories will be given in a late: paper by the auzhors. 


9. The derivation of recurtent trajectories. Having exhibited a non- 
periodic recurrent trajectory T, we shall describe fcar methods of deriving a 
recurrent trajectory from T, termed respectively derivation by projestion, re- 
duction, association and substitetion. We also intrcluce a general method of 
derivation which includes each of the preceding. Ifthe given trajectery con- 
sists exclusively of the free symbols a and $, these d=rived trajectories will all 
be admissible. In general they may or may not be admissible. If tke given 
trajectory T is recurrent, the derived trajectories wall be recurrent although 
usually differing in high degree from T. We suppGe that T has an indexed 
representation (c) in terms of generating symbols e1,* * ",@u. 


Projection. Theetrajectory obtained from (c) by omitting a, whenever 
it occurs in (c) will be said to be the %-th projectior of (c). 


Reduction. If the generating symbols consist cf a finite set of integers, 
the trajectory obtained by reducing the elements c; mod p will be said to be 
derived by reduction mod p. 


Association. Let m be a positive integer at least 2, and let Bz be the 
m-block of (e) whose first index isi. There is at mest a finite set of Cifferent 
blocks B;. We introduce the /-trajectory 


(B) -e BiB Bi :, 


regarding the blocks B; as the generating symbols. 


o 
Substitution. Let Ar,‘ *, Au be s-blogks of the generating symbols, 
s >0: The trajectory (c*) of as’s obtained by replezing a; in (c) by A, and 
expanding will be said to be derived from (c) by bl- ck substitution. 


Generalized substitution. Let 1,,* * -,1m be a xed set of integers, posi- 
tive, negative, or zero. Let d(21,- ` >, €m) be a sing e-valued function (either 
numerical or symbolic) of its arguments x; as eac a ranges over the set 
(a,, ` *,0u) of generators of (c). We include the convention that a null 
set may be one of the symbolic values of ¢. We gntr duce the symbols 

e 


vr. 


Ey = Ql Cir, Cisres’ °° s Citrm_> 
2 
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and thereby define an I-trajectory (E). The number of different symbols E, 
is finite. We add the convention that a null set E, is to be dropped from the 
trajectory (#). Derivation by generalized substitution includes all of the 
preceding types of derivation. We ‚shall illustrate this fact for the case of 
derivation by association. Derivation by association is obtained if we set 


(#1, Be > Tm) = (2, * Poe s Lom), 
and understand that 


(3, * + +, %m) = (0, 1,- "- m—1). 
The symbol E, reduces to the block 
By = Cilin " Cium- 


as in the case of derivation by association.» 

We shall illustrate these processes further by deriving two recurrent tra- 
jectories from the trajectory 7’ of the preceding section. We shall use the 
method of association letting m = 2. The generating symbols are the 2-blocks 
of T, namely 11, 12, 22, 21. We shall denote these blocks respectively by 
1, 2, 3, 4 and write a few terms of the resulting trajectory. The symbols with 
indices i = 0 written above the corresponding symbols of 7 begin as follows: 


2342412341242342412 
12212112211212212112. 


Upon reducing the first of these trajectories mod 2 we obtain a trajectory 
which contains 
0100010]01000100010. 


e 
This trajectory is distinct from,T since it has sequenzes of three equal symbols. 
These new trajectories are recurrent as we shall see. 

A trajectory T” derived from a recurrent trajectory T by aoed or 
reduction is clearly recurrent. The trajectory T” may however be periodic 
when T is non-periodic. The facts for the case of derivation by association 
are otherwise, as the following theorem shows. 


THEOREM 9.1. If (e) is a recurrent I-trajectory derwed from a recur- 
rent I-trajectory (c) by assogiation in r-blocks, and R'(n) and R(n) are the 
recurrency functions of (c’) and (c) respectively, then 

o . 
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(9.1) R(n)=R(n+r—1)—r-+1. 
Moreover (c’) is periodic if and only af (c) is periocic. 


A block [k +1, k+ n] of (c ) is determined b= the (n q r— 1 -block 
[k+ 1, k+ n+r— 1] of (c) and convérsely. We term these blocke corre- 
sponding. Each (n-+r—1)-bldek of (c) appears in each R(n + r—1)- 
block H of (c). But H corresponds in the above sense to a block (c”) of length 


(9. 2) B(n+7—1) — (r—1), 
while an (n -+ *—1)-block of (c) corresponds to an: n-block of (c’). Hence 
R’ (n) is at most the integer (9.2). 

To show that R’(n) is at least the integer (9. _), let H be a mnimax 
(n -+- r—1)-covering in (c), that is an R(n -+ r—1)-block of (c) whose 
final (n +--r—1)-block appears just once in H. Le: K be the block ef (c’) 
corresponding to H. The final n-block of K corresponde to the final (n + +—1)- 
block of H and appears just once in K, so that Æ (r) is at least the nteger 
(9.1), and the proof of (9.1) is complete. 

If (c) is non-periodic, R(n) > 2n in ee with Theorem 7.5. It 
follows then from (9.1) that 


Ein) >2n+r—1, 


The I-trajectory (c’) is accordingly non-periodic, and the proof of the tLeorem 
is complete. 
The preceding theorem leads to the following exzension of Theore:zn 7. 5.” 


THEOREM 9.2. If P(r) is the number of differeat r-blocks in a recurrent 
non-periodic I-trajectory (c), then for m =r, 


(9.3) R(m) = em + P(r) —r. 


Let (c’) be derived from (c) by associatio& in mblocks. If R'(n) is the 
recurrency function of (c’), it follows from Theorem 7. 5 that - 


E (n) =20 + P(r) —1. 
But from the preceding theorem we then see that. 
R(n-+r—1)—r+1— R(n) =2n* P(r) —1, 
from which (9. 3) follows upon setting m = n +49r—d. 
Before coming ¿o the next,theorem we shall need the following definition. 


5 e F e 
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A definition. Let there be given a finite set S of q-blocks Bu,‘ +, Bp 
of a set of generating symbols. Let n be a positive integer less than q. A 
least integer r(n) Sq (if such exists) such that each n-block appearing in a 
block of the set S appears in each r(n)-subblock of each of the blocks B; will 
be called the n-th recurrency index “of the set, S.. For example, let the blocks 
B; be the blocks $ 


(9. 4) B, = 1221, B.= 2112, B, = 1212, B, = 2121. 


These blocks have a recurrency index r TS 3.. The recurrency index r(2) 
does not exist. ' 

The following theorem concerns the J-trajectory (c*) derived from the 
. I-trajectory (c) by substitution. The /-trajectory (c*) is formed as described 
above by substituting the respective s-blocks A; for the generating symbols a; 
appearing in (c). These blocks A; are then expanded to form the I-trajectory 
(c*) of the symbols a;.. We shall apply the preceding definition of the recur- 
rency index of a set of blocks to the set S of 2s-blocks A;A;. Each m-block 
of (c*) for which m= s + 1 lies in one of these 2s-blocks of (c*) so that in 
the case where the set S has a recurrency index r(m) Ss + 1 it is clear that 
the recurrency index R*(m) of (c*) exists and is at most r(m). This is 
affirmed in part (a) of the theorem. Part (b) conditions R*(n) on the lower 
side instead of on the upper side. This theorem is useful in the following 
section. 


THEOREM 9,3. Let (c*) be an ey derived from an I-trajectory 
(c) by substitution as described above. 


(a) If the set of 2s-blocks A,A; of (es) has an m-th recurrency index 
r(m) Es+1, then : 
(9.5) R*(m) Sr(m), 

ER 


(b) If some block A; ajfpears r times consecutively in (c*) withr >1, 
and if (c*) does not have the period s, then 


(9.6) | Reeth) >on 


or else R*(s + 1) fails to exist. ` Tagi 


Statement (a) has already been proved. We therefore turn to the proof 
of (b). 

It is assumed that*the block B=A;: - -Ap of length sr, appears in (c*). 
Since the length of A; is s, any (s + 1) -block of B has equal terminal elements. 
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If R*(s + 1) exists and R*(s +1) S sr, every (s — 1)-block of (c* has a 
copy in B. Thus every (s + 1)-block of (c*) has equal terminal elereats and 
(c*) has the period s, contrary to kypothesis. 
The proof of the theorem is complete. 

- The following theorem- has a special ihterest in v ew of the mode of forma- 
tion of the Morse recurrent trajectory. The trajectcry H thereby aftimned to 
.exist is not necessarily admissible. It will be admissible if the only cymbols 
employed are a and £. 


o 
- THEOREM 9.4. Corresponding to an arbitrary -ecurrent ray 


s R = dla“, 


there exists a recurrent trajectory H with R as subraz and with the recarrency 
indices of R. The trajectory H is in general not uriquely determinec by R. 


Let B, be the initial r-block of R, r=1,2,- + -. The block B, _ppears 
later in & immediately preceded by some »-block A,. Of the blocks Ay, 1s,° * 
there exists an infinite subset. $, with last symbol in zommon. We taks a, as 
this last symbol. Of the blocks of S, there exists an mfinite subset S, with the 
second from the last symbol in common. We take a_ as this common ¿ymbol. 
Proceeding in this way we define sets 93, S.,- + + snd symbols u, u °° 
respectively. That the resulting trajectory H is recarrent and has tl2 same 
recurrency indices as R follows from the fact that eack block of H appeazs in R. 

That H is not uniquely determined is shown by zhe trajectories T and 7’ 
of § 8 which have the recurrent ray R of (8.4) as a -ommon subray. 


10. Deferred recurrence. In this section we shall exhibit a re -urrent 
trajectory E for which R(n) exceeds a prescribed fuxction f(n) for ininitely 
many values of n but which is such that the limit inf-rior of R(n)/n is finite. 
That a recurrent trajectory exists for whfch R(n) exceeds a prescribe func- 
tion f(n) for all values of n has already been showh b> Robbins ([1], T2eorem 
2). Our example shows the possibility of extPeme -ariability in the _ndices 
R(n). The trajectories # here defined form an ext-nded class of whch the 
trajectory T of § 8 is a member. . 

The generating symbols shall be the free symbols a and 8. Let rc ~1,° - 
be an arbitrary set of positive integers. We shall mak= use of powers of blocks, 
understanding that these powers are to be formally expanded. Set 


Av = Q, B o B, 
Å, = AgroBors, Bi => Bo Ag”, 
Ate == BT, Bay = Brr Apt». 
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Let s„ be the length of A, and B,. Observe that 
(10. 1) Snax = Snn. 


Let (c) be an I-trajectory such o the initial Sn-block of the ray 000102 * 
is A, for each n. This definition fs self consistent since Ap; is an initial 
block of A». We further set 


(10. 2) C-m-1 = Gm (m =0,1,: : >). 
Proceeding inductively we see that 


Ant = Ar, Byt == Bn, (n even) e 
Art = Bn, Bat An, (nodd). 


Hence the s»-block with final index — 1 is A, when n is even and B, when n 
is odd. If the symbols of (c) are grouped into s,-blocks with first indices 
== 0 mod s,, one obtains an /-trajectory E, with generating symbols A, and B,. 

If the integers 7; are all 1 and «1, 8 = 2, (0) yields the recurrent 
trajectory T of § 8. We shall make use of the recurrency function p(n) of T. 
The trajectory defined by (c) will be denoted by #. It is uniquely determined 
by the symbols « and 8 and the integers ri. 


THEOREM 10.1. The trajectory E is recurrent and non-periodic with a 
recurrency function R*(n) such that 


(10. 3) Sma SS RF (Sn +1) S Wars. 


Let B be an arbitrary (sn + 1)-block of E. The block B appears in some 
expanded 2-block of En. But each such 2-block of E, appears in both Ansa and 
Bars as is easily seen. The latter two blocks are sn,3-blocks of E and one of 
them at least is in each 2snis-block ef E. Hence the right-hand condition in 
(10. 3) is valid. It followsethat E is recurrent. 

The left condition in (1093) follows from (b) in Theorem 9.3. For the 
block A, appears 2r, consecutive times in P. Moreover Æ does not have the 
period s» since # contains the block AnA and Bn is different from An. Frorm 
(9.6) we then find that 


R* {sn +?) = Rusa = Su 
and the proof of (10.3) is complete. Moreover we see that 
aE” (Sn +1) = 2% 


and it follows from Theorem 7. 6 that E cannot be periodic. 
o o 
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COROLLARY. If f(n) is an arbitrary positiv. integral funcker, it is 
possible to choose the rus or any subset of the rxs 30. that for corresvonding 
values of n, “ 


(10. 4)- R* (sa +1) > f(a +1). 


Recall that Snı — 2577. Ineorder that (10. 4) may hold we have merely 
to take 7, so large that 


Say > f (Sn + 1) 


' and (10.4) will follow from (10.3). 
We continue with the following theorem. 


TREOREM 10.2. If the sequence of integers r used in defining E con- 
tains arbitrarily long blocks of Ys, 


2 ES 
(10. 5) tint int, EM an, 


If p(m) is the returrency function of the trajecory T of $ 8, theze exists 
a sequence of integers m; becoming infinite with ¿ad such that 


11 
10. 6 AU ELA 
( ) pies m; 2 


We suppose integers m; so chosen. The sequence of integers r; contañs arbi- 
trarily long blocks of 1’s. It follows that there exists a sequence ol positive 


integers 

(10. 7) hı < kı < ha L ko Ltt 
such that for each 1, , 
(10. 8) Th = ihn =, L 


Moreover these integers can be chosen so*that 
e 


pa = ki — hi > p (Mi). 


We shall prove the following stagement. 
(a). The mi-th recurrency index of Ey, is at rost the recurrency index 
p( mi). l . 


The trajectory E, is generated from the blocks Ar, Bn, Thes blocks 
combine to form the blocks Ar, By, in exactly the vay in which the symbols 
1 and 2 combine to-form the blocks ay, and bp, of the Morse trajectory T. In 
En, the blocks 


7 
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(10. 9) Ay, Bu, Ax Ari Br, Ax, BrBrs, 


regarded as blocks of the symbols Ay, and Pro accordingly have an m-th re- 
currency index p(m;). For 


p(m:) < ki = hi < gent En zu, 


and 24: is the length of the blocks Ay, and By, regarded as blocks of the symbols 
An, Bn, It follows from (a) of Theorem 9. 3 that Er, has an m;-th recurrency- 
index at most p(m;), and the proof of (a) is complete. 

We now regard E as derived from Fy, by expansion of the blocks Ax, and 
Br, of En, into blocks of œ’s and fs. Set ° 


(10.10) Base; 


An arbitrary n;-block of E is found in some expanded m,-block of Er, and 
hence in each expanded P (m4) -block of En, and finally i in each [sp (mi) + su. ]- 
block of #. Hence’ 

(10. 11) En) <sulp(m) + 1]. 


It follows from (10.10), (10.11) and (10. 6) that 


lim. sue BOW) < lim. inf. lta) + 1 


i> ni es mm — 1 





11 
en: 


and the proof of the theorem is complete. 
The preceding theorems and corollary combine to give. use the following. 


THEOREM 10.3. If f(n) is an arbitrary positive integral function of n, 
then for suitable choices of the integers r; defining E, the recurrency function 
-R*(n) of E exceeds f(n) for infinitely many ne of n while 
R* m 


jake inf. = 


n>00 
. 


11. Transitive rays and their ergodic functions. We shall concern 
ourselves with rays of the form l 
Colila" ' "= 


Such a ray will be termed, transitive if it contains a copy of each admissible 
subblock. Transitive rays exist. If As, Áz ‘is an enumeration of admissible 
‘blocks, the ray . * 

i X = Areda: > 
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is admissible provided the symbols e; are successively chosen in a suitalie way. 
The ray X is clearly transitive. Let Æ be an arbitrary ray and let n be a posi- 
tive integer. Suppose an initial r-block B of R contairs each admissible -block 
while no initial subblock of B has this property. Tne integer r will hen be 
termed the n-th transitivity index $(n)eot R. If R is transitive, te n-th 
transitivity index of R exists for esch value of n and ~ill be termed the 2rgodic 
function p(n) of R. . y 
A block H(n) of minimum length containing each admissible n-block will 
be termed a minimum n-covering. The length 6(n) of H(n) will be termed 
the n-th covering index. In the case where the genersting symbols are ell free, 
‘Martin [1] has shown that for each n there. exists = minimum n-covering in 
which no n-block is repeated. We shall presently extend Martins resul to the 
case where successive inverses are prohibited. We are concerned here with the 
existence of transitive rays whose ergodic function is in some sense re atively 
small. Noting that each ergodic function ¿(n) satisfies the condition 


we are led to the question, does there exist a transitive ray suca that 
p(n) =€(n) for each n? The answer is no, in gensral, as we shall sze. 

We begin with the case where there are just two generating s7mbols, 
namely the free symbols « and 8. In this case it follo-vs from Martin’s theorem 
that 

O(n) == 2" + n—1. 


The only minimum 1-coverings are «aß and Ba. The «nly minimum 2-csvering 
which starts with «8 is ofBBaa. If we wish a minimum 3-covering whic. starts 
with this 5-block we may continue with 8 or «, but we must:then continae with 
aß or Ba8 respectively, thereby obtaining the blocks 


(a880)Bag, (aaa) pee. 


Further continuation subject to fhe condition that ao 3-block repeats is im- 
possible. Since 0(3) = 10, there exists no transitive ray for which 


p(n) = O(n) 7 (n = 1, 7,3). 


It is conceivable that there might exist a transitive ray for which 
(n) =@(n) for all values of n exceeding some fix d integer m. Tat this 
is impossible is shown by the following previously uzpublished theörern of R. 
Oldenburger. i - : 
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THEOREM 11.1. If the generating symbols reduce to two free symbols 
a and B there exists no transitive ray whose ergodic function ¢(n) equals the 
covering index O(n) for two successive values ofn>1. 


The proof as given by Oldenburger is essentially as follows. 

We assume the theorem false. There then exists a minimum n-covering 
H(n), » > 2, which starts with a minimum . (n— 1)-covering H(n—1). 
No n-block repeats in H (nm), nor (n — 1) «block in A(n—1). We shall 
arrive at a contradiction. 

Since « and $ can be interchanged throughout it is no essential restriction 
to assume that in H(n— 1) the (n—1)-block gr occurs before at, Wa 
shall then show that H(n—1) has the form l 


(11. 1) A(n—1) = [B™ a de Bara], 
and that H (n) has the form 
(11.2) © H(n)=H(n—1) las: ap"), 


The block of H(n) which remains when H (n — 1) is removed will be denoted 
by J. To establish the correctness of the representations (11.1) and (11.2) 
one reasons as follows. 

The block 'a” appears in H(n). It cannot appear wholly in H Gi 1), 
for this would imply repetition of «*l in H(n—1), and thus fa” appears in 
H(n). Since B* precedes a"! in H(n— 1), Bar! appears in H(n—1). 
Since Ba” appears just once in H(n), it must appear as the initial n-block 
of Ba”, and since this latter block is not wholly in H(n—1), H(n—1) ends 
with Ba" and J begins with æ. This a is of course followed by £. 

The block 8” is in H(n) and not wholly in H(n—1). : Since J begins 
with a, 8” must appear wholly in J, and hence «@"* and aß” appear in J. 
It follows that 8", which gppears in H(n—*1), must appear at the left of 
H(n— 1) ; otherwise it woul&be preceded by «, and «8”" would appear twice 
in H(n). Hence H(n— 1) begins with fata. If J does not end with £”, 
B"a appears in J, and B”*a appears both in J and H(n— 1). Hence J ends 
with #8" and the representations (11.1) and (11.2) are correct. 

We now make use of the assumption that n.> 2. Then n—2> 0 and 
aß"? occurs in H(n— 1). This block cannot be followed by 8 without 
repetition of 8" in H(n—1). Hence af**a appears in H(n—1). But 
8" a already appears at the beginning of H(n—1). Hence H(n) cannot 
start with a minimum (n+-1)-covering, and the proof of the theorem is 


complete. 
e- e 
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We turn to the case where the only condition -n the generating symbols 
is the restriction of inverses. This is the simples case of strict drmamical 
significance. It arises in the cage of surfaces of negative curvattre with 
boundaries. Cf. Morse [1]. In this case one has a set of generating symbols _ 
of the form . 


(11. 3) r’ Mp3 AP)? + +, ap? (z > 1) 


with the restriction that successive symbols shall rot be inverses. “Ve shall 
prove the following theorem byesuitably modifying Martin’s proof. 


THEOREM 11. 2. For generating symbols of she form (11.3)_ subject 
to no condition beyond the restriction of inverses there exists a minimum 
r-covering in which no r-block repeats. 


The following rule for the formation of a minimum r-covering E (r) was 
first given by Martin for the case of free generating symbols q,:--+,c-. Start 
with c,"~ and continue successively adjoining the generating symbol o: highest 
index consistent with the condition that no r-block la repeated. This will lead 
to a minimum r-covering in the case of free symbcs «. For the ca.e of in- 
verses we adjoin the condition that successive symools shall not be _nverses, 
With this condition added the process will not aways lead to a minimum 
r-covering. We are able however to prove the foll-wing lemma. 


Lemma 11.1, A necessary and sufficient concition that the application 
of the Martin rule, subject to the restriction of inv -rses, shall lead tc a mini- 
mum r-covering is that c, and cz shall not be inveres in the set cu," “,Cn of 
generating symbols. 


Let M, be the block of maximum length obtained by applying th- Martin. 
rule subject to the restriction of inversés. If A i any admissible r—1)- 
block, the r-blocks ` S e i 
(11. 4) e Ata "4 


appear in M,, if at all, in the ordgr written. Ox= of the blocks (11.4) is 
inadmissible since the last symbol in A cannot be followed by its inverse. If 
Ac, is in M,, all other admissible blocks in (11. 4) are in My. If Ac, is not 
admissible, Ac. is admissible and is in M, only if all of its predec=ssors in 
(11. 4) are in M,. We set E= c,7*. We continue wth a proof of (a) and (b). 


(a). The block M, ends with E. If M, endq with an (r —1) -block 
As E, M, could not begin with A, since M, begias with E. A woald then 
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appear in M, at most n — 1 times; otherwise some one of the n — 1 admissible 
blocks c;A would appear twice. Following A’s last appearance we can continue 
M, with cz (or c, if Ac, is inadmissible), contrary to the ae that M, 
ends with A.' Hence M, ends with E. 


(b). The block M, ends with Bex. Scones M, ends with an r-block 
B Ec. Set B= bE in accordance with (a). We are supposing that b  ¢. 
The block E appears n times in M,; otherwise M, could be continued. Hence 
Hc, appears in M,'but not at the end. But Ec, cannot be continued in ac- 
cordance with the Martin rule. From this contradiction we infer the truth 
of (b). 

We shall now make use of the assumption that c, and ae are not inverses 
end show that M, contains all r-blocks, 

We first observe that each admissible block Hc; appears in M, since M, 
ends with Ec,. Hence M, contains n copies of E. It follows that M, contains 
each admissible block cjE. Let B= b,- - >b, be an arbitrary admissible 
r-block. We shall show that M, contains B. a l 

Suppose that M, does not contain B. Set bz: -b,=D. Then D&E 
by virtue of (b). Hence D appears at most n— 2 times in M,; otherwise 
each admissible block c;D would appear in M,, including B. Hence De, does 
not appear in M, (or Des, if Dc, is inadmissible). We now apply the same 
reasoning to De, (or Dez) that we have applied to B and infer that b,- + + brcıcı 
(or bs: - + b,¢2¢,) does not appear in M,. Continuing we arrive at the con- 
clusion that c,” does not appear in M,, contrary to (b). 

The condition of the lemma is accordingly sufficient. 

To prove the condition necessary we suppose that cı = cy ?. If M, were 
en r-covering cz” would appear in M,, but not in the last position, by virtue 
of (a). But cz” cannot be continued without violating the Martin rule, or 
else the condition on inverses. Hencethe condition, is necessary, and the proof 
cf the lemma is complete. e ae 

-Theorem 11. 2 is an immediate consequence of the Tanai 

If there are n generating symbols subject merely to the restriction of 
inverses, there are n(n — 1)" different admissible r-blocks so that the r-th 
covering index #(n) has the value 


Nm —D EE, 


With. this understood we shall prove the following theorem. 


THEOREM 11.3. When there are n generating symbols subject merely to 
e . 
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the restriction of inverses, each ergodic function y4r) is at least der) and 
there exists an ergodic function (r) such that 





ais) <= any t 





Let A, be a minimum r-covering and let H*, be the block obtain-d from 
H, by omitting the first r— 1 cymbols c,. The ray 


BR H,H*,H*, AS 


is admissible and ebransitive. We note in particular that H*, is pre=ded by 
cx" in R. For this ray p(r) is at most the length of he block H,H*,- - © H*,, 
that is 


$(r) < Ea(n —1)™, 


Hence 


js [ rest —(%=3)" [0—9 — 


and (11.5) follows at once. 








We conclude this section by proving the followang theorem. 


THEOREM 11.4. If N(r) is the number of admissible r-blocks wrder our 
general conditions of admissibility, there exists an e-godic function ¢() such 
that 


(11. 6) $(r) < (r +1)N(r), 
while each ergodic function is at least N (r) + r—1. 


We begin by proving the following. * 
. 
(a). There exists an lord of length®less than (r +1)N(r). 


Statement (a) is true if r = a. For if as,* > -,% ts the set of gererating 
_ symbols, there exists a 1-covering of the form @1€1@ete" * -` @n-10n proviied the 
symbols. e; are suitably chosen. This 1-covering has the length 2n — 1 
<2N(1). We assume then that A, is an r-covering of length ies than 
(r+1)N(r). We shall show'how to form an + 1)-covering of length 
less than (r +2) N (r + 1). 

There are N(r) distinct r-blocks in A, apd rence at least’ N r) —1 
distinct (r + 1)-blocks. There remain at most 
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p=N(r+1) —N(r) +1 
(r + 1)-blocks, say B,,---,By not in A, The block 


An = A,€:B1e2B2e5 bisa €uBa, 
- e 
in which the symbols e; are chosen so as to make Ars admissible, is an (r + 1)- 
covering. Let s, be the length of A;. We see that 


e 
Sra = Sr F (r+ 2) po 


` o 
By virtue of the hypothesis that sr < (r + 1)N (r) we infer that 


CULT) Sra < (7+ I) N(r) + (HINE +1) —N(r) +1] 
== +2)N (r 41) —N (r) + 7 4-2. 

But for r > 1, | 

Nr)zrzZr+2, : 


so that (11.7) yields the relation 


sra < (T+ 2)N (r +1), 


and the proof of (a) is complete. a oe 

In proving (a) we have defined r-coverings A, t = 1,2,-- `, such that 
Ar is an initial block of Arı. A ray whose first s, symbols are those of A, for 
each r will satisfy (11.6). The final statement of the theorem is immediate. 


12, Category and sets of transitive rays. In this section we shall 
determine the category of the set ef transitive rays or of sets of relatively 
transitive rays. More particglarly, we shall defermine the category of various 
subsets of transitive rays defined by limitations on the ergodic functions. In 
this way we obtain an idea of the distribution of transitive rays. A similar 
use can be made of measure theory (cf $ 13), but the development of this 
phase of the theory is deferred to a later paper. 

In the category theory, the. space used will be the space S of admissible 
rays with the Baire metric. Cf. $4. Recall that the space S is compact, 
perfect, and totally disconmected. Let H be a perfect subset of S. A set A is 
of the first category relative to H if it is the sum of an at most enumerable 
set of nowhere dense (gelate to H) subsets of H. These subsets will be 
called the components of A. The components of A may vaty from the extreme 

s 
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case where they are all null to the case where thes are perfect. Tae com- 
plement H — A of a set A of the first category is termed a residual set of the 
second category. ‘Such a set is everywhere dense it H and.has the power of 
the continuum. Cf. Hobson [1], p- 132. 

` Let R be a given ray. The rays obtdéined by deBting a finite initAl block 
of R will be said to be based on*R, those obtained by the inverse process of 
adding a finite block to R will be termed extensions ~f R. The rays waich are 
limit rays in the space S of the set of rays based on 2 will be called limit rays 
of R. A ray R which is a limit rêy of itself will be seid to be transitive relative 
to tis limit rays. It is thereby necessary and sufficient that R be non-seriodie 
and that every bléck of R appear infinitely many times in R. The limit rays 
of a relatively transitive ray R form a closed set H. This set is identizal with 
its derived set since each ray based on È is a limit ray of the set. Tl= set H 
is accordingly perfect. Concerning the set H we hee the following theorem. 


THEOREM 12.1. In the set H of limit rays of a relatively transEive ray 
R, the rays which are transitive relative to H form c residual set in HL 


Let A, Aa: * + be an enumeration of the blocks of R. Let E, be the 
subset of rays of H which contain no copy of An. The set E, is closed and 
contains no rays based on R. It is nowhere dense in_H since the rays kased on 
R are everywhere dense in H. Finally the set S of rays which are transitive 
relative to H is of the form 

S=H—3E,, 


and the theorem follows from the definition of a residual set in H. 

The above sets En may all be null, in fact are all null if R is e subray 
of a non-periodic recurrent trajectory. In the case here R is transit-ve, that 
is transitive relative to the set of all admissible rays, the sets En are never null 
as the following lemma shows? . 


-o x j . 
LEMMA 12.1. The set K of rays which exclucz an admissible »Slock B 
for which r > 2 is closed, nowhere dense, and of the power of the conzinuum. 
. s 


It is clear that K is closed. That K is nowher= dense in $ follows from 
the existence of a transitive ray R, For the rays based on R are eve-ywhere 
dense in § and transitive. Since K is closed, it must then be nowher dense. 

It remains to prove that K is of the power of the continuum. To that 


end we consider the admissible rays i é 


(12.1) ;  anBarsßarsß: + +, r= 2 o 3, 
. . 
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formed from the free symbols æ and 8. This set is in one-to-one correspondence . 
with the dyadic decimals 


. 
rt, Tı = 2 or 3, 


and hence is of the power of the continuuma 
Similarly, the set 


(12. 2) BraBreaBrs: .-, 1¡=2 or 3, 
+ e \ 


consists of admissible rays and is of the power of the continuum. 
A ray of'the form (12.1) has no 3-blocks in common*with a ray of the 
form (12.2). Since the length of B is at least 3, it cannot appear in a ray 
of (12.1) and a ray of (12.2). Hence at least one of the sets (12.1) and 
(12.2) is contained in K. Thus.K must be of the power of the continuum. 
The set of non-transitive rays is of the first category. But much more than * 
this can be said, as the following theorem shows. 


THEOREM 12.2. The set 3 of non-transitive rays is everywhere dense in 
S and is the sum of countably many nowhere dense, closed sets, each of which 
is of the power of the continuum. 


That the set 3 is everywhere dense follows from the fact that an arbitrary 
block B and a'sequence A of the symbols « can be combined in the form BeA 
to form a non-transitive ray. Rays of this form are everywhere dense in £. 
Let A,, As,‘ * * be an enumeration of admissible r-blocks with r > 2. The set 
En of rays which exclude A. is closed, nowhere dense and of the power of the 
continuum, in accordance with Lemma 12.1. The set 3 is the sum of the sets 
En, and the proof is complete. | 

THEOREM 12.3. If f(% is an arbitrary positive function of the positive 
integers n, the set F of transittve rays with er rgodic function 6(n) > f(n), for 


all values of n, has the power of the continwim. 
0 


Let A,, Az,‘ : * be an enumeration of admissible blocks consistent with 
their lengths. Let 11,72,- - - be an arbitrary sequence of positive integers and 
let cic: + - be an arbitrary sequence of the symbols æ and 8. We introduce 
the block ‘ a n 
2 B; = acyarse Ay ((=1,2,- >), 
e À 


‘ 


kd 
choosing e; so that B; is admissible. We then introduce the ray 
e . 


SYMBOLIC DYNAMICS. 859 
E = Bib, Bab. sy 


choosing the symbols b; so that the ray # is admissible. It is clear that F is 
transitive. 

Let (n) be the ergodic function of &. We cho: se r, so that p(n) > f(n) 
for n = 1,2,3. Let B be the imitial f(4)-block oz E. If ra is chosen suff- 
ciently large, blocks A,, As,‘ * -, Ap entering into the definition of E will all 
be 1-blccks. In fact, if r, is sufficiently large oriy A, will enter into the 
` definiticn of B. If A; is a 1-blogk, ¢,A;b; is a 3-blocz so that B canno- contain 
ß*. Wich rz so chosen, $(4) > f(4). 

Preceecing inductively with m > 2 we choos fm so large tha. in the 
initial f(m + 2)-block C of E, at most (m—1)-blecks A; are employ :d. The 
corresponding blocks ¢;A;b, are at most (m + 1)-b-ocks so that 8”? Joes not 
appear in C. Hence 


(12. 3) o(m + 2) > f(m + 2) (m= 3,4, >), 


Thus ¢(”) > f(n) for all values of n. 

The above symbols c; can be chosen arbitrarily from the set a, 3 the 1;’s 
remaining fixed. For fixed r;’s there are then as many different reys F as 
there ara different sequences 60a + -, that is a nuraber equal to the »ower of 
the continuum. 

The proof of the theorem is complete. 

The set F of the theorem is not closed. The set of transitive ras not in 
F is open in the set of all transitive rays so that F is everywhere dease only 
if it includes all transitive rays. 


THEOREM 12.4. Given an arbitrary function f(n), the set w of t-ansitive 
rays R with ergodic functions p(n) S f(n) for n exceeding some inzeger de- 
pendent on R is a set of the first category. 

hd 


Let Dm be the set of transitive rays ria p(n) S fòn) far n ex- 
ceeding m. The set Dm is closed. But we have seen in Theorem 1.2 that 
the set of intransitive rays is everywhere dense. H-nce Dm is nowha5e dense. 
But w = 3Dn, and the proof is complete. 

Let H(n) be a block of minimum Jength 6(7) covering all acmissible 
n-blocks. We have termed 6(n) the n-th covering index. As we have seen in 
$ 11, there is in general no transitive ray with ergadie function ¿(ni = 0(n). 
We have however the following theorem. 


e 
THEOREM 12.5. The set G of transitive rays with ergodic function $(n) 
such that A 
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one Ben) 
(12. 4) lim. inf, TES =} 


where O(n) is the n-th covering index, is a residual set of the second category. 





We begin with a proof of the following. 
e 
(a). The set G is not empty. 


To prove (a) let 8, be a sequence-of positive constants converging to zero. 
We shall consider a ray of the form 


B=H(r)eB (11) ¢sH (12): *, . 


where H(n) is defined as above and the symbols e; are chosen so that R is 
admissible. The integers +; are chosen as follows. Let r,=1. Proceeding 
inductively we suppose that r,-, is defined and that the block 


H (ro) H (r1)e2: > > 00H (rn) en 


has the length ma. We then choose 7, so large that 


(12. 5) a <1 bn 


If (n) is the ergodic function of the resulting ray R, it is clear that 
$ (Tn) E (ra) + Mn, 


since the initial block of length @(rn) + m. in R contains H (ra) and hence 
all rn-blocks. The function p(n) will satisfy (12. 4) by virtue of (12.5), and 
the proof of (a) is complete, oe . 

If A is an arbitrary admiggible r-block, the ray X = AeR is admissible if 
gis suitably chosen. Moreover the ray R and,the ray X have ergodic functions 
p and y respectively such that | 


a(n) = yin) Segeln) trti 


Hence X satisfies the condition (12. 4) and isin G. We condnde that the rays 
of G are everywhere dense.” 

To come to a proof of oe theorem let m be a positive integer and p a 
rational number > 1. he rays for which the transitivity index vin) satisfies 


the condition 
e e 
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y(m) > 0(m)p 
form a c.osed set Dm”. The intersection 
Ef = DPD quo" + * 


is closed. The complement of G is the sum of the ses Ef? as q ranges >ver all 
positive integers and p ranges over all rational numbers > 1. But € 5 every- 
where dense so that Fẹ? is nowhere dense, and the proof of the theorem is 
complete. 7 


THEOREM 12e6. The set Z of transitive rays wth ergodic functio-:s p(n) 
such that 


o. pl) 
Ten >1 


is everyuhere dense, has the power of the continuum, znd is of the first cutegory. 


The set Z includes the set of transitive rays br which ¿(n) > 26(n), 
and so has the power of the continuum in accordance with Theorem 12.3. The 
set Z is & subset of the complement of the residual se @ of Theorem 1 :. 5 and 
so is of the first category. It remains to show that 2 is everywhere dense. 

If Eis a ray of Z, any ray R’ based on R is again transitive. If the 
initial symbol of R’ is the (r + 1)-st symbol of R, tae ergodic functioas y(n) 
and ¿(n) of R’ and R, respectively, satisfy the con:_itions 


l i on int YO 
y(n) = $(n) ls te 6(=) 





>1. 


Hence X’ belongs to Z. But the rays R’ based on the transitive ra” R are 
everywhere dense so that Z is gverywhere”dense as cated. 


The proof of the theorem is complete. > 
o 


13. Trajectories with the*separation property. The results of this 
section will form the basis of a more extensive treatr_ent to be present»d later. 
No proofs will be given in this place. 

Let t be a trajectory involving two generating ymbols « and 8. By the 
a-length (f-length) of a block B of t we shall meaı the number of os (£’s) 
in B. The trajectory t will be said to have the seym-ation property ard be of 
type S if the following holds. 


® 
e 
The a-lengths of any two n-blocks of t differ by at most 1. 
6 i y 
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The preceding condition implies the corresponding condition for B-lengths. 
Trajectories of type § arise in many ways. In particular let 


(13. 1) TY + fley =o 


be a differential equation in which f(x) isecontinuous and has the period 1. 
Let u(x) be a solution of (13.1) which vanishes at least once, but not identi- 
cally. We are concerned with the distribution of the zeros of u(x). Without 
loss of generality we can suppose that none qf these zeros occur at the points 
g = n, where n is an integer, positive, negative or zero. For the zeros of u(z) 
are countable, and for our purposes any transformation of the form ö=rc-+c 
is admissible. With this understood let a trajectory ¢ be defined as follows. 
Let each point on the z-axis at which w(x) = 0 be replaced by the symbol g, 
and each point x= n be replaced by the symbol 8. The resulting trajectory t 
will be of type S. With trivial exceptions every trajectory of type © can be 
obtained in this way. The study of trajectories of type $ is thus a study of 
the zeros of solutions of equations of the form (13.1).° 

Let an (Bn) denote the «-length (@-length) of some n-block of a trajectory 
t of type S. It can be shown that there exists a number 6, 0 < 0 < 1, such that 


= a F 
lim. 2 = 6, ia eG, 
aco N n>% N 


The number 6 will be termed the rotation number of t. Cf. Poincaré [1]. 


The trajectory is not uniquely determined by the rotation number. If 6 
is irrational, there are infinitely many trajectories of type S having @ as rotation 
number and these trajectories are all recurrent. Thus trajectories of type & 
are in general recurrent. A simple exceptional example is the trajectory in 
which all the symbols are « except fer one $, in which case the rotation num- 
ber is 1. . ° 

Given 4, 05035 1, the fecurrent trajectories of type S which have $ as 
rotation number form a minimal set which *consists of a single periodic tra- 
jectory if and only if ô is rational. Since all of the trajectories of one of these 
minimal sets have the same recurrency function, it can be denoted by Ry(n). 
The behavior of R¿(n) varies widely with the choice of 9, but in all cases 


> jim, int, Felt) << 4 
n> n 
There exist irrational values of 6, and thus non-periodie recurrent tra- l 
jectories such that j . 
. s . 


SYMBOLIC DYNAMICS. 863 


lim. sup. 
n—00 


Ro E 


On the other hand, given an arbifrary function fm), there exist ‘rational 
values of 9 such that R(n) > f(n) for ipfinitely m-ny values of n. 

Tf certain exceptional 6-sets,of (Lebesgue) m=asure zero are excluded, 
Ro(n) displeys great regularity in its asymptotic bebavior. We can stete that, 
except fcr a 6-set of measure zero, 





14, Typical open questions. Let R be a ray cf the form cocice: + - and 
let ¢ be & trajectory containing R as a subray. Amcng the positive limit tra- 
jectories of ¢ are found one or more distinct minima sets of trajectorés. Cf. 
Theorem 6.1. Suppose v, of these sets are periodic t-ajectories, and vz >f these 
sets general minimal sets. The number v, is at most aleph null, and vs is at 
most aleph. That v, may equal aleph will be shown. by an example im a later 
paper. The numbers v, and vz are uniquely determined by R and will be 
called the limit indices of R of the first and seconc types respectivel~. Our 
- first question is as follows. 


(1). What are the limit indices of algebraic numbers, regarding decimal 
representations as rays? Are these rays ever transizive or recurrent? What 
are the answers to similar questions concerning „ande? 


(2). Let t be a non-periodic recurrent trajegjorz In all known e=amples 
R(n)/n fails to converge. Is this true in genegal? Z 
, (8). If ¢ is a non-periodic recurrent trajectory, R(n) = kn where k = 2. 
Cf. Theorem 7.5. What is the least galue of k such that R(n) = kn tor each 


non-periadic recurrent trajectory ? 


(4). Inthe case of general admissibility certain Elocks and finite sequences 
of blocks are prohibited. Knowing these prohibitiors, is it possiblé ic give a 
constructive rule for the formation of a minimum bleek covering all admissible 
r-blocks, and what is the most general such r-coveriag? 


(5). Does there exist an ergodic function (16) ®such that the zatio of 
p(n) to @(n) tends to the limit 1? Cf. Theorem 12.5. 
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(6). Isa theorem similar to that of Oldenburger true in case the gen-. 


erating symbols suffer the restriction of inverses, or in the general case? 


(X). What is the most general minimal set with a given recurrency func- 
tion E(n)? With permutation index P(n)? With P(n) and R(n) both 
given? These questions should be' answered first when there are just two 
generating symbols. i 


These questions seem to point to an algebraic analysis. Questions mora 
intimately connected with measure theory, of the analysis of space forms will 
be presented in a later paper. 
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PERIODIC ORBITS IN THE RESTRICTED >ROBLEM OF THREE * 


BODIES IN THEIR RELATION TO HILL’S WORK 
ON THE MOTION OF THE MOON. 


e 
By ELIS STRÖMGREN. 


The first volume of the American Journal of Me&hematics (1878) zontains 
two papers by G.*W. Hill that have become of fund_mental importanse in the 
theory of the motion of the moon, and which, besic2s, contain a few remarks 
that may well be looked upon as the starting point of important chapters of 
that special case of the problem of three bodies Znown as “The r-stricted 
problem of three bodies,” or “ Probléme restreint.” 

The Problème restreint was first defined by Jaconi: Three bodies a e given, 
two of which have finite masses and are moving aroand each other in circular 
orbits according to the laws of the problem of two hodies, The problem is to 
study the motion of the third body, assumed to hav an infinitely smell mass, 
when moving in the plane of the two finite masses ander the influence of the 
attraction from these two masses. With regard to tae mass ratio, it should be 
noticed that Poincaré in his investigations of the zestricted problem always 
assumes that one of the two finite masses is very scnall relative to zFe other, 
thus reducirg the problem to a perturbational prollem, which can te solved 
with the aid of series expressions in powers of a small quantity, but which 
ov the other hand enables us to study the nature of the motion in tha neigh- 
bourhood of known exact solutions only. 

In the work carried out at the Copenhagen Jbservatory on the other 
hand, the two finite masses have been assumed ¿o be equal, and the scope of 
the problem is essentially enlarged, it being desired to follow all investigated 
classes of orbits throughout the whole of their evolucion. This prob_en, how- 
ever, no> being a simple perturbational problem, Culd only be soned with 
the aid of numerical methods of integration. 


The cusps in Hill’s variational curves. Plate “II in vol. 1 ofdhe Ameri- 
can Journal of Mathematics gives (cf. Fig. 1 in th paper) a series «£ lunar 
orbits computed by Hill in the idealized variational problem, in wLich the 
parallactic factor is put equal to zero. In the diegrem we see four vaiational 
curves from 1 to 4, of which the last has two symmetrical cusps, ona above, 
and one below. œ e f ' 
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With regard to the orbits in a continued evolution of these variational 
curves Hill says as follows on p. 259 (Collected Works, I, 334) : “It is certain 
that the orbits, if they do exist, do not ingersect the line of quadratures, and 
that the moons describing them would make oscillations to and fro, never 
departing as much as 90° from thé point of conjunction or of opposition.” 
This was only a conjecture, and it was shown to be false by Poincaré ir. 
Méthodes Nouvelles, I, 106. (1892). Here Poincaré shows by a simple 
mathematical procedure that the cusps in Hill’s variational curves in the 
further evolution simply become loops. Lat®r (1907) in the Astronomische 





Fig. 1. 
Hill's vafiational curves. 


. o 
Nachrichten No. 4155, the author of this artiele drew attention to the fact that, 
in the restricted problem, loops and cusgs can exist at any point in the plane, 
with the exception of certain special points. With regard to these loops and 
cusps, the author found a general theorem, to which we shall return. 

Hill's division of the plane of motion into permitted and forbidden 
regions. In the first of the two papers in the first volume of the American 
Journal of Mathematics queted above, Hill, with the aid of the so-called 
Jacobian integral, makes his famous investigation of the permitted and the 
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forbidden regions in the plane of motion. The div.sion is made witt the aid 
of the so-called curves of zero velocity. These curves are shown in Fig. 2 for 
the mass ratio of the two finite masses my = 10m. used by G. H. Darwin in 
his “ Periodic orbits.” Plate I shows the curves fcr the mass ratio 74 = Me 





e Fig. 2. 


Zero velocity-curves in the restricted problem of thre= bodies, with m,==10im,. 
. 


suggested by Thiele and adopted in the york at tk= Copenhagen Ob ervatory 
(Plate I is based upon a drawing made by the Mosccw astronomer I. Moisseiev. 
The scale and the values of the so-called Jacobian constant are the seme as in . 
the work at the Copenhagen Observatory, cf. for insance Publ. No. 130 of the 
Copenhagen Observatory, or Bulletin Astronomigue, Deuxième Série, Tome IX, 
Fase. 2, 1935). In both of these drawings we have nad cusps and loo>s drawn 
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especially, to illustrate the general theorem referred to above (Astronomische 
Nachrichten No. 4155): When, located on that part of the normal of a zero 
velocity curve which belongs to the permitted region, we look in the direction 
toward the curve, then the motion of the infinitely small mass in a cusp is 
always from right to left. As is seen from Fig. 2 and Plate I the direction 
of motion in a loop also follows immediately*from this theorem. It should be 
noticed, that in these diagrams, as in Fig. 1 and all the following diagrams, 
the X-axis is the line from m, to ma, which, in a fixed coördinate system is 
rotating with uniform velocity. The 5 points of libration are denoted by 
In, Lo, Ls, La, Ls in Fig. 2. 
o 

The evolution of a cusp during the evolution of a class of orbits. The 
programme of the work at the Copenhagen Observatory originally was this: 
to find all classes of simply-periodie orbits around the finite masses and around 
the points of libration, and to follow these classes through the whole of their 
evolution. This programme has at the present time, with one single exception 
(cf. Publ. 100, pp. 26-27), been completely carried out. As the work pro- 
gressed, however, this programme was automatically considerably extended, 
as we were, during the investigations, led to study quite different possibilities 
of finding periodic solutions in the problem. 

Among the classes of orbits on our original programme was, amongst 
others, the following: It was clear a priori that at great distances from the 
origin orbits with slow, almost circular motion would- exist, which in a fixed 
coordinate system were direct (motion in the same, direction as the two finite 
masses), and—on account of the rotation of the mım,-axis—rapid retrograde 
in the rotating codrdinate system. Fig. 3 shows a number of orbits in this 
class. Far out we have an almost circular orbit (K — 14.4361). Then we see 
an orbit (K = 12.60816) of markedly oval shape, and still further inwards 
we encounter an orbit (K — 11.76718) with a marked indentation. This 
indentation develops in the evolution that follows into a cusp, and then into 
a loop. y 2 

Fig. 4-7 show how the evolution is continued. The evolution ends in the 
point of libration L, with asymptotic motion into as well as out from this 
point of libration, on the ingoing branch with an infinite number of steadily 
decreasing windings, with the velocity converging toward zero, on the outgoing 
branch the reverse. Fig. 8 shows the ingoing branch only. 

This was an example of the asymptotic motions predicted by Poincaré in 
Méthodes Nouvelles on a thegretical basis, the asymptotic motion being here 
periodic also. i 
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The evolution of cusps.and loops up to asymptotic motion. 
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Asymptotic orbits, that are also periodic, withan infinitely long period. 
We have. seen how the class of orbits shown in Fig. & which begins as _nfinity, 
ends with a periodic orbit of infinjte peripd, asympsotic to the two points of 
libration L, and Ls. This is a special case of a general theorem, fat was 
deduced in an empirical way as a result of our irvestigations: It Las been 
found that, as far as our experi@nce goes, a class of periodic orbits always, 
either 


I) goes back into itself, so as to form a class c-osed in itself, 
or II) has a natural beginning and a natural encing. Such a natural be- 
ginning qr natural ending always takes place: 
either a) in one of the two finite masses, or in both, 
or b) in one of the 5 libration points, «r in two of thera. 
or ¢) at infinity. 





It now turned out that fhe study of the chass of orbits shown in Fig. 3 
had very extensive consequences. We see how ae assmptotiesperiodie crbit acts 
as the boundary orbit of a class of periodic orbits The following dea was 
now rather obvious: If we can find other asympt: tic orbits, which are also 
periodic (with infinitely long period), will it not then turn out that these 
orbits are boundary orbits of classes of periodic orbs? 

The way that had to be followed now was vay simple. We omputed 
various orbits, that were asymptotic from the poi-t of libration Ly 

We started the calculations with the aid of the theoretical expresions for 
the motion infinitely close to the libration pont. 5 


Fig. 9 defines the problem in the fixed coórdiaate system with :enter of 
e ° 
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gravity of m, and m, at the origin. The differential equations of the motion 
of the infinitely small mass are, in the fixed coördinate system, and with our 


choice of units; as follows: . š 


r 


2, aias 
Taftan =) 


de. pts @ ‘po? 
ay y+ sin é i) 
0) ) d } pi + pa 


pi? = (z + cos t)? + (y + sin £)? 
L p? = (x — cos t)? + (y — sin t)’. 





Referred to the coördinate system rotating with the line mme the equa- 
tions are: 





at? dt pi? pa? 
Gy o dÊ _ {3 1 
(2) a ge ae il. 


p= (E-+1)? H 
pa? = (É— 1)? + 7. 


l If we transfer the origin of the coördinate system to L, and neglect 
powers of the coördinates higher than the first we obtain the following equa- 
tions of motion : A 


i de" a4" 
e | Py y yda_9 
de ae 4% 


I 
which are, therefore, the differential gquations of the infinitesimal motion near 
L,. The solution for the ingging motion is given in terms of the functions 


+ v P 
° et sin bt and e% eos bt, 
5 ? 


that for the outgoing motion in terms of 


erat sin bt and e*t cos bt, 
As > 
i.e. we have an asymptoticemotion. 

‘We follow the motion with the aid of the infinitesimal equations up to a 
point, which is very close to %,, and then continue the solution with the aid 


of numerical integration of the exact differential equations (2). 
: E è 


P 
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If we e follow the motion until the orbit cuts the X-axis for the Aicst time, 
we shall, in case the orbit should be perpendicular to the X-axis, have a 
periodic orbit-due to the symmetry of the diferencial equations. he orbit 
will continue symmetrically with regard to the A-axis, and asymycotically 
approach Ls. We may imagine the orbit continues. in an orbit symmetrical 
with respect to the Y-axis, back 10 L,, where the motion started. 

The preblem of finding such orbits, which are perpendicular to the X-axis, 
presents no difficulties. The method is to compute a number of orkits that 
cut the X-axis under various angles, interpolating finally between such of 
these orbits as make an angle of 90° with the X-axs, 


-2 z 
My 5 





Fig. 10. 


The 5 asymptotie-periodie orbits which are already perpendicular to the a-axis 
after a quarter of a revolutior. 
. 


. e a 

We have in Copenhagen made a large number cf such calculations. Plate 
II gives the essential of the results oktained. Examning this drawing we find 
that 5 orbits exist, not more and not less, which ar- already perpend-cular to 
the X-axis after a quarter of a revolution., Fig. 10 saows these five asymptotic- 
periodic orbits (for the sake of simplitity only abcat half of theeozHts have 
been reproduced). , . 

The question now arises, what does it mean tkat, in this way, a number 
of orbits exist, that are periodic (with infinitely tong periods) and at “he same 


time asymptotic to and from L, and L;? Now, if zor instance we in-estigate 
> e e > 
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e 
Fig. 11. 
Two asymptotic orbits as boundary orbits of a class of periodic orbits. ` 
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orbit V in Fig. 10, we find that this orbit is identical with the boundary orbit 
that was found during the study of the class of orbits mentioned before, which 
had its origin at infinity. 

A more detailed investigation showed*that the four other orbits are alsc 
boundary orbits of classes of periodje orbits. Thus we have for instance a 
class of periodic orbits the boundary orbits af which are the orbits 111 and IV 
in Fig. 10. Fig. 11 reproduces these two boundary orbits drawn completely. 
In between these two boundary orbits we have to imagine a class of orbits— 
infinite in number—the boundary orbits of whjch are the two asymptotic orbits. 

Herewith we have been led to a quite new principle of finding classes of 
periodic orbits. Formerly the starting point was those peripdic orbits, which 
were known to exist near the masses or the libration points, and through 
laborious numerical calculations the evolution of each separate class was fol- 
lowed, until the whole evolution of the class up to the natural boundary curves 
had been covered. Now we are faced with the inverse problem: Once we have 
found an asymptotic orbit, which is also periodic (with infinitely long period), 
then we also have a boundary orbit for a whole class of ‘periodic orbits. 

We shall not enter into further details, but only touch upon one further 
point. We found the 5 boundary orbits in Fig. 10 by looking for asymptotic 
orbits which cut the X-axis at right angles. Of course we can also investigate 
the problem of finding orbits asymptotic to La, which do not cut the X-axis 
at right angles, but do intersect the Y-axis perpendicularly, one quadrant 
later. We shall have to deal, in that case, with orbits that are not—like 
those 5 mentioned before—asymptotic to Ls, but which, having cut the Y-axis, 
sontinue in a branch symmetrical to the first with respect to the Y-axis, and 
and in the libration point Z,, where they started. Our investigations now 
showed that 6 such orbits exist. They can be found on Plate II, and they 
are all given together on Plate III (No. 2, 3, 4, 5, 6, and 9). All of these 
orbits are boundary orbits of class@s of periodic orbits, and of course the 
reasoning can be extended: We can look for all orbits, asymptotic out of Ls, 
which on cutting*the X-axis for the second time are perpendicular to it, and 
orbits, which on cutting the Y-axis for the’second time are at right angles 
to it, ete., to infinity. In this way we* will get boundary orbits of an in- 
finitely increasing number of classes of more and more complicated periodic 
orbits. 


Bills ifivestigations of ¿he variational curve of the moon and of the 
problem of the curves of zero velocity introduced new principles into lunar 
o e o 
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theory. Poincaré showed the importance of periocie orbits and prcved the 
existence of asymptotic orbits in the problem of the bodies. “Thiele Burrau 
and G. H. Darwin introduced the methods of numerical integratior in the 
investigations of the restricted préblem. In these facts we have tha origin 
of the work on the restricted problem that has been carried out at the Copen- 
hagen Observatory. . 


ASTRINOMISK OBSERVATORIUM, 
KØBENHAVN. 


ZUR THEORIE DER DIRICHLETSCHEN REIHEN. 


Von Omo Togpurrz. 


Die mathematischen Gedanken, die G. W. Hill in seiner berühmten Arbeit 
über das Mondperigäum entwickelt hat, sind eines der Hinfallstore geworden, 
durch die man den Zugang zum Bereich der unendlich vielen Veränderlichen 
gefunden hat. Von dieser Arbeit Hills angeregt, hat 'H. Poincaré die all- 
gemeinen Sätze über unendliche Determinanten entdeckt, die H. von Koch 
zu einer geschlossenen Theorie abgerundet hat und die I. #'redholm als ein 
Vorbild bei seiner Konzeption der allgemeinen Theorie der linearen Integral- 
gleichungen dienten. Der Allgemeinheitsgrad dieser Sätze, der in dieser 
historischen Entwicklung als ein entscheidendes Moment erscheint, ist bei 
Hill explizite nicht anzutreffen; er handelt scheinbar von einem speziellen 
` Gleichungssystem. Das ist nur scheinbar der Fall. In Wahrheit hat er als 
ein genialer numerischer Rechner aus den Zahlen seines Spezialfalles die 
allgemeinen Gedanken herausschauen lassen, die er an der Hand des Sonder- 
falls erkannte, und vielleicht sind diese Gedanken von der Theorie der unend- 
lich vielen Variablen noch heute nicht voll ausgeschöpft worden. 

Obgleich die vorliegende Arbeit zu der oben:'berührten Aufgabe keinen 
direkten Bezug hat, soll sie doch Zeugnis ablegen von dem Andenken, das die 
Lehre von den unendlich vielen Variablen dem Geiste Hills schuldet. 


Die Arbeit ist der unveränderte Abdruck von einem Teil eines Manuskripts, das 
im Jahre 1918 niedergeschrieben worden ist, in den Jahren 1918-1922 einer Reihe von 
Fachgenossen vorlag und im mathematischen Seminar der Hamburger Universität 
referiert worden ist. Herr A. Wintner, dem ich für die Anregung zum Abdruck und 
für die Besorgung der Redaktion besonderen Dank schulde, hat dieses Manuskript im 
September 1929 kennen gelernt. 


e ' 
1. Die D-Formen. Ex sei f(ti) eine fir — œ < t< + œ erklärte 
Funktion, für wache alle HMMamardschen Koeffizienten £ 


o(A) =MF(t (o <A< +0), 
existieren, wobei M die Operation der Mittelbildung bezeichnet: 


e 1 sw 
. ML - J= limo f . dt. 


Und zwar soll f (ti) derart sein, dass die Hadamardschen Koeffizienten c(A) 
ausser für t= lg1, lg 2, lg3,--- verschwinden. Der Koeffizient c(lg n) 
6 








1J. Hadamard, Acta Mathematica, Bd. 22 (1899), insb. S. 60-63. 
e i 
880 . . * 
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werde kurz als cn bezeichnet, also insbesondere c(0” als c. Speziall wird also 
nach Hadamard und Schnee eine solche Belegung stets dann vorliegen, wenn 
man eine spezielle Dirichletsche Reihe %q,/n* hat, die auf s = ti absolut oder 
über s ti hinaus bedingt konvergiert, und wenz man ihren Sunmenwert. 
f(ti) als Belegung nimmt. e 

Alsdann betrachte man den*nicht-negativen Ausdruck ? 


(1) (24243, 4 3424 nt) (21 4 2ta Y Bana q fn) 
= (++ nn) + (tits + Loh, — Lg + “gee. 
+ (Hobs ++) (MH) +: nt 
+ (Erb, + Eo + Ego + +++) 2-H 
+ (Bats + Ba H) (J) H nt, 


multipliziere ihn mit f(#) und bilde den Integra mittelwert nach E 
(2) Da(a,&) Df (ti) +4 Hat) tt tt). 
Nun ist vorausgesetzt, dass 

M (f(t) n**) = cn oder ==0, 


je nachdem n positiv-ganz ist oder nicht. Führt man also in (2) water dem 
Integralzeichen statt der linken Seite von (1) d= rechte Seite eir, so ver- 
schwindet die Mehrzahl der Summanden, und es b=ibt: 


(3) Dalz, È) = 0; (21%, ++ + nin) Ho 12 + tet, + it‘) 
+5: + Lote +--+) fe + la): 
Ist nun überdies die Belegung f(ti) beschráakt, | f(ti)| SM. so kann 
* man áuf das Integral in (2) den ersten Mittelwer-satz der Integral zleichung 


anwencen, da der Faktor von f(t) eine reelle, n.cht-negative Funztion ist, 
und erhält 


| Da (z, 2) | S MIN (2, + 282 + fig) fes + H + > Hn en) Ja 
also unter Benutzung der Relation (1): ° > 

| De(a, #)| S Mm + + Taa), 
da Ut{e+*} verschwindet oder gleich eins wird, je nazhdem A 54 0 oder 1— 0 ist. 


THEOREM J. Befriedigt eine Belegung aussez den eingangs dieses Para- 
graphen aufgeführten Voraussetzungen noch die weitere | f(t#)| S E, und ist , 
H, das Maximum des Ausdrucks (3) unter der Aobenbedingung Cay +: 


F niin = 1, so ist Hy = M für jedes n. . i 
® Hierbei sind die Summen, in den Klammern alle gr zu erstrecken, als die 
Indizes Sn bleiben. . u ê 
. e e 
e 
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-BEMERKUNG. Bedient-man sich der Sprechweise der Theorie der unend- 
lich vielen Variablen, so ist Da (x, Z) nichts anderes als der n-te Abschnitt der 
Bilinearform von unendlich vielen Variablgn 


Day) (Y + Toya + ) + alzıy + eya +: >) 
+ Ca (219s + Tajo hoc) ++ ' 

nur dass in den n-ten Abschnitt Da (z, y) hiervon noch y, =%,,* * `, Yn = En 
gesetzt ist. Nun besagt ein einfacher Hilfssatz* über Bilinearformen von 
endlich vielen Veränderlichen A(x, y), dass dgs Maximum von | A(z, y)| für 
` Ilala = 1, MYaYa = 1 höchstens gleich dem Doppelten des Maximums von 
A(z,&) für 32,5, = 1 ist; also liegt im vorliegenden. Falle | Da (z, y)| unter 
2M, und Theorem I kann auch so formuliert werden: 

Befriedigt eine Belegung die eingangs dieses Paragraphen aufgeführten 
Voraussetzungen, so soll die aus ihren Hadamardschen Koeffizienten c„ auf- 
"gebaute Bilinearform D(z,y) als die zu der Belegung gehörige „D-Form“ 
bezeichnet werden. Ist die Belegung beschränkt, | f(ti)| = M, so ist die 
D-Form im Hilbertschen Sinne beschränkt, und thre *obere Schranke liegt 
unter 2M. 

Die Koeffizientenmatrix einer solchen D-Form hat die Eigentümlichkeit, 
dass die Stellen, die den nämlichen Koeffizienten tragen, je eine gerade Linie 
erfüllen und dass alle diese geraden Linien ein Strahlenbüschel bilden mit 
endlichem Zentrum: * l 








Cı Co Ca Ca Cs Ce Cy Cs Co Cio Cu Ciz 
0 ¢ 0 co 0 o 0 sd 50 ca 
0 0 a 0O 0 e& 0 0 ce 0 0 & 
0 0 0 eg 0 0 0 & 0 0 OD Cs 
0 0 0068 0 0 0 0 ce 0 0 
0000 0a) 00 0 0 o 
00600 Q 0 & 0 0:0 0 0. 
D=|0 Q l 0 0 @ 0 0 a 0 0 0 0 
0 00000 00 eg 0 0 0 
00 0 0 0 0 0 0 0 ec 0 0 
0000 00.0 00 0 a 0 
À 000 0 0 0 0 0 0 0 a 








. À 
? Vgl. eine inzwischen in der Mathematischen Zeitschrift (Bd. 2 (1918), S. 187)- 


erschienene Arbeit. 
t Während sie bei an È- Eamon Pargllelstrahlenbiischel bilden. 
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Das System dieser D-Formen oder D-Matrizen ist isomorph cen rein 
formal betrachteten zugehörigen Dirichletschen Reisen, d.h. der Summe und 
dem formalen Produkt zweier spezieller Direchletscher Reihen gehört die Summe 
bzw. das Produkt der zugehörigen D-Formen (im Sinze des Matrizenkel=iils) zu. 

Nach einem bekannten Hilfssatze $ von Weierstrass kann man aus der 
Positivität des Faktors von f (ti) in (2) mehr entn- hmen: 


Zusatz. Ist Q der kleinste konvexe Bereich, der alle Werte der Eelegung 
f(tt) umschliesst, so liegt jeder, Wert, den Da(x, 5] für lafa = 1 aanimmt, 
in Q. 

2. Umkehrung von Theorem I für absolut Lonvergente Diricaletsche 
Reihen. Ist f(s) — Xcn/n* absolut konvergent für 3 = ti, ist m. a. W 3 | cn | 
konvergent, so ist 3c,/n* a fortiori, gleichmässig koxvergent, und es Hlgt aus 
den Erg=bnissen von Hadamard, dass f(#) alle Vor: ussetzungen von £ 1, auch 
die der Beschränktheit, erfüllt. Es gilt dann: 


Tuxorem II. Ist 3 | cn | konvergent und wird Zc„/n" gesetzt, s kommt 
der in Theorem I mit Du (2,2) bezeichnete Ausdruck unter der Nebenbelingung 
Stat, == 1 und bei ‚hin eichend grossem n jedem Wert der Belegueg f(t) 
beliebig nahe. 

Der Beweis werde mit dem naheliegenden Versuch begonnen 
(1) tı =1/Va,- - +,a=1/Va, alle weeren £n = 0. 

. Dann ist, wenn n= a, 2,8, +: + ++ Ean 1. Eerner kommt in Iu(2, £) 
offenbar c, genau a mal vor, jedesmal mit dem Faxtor 1/Va-1/Ve = 1/a, 
das gibt zusammen c,, während cz genau $a mal vorzommt, wenn a gerade ist, 
und $(«— 1) mal bei ungeradem a, u. s. f.; also ist für das Wertsysem (1) 


` Da(x,2) =e + dos + des + o pe tat Au, 


wo die kleine Abweichung Ag Jedenfalls der ane unterliegt 





la lsioli+lala i+ -+ leal ae lal, 


a 
Wegen der Konvergenz von X | ca | ist lim | ca | = 4, also nach dem Katz vom 
arithmesischen Mittel auch lim As = 0, und D, (z; €) nähert sich für das 


a=00 
Wertsystem (1). und.mit wachsendem a und n = x immer meh” dem Werte 


(2) Cs + Fee + 40 + =f). - 


. 
So könnte man von f(1 + ti), wie eben; für f (1), casjenige einsehen, was von 


(0) und-f(0 + ti) gezeigt werden soll. | 
Es soll deshall» der Versugh mit anderen, kompl gierteren Wertsys e emen Zn 


- , "e . i 
e e 
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wiederholt werden, die übrigens den Vorteil haben werden, dass die lästige 
Abschätzung eines A, nicht auftritt. Es sei zuerst, mit | y | = 1, 


(3) m=1/Va 2=9/Va A=YP Va, ma 1/V a, 


. alle anderen ay = Q. 


x es 
So erhält man neben Y at == 1, wenn n Minreichend gross ist, n = 22, 


pal 











a —1. —2 DS 
(4) Dala, ë) =c + Fo + Poet + STE, 
oder, wenn y == 2% gesetzt wird, s 
E a—1 ce —2 c Il o 1 
(5) Dala, 2) = 014 —— at a ast a Oe arent 


d.h. das a-te anthruehische Mittel der unendlichen Reihe 


(6) f ats SH a. 4tt tan ait 1 


Da diese eine Teilreihe der als absolut konvergent yorausgesetzten Reihe 
Scn/n** ist, ist sie auch konvergent, und somit auch die Folge ihrer arith- 
metischen Mittel, und diese konvergiert gegen denselben Wert. Dem Wert 
dieser Teilreihe kommt aber zunächst die Form Dn (x, 7) im angegebenen Sinne 
beliebig nahe. 

Es sei nun weiter bei hinreichend Bohr n (n È 2%- 88): 


tal=4 “[o[—1 




















und. 
TENE E | Ls t= Tousis Hp = ye 
vag” vag” vag" vag” 
ts = >, 2 ol > T ALLE are PETTE a 
(7) aß Vag V a8 ve 
ou paa * | Mn sá = 682 BR ET tats "pty a-1 
TË R 1,8: = VaR’ Tab- 4 ONET 3 Caba Voß 
alle anderen ty = 0, so ist wiederum Sayty == 1, und D,(x, Z) wird gleich 
7 (e—1)B 1)8 — (a—2)8 —*)8 ae B. 
Cy zu Con 7 + 647? -e +: “++ E 28 
aux (8 — 1) (a—1)(8—1) (a—2)(8—1) 
a gg RR ae 
. -= | 
(8) en E 


3 2 =| 
-108-1 E -3 98-15 z B-1 „08-172 
+ Caf 6 abet cobol) T aß” ecg ae Y 


- 1 
e +: > ++ 1382 a a ap 








a — ® 
aß 
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Nun ist die Doppelreihe 


Gt oft + 04/44 ++ >> 

++ ca + Cg/6% + 2/12 +... 

+ Co + C18/18** + 636/36 Seas 

He 2.8. 

absolut konvergent als Teilreihe der absolut konverganten Reihe Scafret. Setzt 


man also 9 = 3", y =2**, so kann man zuerst bei festem @ den Index a so 
gross wählen, dass (8) beliebig wenig abweicht von 


(9) 


[a+ ca(1/2% + 6,(1/4*) +} on 
+[(8 — 1)/B1{&(1/3#) + ¢5,2(1/6"*) + (1/20) +> +) 
+(1/8) (cP=[1/(30-)14] + c38-.2[1/ (86.2) ti] +o8-14[1/ (867.4) E] +}, 


d.h. von dem f-ten arithmetischen Mittel aus den Zeilensummen der Doppel- 
reihe (9). Endlich kann man also 8 so gross we-den lassen, dase nan den 
Summenwert der gesamten Doppelreihe (9) belieb=z nahe kommt. Der Wert 
von (9) wird somit durch Werte von D„(z,&) bei hinreichend Lohem n 
approximiert ; (9) ist aber schon eine umfassendere Tzilreihe von 3c,/n™ als (6). 

Setzt man allgemeiner, indem man mit py die v-te Primzahl bezeichnet, 
Imlelfük-l --,. 


Cpr... pr m/V a > "av -cay für 0OSuU.<a,' ¡04 < 4, 


alle anderen a = 0, so folgt durch eine analoge Schlussweise, dass man mit 


D,(x, 2) bei hinreichend hohem n diejenige Teilr ihe von: > Cn/ntt approxi- 


miert, deren Glieder einen nur durch Y;,:* > *, pv teilbaren ‘Tides + haben. 
Nun ist die ganze Reihe absolut konvergent ; men kınn j N so gros wählen, 


dass > ] fa Ue. < fe ist. Alsdann wähle man - so gross, dass ale in den 


Zahlen T 2, 3,: © +, N aufgehenden, Primfaktoren anter p,,: °°, pe -nthalten 
sind. Dann ai man als Wert von D (x, 3) eine Teilreihe, die zun.chst alle 


Glieder von > Cn/nt enthält und dann noch manche von dem Eest; die 


letzteren zusammen aber betragen weniger als Les also ist > anni von einem 


Wert von D,(z,2) um ee als e entfernt, a ed. 
Die Grössen H,, H,,: - : bilden eine Folge Zuneimender, positive" Zahlen; 
nach Theorem I „liegen sie, alle unter M®; also Laben sie einen Grenzwert 
» 
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lim H, = HM. Theorem II gestattet nun, wenn M die genaue obere Grenze 
von n | f(t)| ist, zu folgern, dass H = M ist: 


FoLGERUNG. Ist M die obere Ges des Betrages von A/n = f (tt) 
und lim H, = H, so ist H = M. . 

NZXO . 

3. Das Vertikalenmaximum. Die bisher aufgestellten Theoreme ges- 
tatten bereits einige Anwendungen auf dieTheorie der Dirichletschen Reihen. - 


DEFINITION. Ich sage, eine Belegung $ (t), — o < t< -+ ©, nimmt 
einen Wert „asymptotisch“ an, wenn sie ihm ausserhalb, jedes Intervalls 
—VSt=+T beliebig nahe kommt. Im gleichen Sinne spreche ich von 
dem „asymptotischen Maximum” von | #(t)|, von dem „asymptotischen Wert- 
vorrat” u.s. w. 

Auf Grund dieser Terminologie kann man eine Verschärfung, deren 
Theorem I fähig ist, folgendermassen formulieren : 


THEOREM III. Ist f(t} eine Belegung, die idn Voraussetzungen am 
Eingang von $1 genügt, ist M das asymptotische Maximum von | f(ti)| und 
H = lim H, dieselbe Grösse wie in Theorem I, so ist HS MSH. 


Zusatz. Ist K der kleinste konvexe Bereich, der den asymptotischen 
Wertvorrat von f (ti) enthält, 30 liegen alle Werte, die D, (x, 2) für Beka = 1 
annimmt, in K (das ganz in $ enthalten ist). 


Beweis. Ist M das asymptotische Maximum von | f(t) |, so besagt 
dies: wenn e> 0 beliebig vorgegeben ist, kann man ein solches Intervall 
—TStS+T finden, dass die obere Grenze von | f(ti)| ausserhalb dieses 
Intervalls SM + ist. "Betrachtet man nun neben der Belegung f(ti) die 
andere g(#), die fir —TSt=-+T den Wert 0 hat, ausserhalb dieses 
Intervalls aber mit.f (ti) überginstimmt, so ist Wie obere Grenze von | g(ti)] 
SM +e Dannaxistieren ader die Hadamardschen Koeffizienten von g (tt) 
und sind genau dieselben wie die von f(t) ; es wird also auch zu g (tt) dieselbe 
. D-Form gehören, wie zu f(tv), mit derselben oberen Grenze H. Wendet man 
also Theorem I auf g(ti) an, so erhält man HS M+, und da e beliebig 
klein gewählt werden konnte, HS M, 
Nun iss unter den Voraussetzungen von Theorem II H=M; nach 
Theorem III ist H <= M, and seiner Definition nach ist M&M; also ist 
auch H = M ze 


e 5 
Satz 1. Im Gebiete*absoluter Konvergenz ist für eine Dirichletsche Reihe 
f(s) = 3cn/n2 längs jeder Vertikalen s= c pu die gbere Grenze von 
o 
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| f(o + &)| mit dem asymptotischen Maximum M o) dieser Beleguag iden- 
tisch. Genauer liegen alle Werte von f(o + ti) inzerhalb des kleins. en kon- 
vezen Bereiches K(o), den man um den on Wertvorrat von 
f(a + ti) legen kann. 


Dieser Satz enthält als Folgefungen einige Thecreme, die Herr Bchr 1910 
bewiesen hat. Für £(s) = 31/n* nämlich ist R(s) > 1 das Gebiet sbsoluter 
Konvergenz, und da die Koeffizienten reell-positiv sird, ist |&(o + #) |= £(0), 
also M (e) =¿(0). Satz 1 zeige nun, dass ¿(o + t) für beliebig hoke ¢ dem 
Wert £ (c) beliebig nahe kommt. Da nun {(c) wabegrenzt wächst, wenn o 
von rechts an 1 heranrückt, ist also &(s) in der Halbebene R(s) >1 un- 
beschränkt. Entsprechendes gilt für jede Reihe %c,/n* mit lauter nicht- 
negativen resllen Koeffizienten. 


Satz 2. Innerhalb des Gebietes absoluter Kon- ergenz ist das Ve-tikalen- ` 
“maximum M (o) eine nirgends ansteigende Funktio der VertikalenaEscisse o. 


Beweis. Das Vertikalenmaximum M(c) ist nach dem ‘Ende von 82 
identisch mit der oberen Grenze H(c) der D-Form wit den Koeffizienzen ¢,/n*: 


D(x, 2; 0) = o (B8 + mt eo 
| + ge (tts + O E 


für 32,%,—=1. Nun geht diese Form durch die Substitution 2, —-2"*é, in 
D(é,é;o-+ 2c) über, d.h. in die D-Form zu der am 2e weiter naca rechts 
gelegenen Vertikalen. Es ist I, = Sn énén. Ist also Zn, SS 7, so ist 
erst recht Zanën Æ 1, aber nicht umgekehrt. Ist also |D(x,£;0)| für Son, S 1 
unter M (e) gelegen, so wird a fortiori |eD (£, É 2 o+ ai für SénEn S=1 unter 
M(c) en d.h. es ist M (o Y 2e) S M(c). 


4. Umkehrung von Theorem I ohne eg Ananas Es sei 
eine D-Form D(z,y) rein formal ‚vorgelegt, und es sei lediglich von ihr 
vorausgesetzt, dass sie beschränkt ist. Daraus folgt aa sich nach den zlerersten ` 
Sätzen der Theorie der unendlich vielen Veränderlich- n, dass die Quadretsumme 
X | cn |? der Beträge ihrer Koeffizienten konvergiert; es sei aher Zeinerlei 
weitere Annahme, wie z.B. die “der Konvergenz von 3 | cn | hirzagefiigt. 
Alsdann kann man sich, anknüpfend an die Betracktungen ven $ 2, @rselben 
Methode bedienen, die Herr Bohr,’ auf andesen Voraussetzungen Jussend, 


zu einem ähnlichen Ziel benutzt hat. . e. 
o o » 
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Zuerst folgt aus der im §1 im Anschluss an Theorem I gemachten Be- 
merkung, dass alle | cn | = 2H sind, wo H die obere Grenze von | D(a, £)| für 
tata = 1 ist. Sei nun, mit Heryn Bohg, zunächst rein formal: 


so © ; 
fı(s) = > Gan a > f2(s) => Zoe" Sa Bie se EZH PS 
a 
pom o nr 


so konvergiert also f,(s) für N(s) >0 absolut und stellt daselbst eine 
analytische Funktion dar, ebenso f2(s), fa(s),* °°. 

Ferner folgt aus der schon erwähnten Konvergenz vone2 | c» |? mit Hilfe 
der Schwarzschen Ungleichung, dass 3 | cn |/n?* für jedes e > 0 konvergiert, 
dass also Sc„/n® für R(s) > 4 absolut konvergiert. 

Endlich besagen (5) und (6) von $ 2, dass das a-te äittimetische Mittel 
der Reihe f,(s) für s= ti unter H gelegen ist; also ist |fı(s)| SH für 
R(s) > 0, und ebenso folgt aus $ 2, dass | (s) E SH für R(s) > 0 und jedes 
v= 1,2, 

Ist nun 1 + 71 irgendein Punkt auf der Vertikalen mit der Abszisse 1, 
so betrachte man einen Kreis vom Radius 4 um diesen Punkt. Innerhalb 
dieses Kreises ist 3c,/n* absolut konvergent; fi(s), f2(s),° © > sind Teilreihen 
davon; dieselben konvergieren also gleichmässig gegen f(s). Nun besagt ein 
von Stieltjes stammender funktionentheoretischer Hilfssatz: wenn eine Folge 
analytischer Funktionen fı(s),f2(3),: - "in einem Kreise gleichmässig gegen 
f(s) konvergiert und wenn dieselben Funktionen fy(s) in einem grösseren 
Gebiet dem Betrage nach unter einer gemeinsamen festen Grenze liegen, so 
konvergieren sie in jedem beschränkten abgeschossenen Teilbereich dieses 
grösseren Gebietes gleichmässig. Im vorliegenden Falle ergibt sich daraus, 
dass die obigen Funktionen f+(s) auch im Kreise vom Radius 1 um den Punkt 
1-+ ri gleichmässig Konyergieren, die Grenzfupktion wird daselbst die analy- 
tische Fortsetzung von f(s) &in und dem ne nach unter H liegen. 


THEOREM IV. Ist die zur Reihe Ic„/n? Gehörige D-Form im Hilbertschen 
Sinne beschränkt und H die obere Grenzeevon D (x,5), so konvergiert die Reihe 
selbst absolut für R(s) >4 und stellt eine analytische Funktion f(s) dar, 
` die bis an R(s) = 0 heran idad ist und dem Betr age nach überall unter 

H liegt. © 


Bown, GermAny. — 
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SH. Bohr, Göttinger. Nachrichter, 1913. 
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MEAN MOTION. 
By HERMANN, WEYL. 


The problem of mean motio: which arose fror- the theory of the secular 
perturbations of the planetary orbits [1] and which will here find its complete 
solution, deals with the superposition of a finite rumber of 'epieyel:s or of 
simple oscillations: e 


(1) e 2 — $ oro (d), 
(2) Dy == Dy (t) = Ant + om. 


We use the abbreviation ¢?™ = e(9). The amplitudes ay > 0, frequercies rx, 
and initial phases dx, are real constants; the time tis a real variable ranging 
from — © to + ©. The n-dimensional space of he real pene ie is to be 
construed as a torus ® by identifying two points (9) = (ù, - *,3n) and 


(F) = (Fat ',9%.) which are congruent modub 1: 
Or = Ve (mod 1). 


z is first a function of the n phases % and then, efter the substituton (2), 
a function of i. With the customary notation, polar coördinates are used in 
the z-plane: 


a=r-e(¢). 
Let us begin by discussing the phase function (1) may be in-erpreted 
as depicting a (plane open) linkage A,A,- * + An consisting of the Inks 
y Aids = One (De) 


of fixed lengths ax. z == ApAneis the vector spanned by tħe linkage Those 
points on the torus O for which z = 0 form what ve call the singukır mani- 
fold; it consists of all possible states of a closed n-inkage with the prescribed 
sides ay. E being ay. area in the z-plane, the volume v(E) of tha- part of 


the torus where z(#,: ` -%,) takes on values in E, indicates the phase proba- 
bility of z lying in E. On account.of central sey, it sufficesto termine 
the AS l . - 
W(r) = Wrsa: > ¿mi > ne 
. oe ‘ 
of the span z being in absolute value < % By is very nature Wer) is an 
. e ò : 
. A 2 
f e s 
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increasing function-of + varying between the limits 0 and 1. The strip 
OS WS 1 in a (W,¢)-plane is a cylinder when points (W, $), (W, y”) are 
regarded equal if p= ¢’ (mod 1). The phase probability v(#) is the area 
of the image of E on the (W, ¿)-cylinder Produced by the mapping 


¿=r:e(9) > (W(r), $). 


A straightforward analysis by Fourier transforms, carried out by A. Wintner 
[2], results, for n= 2, in the absolutely convergent expression 


(4) Wir On) =r | Ja Cro) TL Ja(axp) dp 


in terms of the Bessel functions Jo, Jı. The relationship to the random walk 
problem is obvious [3]. ° 

We now turn to the second standpoint with ¢ as the independent variable, 
and assume that the A, satisfy no homogeneous linear relation 


(5) > mx = 0 H . 
5 z k : x 


with integral coefficients my. The law of equidistribution (Kronecker-Weyl) 
[4] then states that the straight line (2) -fills the torus with uniform density. 
In other words, for any piece @ of the torus with a Jordan volume @, the 
relative frequency with which the point #(t), moving uniformly along a 
straight line, visits @, tends: to G if the period of observation becomes in- 
finitely large, or: time-probability = phase-probability. A slightly more general 
form of the proposition asserts that for any bounded Riemann integrable func- 
tion f(9,: - du) i 


(6) == Sonya tends to fo pi CONS dd 


with ta — t > œ, or that the fime-average of f equals tts phase-average. 
Hence the considegations of the preceding paragraph determine the relative 
frequencies with which the “planet” z(t) visits the various parts # of the 
z-plane.! £ 
However, the problem of mean motion is slightly more intricate. To 
avoid ambiguities, let us suppose that the planet never passes through the 
origin (or that the straight line #(¢) ‘does not hit the singular manifold). 
Then the continuous increment (tz) — p(t) of the azimuth (t) of z(t) 
` 1This is tbe interpreted in y figurative sense, as in the astronomical application 
based on the Copernican rafher than the Ptolomaic system $ (+) is not the longitude 


of the planet itself, but of its perihelión or its ascending node. 
e e. 
. . e 
. . 


N 
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over, “any time interval 4, St tz is uniquely deermined. ¢ has a mean 
motion p if 


$(t2) ~$(t) 


i—i oe i ta — ti — o. 
2761 


We shall see that such a mean motion eg exists, Cepending lineariy on the 
frequencies. Az: f . 


N po Wih to Wahn 
The complete statement is as follows. 


TH30REM. Assuming the frequencies Ax to satssfy no linear relacion (5) 
with integral coefficients ma of sum 0, the azimuth e of the superpossEon (1), 
-(2) of epicycles has a mean motion | 


(7) p=: Wa + "+ Wadn- 


The coeficiente 1 Wy depend on the amplitudes: ay,° - `, Qn only; they are = 0 
and their sum equals 1, so that (7) is a certain werage of the individual 
frequencies Ay. More precisely, Wy is the probability 


(8) Wr = W (au; des" © © An a * I) 


that an (w—1)-linkage with the given sides. Ar ` ` ant * * ak Spans a 
distance < ay. 

For the proof we first return to our old hypotl=sis that the A, setisfy no 
linear homogeneous integral relation whatsoever, aad then follow a method 
recently suggested by P. Hartmann, E. R. van Kamen, and A. Wintaer ia 
We verify at once that ne time derivative 


p(t) =R n (za z) {R = -eal part} 
arises by the substitution (2) ‘rom the following phase fangtion: 
Arare (Hj 
(9) o) a AED 


which bzcomes dangerously. infinite on the singuar manifold. Ware one 
allowed to apply to this function the principle of equidistribution {6) holding 
for bounded Riemann DHEgEAbIE functions 3 f, one woald at once obtain a mean 
motion . 


a. oo ef” scope. ada 


o e a 
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The y as defined by this formula depends linearly on the Az, (7), and its coeffi- de 
cients W, are integrals of the following type: 


m=f fa (ad y ae 


So far HKW. I shall now show how to carr¥ out the integration by 9, in Wa. 
Indeed, for fixed %,,- : +, On and variable 9, =% we set 


nol 
Ay = 4, Y axe (39) = b, 
1 . 
l 2=2(0) =b 4 a: e(0). 
The integrand is then Edd 
(11) R (Ge =) 
where the index Y designates derivation by Y. The integral of (11) by % is 
fap where ¢ denotes the direction of the radius vector from the. origin O to 
the variable point 2(#) describing the circle of radius 4 around the center b, 


and hence we obtain 1 or 0 according as the origin lies within or without. the 
circle. This distinction amounts to 


(12) |b |= | e (9) +: + anse (8na) | S an. 


We thus find , 
Wa = fdd, > dban 


the integral extending over that part of the (n — 1)-dimensional phase torus 
(0,,- * +, On.) where l 


| als) ++ An-ıe(dn-ı) | < An, 


(13) . Wu B= Wlan; * * dnt). on 
o 


or 


s 
The formula (10) for 3A, yields at dhce the equation 
(4) Wipo Wal. 


by taking M =: +*-=A»=1. This result has its own interest independent 
of the probtim o of mean apu ae e : 


Given n „positive lengths dx, let bis be the probahuity that an (n—1)- 
linkage with the sides Mg "andy ` "Ay spans ‘a distance < ax. Then the 
n probabilities W,,- > >, Wa yisld,the sum 1. t 


MEAN MOTION. 893 


Certain examples suggest that the equidistribution law (6) migkt not be 
applicable to functions with the type of singularity present in ¿((9)). HKW, 
get around this difficulty by resorting to Birkhoff’s general ergodic zFeorem. 
But then the formula is proved only with “the excepsion of an unknorn zero 
set in the space of the initial phases «,, e Our evaluation of the integral in- 
dicates, however, that the evil-spelting singularities of the integrand F9) are 
more or less bluff. For a complete proof of our theorem I therefore Zell back 
on a much earlier and more elementary procedure inaugurated in 1909 by 
P. Bohl [6] for the lowest non-taivial case n = 3. 

We slit the phase torus in the (n — 1)-dimensional manifold o” those 
points (9) for whieh z = 2(0;- - -3,) is real and negative. On the el3 torus 
the azimuth $(9,- - -9,) is a continuous (periodic) single-valued frnction l 
whose values lie between — 1% and + 14 (limits excluded). The boandary’ 
of the slit is the Sa manifold. On the slit itself $ has a disconanuity, 
taking on the value + 44 on the one, the + side, and — % on the — side; 
it jumps by — 1 or +1 according as one crosses the slit in the postive or 
negative sense (i.e. from the + to the — side, or ir the opposite direction). 
Therefore ¢(f2) —¢(#,) differs by a term of absolute value < 1% frm the 
number of times N (t,t) the straight line 9 (1) crosses the slit-during the time 
interval 4, StS t In computing N(t,t,) the serse of crossing ha to be 
taken into account. Let us erect a cylindrical trunk T over the slit 5 basis 
whose generator is the velocity vector A = (A;,** *,A»). Whenever our moving 
point 9(t) crosses the slit it will stay in T during the following unit «<= time, 
so that N (tıt.) is essentially the duration of its stay in 7’ between t. and ta 
Hence N (t,t2) /(t2 — t) will tend to the volume y of T with t: — t-— œ., 
In computing that volume the multiplicity and orientation in which T covers: 
the various parts of the torus are to be taken into account; the “ chareceristic- 
function” of the trunk, to which the law of a (6) s here’ 
applied, is the covering index gapable of*the values 0, +1,+2,-" >. pis 
perhaps more fittingly described as the flux of $he constant ae field A 
through the slit, and is given by the integral over the slit of“ 


Ay, tor, An 
( 15 ) dy, as, diba 
; dn," g $ > dn-10n > 


Ñ . bg o 
d1,* * `, dn. denote n— 1 tangential line elements et a pointe(#) of he slit 
in such orientation that’ (15) is positive or negative according as the -urrent 
A crosses the slit at (9) in the positive or negative sense. We thus obtain 


8 “oF ii > 
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(7) e= Wa +: A -+ Wadn 
where W, is the area 
Wn == f res f ds, tee dO n+ 


of the vertical projection of the slit upon the (n —1)-dimensional (%,,*” +, On-1)- 
torus with the orientation of its covering taken into account. 

When we wish to ascertain whether (and with what index) a given point 
(9,- + :9,.,) is covered by the projection, we'draw the (n—1)-linkage 
Ao4i--++An+a with the links (3) starting at 4o = O. Denoting An. by b 
we have the figure as described before: the ‘circle of radius an =4 around b 
and the origin O. We now add the negative real axis ! issuing from O, and 
we have to watch whether the point 2(9) crosses I as # varies from 0 to 1. 
2(#) will cross once and in the positive sense if | b | < a; it will not cross at 
all, or once cross and then recross if | b | >a. Thus the covering index = 1 
or 0 according to the distinction (12), and our previous formula (13) is 
confirmed. 

When looked. at in this way the topological situation is as plain as it 
could be. The flux of a constant velocity field through an (n — 1)-dimen- 
sional surface bounded by an (n — 2)-dimensional cycle does not depend on 
what two-sided surface one spans into the cycle; it may be described as the 
flux encompassed by the cycle and expressed by an integral extending over 
the cycle. If we had proceeded in this way we would have got entangled in a 
cobweb of topological difficulties. The singular manifold is of a complex topo- 
logical structure which, moreover, varies with the values of the parameters a, ; 
the topologically different cases seem to be separated by those “ exceptional ” 
closed n-linkages whose a, fall apart into two groups of equal sum. The un- 
ravelling of this maze is avoided by using the slit rather than the singular 
_ manifold, and by defining the slit precisely as we did. 

By their very definition as probabilities the Wz are positive. But since 
we no longer make use of thf Wintner integral (10) an independent proof of 
(14) becomes desirable. From the definitionsof z(%, + - -3,) it is obvious that 


at ++, In +9) 94 0) (O arbitrary), 


and hence 
p= ZW 


e. ` = } 
must increase by A when all frequencies Ar are raised by the same A, or 3W,—1. 
In arguing thus, one is a little bit encumbered by the assumption that the Ax 
are linearly independent. But by choosing 4 = — ds, 


eld -s a) = ġ (fr — Dn * `s On — Ün, Q) + dm, 
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one carries over the whole discussion from the n-dimensional to an (n — 1)- 
dimensional phase space and finds the linear independence of M — An,‘ * “>, 
An-ı — An to be a sufficient condition for pur result. But this amounts to the 
absence of any relation (5) with integral coefficients my of sum 0, as stated 
in our theorem, and this hypothesis is mot affected by passing from the fre- 
quencies Ax to Ay +A. E 

So far we have assumed that the planet z(¢) does not pass through the 
origin. Should this happen at some moment tọ the continuation of ¿(t) 
beyond # may become (and will in general become) ambiguous, with $(t) 
splitting into two equally admissible branches which differ by 1. But our 
` procedure shows* that such an occurrence with its attendant accumulating 
ambiguity is rare enough to be of no influence upon the asymptotic law. 

Combining the result (18) with (4) one gets for n= 3 an explicit ex- 
pression in terms of Bessel functions: : 


(16) Wa an f Tan) N 


I conclude with a few remarks on the history of our question. When 
Lagrange hit upon it in his approximate theory of secular perturbations, he at 
once so_ved the “ trivial ” case where one of the sides, a, say, is larger than the 
sum of all others, 


an > l H * Gnas 


One then has a =A, with the much sharper estimate 


e(t) = dut + 0(1). 


(This estimate was implied in the term “ mean motion,” as Lagrange used it. 
Actually all planets are in the Lagrangean case except Venus and Earth.) 
More than'a century elapsed, before P.*Bohl succeeded in establishing mean 
motion for n == 3 in the non-Lagrangean case eyhere Ax, a, ās form a triangle 
A. He found 


= Pa + Wore + Wada 


: e 
TW; being the angles of A. This result is easily obtained if after the afore- 
mentioned elementary reduction of the dimensionality of the phase space to 
n — 1, one expresses the flux in term8 of the singular manifold which now is 
a O-cycle. When the problem and Bohl’s paperewere pointed out to me by 
Felix Bernstein in 1913, it started me on my investigation$ on Diophantine 
approximations (W,). Although the essential stepswas accomplished by the 
equidistribution law, the messy topology ofsthe singular manifold at that time 
e e e 


. 
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prevented me from settling the problem by an explieit and universal formula. 
' As an illustration I carried out the case n= 4;.the topology of closed 4- 
linkages has been thoroughly investigated in kinematics because such linkages 
are a frequent element in the construction of machines. Even there I limited 
myself to one of the topological subcases, see Wi, Satz 7, and blundered in the 
final formulation (although the proof is cbrrect): since my “integral in- 
variants” of the rickety quadrilateral have the sum 0 instead of 1, the term 
A, should be added in the final formula. But I will not mar the simplicity 
of our present argument by these old vagaries? Awareness of those complica- 
tions will, however, help the reader to a fuller apprecistion of the result (8), 
(16) holding for all cases alike. i e oye 

This formula, which served me as a lodestar, was guessed for all n and 
verified for n= 3,4 by Professor Wintner. His report on’ the paper HKW 
in my Princeton seminar on current literature stimulated me to resume the a 
ancient problem. The various equations known about Bessel integrals of the 
type (16) for lower n are most naturally derived from the interpretation put 
upon (16) by the problem of mean | motion. 


THE os FOR ADVANCED STUDY, 
PRINCETON, N. J.. 
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By NÔRBERT WIENER. 


> . 
Introduction. Physical need for theory. 

Definition. Types of chaos. 

Classical ergodic theorem. Lebesgue form. 

Dominated ergodic theórem. Multidimensional ergodic the>rem. 
Metric transitivity. Space and phase aver: ges in a chaos. 

Pure one-dimensional chaos. 

Pure multidimensional chaos. 

Phase averages in a pure chaos. 

Forms of chaos derivable from a pure chao . 

Chaos theory and spectra. 

. The discrete chaos. 

The weak approximation theorem for the »olynomial chaos. 

: The physical problem. The transformatioxs of a chaos. 


SO LOO A 2 SOE 


Hee 
emo 


1. Introduction. Physical need for theorz. Statistical mechanics 
may be defined as the application of the concepts -f Lebesgue integration to 
mechanics. Historically, this is perhaps putting zhe cart before the horse. 
Statistical mechanics developed through the entire l-tter half of the n3neteenth 
century before the Lebesgue integral was discovered. Nevertheless, it de- 
veloped without an adequate armory of concepts ar] mathematical technique, 
which is only now in the process of development a” the hands of the modern 
school of students of integral theory. 

In the more primitive forms of statistical me hanics, the integration or 
summation was taken over the manifold partácles of a Single homogeneous 
dynamical system, as in the case of the perfect gas. In its more mazure form, 
due to Gibks, the integration is performed over a parameter of distribution, 
numerical or not, serving to labelethe constituen: systems of a dynamical 
ensemble, evolving under identical laws of force, br.t differing in ther initial 
conditions. Nevertheless, the study of the mode ia which this parameter of 
distribution enters into the individual systems of tae ensemble does 20t seem 
to have received much explicit study. Tlte paramter of distribution is essen- 
tially a parameter of integration only. As such, cuestions of dimersionality . 
are indifferent to it, and it may be replaced by ‘a nuaferical variable x with the 
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range (0,1). Any transformation leaving invariant the probability properties 
af the ensemble as a whole is then represented by a measure-preserving trans- 
formation of the interval (0,1) into itself. 

Among the simplest and most importént ensembles of physics are those 
which have a spatially homogeneous ‚character. Among these are the homo- 
geneous gas, the homogeneous liquid, the homogeneous state of turbulence. 
In these, while the individual systems may not be invariant under a change 
cf origin, or, in other words, under the translation of space by a vector, the 
ensemble as a whole is invariant, and the indjvidual systems are merely pei- 
muted without change of probability. From’ what we have said, the trans- 
lations of space thus generate an Abelian group of Eolo transformations 
cf the parameter of distribution. 

One-dimensional groups of equi-measure “jatiefotmations have become 
well known to the mathematicians during the past decade, as they lie at the 
root of Birkhoff’s famous ergodic theorem. This theorem asserts that if we 
have given a set S of finite measure, an integrable function f(P) on 8, and 
a one-parameter Abelian group T^ of equi-measure tran$formations of S into 
itself, such that 


Do. PTI" (—o<i<o —o<u<o) 


then for all points P on S except those of a set of zero measure, and provided 
certain conditions of measurability are satisfied, 


r ee POS 
(2) kim f HIP) an 


will exist. Under certain more stringent conditions, known as metric transi- 
tivity, we shall have l 
(3) tims So. HIP di = J, „av: 
„ao A 

almost everywhere? The erghic theorem thas deahaintee averages over an 
infinite range, taken with respect to A, into dverages over the set S of finite 
measure. Even without metric transitiwty, the ergodic theorem translates 
the distribution theory of A averages into the theory of S averages. 

In the most familiar applications of the ergodic theorem, S is taken to be 
a spatial set* and the parameter A is identified with the time. The theorem 
thus becomes a way of tratislating time averages'into space averages, in a 


e. ` . TS . 
1 Cf. Eberhard Hopf, “ Exgodentheorie,” Ergebnisse der Mathematik und ihrer Grenz- 
gebiete, vol. 5. See particularly $ 14, were further references to the literature are given. 
e ° ba 
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manner which was postulated by Gibbs without rigor=us justification, aad which 
forms the entire basis of his methods. Strictly sp=aking, the space averages 
are generally in phase-space rather than in the ord nary geometrical space of 
three dimensions. There is no refson, however, why the parameter « should 
be confined to one taking on values of the time fcr its arguments, aor even 
why it should be a one-dimensionsl variable. We ar thus driven to f«rmulate 
and prove a multidimensional analogue of the classical Birkhoff thasrem. 

In the ordinary Birkhoff theorem, the transfcrmations T* are zaken to 
be one-one point transformatiogs. Now, the ergo&c theorem belongs funda- 
mentally to the abstract theory *of the Lebesgue incegral, and in tki theory, 
individual points, play no rôle. In the study of chaos, individual values of 
the parameter of integration are equally unnatural as an object of stady, and 
it becomes desirable to recast the ergodic theorem nto a true Lebesgue form. 
This we do in paragraph 2. 

Of all the forms of chaos occurring in physi s, there is only ene class 
which has been studied with anything approaching rompleteness. THs is the 
class of types of chao8 connected with the theory of the Brownian moon. In 
this one-dimensional theory, there is a simple and pawerful algorithm of phase 
averages, which the ergodic theorem readily converts into a theory of averages 
over the transformation group. This theory is eas=y generalized ta paces of 
a higher dimensionality, without any very fundamental alterations. We shall 
show that there is a certain sense in which these types of chaos are central in 
the theory, and allow us to approximate to all type . 

Physical theories of chaos, such as that of turbulence, or of the satistical 
theory of a gas or a liquid, may or may not be theories of equilibrium In the 
general case, the statistical state of a chaotic syst«m, subject to the laws of 
dynamics, will be a function of the time. The laws of dynamics produce a 
continuous transformation group, in which the czaos remains a =laos, but 
changes its character. This is at least*the case ir. those systems which can 
continue to exist indefinitely in time without gone. catastrophe whizh essen- 
‘tially changes their dynamic character. The study, for example, o: the de- 
velopment of a state of turbulence, depends on an exstence theory whizh avoids 
the possibility of such a catastrophes We shall clos: this paper by cexain very 
general considerations concerning the SE of an existence theory of this 


sort. ‘ i 

e 

2. Definition. Types of Chaos. A continusus homogeneous chaos jn 
n dimensions is a scalar or vector valued measurabl function*p (%,,: > *,%n34) 

` of a, +: Za a, in which 2,,- - ', Za assume®all -gal values, while « ranges 


over (0,1); and in which the set of valugs of « for which 
e o > 
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(4) p(t + Yay" * En + Yna) belongs to’ 8, 


if it has a measure for any set of values of y,,* * -,Yn, has the same measure 
for any other set of values. In this papes, we shall confine our attention to 
scalar chaoses. A continuous homogeneous chaos is said to be metrically 
transitive, if whenever the sets of yalues gi a for which p(z: * En a) 


belongs to S and to S,, respectively, have measures M and M,, the set of values 


of a for which simultaneously 


p(%,,* © +,%n3%) belongs to S 
and . 
p(t + Yn’ ` +5 n+ Ynja) belongs to Sp 


has a measure which tends to M, as y? +" -+ Yn? > o. 
If p is integrable, it determines the additive set-function 


(5) l (3; a) = f | p(t: +, tna) de, « © dan. 


On the other hand, not every. additive set-function may be so defined. This 
suggests a more general definition of a homogeneous chaos, in which the chaos 
is defined to be a function (3%; a), where œ ranges over (0,1) and 3 belongs 
to some additively closed set 3 of measurable sets of points in n-space. We 
suppose that = > and 3, do not overlap, 


(6) (B+ 352) =G(33@) +85). 
We now define the new point-set 3(y,,: ` *, Yn) by the assertion 


(7) S(Ya,* © Yn) contains E, + Y1,* * “Un + Yn when and only when 
: x 


3 contains Z,,* * +, 2p. 

This leads to the definition of the additive set-function Su... (X32) by 
(8) > Bm) 8: +540) 59). 

If, then, for all classes S of real numbers, | 

(9) Measure of set of as for which > a) belongs to class 8 


is independent of 1," * `, Yn, in the Sense that if it exists for one set of these 
numbers, it exists for all sets, and has thie same value, and if it is measurable 
iP yr," t ty Yn We “shall calf $ a horhogeneous chaos. The notion of metrical 
transitivity is generalized in the’ obvious way, replacing p(t * »€u3%) by 
F(3%), and plm + yk ` o + Ynya) by Sm... mC 35). 

The theorem which we wish tó prove: is the following ; 
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Tuxorem 1. “Let Y(3; 4) be a homogeneous chaos. Let the functional 


(10) ; A OE 

o 
be a measurable function of a, such that has; | g(e) log* | g(a)| | de is finite. 
Then for almost all values of a,» ° 


(11) lin gy fog Sin. o (353))ä den 
exists, where R is the interior of the phere 
(12) E AE ar i ee 


and mo is its volume. If in addition, 3; a) 8 metrically transsive, 


(18) tim yyy fo S Banan "Ay / OBE: 


for almost all values»of a. 


3. Classical ergodic theorem. Lebesgue fcrm. Theorem I is mani- 
festly a theorem of the ergodic type. Let it be noticed, however. that we 
nowher2 assume that the transformation of a given by 8 == Ta wh-n 


(14) nm. 1258) = BC «) 


ig one-one. This should not be surprising, as the ergodic theorem. _s funda- 
mentally one concerning the Lebesgue integral, and in the theory of the 
Lebesgue integral, individual points play no röle. 

Nevertheless, in the usual formulation of th= ergodic theorexr, the ex- 
pression f(TAP) enters in an essential way. Cax we give this a meaning 
without introducing the individual traysform of en individual poi? 

Tke clue to this lies in the definition of the Lebesgue integral Sself. If 
f(P) is to be integrated over a region S, we difide S into dhe region: S.n(f), 
defined by the condition that over such a region, 


(15) a Àf (P) Sb. 
We now write A 
(16) f, F(P)aV>— lim nenita, cap). * 


- The condition that f(P) be integrable thus TE the cortdition tnat it be 
measurable, or that all the sets So,» (f) be meastirakle. 


New, if T is a measure-preserving trapasformation on S, the sets Tal ) 
e e 


3 
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will all be measurable, and will have, respectively, the same measures as the 
sets Sao(f). We shall define the function f(TP) =y(P) by the conditions 


(17) TEN). 


If T conserves relations of inclusion bf sets, up to sets of zero measure, this 
function will clearly be defined up to a set*of values of P of zero measure, 
and we shall have 


(18) J FP) ave | HP) ave. 


We may thus formulate the original or discrete case, of the Birkhoff 
ergodic theorem, as follows: Let O be a set of points of finite measure. Let T 
be a transformation of all measurable sub-sets of S into measurable sub-sets 
of S, which conserves measure, and the relation between two sets, that one 
contains the other except at most for a set a zero measure. Then except for 
a set of points P of zero. measure, i 


a9) ‚my? RHEE) 
will exist. 


+ 


The continuous analogue, of this theorem needs to be formulated in a 
somewhat more restricted form, owing to the need of providing for the in- 
tegrability of the functions concerned. It reads: Let S be a set of points of 
_ finite measure. Let T* be a group of transformations fulfilling the conditions 
we have laid down for T in the discrete case just mentioned. Let TP be 
measurable in the product space of A and a P. Then, except for a set of 
points P of zero measure, 

as. od Gt 
(20) km J, HDP) an 
will exist. 

In the proofs of Birkhofi’ asia theorem, as given by Khintchine and 
Hopf, no actual ust is made E the fact that the transformation T' is one-one, 
and the proofs extend to our theorem as stated here, without any change. The 
restriction of measurability, or somethingeto take its place, is really necessary 
for the correct formulation of Khintchine’s statement of the ergodic theorem, 
as Rademacher, von Neumann, and ethers have already pointed out.? 

_ With the aid of the proper Lebesgue fqrmulation of the ergodic theorem, 
the one-dimensional case of Theoreme! follows at once. Actually more follows, 
as it is only gecéssary that g belong to L, instead of to the logarithmic class 

e % 


- 2 Cf, J. v. Neumann, Annals of Mathematics, 2, vol. 33, p. 589, note 11. 
i e e a o: 
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with which we replace it. To prove Theorem I in its full generality, Te must 
establish a multidimensional ergodic theorem. 


4. Dominated ergodic theorgm. Multidimeasional ergodic theorem. 

` As a lemma to the multidimensional ergodic theorem, we first wish to establish 

the fact-that if the function f(P) in the etgodic thecrem satisfies the e «ndition 
e . 


(21) $ IAP) Ilog | il ar» < «o, 


then the expressions (19) and (20) not only exist, but the limits in question 
will be approached under the domination of a summable function of P. We 
shall prove this in the discrete case, for the sake of simplicity, but tke result 
goes over without difficulty to the continuous case. 

Let T be an equimeasure transformation of tke set S of finite measure 
into itself, in the generalized sense of the. last paragraph, and let W be a 
measurable sub-set of S, with the characteristic function W(P). Lat U be 
the set of all points P for which some TP belongs to W. Let i(F), when 
P belongs to W, be défined as the smallest positive number n such that T-rP 
belongs to W, and let us call it the index of P. Evary point of W, except for 
a set of measure 0, will have a finite index, since iz we write Woo fo- the set 
of points without a finite index, no two sets T"Wau and T"Woo can overlap, 
while they all have the same measure and their sum has a finite measure. 
Thus except for a set of zero measure, we may d-vide:W into the sets Wp, 
each consisting of the points of W of index p. It is easy to show that if 
1<Sp<owo.1Ep<o0o,0< j <p, 0S7 <p, the sets T-3W, anc TW 
can not overlap over a set of positive measure unless j= 7’, p = p’. Smilarly, 
the sets T-?W, and T-?’'W, can not overlap over sets of positive measur, unless 
p = p’, and represent a dissection of W, except for a set of zero measure. Let 
us put Wyq for the logical product of Wp and T°Wa; Wor for th- logical, 

product of Wp and T?4W; ; and so on. Then if k is fixed, the sets TV ps... oy 
cover U (except for sets of zero measure) once@s j goes ffom 0 to pı once as 
it goes from pı to pı + pa, and se on; making Just k times b&tween 0, Hielusive, 
and pi + po: + + pas exclusive. Thus if Sx is the set of all tke points 
in all the Wo,p,...p, for which pı + p2: +: + pr = K, the total measure 
of all the Sx’s for 2N". => K = 2N can not exceed Fm(S8)/2%. 











Now let P lie in T-i Won... p whert OS j <P p+: pe Let 
us consider the sequence of numbers a, where if p+*:—pm3j 
<p +: + pis, a; is the greatest of the numbers . 
: 1 u 2 a 
- > z ——. ? 

ee! j— Pı: er 1 
e. 3 . Paar “+1 » 
a u ETS it e 9 ele o e 
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Then a; will be the largest of the numbers 


W(P) A Y WEP) +: + W(P) 

l : e hn as nd ` 
The sum y as, fora fixed K, will have its maximum value when Pi = po =t t 
Sma RER E + 1— k, when'it willbe b+ 3 h/j £ k(1 + log K/h), 


In this case the sequence of the a,’s will be 


W(P), 


k ke 
1’k 


E, 
byl 


k times 


This remark will be an easy consequence of the following fact: let us 
consider the sequence 


X Bo 4 Ad 


a TE [ee 


(22) 





nr 1? n 


and the modified sequence 











O 
1 A+1 A+ em 
Er 
where of course 
CARL < 1 A+] 
n+ [7] DH ae 
dee A x--1 











i+] =i +] zum 


Apart from the arrangement, the terms of (28) will be the same as the terms 


= Ati replaces A/n. Now, 
[ As 3 FRN u 
. e 
E A+1 «<A 
| st, 
. : l ÉS a n 
. + A 


of (23), except that in (23), 











® 
so that the sum of the terms in (23) is greater than that in (22). 


$ 
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Since the transforms of a given set have the sane measure as the set, and 
the sets T-Í8x cover U exactly k times, we have 


iy] W(P) + max (wir), PDA) 


+ max (wir), WP) EEE] W(P) + We) + WEP) 
W(P) + WTP) .,. . 
2 > >, 





++ mar (W(P), 





alone. ee), Lar 


IA 
003 


mS) kung 2) 
coin (ong) eE ne) 
= <(1 + log ai m(W) + sont m(S) } 





the constant being absolute. If we now put 


N= [log or / log a], 





this last expression is dominated by 





m(S7 
const. m(W) (2 + log m(W) ) . 
Since the constant is independent of k, we see that ¿he Cesáro average of 


W(P) + W(TP) | W(P)+>> Ea 
2 2 ? k a 





ax (W(P), 


f. max (mn, “ee Fe ao = 


= const. mw) (1 + log a) ; 
and it follows by monotone convergence that there exists a function W*(P) 
such that . . eo 
(24) f W*(P)dVp < cohst. m(W) (2 4108 me) ° 
8 3 ° m(W))? 
and for all positive m, jar 


(5), a ») < wen). 


is dominated by the same term. Thus 
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Now let f(P) be a function such that 


(21) $, FP) Nee FQ) ave < o. 
Let W'W be the set of points such that 
: . 
(26) N < | (P) | S 205, 


and let f) (P) be the function equal to f (P) over this set of points, and 0 
elsewhere. Then there exists a function fO (P), such that 


(27) i (P) ar — -A fm (Dery < FORT) (m > 0,1,2%,°- >), 





and 
(28) f Dar = const. mW) (1 410g a) 


Hence if 


(29) 2 m(W)) (1 + log* anny) DN < o 

and l 

(30) (P) =È MP), 

then j 

(31) Dr HER <p) (m=0,1,2, °°), 
and 


(32) Sr @arr < const. Z m(W™) (1 iog ar) qm. 

However, | 

(33) x m( WW?) (1 + tog PSZ), Qn 

ES f [friar Log 28) 
fey ave} 


PIIP) hm (8) 
<f IP) (1+ tog = EURO) 
Ss al cy go)” 


e. <f | fGP | ana 
E S 





f, LEP) ave 
+ f IFP) Llog" IFA) 2». 
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Thus Í. f*(P)dVp has an upper bound which is less than a function of 
8 : 


S. | FiP)| dVp and Í, | F(P)| log* | (P) | Ve, tending to 0 as -hey both 


tend to 0. This establishes our theorem of the existence of a uniform cominant. 
There is a sense in which (21) is ‘a best possible condition. Th -t is, if 


(34) vie) —o(log' 2), 
the condition 
(85) S OURE) IFP) dve < co 


is not sufficient for the existence of a uniform dominant. For let £ be a set 
of measure 1, subdivided into mutually exclusive sets Sn, of meastras respec- 
tively 2-7, Let Sa be divided into mutually exclusive sets Sni,°°- Sn», all 
of equal measures. Let T transform Sy,» into Sng) (k < v”), and S»,v, inte 
Sn, Let f(P) be defined by 


(36) f(P) =a >00n In, (n=1,2,; <); f(P) =0 eiswhere. 


Then the smallest possible uniform dominant of 


em nn L > Sete 
is 

(38) T(P) = on Sra, 

and we have 

(39) f. ft (P) dV p = Z ELE. 
Thus if S = 

(40) l , Vn == 27" An, ean = 0(n!}), 


e 


the function f*(P) will belong to Z if and andy IE 
e 


ale > const. f f(E) log* f (P) dY. 
n 2 S 


(41) o >È 

While we have proved the dominatęd ergodic theorem merely as a lemme 
for the multidimensional ergodic thedrem, the thearem, and morg particularly 
the method by which we have proved it, have very considerable incependent 
interes;. We may use these methods to deduce von Neumann’s meen ergodic 
theorern from the Birkhoff theorem ; or vice vgssa, we may deduce thr Birkhoft 


theorem, at least in the case of a functjon satisfying (21), from the vor 
e o » 
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Neumann theorem. These facts however are not 'velevant to the frame of 
the present paper, and will be published elsewhere. l 

We shall now proceed to the „Proof of the multidimensional ergodic 
theorem, which we ‘shall establish in the two-dimensional case, although the 
method is independent of the numbes of dimensions. Let TAT,” be a. two- 
dimensional Abelian group of transfórmatioms of the set S (of measure 1) 
into itself, in the sense in which we have used this term in paragraph 3. Let 
T.XT;#P be measurable in A, u, and P. We now introduce a new variable z, 
ranging over (0,1), and form the product spaee 2 of P and z. We introduce 
the one-parameter group of transformations of this space, Te, by putting 


(42) TH(P,2) = (Tostre psinerep cy À 


The expressions Te (P, x) will be, measurable in p and (P, s), and the trans- 
formations T’ will all preserve measure on 3%. Thus by the ergodic theorem, 
for almost all points (P,=) of 3, if f(P) =f(P, x) belongs to L, the limit 


f 1 4 x T i e : 
de: pP =}; Bi Tp cos 2ra p sin 270 P) q, 
(48) im 3 f, (LPs) dap a Zu; 


will exist. If condition .(26) is satisfied, it will follow by dominated con- 
vergence that the limit 


A 1 J 
(44) lim z Í dp f f(T p cos rep, p sin re P) da, 
>00 o o 


t 


will exist for almost all points (P, x), and hence for almost all points P. 

For the moment, let us assume that f(P) is non-negative. Then there 
is a Tauberian theorem, due to the author,* which establishes that the expres- 
sion (44) is equivalent to 





45 lim “od x; Tp eos Tes sin 0P) dB. 
A~00 a P- 


‘The mA point of igportance ich we must establish in order to justify this _ 
Tauberian theorem is that ° 


EL E 
(46) f, pudo E ae. 


for real values of u. Since eyery function f(P). satisfying (21) is the dif- 
ference of twf non-negative functions satisfying this condition, (45) is estab- 
lished in the general case. ° ° 


It will be gbserved that we have established our EN ergodic 
® 
e o 





3 N. Wiener, “ Tauberian theorems,* Annals of Mathematics, 2 vol. 33, p. 28. 
° 
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theorem on the basis of assumption (21), and nc on that of the weaker 
assumption that f(P) belongs to L. What the actul state of affairs nay be, 
we do nct know. At any rate, all attempts to arrive at a direct anabgue of 
the Khintchine proof for one dimefision have broke down. ‚The one-dimen- 
sional proof makes essential use of the fag that the -lifference of two intervals 
is always an interval, while the difference between wo spheres is not always 
a sphere. i 

The precise statement of the multidimensiona ergodic theorem is the 
following: Let S be a set of points of measure 1, and let TNT ze - - Ta be 
an Abelian group of equimeasure*transformations of S into itself, in tre sense 
of paragraph 3. bet TN- >- T ¡MP be measurable -n dy, * An; P. Let R 
be the set of values of As,* * >, Àn for which l 


(47) Az Ag? ee Age St 


and let V(r) be its volume. Let f(P) satisfy the condition (21). Then for 
almost ail values of P, , 


E 
(48) . lim va JS: Be oa S -T ¿MP edh: x - dàn 


720 
exists, 


That part of Theorem I which does not concert metric transitivisy is an 
immediate corollary. 


5. Metric transitivity. Space and Phase Averages in a Chaos. If the 
function f(P) is positive, clearly 


(49) f .. (rar r - TP) dr * An 


Ar... ¡PET .. in? 
< f Pe f F(T: TP ¡MT PP) da * + Ody 
e à 
Ar... An e 

o = 

=f E ii -+TaP)da®- An e 

E 448? - 

Hence 


(50) lim rat . f FTM: Taa + TP): > dan 
R 


lm- (f... E Ar: PP An sat 
ë . 

and expression (48) has the same value for P anc all its transforms under 

the group T¡%- - - T,%, The condition of pgeitiv ty is clearly superfluous. 

Thus in case expression (48) does not almost ev=rywhere assume =*single 


9 > . = 
ee . z 
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value, there will be two classes S, and 8, of elements of S, each of positive 
measure, and each invariant under all the transformations 7,™- + - Tr, 

A condition which will manifestly exclude such a contingency is that if 
8, and S82 are two sub-sets of S of positive Measure, and e is a positive quantity, 


there always exists a transformation T = TM: + - Ta, such that 
e s ý 
STE 
(51) ms, | <e 


From this it will immediately follow that if g chaos is metrically transitive in 
the sense of paragraph 3, the group of transfermations of the a space generated 
by translations of the chaos will have the property we haxe just stated, and 
under the assumptions of Theorem I, 


5 I 1 . PER! i 
(52) lim 75 fo f Bn... (332) My -dya 


Tow 
will exist and have the same value for almost all values of a. 
If almost everywhere . 


(53) lima r So So... m 2s d= 


v0 
and 


ff in men: dyn < gla) 


where g(a) belongs to L, then by dominated convergence, 


(55) Alm T ea f dy- > ` dyn “dyn $ dB... (35 a)) 
= IN DS(2; a) Ma. 


That is, the average of ${% (2; a) )* taken over the finite phase space of a, is 
almost ee ee same gw the average of BS, (33%) ) taken over 
the infinite group” space of pofats y,,* ` `, Ye. This completes the establish- 
ment of Theorem I, and gives us a real basis for the study of the homogeneous 
chaos.* . 


6. Pure one-dimensional chaos. The simplest type of pure chaos is 
that which has already been treated by the atıthor in connection with the 
Brownian motion. However, as we wish to generalize this theory to a multi- 


«The matérial of this chapter, in the one-dimensional case, has been discussed by 
the author with Professor “Eberhard Hopf several years ago, and he wishes to thank 


Professor Hopf for suggestions which ‘eave contributed to his pregent point of view. 
e 
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plicity of dimensions, instead of referring to exist-ng articles on the subject, 
we shall present it in a form which emphasizes ite essential indeperdence of 
dimensionality. 

The type of chaos which we sfall consider is that in which the expression 
(3%; a) has a distribution in « dependant only or the measure of tae set 3; 
and in which, if 3, and 3, do net overlap, the distributions of §(%,@) and 
Y (32, 4) are independent, in the sense that if (2, y) is a measuraole func- 
tion, ard either side of the equation has a sense, 


(56) f° S EGE) daig = f° HE), 9(32))da. 


We assume a similar independence when n non-overlapping sets Bitty an. 
are conzerned. It is by no means intuitively certaia that such a type of chaos 
exists. In establishing its existence, we encounter a difficulty be.mging to 
many branches of the theory of the Lebesgue irtegral. The fundamental 
theorem of Lebesgue assures us of the possibility of adding the measıres of a 
denumerable assemblage of measurable sets, to get the measure of t_eir sum, 
if they do not overlap. Accordingly, behind any effective realizaticn of the 
theory of Lebesgue integration, there is always a certain denumerabe family 
of sets in the background, such that all measurable sets may be approximated 
by dentmerable combinations of these. This family is not unique, bu: without- 
the possibility of finding it, there is no Lebesgue taeory. 

On the other hand, a theory of measure suitable for the denon of a 
chaos must yield the measure of any assemblage cf functions arising from a . 
given measurable assemblage by a translational change of origin. Tais set of 
assemblages is essentially non-denumerable. Any attempt to intrcluce the 
notion of measure in a way which is invariant uncer translational :Langes of 
origin, without the introduction of some more restricted set of measurable sets, 
which does not possess this invariance, will fail zo establish thos2 essential 
postulases of the Lebesgue integral which deal yith denumerable sets «+ points. 
There is no way of avoiding the introduction of censtructéonal devices which 
seem to restrict the invariance of the theory, al-hough once the =heory is 
obtained it may be established in itẹ full invariance, 

Accordingly, we shall start our theory of randomness with a d=vision of 
space, whether of one dimension or of more, into a denumerable assemblage of 
sub-sets. In one dimension, this, diYision may be that into those intervals 
whose coördinates are terminating binary numbegs, and in more dimensions, 
into those parallelepipeds with edges parallel to the axes and-with terminating 
binary coördinates for the corner points. We thén vigh to find a | self-consistent 
distribttion-function for the mass in suck a region, dependent ony" on the. 
volume, and independent fof non-oyerlapping vegiens. 

e e . 
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This problem does not admit of a unique solution, although the solution 
becomes essentially unique if we adjoin suitable auxiliary conditions. Among 
these conditions, for example, is. the hypothesis that the distribution is sym- 
metric, as between positive anc negative values, has a finite mean square, and 


that the measure of the set of os for which J(S;0) > A is a continuous. 


function of A. Without going int sucheconsiderations, we shall assume 
directly that the measure of the set of instances in which the value of $(8; a) 
in a region © of measure M lies between a and b > a, is 


BY engl. = 
u za, (dir) e 





The formula 
-1 i oo qe (v — u)? 
el = >) 
> VMM J- IN 20m AM) 


-1 ` q? 
VM, + Mo RÍA 2 (Ma 5) 





show the consistency of this assumption. 


The distributions, of mass among the sets of our detiutideable assemblage - 


may be mapped on the ‘line segment 0<a<1, in such a way that the 
measure of the set of instances in which a certain contingency holds will go 


into a set of values of a of the same measure. This statement needa a certain 


amount of elucidation. To begin with, the only sets of instances whose 
measures we know are those determined by 

a E Y(8,;4) Sd, 

de E F (S25 0%) S da 


. 6 © . © © © o s 


an = 3 (Sn; a) S ba; 


(59) 


where 81, S2 © :, Sn are to be found among pur denumerable set of sub- 
divisions of space. However, ote we have established a correspondence between 
the measures of these specific sets of contingencies and their corresponding 
sets of values of «a, we may use the measure of any measurable set of values 
of a to define the measure of its correspofding set'of contingencies. 


The correspondence between sets of contingencies and points on the line . 


(0,1) is made by determining a hierarqhy of sets of contingencies 
Eh mm < FG, mm) ; a) S b, (mn) 
(60) Sa ghee tee ae es Bp eae a a 
= dy 0) 8 (Sy (1) ; y) < byn), 
e 


5 Cf. the recent investigafions of Cramer and P. Ivy. 
e e 


rv 
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Let us call such a contingency Cmn. I£ m is fixed, let all the contingencies 
Cm,n (n= 1, 2,°- +) be mutually exclusive, and lei them be finite ir number. 


Let us be able to write 
e N . 


(61) Cm,n = > Oman 
` kes 


If 8’ is one of our denumerable Sets of regions of space, let every Cron with a 
sufficiently large index m be included in a class Cetermined by a set of con- 
ditions concerning the mass on S” alone, and restricting it to a set of values 
lying in an interval (c, d), corfesponding to an integral of form (5%) and of 
_ arbitrarily small value. (Here d may be co, or c may be — œ.) Let us put 
C,. for the entire class of all possible contingencies, and let us rapresent it 
by the entire interval (0,1). Let us assume that Cm, has been ma>ped inte 
an interval of length corresponding to its probability, in accordance with (57). 
and let this interval be divided in order of the sequence of their ms into 
intervals corresponding respectively to the component Cmsi,n,’8, ard of the 
same measure. Except for a set of points of zero measure, every po-nt of the 
segment (0,1) of will then be determined uniquely by the sequerce of the 
intervals containing it and corresponding to the zontingencies Om, for suc- 
cessive values of m. This sequence will then determine uniquely (except in a 
set of cases corresponding to a set of values of « 3f zero measure) the value 
of (Sa; æ) for every one of dur original denumerable set of sets Sn. 

So far, everything that we have said has been independent cf dimen- 
sionality. We now proceed to something belonging specifically to the one- 
dimensional case. If the original sets S, are the sts of intervals with binary 
end-points, of such a form that they may be written in the binary szale 


(62) (did: > der den + didi: ee HR) 


where d,,* ` +, dı are digits which are either 0 or 1, then any interval whatever 
of length not exceeding 2 ¿hd lying in (a, be, (where wand b are integers) 
may be written as the sum of got more thanetwo cf the ($ — a)2# intervals 
of form (62) lying in (a,b) and of length 2”, not more than tvo of the 
(6 —a)2#*? intervals of length 24”, and so on. The probability that the 
value of | (Sn; x)| should exceed A, or in 1 other words, the measure of the 
set of œs for which it exceeds A, is oe in 
a i o 
(63) AA in xp (- sas) Bu = o{exp(— Am(Sn)*)}. 
V am (5) Ja 2m (Sn) ee 

Now let us consider the total probabilit8” thet the value of | $(8n;¢)[ 

should.exceed Zw) Gr) for any one of the (b —a)2#* intervals of lengtk 


3 
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gue 1, or 2-‘#*?) 9 for any one of the (b— a)2**? intervals of length 22, 
or so on. This probability car not exceed 


oO 
(64) 2 (b — a) 2% 0 (exp (— Fre) P = 0 (2 exp(— Bue) y, 


On the An hand, the sum of | (du; a)| for all the 2-+2-++- - - intervals 
must in any other case be equal to or less than 


(65) l 2 5 Q-(urk) re) — O (Quo), 
k=1 


Thus there is a certain sense in which over a finite interval, and except for a 
set of values of «œ of arbitrarily small positive measure, the total mass in a 
sub-interval of length = 2” tends uniformly to 0 with 2-*. On this basis, 
we may extend the functional }(S; a) to all intervals S. It is already defined 
for all intervals with terminating binary end-points. If (c,d) is any interval 
whatever, let 61,63, - be a sequence of terminating binary numbers ap- — 
proaching c, and let di, dz,* + + be a similar sequence approaching d. Then 
except for a fixed set of values of æ of arbitrarily small measure, 


(66) im | y (Cn, da) + a) —Y (Cm, dm) ; 0) | == 0, 


and we may put 


(67) B( (c, d) ; a) — lim 3 ((0m, dm) ; 2). 


Formula (57), and the fact that (S1; æ) and S(S2; 4) vary independently 
Zor non-overlapping intervals 8; and S», will be left untouched by this extension. 

Thus if 3 is an interval and Tò a translation through an amount A, 
we can define (TA; a), and it will be equally continuous in A over any finite 
ange of A except for a set of values of æ of arbitrarily small measure. From 
this it follows at once that it is measurable in A and a together. Furthermore, 
we shall have . 


Measure ofset of a’gefor which (m; a) belongs to C = 


wer: Measure of set of a's for which BICE a) belongs to C. 


Thus F(2; a) is a homogeneous chaos. We shall call it the pure chaos. 

If 8{%(2;«)} is a functional dependent on the values of $(2;«) for a 
finite number of intervals Xa, then if A is so great that none of the intervals 
Sn overlaps gny translated interval TAS, {% (25; a)} will have a distribution 
entirely independent of &{3(7*= 3%) }. As every measurable functional may 
be approached im the L sense by such a functional, we see at one that Y(3; a) 
is metrically fransitive.® ° 


s 
e 


i A 
* Except that the methog of treatment has been edapted toethe needs of $7, the 
. . bd 

o e 
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7. Pure multidimensional chaos. In order to avoid notatiomal com- 
plexity, we shall not treat the general multidimersional case explictly, but 
shall treat the two-dimensional case by a method which will go over directly 
to the most general multidimensiönal case. If our initial sets S, are the 
rectangles with terminating binary coösdinates fcr their corners and sides 
parallel to the axes, and we replace (a, 65 by the square with opposite vertices 
(p,q) end (p+r, q+7), an argument of exac-ly the same sort as that 
which we have used in the last paragraph will show that except in a set of 
cases of total probability not exgeeding 


o 00 
(69) const. Y, € 24**21 o (exp (— 24t+DE)) — 0124 exp (— Bute) ) 
k=1 11 


the sum of | §(S,;)| for a denumerable set of binary rectangles vith base 
<= 2%, of the form (62), and adding up to make e vertical interval lying in 
the square (p,q), (p-+7,¢ +r), must be equal to or less than 


(65) . 9 > Q- (HI) Ue) = O (2-H), 
k=1 

If we now add this expression up for all the base incervals of type (62) neces- 
sary to 2xhaust a horizontal interval of magnitude rot exceeding 27+, we shall 
again obtain an expression of the form (65). It hence follows that if we take 
the total mass on the coördinate rectangles within a given square, shis will 
tend to zero uniformly with their area, except for a set of values of « of 
arbitrarily small measure. From this point the two-dimensional argument, 
and indeed the general multidimensional argument, follows exactly he same 
lines as the one-dimensional argument. It is only necessary to not: that if 


Gn —> a, bn —> b, Cn >C, dad. 


then the rectangles (am, bm), fem dm) and (An, bn), (Cn, os) differ at-most by 
four rectangles of small area. ? ., 

From this point on, we shall write P (S;'x) for a puré chaos, wLether in 
one or in more dimensions. | ° 


e 
8. Phase averages in a pure chaos. If-f(P) is a measurable step- 
function, the definition of eae T 


(10) J HP) a? (85) | $ 


results of this Section have ee been demonstrated by the autho?. (Proceedings 
of the Landon Mathematical Society, 2, vol. 22 (192%), po? 454-467). . 


"Here we represent a rectangle by giving wo oppos-_te corners, 
o o 


3 
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is obvious, for it reduces to the finite sum 
a N 


where fa are the N values assumed by f(P), and S, respectively are the sets 
over which these values are assumed? Let ws notice that 


(12) J de | f HP (8; 2 = 3 Y dafna? (Sm; 2) P (Sa; a) 


mi n=le 


-$ | fn ef Bie anes 


-$ 2 1 Og E ae 

=| fa] vaa. u exp ( mag) 
> ER mer 

=A | In [êm (8%) TuS ute (u?/ du 
N 
È | fa l'm(8u) = f | #(P) PAV, 


the integral being taken over the whole of space. In other words, the trans- 


formation from f(P) as a function of P, to f {(P) dp? (S; %) as a function 


of a, retains distance in Hilbert space.* Such a transformation, by virtue of 
the Riesz-Fischer theorem, may always be extended by making limits in the 
mean correspond to limits in the mean. Thus both in the one-dimensional 
and in the many-dimensional case, we may define 


(73) f AP)? (83 2) =L im. Sr ar (8; 2) 


where f(P) is a function belonging to L°, and the sequence f.(P),f.(P),* °° 
is a sequence of step-functions converging in the mean to f(P) over the whole . 
of space. The definition will be undmbiguous, except for a set values of « 


of zero measure. ** e > 
If S is any measurable set, we have e 
2 
74 f a P (8; Vem J ze u) tu 
(74) af a) } Vien (6) 5m (8) 
2 = (m(S)9"2 == a ute du 
2 {= 0 if n is odd 
. = "(m(8))*?(n— 1) (n—3) : > 1 if mis even. 


JE E w o. 
s @f. Paley, Wiener, and Zygmund, Mathematische Zeitschrift, vol. 37 (1933), 
p. 647-668 ” i 
pp. ; E è Š 
è . . * 


THE HOMOGENEOUS CHACS. 91: 
:$ 


This represents (m(S))*/2, multiplied by the number of distinc: ways oz 
representing n objects as a set of pairs. Remembering that if S,, 52 © * * Sas 
are non-overlapping, their distributions are independent, we see that if the 
sets Ya, 3o,- * <, Sen are either totally non-overlapping, or else such “hat wher 
two ovarlap, they coincide, we have? + : 


e 
J Da) >> P (3n; 2) da = 31 È P (34; 2) P (3x; a) ex, 


where the product sign indicatgs that the 2n terms are divided inta n sets ol 
pairs, j and k, and that these factors are multiplied together, while the addi- 
tion is over all the partitions of 1,- - -,2n into pairs. If 2n is replaced br 
2n + 1, the integral in (75) of course vanishes. 

Since P($;«) is a linear functional of sets of points, and since botk 
sides cf (75) are linear with respect to each P(%;«) separately, (75) stil 
holds when 3,,3s,° * *, Sen can be reduced to suns of sets which sicher coin- 
cide or do not overlap, and hence holds for all measurable sets. 

Now let f(P,,* * +, Pa) be a measurable step-Zunction: that is, : functior 
taking only a finite set of finite values, each over a set of values P-,- + *,P; 
which is a product-set of measurable sets in each variable Pa. Clearly we 
may dafine 


(18) fa free PP (sa) - doP (83a) 


in a way quite analogous to that in which we have defined (70), anc. we shal 
have 


(rn) af: i al HP, >> Pad, P(S; 1) >> dp, P (8; 2 
=3 f = SIPs Pa Pop --,Pn,Pa)dVp,- «dV, 


where the summation is caied out for all possible dixisions of tae 2n P’s 
into pairs. Similarly in the odd case ° . 


, (18) f da f- . fres + e Ponsa) dp, P (8; a) > . Dar 4) 0. 


We may apply (77) to give a nn to ° 


(79) f ajf: . f FP » Py) de? (Gia): dB (8; JR, 


Tf f(Pi,- - °, Pn) is a measurable step-functipn, and . 
e 








e 
°Ci. Paley, Wiener, and Z5gmund, loc. cit, formula, (2. 05). 
o . e 
. ry 
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E E 
: f |f(P)l’aVr = A (k=1,2,* > :) 


we shall have . . 


(31) Sa F A f HP, > i Pa) dp,P (8; a) de, P(S30) |? 
= Ar(2n — 1) (2n — 8) Sra 


IE now f(Pi,---+,Pn) is an integrable noe satisfying (80), but not 
nacessarily a step-function, let h 

. 
(82) f(v; Put, Pa = Ż sgn f (Pa Pa) DP c+ Pr) sgn f (Potta Pa) l 


Clearly almost everywhere 


- (88) ff ee «+, Py)dp,P (832) ` ` + dp,P (8; a) 


< i f fu(P)dp? (Sza) * 


and 


Tm | f Star s Pajar (S32) >> dm? (85) 


Byw 


=f . f fo; Pa: 5 Pa) dp,P (S; a) dp,P (S; 2) | 
de fe(P) dp? (8; a) 
f fu(P) dp? (8; a) 


where Æ represents the exterior of a sphere of arbitrarily large volume. Let 
it be noted that both the numerator and the denominator of this fraction have 
Gaussian distributions, but that the fean square value of the numerator is 
arbitrarily small. ‘fhus excepb : for a set of values of « of arbitrarily small 
measure, the right Side of expression (84) is apbitrarily small, so that we may 
write 


(35) ess ef -f PPa y PONS : - dp, P(S;a) 
sf: : Step i “Px) dp,? (B52) : dp, P (83a) t 


0 
Thús by en convergences 


<T f fe(P)de? (8; 2) +3 


e í 
(36) * lim fio J las Pas > :>Pnjdr,P (830) > > - dp, P (95 a) 
K>OO f S . è e : 
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exists for almost all’ values of a, and we may write it by definition 


(87) So f Fu, Pade. (85.4) - > - dp, P (834). 


This will clearly be unique, except for a set of velues of a of zero measure. 
There will then be no difficulty ig checking (77), (78), and (81). i 


9. Forms of chaos derivable from a pure chaos. Let us assame that 
f (P) belongs to L?, or that f (Pı, - +, Pn) is a meesurable function satisfying 


(80). Let us write PO for the®vector in n-space connecting the poirts P and 
Q. Then the function 


(88) ff HP, PP de, (850) +» de, (83a) =E(P30) 


is a metrically transitive differentiable chaos. This results from the fact that. 
?(S;a@) is a metrically transitive chaos, and thet a translation o' P gen- 
erates a similar translation of all the points Py. The sum of a finite number 
of funczions of the type (88) is also a metrically transitive differentia! le chaos. 
To show that F(P; a) is measurable in P and « simultaneously, we merely 
repeat the argument of (83)-(86) with both P ard « as variables. 

We shall call a chaos such as (88) a polynomial chaos homogerzously of 
the n-th degree, and a sum of such chaoses a polysomial chaos of tLe degree 
of its highest term. In this connection, we shall sreat a constant a a chaos 
homogeneously of degree zero. 

By the multidimensional ergodic theorem, if ® is a functional ‚uch that 


(89) $ | 8@@32)) [loge | @(F(P5 a2 )| da < «o 


we shall have 


E . 1 
(90) lim 5G Foy Je PIAA ef) »(P(P¡2))da 
for almost all values of œ. Singe the distribution cf F(P; Sa) is doramated by 
the preduct of a finite number = independent ` Gaussian distributions, we 


. even have 


1 . 
(91) PE uj Í, IP; ale & o 
o 
for all positive integral values of'n. In,a wide glass of cases this exables us 
to establish a relation of the type of (89)... . 
In formula (90), we have an algorithm foe ae computation of me right- 


hand side. For example; if l es 
® ` a 
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(92) F(P32) — { f(PP.)de,? (850), 


_and P + Q is the vector sum of P and Q, we have for almost all a, 
© © 


(93) lim yey fy POH 0080 fr + OHO 


the integral being taken over the whole of space; if 


9) F(Psa)— $ >>> f IPP, PPadde,? (8; a) dp? (8; a), 


we have almost always ë 
(95) im Fey Sa P(P + SFr, 
=| f 1G, Q4aV0P+ f f FP+ GP + MIO, MAV oV 


+ f f FP +O,P +F, Q)4V du; 
and if l 


(96) FB $ f f APP, PP, PP.) de? (85 a) dp, (3; a)dr? (532), 


we have almost everywhere 
(97) lim 7 va J, F(P+-Q;2)P(Q;2)dVo 


A (Q, Q, P+ MIF(AL, 8,8) 


+ f(Q, Q, P + M)F(8,M, 8) + f(Q, Q, P + MIES, S, M) 

+7(Q,P + M, Q)7(M, 8, 8) + f(Q, P + M, Q)F(S, M, 8) 
~ +F, P +M, Q)F(S,8,M) + f(P-+M,Q,Q)f(M, 8, 8) 

+ HP + M, Q, Q)F(S, MS) + H(P + M, Q, Q)f(8, 8, M) 

+HP320,P + Yo P + 8)7(Q, M, 8) 

+IP Q, P+M, P + 8)f(Q,5M) 

+ f{P+Q,P+M,P+8)f(M, 0, 8) 

+f(P+Q,P+U,P + 8)Í(M, 8, Q) 

+f(P+Q,P+M,P + 8)f(8,Q,M) 

+HPAQP+M, P+8)F(8, M, Q)aVodVudV y. 


We have similar results in the non-homogeheous case. Thus if 
bad Š J . Ea 
(98) F(P; a) =A + fof PP) d? (8; a) A 
s 
+ S f o? PP.) de, (852) deP (832), 
e . ° 


» 
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a 
we have almost everywhere 


(9) lim f, PP +Q;0)F(Q3a)aVo 
=4 f 9(0,Q)aVe+4 [1a Dar 
+ SIPHON | f 9(Q,Q)4V0! 
+ f f (PHQ, P+ Wg, M) 4V odu 
+ f f PHO, P+), Q)4V08Vx. 


10. Chaos theory and spectra.” The function 


(100) lim 5 7a JS. F(P + Q)F(Q)dVa— G(P) 


occupies a central position in the theory of harmonic analysis. If it exists 
and is continuous for,every value of P, the function F(P) is said to have an 
n-dimensional spectrum. To define this spectrum, we put 


F(P) on E; 


1 el | 0 elsewhere. 


It is then easy to show by an argument involving considerations like those of 
(49) that if 


(102) OP) = $ PHP + OPQ), 


fra 
V(r) 
the integral being taken over the whole of space, then we have 


(103) G(P) = lim G,(P). 


Since, if O is the point with zero codrdimates, by the Schwarz inequaity, 
e 


(104) |[a(P)] = (0% = 


the limit in (103) is approached boundedly. 
If now we put > 


(105) 0) OMV iS, Pe(P) OFA > 


where S is the interior of a sphete e radius s about the origin, be niod 
Parseval theorem will give us > $ 


10 Of. N. Wiener, “ Generalized harmonic analysis,” “acta Mathematisc,®vol. 55 
(1930). è E * 
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(106) [ór(U)|*= (20)» È Ge(P)ot-PaVe. 


If M(U) is a function with an abgolutely ente Fourier koniin we 
shall have 


ior) SELSUM) AVe Ce) E 0.P)av» | M(D) ea, 
and hence, 

(108) imf] Truman aoar S, M(U)eUPAVy 
which will. always exist. Let us put 

(109) MD) (7)> f G(P)AVe f M(V)UZAV y. 


If S is any set of points of finite measure, and S(P) is its characteristic 
function, let us put 


(110) A(S) = Lub. AD), 
and 
(111) (8) = El ee) 


Tf A(S) and J (S) have the same value, we shall write it er ), and shall 
call it the spectral mass of F on S. It will be a non-negative additive set- 
function of 8, and may be regarded as determining the spectrum of F. 

Tf f(P1,: + +, Pn) satisfies (80) and F(P;«) is defined as in (88), we 
know that for any given P, 


an GP; er. lim 





E SS, SN F(P,B)P(0,8)d8 


for almost all values of a. This one is not ehough to assure that F(P, a) 
has a spectrum for almost all tadues of a, as the sum of a non-denumerable set. 


of sets of zero measure is not necessarily of zeto measure. On the other hand, 
except for a set of values of « of zero meagure, EP, a) exists for all points P 
with rational coórdinates. 
We may even extend this fesult, and assert that if 
o 
(113) PP: nt z 1% F(S:a)dVs 


. length of PSS9 —, 
and x m i . 





(114) * 








im Eu 
wo V(r") IR 


PAP + Q34)Fo(Qj2)aVo, 


i> 


Č 
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® 
then excepi for a set of values of æ of zero measure, 4, (P;«) exists for all 
points P with rational coórdinates and all rational parameters 0, and it ie 


easily proved that for almost all values of a, as @ tends to 0 throug rationa. 
values, : 


(115) mim, oO Padamo t 
Now, ty the Schwarz inequality, 
(116) faa fy FolP-+ 05 aP aaa 
— sgp S, Fe (P. + IE Po lQ; a) aM | 
' 1 : : 2 AT, å 
<{ 610:0) (705 f, PP + Qa) — PeP + Q5a)[*ara) | 


< { Gr(0;a) (JS, dVo (ra [Sean Sinn | [P(S; a |2dV5) 
x ray (8) Isa [P+Q,81<0 sal ne avs) 


= G4(0; a) oi PP, |?). 


It thus follows that if (114) exists for a given e and all P’s witk rational 
coordinates, it exists for that 0 and all real P’s whatever. We mey readily 
show that 


(117) G(0;%) = G(O;«). 
By another use of the Schwarz inequality, 


(18) | is f Fol + Qal a) dVe 
mas FP + Dramen 
Syn fa PNP + Qs) — RP — Qia | FoC 201 470 
+ J, APH 00l | F022) —F(050)| ara 
< (052) zz fy I PoP + 050) — FUP + 050)" aT} 
+ (G(0say aes fe TEQ; 2) —F(050)P.4V02. 


Combining (115) and (118), we see that except for a set of values ofa of serc 
measura, we have for all P, . 


(119) G(P; a) = lim GË; a? . 
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We thus have an adequate basis for spectrum theory. This will extend, not 
merely to functions F(P,«) defined as in (88), but to finite sums of such 
functions. It will even extend to the case of any differentiable chaos F (P; a), 
for which F(P + Q; a) F(Q; a) is ah integrable function of a, and for which 
(115) holds. For a metrically trangjtive chaos, this latter will be true if 


(120) lim mf FP a) FP; a) |? da = 0. 


Under this assumption, we have proved that a (P) has a spectrum, and the 
same spectrum, for all values of «. da 

This enables us to answer a question which has been put several a 
as to whether there is any relation between the spectrum of a chaos and the 
distribution of its values. There is no-unique relation of the sort.. The 
function . 


(at) PEDIA 


where y belongs to L?, may be so chosen as to represent ahy Fourier transform 
of a positive function of L, and if f(P,Q,M) is a bounded, step-function, the 
right-hand side of (97) will clearly be the Fourier transform of a positive 
function of L. In particular, let f(P,, Pa, Pa) = F (P1) (Pa) f (Ps), 


(122) F,(P;a) = f f,(PP,)dp,? (S32) 

and choose f(Q) in such a ee that l 

(123) f fı(P + Q)fi(Q)dVo — right-hand side of (97). 

Then 

(124) fl (FP; def, IHR dV n= D (23) + 
and if F(P, a) is defined as ing (96), y 

(125) f (F(P; ra (f T (6n—3) -:-1) 
so that for all but at most one value of n," 

(126) . s (F, (P; ajda f° (F (2; a) da 


-ang we obtain in F and Fr two chaoses with identical spectra but different 
distribution fupcfions. On the other hand, if 


(127) * SER ate f. IAPA 
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the chaoses è . i i . 
(128) f f.(PP;) dr,? (8; a) 

and g 

(129) f ÊP) (Sa) 


will have the same distribution functions, bet may aave very differen“ spectra. 


11. -The discrete chaos. Let us now divide the whole of Euclidean 
n-space dichotomously into sets &m,»n, such that every two sets Sin,n, 22d Smansa 
have the same measure, and th&t each Sim, is male up of exactly "wo non- 
overlap zing sets Smax Let us divide all these sets into two c:tegories, 
“ occupied,” and “empty.” Let us require that tke probability thet a set be 
empty depend only on its measure, and that the probability that wo non- 
overlapzing sets be empty be the product of the probabilities thet each be 


empty. Let us assume that both empty and occupied sets exist. Let.every . 


set contained in an empty set be empty, while if a set be occupied, le at least 
one-hali always be occupied. We thus get an infinite class of schedules of 
emptiness and oceupiedness, and methods analogous to those of par_graph 6 
“may be used to map the class of these schedules in an almost everywaere one- 
one way on the line (0,1) of the variable a, in such a way that the set of 
schedulss for which a given finite number of regions are empty o> occupied 
will have a probability equal to the measure of the corresponding set of 
values of a. 

By the independence assumption, the probabil:ty that a given sez Sm,» be 
empty must be of the form e'"(Sum, Tf Sin,» is divided into the 2” intervals 
Sms“ °°; Smavjnev at the v-th stage of sub-division, the probability shat just 
one is cecupied and the rest are empty is g 


(1380) Pil— exp (— Am (Sinn) /2") exp ES sates Am (5) a 
This contingency at the v + 1-st stage is a subt -ĉase of this contingenzy at the 
v-th stage. If we interpret proßability to mean the same thing as the measure 
of the corresponding set of œs, they by monotone convergence, the probability 
that at every stage, all but one of the subdivisions af Sm,» are empty, vhile the 
remaining one is occupied, will be the limit of (183), or 

e 


(131) Am(Sm,nJexp (— o 


1 The idefs of this paragraph are related to digeus: ions the autitor has had with 
Professcr von Neumann, -and the main theorem is equiye nt to one enuncia. es by the 


latter. . 
« o . 


10' k s 
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Sueh a series of stages of subdivision will have as its eetpied ene exactly 
those which contain a-given point. 

The probability that the occupied regions are age those which contain 
two points is the probability that each halé of Sm,n contain exactly one point, 
plus the probability that one-half is empty, and that in the occupied half, each 
quarter will contain exactly one point, plus gnd so on. This will be 


(132) + AM Ban) y »(— am (Sa) }* 


+2ep( iata | Ara) (~All) l 


++ è = exp (— Am(Sm,n) Mm (Sm, »))* al e D 
eu) exp (— Am (Sm, n))+ . 





If the probability that the occupied regions are sed the containing k —1 & 
points is 
(Am (Sma) oo ¢_ 
Gm! exp (— Am(Sinn) f 


then a similar argument will show that the probability that the ne 
regions are exactly those containing k points will a 


(133) Sa = mi 7 (Am (Sm) )Fexp (— Ani (Sm, ”)) (1 Ham altas je +e J 
-ji a= : en 
A EN 





` = (Am (8m) ) exp (~ Am (Em): 


Thus by mathematical induction, the probability ‚that the occupied regions 
are exactly those egytaining k oe willbe è ! 
s 
Pe (Am (Sonn) exp antun) 


and the sii of this for all values of k will m 


. 
oo 


(134) g Br; (Arm (Sina) Y edo (Am (Enn)) =l 


In” other words, except for a Yet of nee of probability zero, the 
occupied regichs will be „exaaly those containing a given finife number. of. 
points. ° co ; u ; 


pon 
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‚We may Fea at once from the fact that the probability that a set 81 
contairs exactly k points is 


un (Aw (Si) ë eimo 


while the probability that the gpon-oxbrlapping set Sa contains exactly" k - 


points is 


1 o 
ji (Am (Say) eames 
e 


-to the fact that the probability that the set & F S2 contains exactly i 
points is > 


Ger, F T AMS) (Am (84) Iran 


z. (Am(S8, + en Stb), - 


From this, by. Toni convergence, it follows at once that the probability. 


that any set S which is the sum of a denumerahle set of our el 
regions Sm,» should contain oes k points is 


a (Am(S) reana, 


It is tten easy to prove this for all measurable seta $. l 

We ara now in a position to prove that the acditive functional D (8; a). 
consisting in the number of points in the region $ on the basis of the schedule 
- corresponding to a, is a homogeneous metrically transitive chaos. The rôle 
which continuity filled in’ paragraphs 6 and 7, o= allowing us to show that 
Vu, ... 1 (83%) was measurable in ¥,,-- *, yn and a, fs now filled by the fact 
that the probability that any of the points in a region lie within a very small 
distance of the boundary, is br any Jordan region the prebability that a small 
region be occupied, and is small. The metrie _fravsitivityeof the chaos results 
as before from the independence of the distribution in non-overlapping regions. 

The discrete or Poisson chaos which we have zhus defined is the chaos of 


an infinite random shot pattern, or the chaos of ths gas molecules in a perfect l 


gas in statistical equilibrium according to the old Maxwell statistical me- 
chanics. It also, has important applications to tae study of poly erystalline 
aggregates, and to similar physical problems’ . l 
Two important formulae are , | : g 

eo 


(136) qe D (83 2)da = an È gy (Aml8))*—Am(S), i - 


e . , y 
kd s o 


a 
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o s 7 
and 
1 oO z 
(137) f (D (8; a) )?da = ces Y = (Am(8))®— (Am(8))? + Am(8). 
= 0 1 . 
Let it be noted that if we define 
(138) $ 12D (8; a) 
for a measurable step-function f(P) as in (70), by 
N 
(139) AD 20 
1 
(72) is replaced by e. 
1 a 
(140) f da d f(P)deD (9;a) —A [Faro |? 
_$ > da fu f„D (Sun; a%)D (Sn; @) 
meal n=1 A 
as “da fu D (Susa) f $(Q)aVo+14 S f(Q)dV0l") 
Ss >| fan |2 Am(Sm) 
=A f |f(P) ave. 
oo 
-Thus the transformation from f(P) as a function of P, to 
(141) f APLD (8; —A f HOA 
É oo 
as a function of a, retains distance in Hilbert space, apart from a constant 
factor, and if f(P) belongs te L and LZ? simultaneously, and {fr{P)} is a 
sequence of step-functigns converging in the mean both in the Z sense and in 
the L? sense to f(P), we may define 
(142) fra: zj uf, QAYA À % 
+L im. Sf nahas: a) sif MOaro). 
As in the case of (73), this definition is substantially unique. We may prove 
the analogue of (93) in exactly” the sqme way as 93) itself, and shall obtain 
(143) lim = yÍ | Í. e+ A; a) yD (S32) AS, f(M) dV x 
=. 120 Te 
ag | fit FOR; ajdu®D (S; a) A|, 7(M) dB yr lava 
—a'f iP "EQ)MQ)aVa.. . ¿ 
7 00 R . . oa f a 
= e . 
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As we may see by appealing to the theory of spectra, one interpretatien of this 
in the one-dimensional case is the following: If a linear resonator bz set into 
motion by a haphazard series of impulses forming a Poisson chaos, che effect, 
apart from that of a constant uniform. steam of impulses, will have the same 
power spectrum as the energy spectrum of the response of the rescrator to a 
single impulse. . e, : : 
12. The weak approximation theorem for the polynomial chaos. We 
wish to show that the chaoses of paragraph 9 are in some sense everywhere 
dense in the class of all metrically tr ansitive homogeneous chaoses. We shall 
show taat if (g; a) is any homogeneous chaos in n dimensions, there is a 
sequence (S; a) of polynomial chaoses as defined in paragraph 9, such that 
if Sa’ : *,S» is any finite assemblage of bounded measurable. sets in n-space 
selected from among a denumerable set, and 


(144) l J. 188a] da < co ES (À =1,2, x -,v) 
© f A 
is finita, then Ys 


(145) S850 E 385 da li f° B(S) + Bales a)da. 


We first make use of the fact that if the probability that a quar tity u be 
greater in absolute value than A, be sa than 


(146) e (0/28 du, 


seo 


then if y(u) is any even measurable function bounded over (— ac, = we 
may fing a pe eon eave such that the mean value of 


(147) A " y(u) — y(u) 7 
which will be s 
(148) gag SPH) elu eD du 
VRB Fao eo 
is less than e. Since it is Well known ‘that if az is a continuous fanctior 
vanishing outside a finite interval, and en 
- e < co $ y ae 
(149) ` $ Sum (Yer, A 
. A A ` e bf 2 
e e r . 
. e e + 
e e . 
e 
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is the series for ¿(u) in Hermite functions, then we have ‘uniformly 


(150) l u = ‚um Ese, 


to establish the existence of jina we need only prove it in the case in which 


- (151) . ot) = ukg-Cu* 
for an arbitrarily small value of C: as for example tor C=1 /4n,B. We ‘shall 
then have a 7 > ' ; 
k] 
a) mw GY fu p EE e pesan, 


„sc that by dominated convergence, and if we take N large enough, we e may 
make 





(153) Ja y(u) — ye(u) [re “PB du < e (nEn) ' 


V 2r B 2 


Now let 


0 K); 
(154) xl) = le dió) 


and let us put 

` (155) (Pi) 
The chaos y 

(156) g(r; a) =yx (9 (P; a)), 


P(S; a) En of | @P |<"). 


may then be approximated by polynomial chaoses in such a way as to approxi- l 


‘mate simultaneously to all: polynomials in £(P;«) by corresponding poly- 


nomials in the approximating chaoses. Since the distribution of the values _ 


of &(P;«) will be Gaussian, with a rgot mean square value proportional to a 
power of r, and $ (Pa œ) will be independent in spheres of radius y about two 
points P, and Pe more remot From each, other than 2r + 2m, it follows that 
if we take K to be large enough, we may make the’ probability that L(P; a) 
differs from 0 between two, spheres of radii respectiyely r+ q and H about a 
given point where it differs from 0, as small as we Bin l 


We now form the new chac$ a 
a e 
157 : 2 L; av 
( 1) (Pele Me ) Q>. 


which we may "also approximate, with all its pinoa funcfionals, by .a 


sequence of polynomial choses. ¿The use of polynomial approximations - 
i ; i l . Ñ 


rN 
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tending boundedly “to a step function over'a finita range will show us that 
this is also true of the chaos determined by 


(158) WS cre (3 Jah m(P; a). 

By a proper choice of the parameters, “this can he made to have azbitrarily 
nearly all its mass uniformly distributed over regions arbitrarily near to 
arbitrarily small spheres, all arbitrarily remote from one another, -xcept in - 
an arbitrarily small fraction ofthe cases. We ther form 





ites TN LPO) ayy mir 
(159) Gar SM; +3) exp (5 ) aro ME 
where 3 is taken to be very small. This chaos again, as far as all its poly- 
-nomial functionals are concerned, will be approximable by polynomia. chaoses. 
Since it is bounded away from 0 and co, and since over such a range the 


function 1/x may be approximated uniformly by polynomials, it.foLows that 
in our sense, 


. (160) | (P32) 


is approximable by polynomial chaoses. 
If w(P) is any measurable function for which arbitrarily high moments 
are always finite, it is easy to show that 


as) 7, aal (Q)(M(Q;a) +8) exp (— wem 


is vox thats by polynomial chaoses. ción (160) anc 
(161), it follows that ri 


(162) W(P #a)/N (P; a) = QU(P5%) o 
o 
e . 
is approximable by polynomial *chaoses. 


If A is a large enough constant, depending on the choice of the constant e 
we have 





; i |P A 
(168) ay Sah av. $ 
= fi ee] f gre (2/2) de ; 
A . 
1 lA — e)? ° 
< TH Era aà “See a 5 , 
€ e Fs > 
. . . ‘ 
s o . 
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Thus by ti the proper Gnas of the panda of M(P; a), "if we ae k small 
enough and then § small enough, the chaos (162) will- consist as nearly as we 


wish, from the distribution standpoint, of an infinite assemblage of convex . - 


cells of great minimum dimension, “in each of ‘which the function w(P) is 
. repeated, with the origin moved to same point remote from the boundary. - Bir 
Now let BUS a) be a | meticaMy transitive homogeneous chaos. “Let. 

us AO, 

(164) Bes 8; 52) a $. Sn Pron a ine. a 

Clearly by the fundamental theorem’ of the calculus, over any finite region. in 

(zi: 00); we shall have for almost all poe and almost all values oa, 


(165) ee 
= -and if (144) holds, it is easy to show that l A 
(185 . 5 7 P | a(r; 8; al lida < P 
From this it follows ‘that A ae 


(16%) dim mf |8(05 85%) 88a) re — 0 
. 
and by the sade theorem, ex ee for a set’ of’ values of a of.zero © measure,” 
-as 1 tends to, 0 thr su a denumerable set of values, l 


(168) sarin ey 4058; sa) | 
Me BEN: @) Ide du = 0. 


With this result as an aid, , enablidg us to show that the distribution of 3 (8; a) 
is only slightly affected: by, aver aging within a small sphere with a given ve 
` or even within any small fegión near. enoifgh to a small sphere’ with a given 
radius, we may nr as in (161) and; ue and fom the chaos l 





4169) Se (FS; oa æ) Trl. Bente oy. 


> : SA . 


> X mig “. Bere) +9) exp gee “de 
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For almost all B, ih each of the large cells of this chaos, (169) wid have as 
nearly as we wish the same distribution as some Ben... (8; c), where 
(21, * * *, En) lies in the interior of the cell, remote from the boundazy. These 
cells may so be determined that @xcept for those filling an arbitracily small 
proporzion of space, all are convex regiops with a mininium dimensim greater 
than some given quantity. - . ° 

To establish (143), it: ‘ele remains to show that the average of € quantity 
depending on a chaos over a large cell tends to tre same limit as if average 


over a large sphere. To show,this, we only need to duplicate the argument ` 


of paragraph’ 4, where we profe the multidiménsional ergodic theorem, for 
large pyramids with the origin as a corner, -instead of for large spheres about 
the origin. We may take the shapes and orientetions of these pyzamids tc 
form a denumerable assemblage, from which we may pick a finite a semblage 
` which will allow us to approach as closely as we want to any cell zor which 
the ratio of the maximum to the minimum distaace from the orign withir 
it does not exceed a ‚given amount. It is possible to show that by Ciscarding 


cells whose measure is an ‘arbitrarily small fraction of the measure cf all space, . ' 


the remaining cells will have this property. 


12. The physical problem. The transformation of a chaos. The 
statistical theory of a homogeneous medium, such as a gas or liquic, or a fielc 
of turbulence, deals with the problem, given the statistical configuration anc 
velocity distribution of the medium at a given initial time, and the cynamica. 
laws tc which it is subject, to determine the configuration at any "fure time. 
with respect to its statistical parameters. This of course is not a p-oblem ir 
the first instance of the history of the individua. system, but of whe entire 
ensemble, although in proper cases it is' possible to show that almo-t all sys- 
tems of the ensemble do actually share the same hietory, as far zs certare 
specified statistical parameters are congerned. E 
_ The dynamical transformations of a homogeneous gystem have the very 
important properties, that they are independent of anyachoice of origin ir 
time or in space. Leaving the time variable out of it, for the moment, the 


‘simplest space transformations of a homogeneous ( chaos §(S;a) mich ‚have e 


this property are the polynomial, transformations which turn, i inic 


Ko +f Ka — yi, my" = > Tn — Y Bu, PRT (5; 0) 05J1 >> dyn 


O ees en, rn k Ñ 
ee ey, 
En — Y ) Inn, ..., Int) Cs a) a i ° 
= E o, ER Un) (85 a) dy, > ‘dyn: 
j . . ; A 
o y z : 


®) 


934 hs . NORBERT WIENER. | DA , 4 
er 


These are a sub-class of the general class of polynomial transformations 


u a 
u Se “ales | u 


ee A f- Jars : Er, Dz y, Yn) 
ON X Bno.. ++» Incl) (8; a) Tar nn (S; ajdy >> dyn. 


If a transformation of type (171) is invariant with er to position in space, 
it must belong to class (170).° On the other hand, in space of a finite number- 
‘of dimensions and in any of the ordinary spaces of.an infinite number of 
dimensions, polynomials are a closed set of functions, and hence every trans- 
formation may be approximated by a transformation of type (171). 
A polynomial transformation such as (170) ofa polynomial chaos yields 
- a polynomial chaos. If then we can approximate to the state of a dynamical 
system at time 0 by a polynomial chaos, and approximate to the transformation. 
which yields its status at time ¢ by a polynomial “transformation, we shall 
obtain for its state at time t, the approximation-of another polynomial chaos. 
The theory of en dic in the last section vl enable us to 
` show this. ; 
On the other hand, the transformation of. a en system induced. 
by its own development is infinitely subdivisible in the time, and except in 
` the case of línear transformations, this is not a property of polynomial trans- 
formations. Furthermore, when these transformations are non-linear, they - 
are quite commonly not infinitely continuable in time. For example, let us 
consider the differential equation 
du du 
ET Nie = | 
.. > -= $ 
This corresponds toethe histor af a space-distribution of velocity transferred 
by particles moving with that velocity. Its solutions are determined by the 
equation ' 
(173) l ül, t) — ule — tule, 4), 0), 


ee) l 


-or if y is the i igver se function of ue 0), E 
(17%) ys ee ty =y(ule, t)). 


` Manifestly, if two particles with different velocities are allowed to move long 


e e e : V 


hr 
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enough to allow thefr space-time paths to cross, u(a, t) will cease to exist asa 
single-valued function. This will always be the case for some value of ¢ if 
u(x, 0) is not constant, and for almost all values of ¢ and a a ES it is a poly- 
nomial chaos. . BET 
By Lagrange s ERN (174) may, be inverted into . 


GWO o ua JS 7A 2 (ua). 





In a somewhat generalized sense, the partial sums of this formally represent 
polynomial transformations of de initial conditions. However, it is only for 


a very special soft of bounded initial function, and for a finite value of the 


time, that they converge. It is only in this restricted sense that the poly- 
nomial transformation represents a true approximation to that given by the 
differential equation. 

It will be seen that the useful application of the theory of chaos to hie 
study of particular dynamical chaoses involves a very careful study of the 
existence theories of the particular problems. In many cases, such as that of 
turbulence, the demands of chaos theory go considerably beyond ‘the "best 


‘Knowledge of the present day. The difficulty is ofen both mathematical and 


physical. The mathematical theory may lead inevitably to a catastrophe 
beyond which there is no continuation, either because it is not the adequate 
presentation of the physical facts; or because after the catastrophe the physical 
system continues to develop in a manner not adequately provided for in a 
mathematical formulation which is adequate up to the occurrence of the 
catastrophe ; or lastly, because the catastrophe does really occur physically, and. 
the system really has no subsequent history. The hydrodynamical investi- 
gations required in the case of turbulence are directly, ia the spirit of the work 
of Oseen and Leray, but must be carried muth further. 

The study of the histosy of a mechanical chaos will then proceed as 


` follows: we first determine the transtormatigA eof the inifial cond:tions gen- 


erated by the dynamics of th% ensemble. We then determine under what 
assumptions the initial conditions admit of this transformation for either a 
finite or an infinite interval of time. Then we app-oximate to the transforma- 
tion for a given range of values of the ‚time by a polynomial transformation. 
Then, having regard to a definition® of distange between two functions de- 
termined hy the transformation,gwe approximate: to the initial chaos by a 
polynomial chaos. Next we apply the polyndinial transformation’ to the poly- 
nomial chao’, and obtain an approximating, po -ynomial chaos at time t. _ 
Finally, we apply our algorithm of the pyre chas to determine the Averages 


© e PN > 
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of fhe statistical -parameters of this chaos, and express” these as functions 

of the time. . on 
The results of such an investigation belong to a little-studied branch of 

statistical mechanics: the statistical *mechamics of systems not in equilibrium. 


To study the classical, equilibrium theory of statistical mechanics by the _ 


. methods of chaos theory is not easy. «As yetywe lack a method of representing * 


all forms of homogeneous chaos, . ‘which will tell us by inspection ‚when two 
differ merely by an equimeasure transformation of the parameter of distribu- 
tion. In certain cases, in which the equilibrium is stable, the study .of the 
history of a system with an arbitr ary initial chaos will yield us for large values 
of t an approximation to equilibrium, but this will often faileto be so, particu- 
larly in the case of differentiable chaoses, or the only ine may be that 
in which the chaos reduces to a constant. 
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ON HILL’S PERIODIC LUNAR ORBIT. 
By Alkıı WINTNER. 


~~ —— 
e . 

Hill’s desideratum. This paper deals with a question concerzing the 
mathematical foundations of Hill’s lunar theory, a theory developel in the 
first volume of this Journal! {nd considered by Poincaré as repreenting a 
turning point in the history of celestial mechanics. 

From the mathematical point of view, the most original, but also the 
boldest, step in Hill’s lunar theory consists of abandoning the classica. method 
‚of variation of constants, i. e., Lagrange’s theory of perturbations, and ~eplacing 
it by suzcessive applications of the method of infinitely many variables Among 
mathematicians, Hill’s name is remembered mainly for his theory of -he lunar 
‘perigee, a theory depending on a linear Eigenwertproblem of specific type and 
leading to an infinite system of homogeneous linear equations. Hills formal 
treatment of this problem by means of transcendental entire functions which 
* are defined by infinite determinants has already been justified by Poircaré and 
has lead, via the investigations of Fredholm, to Hilbert’s theory of lincar trans- _ 
formations. Thus it is understandable that the introduction of the sheory of ` 
infinite linear systems is generally considered as Hill’s main contribution to 
pure analysis. 

Actually, Hill’s fundamental paper TA cit, +) does by no means Jeal with 
"the linear Higenwertproblem which leads to infinite determinants, bat rather 
with a non-linear problem which leads to an infinite ‘non-linear and non- 
recursive system of equations for infinitely many unkifown Fourier constants; 
a system which seems to involve steps essentially more delicate than those which 
. are implied by the applicatich of infinite detegminants inethe linear problem. 
Furthermore, the linear problem presupposes that the now-linear problem has ' 
already been solved. . In fact, the linear problem merely concerns the in- 
finitesimal isoenergetic normal displacements of'thase periodic soluticns of the 


non-linear equations of motion which lead to the infinite system . ol ron-linear - ` 


conditions. * a oe 
. h š . e 
1. Ww. HM, “ Researches in the funar theor w American J ournal of Mcthemajics, 
vol. 1 (1878), pp. 5-26, 129-147, 245-260. . l 
For a detkiled presentation. of Hill’s programme in lunar theor, cf. pp. 195-236. 
(Chap. XI) of E, W. Brown’s Treatise on the Lunar Retty (Cambridge, 11836), where . 


further references may be found. e > 


i ae . Bea 


938 AUREL WINTNER. 
. s 

* Hill was well aware of the novelty of the mathematical problem involved 
in his infinite non-linear implicit system of equations: “I regret that, on 
account of the difficulty of the subject . . . it does not appear that anything 
in the writings of Cauchy will help ùs to tĦe. conditions of convergence ” (loc. 
cit.*, p. 8). On the other hand, nat only were Hill's numerical results in 
m agreement with the observed emotiors of the Moon, but also the terms 
of his expansions, obtained from the infinite non-linear system of equations. in 
a formal and approximative manner, have shown, in contrast with the corre- 
sponding expansions of the other lunar theories, a surprisingly rapid decrease 
in absolute value; so that Hill (loc. cit.*,p. 87 describes the probable situation 
as follows: “There cannot be a reasonable doubt that, in all cases, where we 


. are compelled to employ infinite series in the solution of a problem, analysis is - 


capable of being perfected to the point of showing us within what limits our 
solution is legitimate, and also giving us a limit which its error cannot surpass.” 


The analytical problem. The problem implied by this desideratum of 


` Hill was treated by the writer several years ago.? Tha method consisted in 


proving (loc. cit.?, pp. 263-265) a general existence theorem on infinite non- 
linear implicit systems which turned out to be the appropriate tool Zor dealing 
with Hill’s problem and, at the same time, gave explicit estimates of the. error 
terms which, in Hill's procedure, result by stopping the process oí the com- 
parison of coefficients at a certain stage. 

The object of the present paper is to simplify this direct le and 
convergence proof in such a way. as to make it adaptable to sharper estimates. 
For this end, it will be convenient to use an existence thecrem on infinite non- - 
linear implicit systems which is somewhat more general? than the one used’ 
loc. cit.2, and takes into account the peculiar situation in orders of magnitude 
which is an essential paint in the problem. The proof of this appropriate 
existence theorem hardly differs from the proof of the more particular existence 
theorem which was yged loc. oita 2 and will, therefere, be omitted. Nevertheless, 
the paper is readable in itself: °° 

Due to this general Stans theorem, the treatment of Hills problem 
becomes free of any ad hog device, proceedg exactly along the lines which were 


_ followed by Hill in a formal way, and, in addition, takes into account the 


successive decrease of the orders of magnitude ; thus proving, and also ex- 
plaining, the gonvergence of .Hill’s process, and ‘supplying the realization of 


Hill’s desideratum. Ba AE 2g > 
e . . 








e 

2A. Wintner, Zur HillischeneFheorie der Variation des Mondes,” Mathematische 
Zeitschrift, vol. 24 (1925), pp. 259-265. 
* Cf. A. Wintner, “ Uber die Differ entialgleichungen, der. Himmegsmechanik,” Mathe- 


- matische Annalen, vol. fs (1986), pe 284- “gle. e 
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It should be fhentioned that the question as to-the existence of Fire 
family of periodic lunar orbits is implied by, bus is not identical with, the’ 
question as to the legitimacy of Hill’s bold method of infinitely many variables 
In fact, the question as to the existence df these periodic orbits can “e settled 
according to Birkhoff, in a rather simple and intuitive manner.‘ 

The equations of condition? ‘Let, yebe the zeocentric coórdin..tes of the 
, Moon in the rotating (i. e., synodic) Cartesian plane of Hill’s restricted problem 
of three bodies. Then, if ¢ denotes the time and m (2 0) an integr:tion con- 
stant which varies in the neighborhood of m = + 0, Hill’s aim «oc. cit.?. 
pp: 129-131) is to find a continuous family of periodic solutions of the form 

; 7 \ 


(1): T= 3 a; cos(2t + 1)t/m, i y = p 1 sin (2i + 1)t/m 
i=-09 : . ¿=-00 


where the Fourier coefficients a; are unknown and are to be determinsd as real 
analytic functions, >. 
i: l u = u (m) 1 @=0 £l) 


of the integration constant m, which is the paramezer of the family «1). _ 
One can replace m by the varying period 


(3) "Pm dim (m20) 


of (1) and also by Jacobi’s constant C = C (m), i. 2., by the (relative) energy, 
‚where, however, O(m) => + œ whether m > 0 or m>— 0, i e. whether 
the solution belonging to.a small m is direct or retrograde” The zumerical 
value, my, of m in the case-of the Moon is, of course, positive and 2omewhat 
less than 1⁄9: , 
may: mo = 0.08084: - - . 
(cf. loc. cit.*, p. 146). ai ; naco. - 
- Now, Hill's method of calculating the unknown family él) of periodic 
solutions, i. e., the infinitely many unknown functions '(£3, consists simply of 
a direct substitution of (1) into the differential equations of motior: and their * 
“ + ` Jacobi integral. This gives, by comparison of the coefficients in the resulting 
* Fourier series, infinitely many implicit conditiors for the infinitely many 
functions (2). Since the equations ofemotion are non-linear, so are these - 
implicit conditions. In fact, Hill finds after severa_ ingenious transicrmations 





. e: 
e 
4.G. D. Birkhoff, “ The restrictef problem of three bodies,” Rendiconti cel Ciyeolo ` 
Matematico di Palermo, vol. 39 (1915), Part uÊ §12. Cf. alsoeA. Wintner, Sorten- 
genealogie, H@kubakomplex und Gruppenfortsetzung,” Kathematisoft Zeitschrift, vol. 
34 (1931), $5 (Fig. 1) and $7. A Russian paper bygA-Liapounoff is reviewed in the 
Fortschritte der Mathematik, vol. 26 (1895), æ. 1103. . ; : e. 
} . j a . . me 
$ . i ° - 
e a . 
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that*the infinite system of conditions which are to be satisfied by the functions: 
(2) consists, on the one hand, of the equation * l 


O Ray hae pati Fm tome 


and, on the other hand, of the simultaneous ¿nfinite system ° 


O, E ida mf sts + mê an) = 0; 
‘se e... (j= = 1, + 2: os 


where [j i), [j], (5) are rational functions of the en parameter. m, 
namely * 


i el EI ErEITENESTETE 
s er Hi- 2 (47? —1) — 4a mt E 


3 ye E PE E. 








(8) GI — Fez Ma) —4m4 ma 
(9). sil 20710) + 2—4(57— 2) mt Imt 
j 1677 2(47? we 
with the understanding that j=zlw - but i= 0, + 1, + on 


Accordingly, the problem requires a awe to the effect that the infinite . 

_ system (6), (5) of non-linear and non-recursive equations defines the infinitely 
many unknown functions (2), and that, for a fixed value (3) under considera- 
“tion (and, in particular, for the fixed value (4) of m) the series (1) converge’: 


to functions «== x(t), y = y{t) which have second derivatives. ‘For then: > 


(1) is a solution of the equations of motion, since (6), (5) repre esent all of the 
` conditions obtained by 2 method of ‘undetermined Fourier coefficients. Need- 
less to say, r= a(t), 4 ya “= y(t) pust turn out to be analytic functions of l; 
the equations #£ motion being analytie u the functions (2) of m. 
also prove to be as eb. ; 








: , 5 e ` 
5G. W. Hill, loo. cit.*, p. 145. This condition of Hill, when written in the above l $ 
form (5), has as its right-hand member the numper «x, instead of m*. Actually, k = mé, 
if one chooses units in the usual way: In fact, Hill's n’ denotes the constant angular 
velocity of the synodic coördinate system, while his a is the total mass (loc. citt, p. 9). 
Furthermore,.m = n’/(n— w) and x=uf(— nn’)? is his notation (loc. cita, P- 9). 
Hence x = m*, ió one chooses, as itsual, 2’ = 1 and #=1. 

° Ibid., p. 185. For reasons which will bewsme apparent in: (16) : "below, Hill’s 
[71/fh? and (j)/m? have been denoted by" [7] and (j) respectively, while: Hill’s. Cd, il 
is.the same as the above [j, tl. . u 

* Ibid., pp. 134-135. The fachar m? of Hills 1] and (i) has. been dropped in 


¿ecordance with ae preceding fotnote. y » 
. e 
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Sirce the given ‘rational functions (7), (8). (9) of the independent' 
parameter m do not contain the unknown functiors (2), the portion (6). of 
the complete system: of conditions (5), (6) is homozeneous ‘in the a; —a,(m) 

_ and can, therefore, only determine*the ratios 


(10). Bi = a; : o= ahm) : am) =b: (m) (G= +1,2 ye 


of the unknown functions (2). If the functions -10) are known, the func- 
tions (2) follow from the remaining condition (5). In fact, the expression 
on the left of (5) is an infini trilinear form,in the a; =a¿(m); so that, 
‘if the functions (10) of m are known, a, follows as a function of m by the 
extraction of a cubic root. (Actually, the exponent of the radicand in m turns 
out to be 3. instead of being merely 4; and this $ expresses the infinitesimal 
validity of Kepler’ s third law). 


Accordingly, the infinite system (5), (6) for the unknown functions (2) 
"can be zeplaced by the infinite system (6) for the unknown functions (10).° 


A prepared form of the equations of condition. It is seen from (7) 
that | | 
Kl). [j j] =—1 and. [j, 0] =0 (i¡=+1 2 :) 


for evéry m. Hence (6) can dd written as 


` (12) RATE ES ly das + mei] a a aes 


+ m?*(j) a frji + 2m?[7] ofl + 2m? (5) 04. j.1, 
(j =E 1, + 2," es 


where, corresponding to (11), the prime. of the first <fim means that 


= (18,) | i j and M40 in = AR (¡== L=2-- >, 

while two primes denote that 7 in ie . . 

- (132) i j— l1 and ¿40 in Y, : Gerste), 

finally three primes that -as vS i 

(183) a j—=1 and izt Dein a2, se (=EL) 
pP“ . 


RES È ER e ane 
Since neither of the indices k, 1 of an arbitrary term ~- «aja, of the three 


“sums (13,)- -113,) occurring in: (12) vanishes, ghe Fomogeneou8 an (12) 
for the unknown ratios (10) appear in the forns 
11: ° .. a € 


My 
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e +00 +00 
(14) bj— Y [j,i]bibis + Enel] = bib-isj-1 


; + me). 2” dida mej] + 2m OLE 


(7 = tl, + 2: a), 
if one divides (12) i Ap”. . 


‚Now consider, instead of the Motion: (10), this ee Cj which are 
defined by. 
(15) bj(m) = b; = mlil+4¢;, so that cj =.c;(m) Ga = + 1, +2: °°). 


Then the j-th of the equations (14) appears, upon division by mlil*2, in the 
form . 
EN ee fy . +99 
(16) c=mf y Lj, merci; + [j] 7 Pucca 
1=-00 -00 
+64) 3 MIN ja + 2[j] misc, + 2(j) me ny 
(7 => 1, + 2 yy 


` where the jonas are integers;-in fact, e to (13,)- (44s ), 


e Ra 


ar)" ali 41415117] in = 5 


(17) EE eee 

(1%) y= HH + fi] lH in Y 

while obvid®sky, . 

(18) & =|j—1]—| i] 41; (18) «=lj+1]—]j[+1 - 





Since j = + 1; + 2,- - >, comparison of EA) with (13,), where v= 1, 2,3, 
shows that - l 2 
(19) the integels a aij, Rijs Ys 85, e. are ie: 


the. inequalities 3; = 0 and €j = 0 a obviouk from (18,)- (18, 1. 


Estimates for “the coefficieht functions. e In what follows, use will be 
made of the notation l í 
a (20) f = f" (m) =F | on Lm, ‘if fi f(m) =3 came 
n=0, A n=0 
is a er analytic function of the “infdependeatt variable m in the vicinity 
of the origin m = 0. . ->æ 
* Since j  0,.any of the *infthitely many rational functions (D), (8), (9) . 
is regular at n?= 0; so that 630) defines [7, ¿]*, 191%, (py* as power series ' 
A in m wtih real non-negative woefiicignts. Now, all these power series are con- 
e. 


D o 
. A = e 
e e e ' 
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vergent in the circlé | m | 1 of the complex m-plane. Furthermoze, there 
exists a bound C which is independent of j and i ard is such that 


E +0] | tor [m|=1 
and l 
(22) 11° | < 0/7? and |G)* p< 0/} fa |m] St A 


In fact, iff(m) i is regular ana in’a circle | m| < R, andit | F(=) | < M 
‘in this circle, then, on using the notations (20), one hes | cn | < M /Br (cacaos 
and so, if R > 1, 

-| f*(m)| < MB/(R—1) for *| m|=1. 


Condón (2%) is true if there exists two constants M and R sach that 
R > 1 and all of the functions (7) are regular and less than M in absolute 
* value in the circle | m | < R. Now, on dividing the numerator and dencminator . 
. of (7) by 2(4j? —1), one sees that M and R>1 exist if the rational 
functions 
(23) j 12. mm 


1 
a , Where j=l, £2: 


are regular and uniformly bounded in.a circle | m | < R, where R > 1. Finally, 
this condition is satisfied by R = %, since if | m | < 1 + %, then 

m a a aoe os WY) <6 S2(47?—1) for j= + 1, +2, 

This proves (21) ; while (22) follows i in the same vay from vo ás (21) 
did from (7). 


A consequence of ( 21) and as: is that if the variables m; cı, c_1, G, ¢-2,°° 
are restricted by the inequalities 


(ME). ImIsı; |y |S 1P pgm 1,52 >>) 
; ; ; 
but are otherwise arbitrary, then the eséimates ë 
e Ps . 

(25) a IE; t]* mac; | < B/j?,°* je#+L1#%'°'') 
and , vo i 

me | yur | f 7 

IL* | 3 | mBicic soja] <B/P, ` 
j 4=-00 A . 


ns: 0 dar) 
1(9* 1.2” | mueca (B/P, 
= e 
hold for a sufficiently large constánt B which, i in*acdition, can be ch@en such 
that o 


i 2|" m eja] < B/P, a? i 
27 ; den 2 e = +], +22). 
pn wl G)" m“ g-i | < B/F s ar 
o a N cn e 
e o 6 
. s - ü 
o e . 
e 2 
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eIn fact, it is clear from (19) and (21) that, in thé domain (24), the.’ 
expression on the left of er) is less than the product of the constant, y and of 
y pje. PAR Le ip 11: De oe 
Since the first of these sums can be written as _ A i j 
a > ; . a : N 
> Y pl ja j const., 
and the second as’ i l 


Rar, pess iP d-n®< lija const. re 


E s 5 const. a EIS ie Const. A Oot = 

the proof of (25) is complete. g 
Furthermore, (19) and (22) show that, “in the domain (24),. the ex- 
pression on the left of the first of the Heinle (26) is’ ee than 


E ca —i+ j — 1) < 2052 x >. = = cont jj 


This proves the first, of the inequalities (26), while the bebo follows in the 
same way.) | 
Finally,: (27) is clear- from’ (19), (22) and. (24). * 


‚The. silence theorem. ‚Without regard to DES of convergence, ‘let 


rN 
$n = $n (Zo, Au E =}. 3 ar... ER Bing 
where the 1 n “non-negative integers tn” * *,% need not be distinct, denote a 
- form of degree n in the infinitely many yariables Zo, Z1,°.° *, and suppose that 
- the terms of this n-fold®sum have ‘been contracted completely, i.e. that the n 
equalities ty =e Jay? oye Jn alwayseimply the vanishing of at least one of — 
the two constant one Ing. in Bine. im On this assumption, associate 
with &n the unique sorm ee ro l ne 
$, =$ (20, Sel Pen *) =: = | Bir... tn | Zitt Zin 


(so that ọn = $*n if. and only = ala= 0). Zu let f* denote the nae 


power series ; R 
y . 20 o . A E 
r =f" (Zo, a *) =a Pe it Bats ay) = 3 de 
a o O n0 e n=0 
. . 4 
` is a power series in “the infinitely many variables Zos Za," * * 3 sœ that, corrée- 
sponding to. (20), ane u Zr 
Ld ` 
. ; . * > 
l 8 % s 
aS . è 4 
. e o 
. o 
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> rae i i 00 e ñ ` : oo > T3 
: Maaa CANES + Bias UE PEO E 
Be Pe $ i 5 
lat there be given an infinite de ` 
kad 
(28) ` l F(Z; Ys Yas* o iy Ian. Pax PES Sort 
of such power series Flo 21, 2m" T where Zo= T; a= J = Ya À 


Suppose that there exist two pomire constants and two sequences >f positive 
constants, say : 
(29) E 3p and Bo . >, Buy SA ta Mit e 


such that, on the one hand, i 
(30) © 3 BJZ p>, . (k=1 2, - >) 


and, on the other hand, the sequence of power -series (28) satisfies the conditiors 


(81) +. 4 Pula; Br, Bay’ > +) S Mr, eg BE) 


(which, in partieular, imply that each of the power series (28) ic absolute_y 
convergent in the domain 


(32) ; l |z| Sa; Paes te 


-oË infinitely many dimensions). 


Now (cf. loc. cit.2 and loc. cit. è), if the pcwer series (28) ia infinitely 
many variables are such that the conditions (30), (31) are satisfied by aad 
constants (29), then the infinite implicit system of equatigS™ 


(33) l Ya = Tfr(T; Ya, Yo) (k =1 2): >) 


has in a sufficiently small fixed circle about the crigin of the comp ex z-plare,. 


namely at least in the circle 


(34) | Na ce El z | < min la, p) fe | 
` which is miada of ke u one N analytes solution . de = Yu(a). 

Furthermore, 8 

(35) | ye(t)| < By for |z | < min a. (k=1 2, >>). 


Finally, e every ya (v) is real for real x ES the gpefäcients of the power series (23) 
in me many variables are real.” 


- The proof of this theoren}, flac. cit.? ¿ná loc. cit.3) is Such ss to supply o 


- not only the existence of the regular finctions’y:(x) and their estanates (35) 


but also cénvenient appraisals of the errors which are comanitted if one orly 


. carries out the process of the method of undefemined coefficient: to a given 


stage. ° u o AS - 


j 
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` Application of the existence theorem. Now, this existence theorem is . 
applicable to the pr&blem at hand, un one identifies 


Mm; Cy, Cuy, 02, 0.2, ° = with a Yrs Yo Yor Yay” 


ee In fact, the rational picio (7), (8), (9) of m are regula 
at Mm =— 0 and can, therefore, be ‚developed according to non-negative powers 


_of m= æ; Hence it is clear from (19) that the system (16) for the unknown 


functions c; == c;(m) can be written in the form 
(36) oy = MF (mit, onen )e (JEL HR) 
where the F; are given power seriés in the niie many variables m; cj and 
have real coefficients. Furthermore, there exists a constant A > 0 such that 
(37) N O ai G= +1,2). 
In fact, since (25), (26), (27) hold on the assumption (24), one can choose 
A == 5B, the function F; in (36), vaig, by: its war the function { } 
in (16). 

On identifying | (86) with (33), , One 'sees fom (37) that the conditions 


of the existence theorem, namely (31) and (30), are satisfied by 


æ= l; Bry M; = A/j' a (j= +1, #3.) o 


since e (30) is then satisfied by p= 1/4. Thus, the radius of the circle (34), 
where z —"MRgmes min (1, 1/4) ; while (35) states that | cy(m)| < 1/7, 


- hence | c;(m)| < 1, in this circle. Era cy (0) = 0, as seen by placing 


m == 0 in (36). - 
Since (36) is identical with (16), while (16) is identical with (14) in 
virtue of (15), it follows,tl that the system (14) has in the domain 


(38) fala, where A= mind, YA) (B <1), 


exactly one "Tegular abalytic solwifon' (10), and that the “Taylor series of the 
infinitely: many functions b; (m) are of the form? 


(39) u by (m) = X Bye (== LLE 0, 


oe 


where the constants Bin are veal finally that the - power series (29). are in TA 
common domain? (38) of convergence such, gt 


(9) ums | mM, t GELER [mI <add). 
`: Now ,*(14) is, in virtas ‘ie, equivalent to (6), Te (5) becomes a ' 
. ‘ „we > a l 
e . € 
a e e j 
e o 


" er 
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cubic condition for the single function as — a,(m), since the ratios (18) are 

the known functions (39). . Finally, dirget substitutions feadily show that the 

unique real analytic fungtion @)(m) which is thus defied by (5) does not ET 
. vanish for small m2. 0." ? . i 

This. completes the treatment of Hill’s desideratum concerning <1). In 

‘fact, = a,(m) being a known funetion of m, the coefficients (2) of *(1) 
follow from (10) and (39) uniquely, while (40) assures that the series (2) 
are Fourier series of (analytic) periodic functions of ¢. 


į 5 oan] 
The numerical situation? It should be mentioned that, on assuming in 
. a formal way that b;(m) is a power series, it easily follows * from (6) or (14) 
witkout any reference to an existence theorem regarding (33), that b,(m) 
must be divisible by ml/l. Needless to say, this does not dispose of the neces- 
sity of an existence and convergence proof, although | m | < 1.: In fact, the 
usual formal treatment ° of (6) does not take into account the possibility that: 
not only (40) might not hold on.a circle (38) which is independent of j but. 
also that some or all of the power series (39) might be divergent for every 
m = 0, although b;(m) is, in a formal way, divisible by ml/l. Actually, it is 
clear a priori that if the periodic solution (1) exists at all for a fixed m which 
does not corréspond to a collision path, then | a; | < const. l/l for a suitable 
positive 9 < 1, since the periodic functions (1) must be analytic in the real. 
variable ¢; so that (40) is by.no means surprising, if the existence of (1) or 
(2) is assumed. ne 

Loc. cit, an existence theorem concerning (33) wad applied to (14) 
instead of to (16), so that the numerical advantages of Hill’s‘equasions of 
condition were not completely utilized. Furthermore, the existence zheorem 
applied loc. cit.? was a particular case of the one used above, since, instead of 
the general condition (30) used above, it was assupsed that all By anc all My pa 
are equal. This necessitated (loc. cil,*) tfe use of an absolute-constent con- 
nected with a fact whicheis fundamental in Riemaryys theory of trigono- 


metrical series, namely with the fact that ES e. = 
ER E ( 1) l Fee 
> P(i— jà? p ge | = Š 


All of this has made the numerical "situation quite unfavorable, although it 

has allowed tke proof of the fact 19 that the process is valid in a circle (38) 

whose radius is not less than gee While ,this circle contaifs the value (4) 
4 é 

m s . 


. r es > . i 
8 Of. HePoincaré, Legons de mécanique céleste, vol. 2, part 2 @909), pp. 25-36. 


° Cf. H. Poincaré, loc. cit.£, pp. 34-39. .. e f 
10 A, Wintner, “ Über die Konvergenzfragen der Mondtheorie,” Mathematische Zeit- : 
schrift, vol. 30 (929), pp. 221-28, | p3 
' wrni .. ° ' o. 
5 . s -o 
e e . 
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belonging to the case of the Moon, Hill’s numerical Sirenen indicates that the 
convergence must bå much stronger fhan what one would expect of the clos2- 
ness of the value (4) to the bound 4a = 0.08333- - -, if this bound were 
sharp. Now, for reasons explained before, the method of the present paper 
leads to bounds much better than Yoe The detailed numerical work to this 
effect is in progress. 7 . 

Of course, a bound of this ioe no matter how sharp, is necessarily unable 
to answer the important question as to the “natural termination” (Strömgren) 
of Hill's family of periodic orbits. All that follows from the general theory 
is that such a “ dynamical termination ” existt.!? As far as the problem of 
convergence in the vicinity of m = + 0 is concerned, it is cl@ar that complex 
singularities in m, which have no significance for the problem of termination, 
can act unfavorably. 

‘Correspondingly, it is, according to Hill (loc. eit.!), convenient to carry 
out the expansions, not according to the powers of m but rather according to 
the powers of a linear function m = m(m) of m which vanishes with m and 
is chosen so as to transform those complex singufarities in m which are: 
formally indicated by (23) into positions which are not near the real axis: 
Clearly, this amounts to what is called, in the theory of divergent series, an. 
Buler transformation. For instance, if m is positive and small, one improves 
on the closeness of the complex singularities of the rational functions (23) for 
j=2+1,+2,:--, if one replaces m by the expansion parameter 


(41) | ` A cm =m/ (1+ m) 


of .Delaunay’s lunar theory. It is easy to rewrite the existence proof of the 
present paper from m to this m’ or to Hill's m — m(m), and then to calculate 
the corresponding et thus Na This numerical work also is in’ 
progress. 

Needless td say, a USERN EN df the typg (41) is well adapted Gay 
to the case of direct paths, i. e.,.te the region (m S 0) of the Moon. In view 
of a result of Birkhof;*? the initia? behavior of {pe retrograde paths (m < (), 
which are not excluded in (38), is a much easier problem than the correspond- 
ing behavior of the direct paths. xe 

Tue JOHNS HOPKINS CARTERS 


11 Cf, A. Winner, “ Almost periodic functions and Hill’s theory of lunar perigee,” 
American Journal of Mathematics, vol 59 (19ST) Bp. 795-802, footnote 12 on p. 798. 

1%A. Wintner, “Beweis des E. Strémgrenschen dynamischen. Abschlussprincips,” 
Mathematische Zei®schrift, vol. 34 (1931), pp. 321-349. Cf. G. D. BirRhoff, Sur le 
probleme gestreint des trois &rps, Second mémoire, chap. III, § 5, Annal della R. 
Sguola Wor male Superiore di- Pisa, serie 2pyol. 5 (1936). i 

13 Q. D. Birkhoff, loc. cit.*, $ 18: Cf. algo A. a 06: cit. e $ 8-§ 
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